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"1 NPAG3UL hLSHINUL

1. Usnuuuusrmb Uuusrsue

Uwhdwlned 1: Whgnp [a;b] hwindwénud npdwsé b £ ng pugwuw-
Yuwh whplnhwwn yncbyghw: Ubnulbwlbpy t Ynsmd x =a, x =b,y =0
nunhnGpny U y = f(x) (£(x)>0) wipGnhwin $niGyghuwsh anwphlyny

uwhiwGwihwygws (D) wwinybipp (nbu GY. 1):
Y A

Uwhdwlmd 2."[a;b] hwwnjwéh wpnhnud (T = T[a:b]) wubgny hwu-

Yuwlnd GGp win hwnywéh dtipgwynp fhwnbph (wnpnhdwl Ybwnbph)
pwquinipynilp, npunbn walw b@ Gwl Swipwybwnbipp’

T={x,}_, (a=%g <X <..<Xp.] <X, =b):
Ujdd thnpablip vwhiwGl] ubnwlwybpwh dwybtipbup: HhunwpytiGp
[a;b] hwwnwéh nput T= {xk }:=0 wpnhnd: CGnpbGp YwilwjwlwG
£ elx,;x] (k=1,..,n) Yowbp L ubnuGwyspyp Snnwynpuiwbu
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thnluwphGbGp [xk_,;xk] hhipny L f( k) pwpdpnipynilny nunnwGlym G-
Gph Shwynpnuing ((6)), nph SwybipbuG ¢

o =°T(f’§)=§‘f(§k)'Axk -

npinbin &- G (£(&;,-£,)) dblwnp b, huly Ax, -G k-pn (x4_13xy ])
hwndwsh bpywpnpynill b (Ax, =x, -x,_, >0): A=A, = max Ax,
Ynsynd t wapnhdwl wpwdwghé: Nppwl 2w 66 L ppwp dnn LG
wpnhdw@ X, Ybwbpp (dinpn t A - 6), wybpwG () - G phs t wwpptip-
gnud (D) ubnwowlbpyhg:

UbnwGwlybpuyh D dwlbnbup uwhdwGbGp npwbu

n
or(£E)=2_ f(&k)- Axy qnuiwph uwhow, bpp wpnhdwh wpwdwghép
k=1
&qunud t qpngh (D ={iu:) o1 (£€) ) Ldws uwhiwh hiwunp Yuywp-
__’

qupwitlp unnph:

2. NPNG3UL (PhUULKY) hLSEAPULb UUIUULAHUC

Nhgnip £ dnellghwlG npndwé t [a',b] - md (f: [a',b]—) R),

T=1{xfi_, [ab] hwwnjwép npit wpehmd t: dbpgGhtp

n

V&, e[xk—l;xk] (k=1,---’n) L YwqubkGp 0‘1-(f,§)=2f(§k)-Axk qnuiwp,
k=1

npp Ynsyned t hGwnbgpuiwghlG qnuiwp: Upuinbn, L uwnnpl wiblnep

E(&),--&q ) -G Ytiunnp £, nph YnnpnhGunnGlnG bG" ¢, e[xerixk]  k=l,...n:
YwubiGp, np lim o7 (f,§)=1€ R , bpt’
A0

I’ (hwonpnwlwimpywl thqyny) VT, ={x£")}k_n0 mnnhﬁtdﬁhnh

' Nhdw( Qunpg Sphnphlu PipGhwpn (1826 -1886 ) gbipdwlwgh dwphdwinhinu:
4



hwonppuwiwbnipjwG hwidwp, npp tnpwiwgdtiph hwenpnwlwlnipynilp
A=Ay - 0( T, wpnhnudGbph hhdGwywlb hwgnpwywlnipynil) L

Ve e [ {"_),,x(“)] Ybwbph pGunpnipjwl nbypnd o, -Zf(é‘")) Ax""
pyw;hG hwonpnwlwlnipynilp qniquidhunmd t 1pdhG ((o, — I):

2° ((&,8) Lthquny) Ve>O0pyh hwiwp 33(e)>0 wjlGwhuht, np
VT={xk}:=0 tnpphdwl  hwiwp, nph  wnpwdwghép A, <8 L
VE, e[xk_I ;xk] Yuwnbph hwdwp Ghown t '0'1- (f,é)—[l<s ww)dwhp:

Pbnpbd 1:1° L 2° uwhdwlnuiGbpp hpwp hwiwpdtip 6G:

f@tnpkidp sklp wwwgnigh, pwGh np Wyl uwnwgynit £ Gnyyl Ybpw,
hGs hwiwwwubuwb thwuwnp $ncllghwih vwhiwbh tGpynt vwhdwbnid-

Gbph dwuh(:
bpt qnyipynitG mGh ybpp G24wé lim ot (f,€) =1 uwhdwip,
-0

u.|u1 wjd Yngdnd £ npnzgup Lwd nhlitu&h hGunbgpwy, qm[nui t
jf )dx L PnullyghwG Ynsynwd t hGinbigpth (f eR{a b])

LiwinbGp, np Gwé uvwhdwlnidGopnud hGonbtqpupwhG qnulwph
wwhiwbp Ywhuws st ng npnhnudGphg, ng b VE, € [x, %, ] Ubwnbph

pGupnipynilhg:
OphGuy 1: Thgnip' f(x)-n hwunwuwnnmG t f(x)EM (x e[a;b]), L

T={xk}:=o, [a',b] hwindwsh nplt wpnhnwd b bGswbu t; pGunptGp

§ke[xk_;;xk].(k=l,...,n) Ybwnbpp, mGLGp® GT(f,i):if(ﬁk)'Axk =

—

k=
=M. ZAX =M(b- a)—) M(b-a): Uuwhund f(x)=M hwunw-

k=1

wnnilp hGuinbqpbth t W ]‘de M(b-a)

OphGwy 2: Yhgnip® D : [a b]—)R D(x) 1, tpp x -p owgpn-



~

Gw, t b D(x)=0, tpp x-p hewghnGuw) t (Yhphtuth PnLbyghu'): G-
punptlp” T={x,JI_, [a;b] hwingwéh npt wpnhad b NUGEGE'

Dg=3D(E) bx, =En-b-s. m &elinl

€, - G nwghnlwy t (k=1,...,n) L O’T D& ZD E_,k -Ax, =0, tipp

&, e[xk_l ;xk] , € - 0 hawghnlwy t (k=1,...,n): Uunbinhg htwnlinid t,
np Oy (D,&) -G snuGh uwhdwG, pp A — 0, pwlh np wyG Ywiudwé t
£, Yownbph pGuinpnipynibhg:

3. hLSEANGLPNHA3UL ULINrUCETS MU3UULL

Bbnpbd 1:Npuybugh £ Pnilyghw, npnzdwé [a;b] hwindweh dpw
thGh hGwbgptih (f € Ra;b]) wGhpwdban t, np wyl |hGh uwhiwGw-

thwl: Ujuh0pl $niGyghwsh hlinbgpbihnipjnilihg hbnbnud t Gpw uwh- .
dwhwwynipynilp:

Uywgnignid: Spdwé t f eR[a;b]: UupGpG® 3IeR, np
Ve>0 36>0, wlwhuha np V T= {xk }:=0 wnpnhdiwG hwdwp, nph
npwiwghép A <8 L VE, e[xk_l ;xk] Ytwbpp hwdwn. Ghawn L
|0T (f,é)—ll < & ww)iwbp: Ujuntinhg htinlinud L, np dbpp Gaqwé wpnh-
Gwl@ hwiwp o, (f,é) hGwnbgpwiwihG gnuiwpp, npwybu InGyghw
(é(él,...é;n )) -hg uwhdwGwihwy t: bpnp

lor (£8)| =0 (£8)-1+1|< o, (£2)-1|+]]| < +]I]

= loT (f,F,)l < +|I| (&, c_—'[xk_,;xk] Jk=1,..,n,A; .<8): (1)

YwwwpbiGp hwywunn GGpwnpnipintd’ £ $nulyghwl wlhvwhiwlw-
thul t [a;b]-nui: Npbdl, wyl wivwhiwbwhwy t [xk_,;xk] (k=1,.,n)

' fhpptuls Mbwnbp Qniuwnwy Lbdtb (1805 - 1859) qpdwGwgh dwpldwunhynu:



hwuindweéltiphg qnib dbynd: Npnawihnipjwl hwiwp, hwdwpbGp, np
f-p wluwhdwGwhwy t [xo;xl] hwnjwoéntd:  Jwunwunwgnpbbp

&, e[xk_,;xk],k =2,..,n Ytwnbpp L GT(f,é) -G GapluywglhGp htinlyuwy
Ybpw' o, (£8)=£(£,) Ax, +c; . npnbn o, = Zn:f(g;)-Axk anudwpp
k=2

hwuwnwwnmG t: & -h plupnipywip thnpdblp unwbuwy (1)-h dfunnuip:
MNwpqt, np’
IGT(f’ék I lf &1 Ax1+GT|>|f(§1 , -Ax, lc I (2
NupbidG, npwbugh unwbwbp (1) - hG hwlwunn wGhwywuwpnpynib
pwywywh t gnyg wwlp, np &;- h pGupnpjwlG 2Gnphhy Shoun L
If F,,] -AX, — |0T|>e+|I| wﬁhwdwumnmp;mﬁn. npp huniwndhp t

hbownlyw pG
|f & ]> IO‘_TI;HE_-O-IH (3)

Ax,

Rwoh np f -p wluwhdwGwihwy t [xo;x,]-nui, www 3&; e[xo;x,]
wjlwhuhG, np Shoin t (3) -

(2), (3)-hg htanbnid t |cT(f,§)| 2e+{1], npp hwhwund t (1) —h:
Unwgywd hwwunipjnilp wwwgnignid t wlnnuip: =

Nhuinpmepymed  1: Btinpidhg htwbnd £, np wluwhdwGwihwy
dnilyghwh sh Ywpnn |hGGp hGubigpbih: Ujnwe Ynndhg, ng pngnp
uwhiwOwthwy Inlyghwbtpd &6 pGunbgnpbih: Onhﬁwu Yhphtuibh

Inelyghwl uwhdwlwhwy t, pwjg ns hGwnbgnbith (2., op. 2)":
AunuiOwuhpblp pb n°p  uwhiwGwihwy PnGyghwGbpG  bG

hGwtqpth:

' (2, op. 2) ~ Gauynid t Yo 2 - p ophlwy 2 ~ p (wu qpblwdlp Yuwhwwbdh L
uwnnpl:)
7



hnd

4. WUNPRNER! ANHUUPLEAD L LPULS IUSUNHBSNILLGRD

Uwhowlmd 1: Yhgmp f-p [a;b] hwwndwénid npnjwéd uwhdwluw-
huwy nbGyghw t b T= {xk }:=0 wjn hwunydwdh npbk tnpnhnud t: Mwpg
t, np f-p Y h0h vwhiwGwihwy [xk LX ]huum[wéﬂhnhg jnupwpwlyjnt-

pnud: LepdnistiGp hbwnlywy GawGwlmdGbpp
M, = supf,mk=[xm£ f(k—l )

Dreasne

S, _ZM -Ax, L sT-ka

k=1
Awppnih hwdu.lqumwuluwﬁwpwn ybphG L uwnnphl qnuiwplbp: Un
qnedwpbpp L GpwlGg nwppbpnepiniip (undwpwqéywsd) wGplnhwin,
ng pwgwuwlwh pnllyghwh nhypnd ywnybpws GG GY. 2 —nud:

. WaonLpynLlGbipp yngynmd b0

YA

xy

flu; 2

Muwpq k, np Ywuppnth gnudwnlbph nwppbipnupynuGp hinppwGned t,
tpp thnppwbnud t vipnhdwl wpwdwghép: Unnpl gnuyg YuwGp, np win
huwaninipjwlG Sqpunnudp popnud £ hGuinbgpbihmpywl wGhpwdbn L

pwywpwp wwjdwbha:
Muppnth gnudwnpGbipp odndwé kG htnbwy hwnynipymGGapny;

Junnympymd 1:Shywy T = {x, J'_, wpnhdwb nbupnud

! Awppnt dwil QuunnG (1842 — 1917 ) $pwlupwgh dupbdunnhlynu:



st:ch (£€)=S;, inf oy (£E)=s7 (E=(&rrtn)):
Uuywgmgmo: 8wGh np M, = sup f, puy m, = inf f, www

Xy iXg [xpiix]
VE, €[x,45% ] ' m < f(&)<M, (k= L,sl): bpb, uinug-

~ Jwé wihwywuwpnipyniGGpp pu:qiwwunlbilp Ax, npwluG pytipny
L qnudwpblp, YuinwGwGp’

s; S6,(£,8)<S; : (1)
push wn Vo> 0,38 el ix,] £ £6)> My~ o

wntinhg' Zf(&k) Ax, >ZM - Ax -——-ZAx =S;-€e>
01 (6E)> S; -2 , & =€l L) @

(1), (2 -hg hbwnlmd t, np such(f,g) Sy: Uiniu wlnnedp
14

(62anhtn unnphG tiqph dwuhG) wewgnigynid t Glwlhwwbu: =

JunnfmpymG 2: Gpl viywy wnnhdwlp wybpugybG GnuylG hwandwdéh
Gnp, Ybpowynp pyny wpnhdwG b5nbp, wwyw npwbhg Ywppnih Yaphl
qnuidwpp sh dEéwhw, huly unnpht gnedwpp sh bhnppwu:

Uwwgmgmv: thgmp T = {xk }:‘0 wpnhdwG YbunbphG wdbpwgyby t
Gop x' Yow, npp [x,_;%,] (k=1,..,n) hunnwoGtphg hGg-np dbyh
([xi_,;xi]) Gbpph0 Yow t: Unwo:uGmd t Gop, a =X, <X, <..<X;, <
<x’'<x; <..<x, =b tpnhiwb Ytntipny T’ wpnhnd: UwugnigbGp, np
S; £S;: Rwlh np Ywiwjwywi A < B pyuyhG, dbplhg uwhdwbw-
il puqinpjniGGph hwiwp Shawn t° supA < supB, wuyw’

M{=sup f<sup f=M,, M{=supf< sup f=M;:

["i-l "] ["i-n "i] [x" xi] l"i-l "]

Mpbas S —Sp =M, -Ax; —(M] (X' ~x, )+ M] (%, -x')) 2
2 M, (Ax; -Ax,)=0:

¥ : uhdynip GzwGulynud t inbnh niGh {1]



Ujuphlpl’ S5 <S;:

bpt nw| nmpnhiwlp wybjwgywd Gl ﬁhuhg wd_hlh ubmbn wwjw
nw GnuyGa t, hag wybjwgdwd (hah dh pwlh dblwhwb Yewn: UakGE wa-
qud Gnp Ybwnp wdbtjwgnidp sh dGowglh Ywppnth Ybippl gqnidwpp,
ntpkidG, h dtipgn, w)G sh dEdwlw: Iwlwwywwnwufuwb thwutnp Huppnth
uuinphG gnudwifih ‘Swuh0 wwywgnigyntd t Glwlwwbu: m

Jwwnlymp/ml 3; Yuppnih ybphl gnidwpGbiph pwqdnipgnilp uwh-
twlwihwy t Ghppuhg, huy unnphG gmuiwpbbph pwqimpnilnp” Yb-
nlhg:

Uwwgnignid: Lwh wwywgnighlp, np [a;b] hwunwéh quilijuguwé
bpyme T', T” wpnhnudGph hwdwp Shawn b s < S wlhwywuwpnt-
pinLlGp (w)G wyGhwjwn t Gnuyl npnhdwG hwdwn): Ghgnip' T=T'UT",
w)a [a;b] hwwnywéh Gnp npnhnud t, npp wwpptipdnui t T -hg L T" -hg
wnpphdwl Gnp  Ybwbpnd:  MpbdG, punn hwnynipindd 2-p°
$p <87 S8; <Sp. = sy S8qnt Uydi hwununnwgntiGp [a;b] hwunyw-
6h nplt, Gwiiwwbu Yuidwjwywe Yypy pGwnpdwé T, wpnhnud L pln-
ptiGp jwowjwywld T wpnhnl: 3wdwdwyl wwwgnigwdh, nllGhGp’
Sy ZSTOZ Wjuwhuny Ywppnth ybiphG qnudwplbph pwqinepynilip uwh-

Swlwthwy t Gbpplhg s; pyny: Mpbdl® 3 u%f { ST} npp GawGwybGp
-y (inf Sy =1"):.1" -0 Ungadnud t Yunpneh YbphG hGunbapuwy: Mung ¢
e VT, : ST LT

pwqunipynilp uwhdwlwthwy t Ypuhg (I'-ny): m A
Hunnnmupyned 1: dbipghlp GawGwynud t, np 3 SuP{ ST}; w)G Gpw-
é N T .

, wjuhGpG Mwuppnih uwnnphG  qnudwpGhph

OwybGp I« - ng (‘Slip{ ST} =+ ): 1. -p Yngynud t Muppnih uinnphG hGwnb-
o T

qnwy: RwGh np I -p {ST} pwqdnipywl JbphG tqp t, wuuu I <r:
Ujuwhuny, VT mnnhﬁwﬁ hwdwp mGbGp* ‘

s; <L <I'<S;: S T3

10



5. PLSEANELANHRSUL ULINrUDEES L RUNUNUM MUSUULE -

. UwhdwGmd 1: Yhgnp' f @ [‘a'b]—)R f-p uwhiwGuhwy t
[a;b] -ntd, L T={ }k=o [a b] hwwnywoh npt wipnhnud t: YwubGp, ap
}if_?o(sr —_sT)=‘Q.bph O S T

Ve>0 38>0,VT A, <d: S;-s; <€: e
Bbnpbd 1 Npubugh [a;b] hwidueh dpw  uwhdwGwduly

pniGlghw LhGh hGnbapbth (f € R[a;b]) wihpwdtian t b pwdwpwn,

np Gpw “wppnih gmiwplbph wnwpptprpyniGp  dqunh  qpngh, bnp
npnhdwl tnpwiwghép dginnud t qpnjh:
Uywgnignd: UGhpwdbnnipyniG: Sndwot feR[a b] wyuhGpG"

JIeR, Ve>0 38>0, ‘VT—{ xk} {co npnhdwl hwdwp,nph wpw-

gwghép  A,<8, V& e[x.x,]: IcT(f,g)-.I|<-§-: Nmnbinhg
htwnbnid ¢ ' B v » : o ' iy
<o (f,§)<1+5: R (1)

Oquytiny "wppnth gnudwplbph hwny. 1-hg b hwadh weGbinyg *
wyG, np I--;-n L I+§-n {GT(f,é)} pwqinpjwl hwiwwwunwuluw-

Gwpuwp unnphG L YbphG bqpbpG bG (hahinfuwlwGGbpp €, YtinbipG ba),
Yuunwlwlp’ '

'I-——;—SSTSSTSI+§;-- @

(2) —hg htnlnd t° ST—S'TSI+§-(I-§)=8, bpp A, <6: %

Gawlwymd t np kllr_r’%)(ST ~8;)=0:
T

11



PujwpwpmpmG: Spwés llinio(ST'-s,)ao‘: UyuhGpG’

Ve>038>0, VT={xk}:=o, A <8 ¢ S;-8; <E: Cun 4., npun.
1-h' s, <L < I'< S;. npubnhg” 0< I' -1 £S; —s; <&: Uinugytg,
np' Ve>0:0<I —L <€ L, mpbiG I =1 =I: Guwhuny' s; <I<S;
W VE, e[x, 5% ] sy Sop(fE)<S;: Mphod’ lcsT(f,é)--IISSr-sr <g,
bpp A <3: Nw Gwbwymd b f e R[a;b]: [}

Ywnnnnpymb 1: Gpa eR[a;b]. www (nbu (2)) unwlnd bGp'

b
lim =limsp=1= (f(x)dx:
x,l _)OST ST J (x)

Awppnth gnidwpGiph hwnfnpyncG0ph wybth funpp nuunudGuish-
pnpynGp (wnbu fulin.1) pnyy b wwglic weywgnigby hbnbjw) ( wybth
wwnq)’

Bbnpbd 2: N\pwbugh [a;b] hwindwémd uwhiwbGwhwy mGyghwl
thGh hGubgptyh (f € R[a;b]) whhpwdtizwn t b pwupuwp, np’

Ve>0 3 T=T[.;b] : S;—-sp<e: (3)
UyGhwywn t, np wppnih gnudwpSiph wwppbpnipjwl qpnjh dqunb-

tntg (app npnhdwG wpwdwghép dg.nmd b qpngh) hbnbmad t (3) —p:
thawn ¢ Gwb hwlhwewyp (inbu fuln. 2):

luGnhp 1: Shgnp' £ ¢ [a;b]-—) R, f-p uwhdwbuwhwy t [a;b] -nLd
(supf =M, glbf]f =m) & T={xJ, [ab] hwnqwsh nput

[a:b]
npnhnud t: GGpwnpbGp, wyn wpnhdwlp wybpwgpby bGp Gnp p hwn

b (unwgyws wpnhnudp  GuwCwuybGep T'): Uwwgnighy, np’
0<S;-S; <p-A-(M-m), 0<s;. —s; <p-Ap-(M—m) (wnbu [4]):
tuGnhp 2: Uwwgnigtiy, np plinptidGap 1-p b 2-p hpwp hwdwnpdtp Ga:

12



6. PLSGANLLP dNHLUBhULENh AUUEND

Udd Yupnn blp wwwwupuwGh w)G bwpghG, pb n°p uwh-
dwlwhwy Pniblyghwlbpb GO hGuinbigpbih: Lwiu duwihnjubGp f HniGy-
ghuwh  Yuppnith  gmdwpibph  wwppbpnpynilp: LywGwybGp'
O, (f)= ®, =M, —m,: Oquybyny G2qnhwn tiqptiph huyinGh hwwnyni-
p)nclGlinhg, utnwGnul GGp

o =M,-m, = sup {f(£)}- inf {f(n)}=

Eefx, 1% ] nefxy. x|
= sup {f(E)}+ sup {-f(n)}= suwp {f(E)-f(n)}=
Eelxpixy ] nefxyixi } Enefxy. iy
= f(&)-f(n):
L [6(E)=£(n)
Wuwhuny
o =M, -m, = sup [f(£)-f(n): (1)

0, =0, (f)-n Ungymud t £ PnlGyghwih wwwwlnd k—pn

([xk_,;xk]) hwndwénid:
Pbnpbd 1: Jwndwoéh Ypw wiplnhwn InGyghwl hGuinbgpbih t
(f € Cla;b] = f e R[a;b]):
Uywgmgmd: Cun Yuwiwnnph ptnpbdh, f-p hwjwuwpwswh
wlpGnhwin t [a;b]- nud [1): LuhGpG®
€

Ve >035(e)>0,VEn<[ab), [ -n| <5 : [f(E)-f(n) < —

dbipglbiny [a;b] (a <b) hwirdwéh wyGuwhuh T = {xk }:=o wpnhnud, nph
wpwiwghép Ap <8 L hwayh welbing Gl (1) —p, YunwGwip:

ST—ST=i(l;kAkaEi-'iAxk=e (XT<5:>|§-t|l<8, tpp
a i

k=] -

NE[ Xy i"k]

whuny xlirr:)(ST -s;)=0=>f eR[a;b]: m
Bbnpbd 2: 3wnywéh yYnpu dnGnuinnG $nLGyghwlb hGinbgpbih t:

Ene [xk—l;xk] ): Apbd@” ©, = ?“p lf(é)—f(n)|sb—i'a-): Uju-

13



Unpwgnigmd: Spjwé t f ¢ [a;b]—+ R, f-p GnGnanG t [a;b] -nud:
Ahgnip, npnawihnipywl hwdwp f-p dnGnunnG s0dwqnn b NupbdG
Vx e [a;b] : f(a)$ f(x).<_ f(b) = f -p uwhtwlwthwy t [a;b]-nui: Ljw-
wnbiGp, np° X, SE<X, f(x,,)<fE)<f(x,) = M, =[max]f=f(xk),

. N LR

[xia "k]f f(Xk”l)

tpb’ f( )=f(b), www f-p hwutnwwnnG t, nph hGubgnbghne-
pintlp wwwgnigiwé b (wbu 2., op.1): UGnud t pGhwpyt f(a)< f(b)
ntwpp: dbpglhGp Ve>0 L pGopblp O- G wylwbu, np’

my =

g€ n
——— *T= . A : ¥
0<8<f(b)_ ( ) hgnip {xk}M r <9:Ujn ntiwpmd
S, -s; = k}:[M -1n, ]-Ax, SA; Z[f(xk )-f(x)]<
=1

<8-[f(xl)—-f(xo)+f(x2)-f( l)+...+f(x“)—-f(xn_l ]<‘
€ .
————| f (b} - f =g

< f(b)—f(a)[ (b) (a)] €

NLpbd’ }jg})(ST—ST)=0=> feR[ab]: m

Uwhowlimd 1: YwubiGp np X (XCR) pwqinpjnilp mGh qpn
swih, iph® Ve >0 pyh hwdwp qnynepinil nuGh (Ak) pwg Ghpwlw)pb-
nh pugdnpynil, Yoppwdnp Yud hwybh, uybwhuhb, np’ LkJ(Ak)D X
L ZAk <g, npunbn A, -G (Ak) dhowlw)ph bGpYwnnipinill b Uyl

k
nbwpnud, bpp Showlwiptph pwqdnipynilp hwaybih t, www, pun

uwhdwGiwe ZA = hmZA

OphGuwy 1 Snug nwy, ap nuawply pugqimpnilp (X = @) nLGh
qnn swith (hGplnipnyyG):

OphGwly 2: Sniyg nubp, np Ybpywynp (X = {xk }:'=1 ) puqdnipynilp
14



ntGh qpn gwih: Ve > 0 pyh hwiwp (A, ) (k =1,...,n) pwg Showlw)pb-

np pGwpbGp wibwbu, np* x, €(A,) , A, <& (k=1,..,n): Mupq t,
n

np’ H (A)>X U ZAR <€:Mpbdh X —p niGh qpn swip:
= k=1

OphGwy 3: 8niyg wwbp, np hwytih (X = {xk }:=l) pwqulnipynilp
nGh qpn swi: Ve >0 pyh hwown (A, )(keN) pug dhowluwyptipp
plunpbbp w)lwbu, np’

x, €(A,), & <= (keN ,):MmGGp’ U (A,)>X U

Blnptd 3 (Lbpbgh'): Npwbugh hwndwéh ypw uwhdwGwihwy
Pniblghwl |hGh hGuintgptih wGhpwdbwn t L pwywpwnp, np Gpw fugnud-
Gbph pwqdnepjnilp nlGaGw qpn swih:

Ptnpbup stlp wwwgnigh (w)l hEGdwé t swihh nbunipywb Ypw 5],
(eD:

Thanpmp/ma 1: Lwpunpn ophGwllGtphg (1-3) L pbnpbd 3-hg hb-
nbnud B 1) Jwwndwéh dpw uqiwlb Ybwbp snilibignn (wGplGnhwn)
dnGlyghwl hGuntigpbih t:

2) 5pti hwwnywéh Jpw vwhiwbwihwl $nblyghwt nGh depowynp
pyny luquwG Ytinbip, wuyw wjl hGuinkigpbh t:

3) bpt hwunjwdsh Ypw vwhiwlwhwy pnibGyghwd niGh hwyybih
puny uqiwl Yhwnbp, wwyw wil hGuntigpbih t:

Qnjnipynil -nGbG qpn swihh wGybpp, ng hwyblh pwqdnigyniGhbp:
M Gawlwynd t, np $nGlyghwl Ywpnn t (hGhg hGnbigpbih b nlbbGwy
;i;ulhns. ng hwaybth (qpn swihh) fuqiwG Yhnbiph pwqinipim (nbu |

! Lipbq 3wGph (1875 - 1941)° pwlupwgh dwpbdwinhynu:
15



~

7. huStAPLLh HNFLUSPULENH B4 PLSEArULLLBMD
3usunt@3nruuere

Bbnpbs 1: bpti f,ge R[a;b]. wyw - f+p-ge R[a;b] (o,B-G
hpwlwt pytip &6) W

fla-£0)+B-gl))x = [rlx)ox +B fe()dx:

a
Unwgmgmd:- “hgmp T = {x, }:=o [a;b] hwwnwéh nplt wipnhnud t

L € [xk_,;xk] Jk=1,...,n: UyGhwpn t, 1.p
oT((a~f+[5-g),§)=a-oT (££)+B-o7(2:): 2)
UGgGhiny uwhdwCh (2) -h dbg, bpp inpnhdw  ipwdwqhop’
Ar — 0, junwGwop (%) —p: =
Uwhdwlned 1: 6pt eR[a;b] (a<b), wyw hwiwpdmd t Gub,

a b
np f eR[b;a] u If!ix)dx=-—jf(x)dx: Cun uwhiwGiwG Gl
b a 7

J'f (x)dx =0:

Bonpid 2: bph feR[a;b], wwu fe R[a;c] NR[c; b]
(a<c<b) L hwyweuwyp f eR[a;c] ﬂR[c;b] =fe R[a;b] : COn
npnud f e R[a;b]-hg htwbnd t, np’

!].f(:a jf(x)dx + jf x)dx: @)

a
Uwwgmgmd: bpi fe R[a, ] viyw pun 5, p. 1
Ve>0 38(e)> 0, VT = K. f,. Ap<8: STM- Sty <€
SpnhmuiG pGwnpblp Gwl wylubu, np ce T[q:b] : Ujn nbupnd, T[a ) RN

hniip wrwowghnud t Tg;:] L T[ 5] wpnhraddbp W [ o] -T[“]U feb)’

RwGh np Twuppnth gniiwpGbph wwppbpnipinbp ng pwgwuwlwl wi-

16



qwiGbph gnudwp t, wyw wwnpq t, np’ S‘Tm] —-Sp < STM- St <g=>

C]

= ST[.m] —-ST[.“] < €&: Lnyl Ypy unwbnd bap, np ST['qb] —ST[:*I <¢g,

npunbinhg hbinbnud t, np f € R[a;c] ﬂR[c;b] (nbu 5., p.2):
W0 tGpwnpkGp f € R[a;c] ﬂR[C'b]: MpboG, hwiwduyh 5., p.2-
Wuwnbnhg, bpt  GawGwykGp' T[ o= T[“] ut’ 6] YuunwGwhp’

S -~ 8 = S ’ - v +S " - ” < M -
T[a:b] T[a:b] T[u;c] sT[n:c] T[c:b] T[c:b] €: nlnhdﬁ' hwdw
dwjG GnyG 5., p.2-h unwGnud bGp' f € R[a;b]:

U)dd wwwgnighlp (3)-p: bGpwnntiGp, np f € R[a;b] b nhwnwplbGp
[ab] hwuwéh wpnhndGaph  hhoGwywG  hwenpnwywGnipinil
T[Sg] { ( )} (npwiwqétiph hwenpnuywGnipynilp waybpe lhnpn
), wyGughuht, np ¢ € T™sb]: U nbwpnud unwgyntd &G Ti"‘)] L Ti’c‘:}
wnpnhnudGliph hhiGwywG hwonpnwlwbnipynGGbp: LGuptiGp

g"‘) € [x&"?, (“)] =1,.. ,n) L hwyh welbkhGp, np’
GTrn) —O'-rl:«:]) +GT[::) ' , (4)

UGghbiny (4) —md uwhﬁwﬁh. Gpp n- p dquinud t waygtpoh (puwn
wwwgnigwéh, (4) -h pnp bptip qnudwipGlpp nGbG  uwhdw),

unnwlnud Gap (3)—-p: m
Ynnppyml 1: BLnptd 2 - h wlnnuip dGnud £ nudh dlig, whlwfu

a,b,c Ytwbtiph phnfunwuwynpnipyniGhg: bpnp, nhgnip, npnzwihnipjwl
hwdwp’
c<b<a: Cun wwwgngwoh, btph fe R[c;a]. wiuyiw

f eR[c;b] NR[b;a] 10

a b a

If(x)dx = If(x)dx + If(x)dx . Oquiytyny uwhdwGnd 1-hg,
c [ b

JurwGwip’ ' o

25 - 17



c b b N
-~ j‘f (x)dx = If(x)dx - If (x)dx: Ujunbinhg Gnphg unwined bip

) -

@unpba 3: bt f € R[a;b], wyw | f]eR[ab] L a<bnowpnis
b
Je(x)axi<

Uwwgnigmid: Yhanwiplblp [a;b] hwindwéh nplt T = {x, }:=0 \npn-
hnd: Stnh ntGbG hbwnbjw) glwhwnwlywGitpp” VE, N, e[xk_,;xk]:

-l <l (&) -£(n)] < sup  J£(6,)-1lne | = (6)
wanenpg @, {f])= sup llf(ﬁk)l lf(nk)||<cok(f) =58, ( ])-

~s¢(| f|) <SS, (f)~ Sy (f) Juipdh waGbind, np. £ —p hGubgpbith t
L, nupbdG” S (f)-s; (f) — 0, unwGnud bGp’ '
M( (1) ~s: (|£])) = 0=> £ € R [asb]:
Uys4, (5)-p unwGuwint hwiwp Japglblp Yuwdwwlwh &, e[xk_i;xk]
(k= 1:,...,n) L qGwhwuntiGp '
Zf&k -AX, SZ]f&kl-Axk: ®)
UGgGhiny (6) —h dtp uwhdwlh, bpp npnhdwh inpwiwghdp dqunud
t qpnjh, YunwGwlp (5)-p:m

Yunnpmupml 1: b b onbuGly, np a,blbnbph YudwywlywG
tinfunwuwynpnipjwl ntiwpnid (5)-p pGantGnud L hbnbjw) wbupp’

bjf(x)dx < t:ﬂf(x) dxl: | )

Bbnpby 4: bph feR[a;b] (a<b) u Vxel[ab]:f(x) 2

620wphun b hbulyw) qlwhwunwywp’

b
ﬂf (x) dx : (5)

18



20(f(x)<0), wwyw' bff(x)dx 20 [ ]'f(x)dx < o}

Punpbdh wwwgnygp whihgwwbu htinlnud t hGinbigpwih uwhdw-
Gnudhg L uwhdwbh hwiwwwwnwuuwh hwinynpynibhg:

_WGnhp 1: Yhgnip f eR[a;b] (a<b) L vx e[a;b] : f(x)>0;

'

b L .
UwwgnglGp, np jf(x)dx>0": o - Y

a

o b
Laonud: Ywunwpblp hwlwunn bGpwnpnepiniG jf(x)dx=0: Ujn

b

nbupntd ){m:)Sq- = J'f(x)dx =0 : dbpglhbGp npuk qpngh dquinn npwywG
_)

a : A ?
pyunh hwgnnnwumump;mu ophGusy sn=v}/' guwGh np
1 OST If x)dx =0, www 3 [a;b] hwunjwéh wyluwhuh T; wpnhnd,

-.)
np S—r<el (b-a): Ujn nliwpned, Tl mnnhﬂwﬁn hwiwwwinwuluwG My
G2qhwn biqnbiphg qnGb dblyp YihGh thnpp € -hg (hwywnwy nbwpnid, bpb

n n :
Vk=1,..n : My 2g), www’ Sp =3 My -Ax 28 ) Ax=¢(b-a)): U
k=1 k=1
Yonw wuwg' 3 [a;;b | <[ab] (2 <b), Vxela;b] : f(x)<g: Con

npmd, bpt hwpYwynp t thnppuwglbiing [al;bl] hwindwéh swihubpp,
b
Yuwpbth t hwdwpby, np by - g <%§: RwbGh np 0=J'f(x)dx=

a

a, b,
If x)dx + If(x)dx+ If Jdx L wp Swuh bpbp qnidwnbihGpG
a, b,

tL ng pwgwuwlwl GG, www Gpuwlghg jnupupuilGynipp hwywuwnp t

19



b, i
qnnsh, GwuGuynpuwbu’ I f(x)dx=0 : Lnyl Yopw nuwnbind, unw-

3,

‘ b- :
Grud bGp" 3 [ap;b] (0<by—ay <-;23),\?’xe[a2;b2] : f(x)<ey W

b,
j f(x)dx =0 : CwpnGwybyny Gnyl Yopw, uinwlnud bop {[a,,;bn ]}:.—.1
al

Ghpnpywéd hwnjwétGbiph  hwenpnwlwhnepyniG, wylwhuhG  np’
b ;

VneN:0<b, -an<-5-—(:> lim (by-3,)=0),  |f(x)dx=0 b

a-
vxefayb, ]t 0<f(x) <e, (n=12,.): Cun Gipnpywé hwinydwé-

Gbph hwenpnuwlwinipjwl huwnynipjwl gnynpinil nibh ¢ Ybwn, wywn-
yuwinn hwinjwéGbphg jnipwpwbgnphG: Un Ytwnh hwidwp GnylGubu’
0< f(c) <g, (n=1.2,..), npl wlhGuwn t, pulh np lim g,=0:

n--»o0

huGinhp 2: Uuwgnigty, np bpt™ £ € Rla;b] (a <b),
Vxela;b] f(x)> 0, 3x,€[a;b} f(x,)>0 u f-p whplnhuwin t
X, Ytwnnd, wyw’ j’f(x)dx>0 (hGpGnipniyG): |
ehnpws(wﬂhw:/wuwpmag /Iﬂmllqpli[m dwupl): bpb f,g e Rla;b]

(a<b), Vxela;b]: f(x)< g(x), wuyur jf(x)dx t]‘

Usyusgnigmd: Bbnpbth wuylwGtnhg htwnkmu £ £ - g € Rfasb],
f(x) g(x)<0 @unpbuGbp 1, 4-hg utnwGnd hﬁp

02 [[f(x) ~g(x)]dx= jf(x)dx-jg dx::jf(x)dx<

< jg(x) dx:

20



Bbnpbd 6: PGwntiqptith nGyghwGbph wpwnwnpjwip hGinbkigpbiph t:
Uwwgmgmd: RwGh np f,ge R[a;b], www wjn dnlGyghwibipp

uwhiwGwhuwy 66° 3A,BeR,Vxelab] : [f(x)<A, Jg(x)<B: -
ghp T= {xk }:=0-ﬁ [a;b] huwnndwéh nput wnpnhnwd t L, npnwyhnpywG
hwdwp’a<b: VEne[x,,;X, ] Ybnbph hwiwp Shan bG hbwnkyw
qﬁwhwmwumﬁﬁhnu

|£(8)-8(&) - £(n)-8(n)|=
=[(£(2)-&(8) - f() g(m)+(£(8)-£(n) - £(n)-g(m)] <

<|f(&)-|le (&) - () +[s(n)|-[f (&) -f () < A-0, (g)+B-0 (f):
Ujuintinhg uwnwlnud LGp’
vEne[xix] : [£(5)-8(8) -£(n)-g(n) <A o, (g)+B o (f):
L, nipbal’
o (f-g)= sup lf (§)-8(8) - f(n)-g(n)| <

'IEIXH "k
<A -0, (g)+B-o(f) (k=1,..n):

Puqiwywunlbting uvnwgwé wlhwjwuwpnipniGibpp npwlwo
Ax, —ny L gnuiwpbitny, unwbnud bap
S;(f -8)-s:(f-g)<A-[S:(g)~s.(g)]+ B-[S:(F)-s,(F)]: (@)

UGgabny (8)-h dbp uwhdwGh, bpp tnpphiwh wpwdiwaghpp dquind t
anngh L hwyh weGtiny f,g HnLlyghwibbiph hGinkgnpbihnipyniGp, Yuinw-
Gwip' }Tix—l}O[ST(f-g)—sT(f-g)]= 0 L, nptsG* f-g e Rfa;b): m

Bonpbd 7 (dpohlp duupl): thgmp f,g e R[a;b] (a<b), g(x)
IniGyghwl mbh npnawyh GawG: f-p, |hGEnY hGuinbgpbith, uwhiwGw-
thwy t, wyuhGpt IM,meR,Vx e[a;b] : msf(x)sM: Ujn
nbwypmy’

Ipe[mM] : lj[f(x)-g(x) dx =u-f[g(x) dx: (9)

a
Uwwignigmd: Nhgnip, npn2wyhnipjwl hwiwp
Vx e [a;b] : g(x)20: Swyh wnGbiny ptinptiGbp 5,6-p, Yuunwbwlp’
21



m- g(x)< f(x)- g(x)< M- g(x). npntinhg®
mjg(x) dx < jf(x)-g(x) dx<M- jg(x) dx:  (10)

bk 1) jg dx =0, wuw (10r-hg = _[f(x )- g(x)dx =0: Mupbua,

(9)-p Shawn t X
bpt” 2) Ig(x)dx > 0,wuyw, pudwbbiny (10)-p [g(x)dx-h dpw,

a
Juunwlwbp’

o) alc)x

m<p<M, npunbin Gwlwyby bip =2 ———: Ujuintinhg

fglx)dx
a
htwnbmd t (9)-p:

Ywnnqmpiml 1: bpp g(x) <0, www (9)-p Gnphg S0wphwnn t
(nwwinnnipniGGlpnud Gawlp thnfudmud b Bphnt whqwd, wprynilpntd
§Gwyny GnuyGp): bpb a 2 b, wyw, pun wuwgnigwsh (9)-p thawn t, Gpp
b<a (a=b ntiypp wyGhwjwn t), dGned t wyn hwywuwpnipjwh tpym
ynnip pwqiwwwnyby —1 - ny:

Yunnpmpyml 2: Uy SwulGwynp ntwpnd, bpp eC[a;b], puwn
Pnigwlin- Ynzhh plinpbdh™ I € [a;b] o f ((‘;) =, nuwnh (9)-p YpGnniGh
hhinbju mbupa

b
jf x)dx =€) [e(x)dx (&efab) (1)
bpb, hp happht’ g(x)..l,wu.uu (11)-hg unwGnid bap" |
. b . o
Je(x)ax =£(e){b-2) (& efaib] ): (12)

a
(12)-p mGh wwpq bpypwswhwywd hiwuwn’ ubnwiwybpwh dwib-
pbup hwywuwn t npnawyh ([a b] hhdpm{ L f(E,) pwnpdpntpjwdp) nin-
nuOywo dwybpbuhG: ‘ :
22



8. ondnuUwUL UuluuLLENrnd huStaruLLGrkh
jusunt@3nruutre

Uwhdwlmd 1: hgnip” e’R[a;b]: Cuwn 7. p.2-h° VX e[a;b]:
f eR[a x] N R[x;b]: Wuwhuny «6GYnd» 6O hbwnlyw

b
$nuGyghwGbpp’ F(x If(t dt (x)= If(t)dt, npnGp Ynsyntld bG

hwdwuquumuuluwﬁwpwn thnthnfuwluwG JbphG L unnphl vwhdwGnyg
hGunbqpwy Gbp: NumdGwuhpliGp Gpwig hwinynip)niGhlipp:

Bbnpbd 1:6pt f € R[a b] wwyw F,G e C[a b]

Uupwgnigmd: dupgltGp VX, € [a,b] L OpwG wwilp h (h = 0) we,
wjGwhuhG, np Xx,+he [a;b]: Un nbwpnid F-p  unwOmd t
(D(h) = ( ) = F(x0 +h)—F(xo) wd, pGn npmd’ (D(h) =

xo+h Xg+h

= j (x)dx- If X Jdx = If (x)dx + jf(x)dx If x )dx =

Ujuintin, hwyyh wowbp 7., p.2-p L nhin.1-p: Rwbh np f -p hGunbigpbith t,
npbidG wG uwhdwGwihwy t° IM>0,Vxe [a;b] : ]f(x] <M: yw-

dwjwhwa £>0 pyh hwdwp 8(8)-n L h-p pGwnpblp wylbwbu, hn
Xq+h
j f(x)dx

0<6<% L O<|h|<8: Yunwlwbp' Iq)(h): <

xo+h
Idx

“f(x | dx

N szﬁwumd t, np’ }‘mgd)(h)= }‘I_I)IgAF(XO) 0: WuhlpG F-p wipln-

<M.

=M-|h| <M. ﬁ_4s~(mtzu7 p.3, nhun. 1):

hwn t [a;b] hwinqwéh YwowwlwG X, Yewnd, b F e Cla;b]: @b-

nptidh wGnnwip G $nibyghwih hwiwp wwwgnigynid t Gnyyl Yhpw: =
23



Bbnpbd 2:6pt f € C[a;b] ,wyw F,GeC' [a;b] u

vx e[ab] : F'(x)=f(x), G'(x)=-f(x):

Uupwgmgnid: Lonpklp VX, € [a;b] L Gpwi nwip h #0 ws, w)o-
whupG, np x,+he [a;b]: Rwlh np f - p whplnhwwn t X, - LY, www’
Ve>0 38>0 Vx, [x-xo|<d ¢ |£lx)-flx,)|<&: Ywdwwyus
h (O<| h I<6) w6h hwdwp, pun 7., pinpbd 7- h (ShehGh dwuhb)

nGhGp (nbu  Gwb 7. (12)) %'AF(X°)=B" If(t) dt=

1 Xg+h

; _
=E»f(§)'h =f(&) (&e[xex, +h]): Rweh nn € - x| < [h] <5, wyws
| £(£)-£(x;)| < & b nnbae” lim £ (&) = £(x,): Upntinhg htinbned t,

np' 3F(x, )= }.T(}é%ﬁl =f(x,): Rwh np X,-6 Yudwjwyuwa t, nu-

wnh' Vx € {a;b] : Fi(x)=f(x)e Cla;b]=>Fe C'[a;b]: Rtnpbdh wlnni-
dp G pnulyghusgh hwiwp wupwgnigynid t Gneyl Ybpy: =

nbwlp 1: [a;b] hwunywontd wiplGnhwn £ prblyghwG mlh

X b
GuhGwyw, ophawy F(x)= [f(t)dt , —G(x)= - [f()dt:
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8. NPNTSUL PLSEANULd JUTUWUUL UtBNALLP

Bbnpbd 1 (Ununnlb-Luyplhgh pwbwdlp): bph { € C[a;b] L d)(x)-
p f(x)-h npbt Owhilwlwi k (nbu 8., htiwn. 1) www S5wphw t hbwnlyusy
{Ujnunnl -Lw)pGhgh) pwlwébyp'

b
ff(x)ax=o(x) =0(b)-0(@a) | @

Unpwgmgmd: 8., p.2-hg htnnid t, np F(x)= If(t)dt -p f(x)-h

Gwhulwlyws t, nupbdl (D(x) -p wnwppbpymyd t F(x) - hg npnawyh
M hwunwwnncng’ (D(x) = F(x)+ M : Ujunntinhg
®(b)-®(a)=F(b)+M-F(a)-M=

= Jr(x) n Jr(x) = () ax = () m

Bbnptd 2 (inspnfuwslplbh ipnfuwphlmd): Yhgnip (x) $nLlGyghwl
waplnhwwn t [a;b] - mu, x =p(t) Pnlyghwt punfwpwpnid b hbunbyuy
wuydwGGbphG @ e C! [a;ﬁ], p(a)=a, ¢(B)=b L wndbpltiph pwqdni-
PINLGD nnLpu sh quithu [a'b] -hg (E(¢) [2;b]): Wy nbuwpnud’

If(x )dx = If((o t))-o'(t)dt: (2)

Ua/wgmgmd Tthanip F(x)n f(x)h npbt  GuhlwywGa t
F(x)=f(x) (xe[ab]): @bnpbsh wwjiwGGbnhg hbwbmd t, np
[a B] hwindwoénud npnadweé t O(t)= (¢>(t)) pwipn dnGyghwi b,
hbznn t wbuGby, np w)G f(q)(t)) ot .‘pm&ughw;h GwhiGwlweG t:

hpnp <D'(t)=F’(<p(t)) ( t)) ): Oqubiny UjnuinnG-

LwypGhgh pwGwdélhg, ummﬁmd bGp .
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B
fe(o()-9'(t) =0 (8)-@(0)=

b
=F(p(p))-F(¢(a)) =F(b)-F(a)= [£(x) ax:

Ujutnbnhg htunbinud | (2)-p: ®

Bbnptid 3 (dwubpny plinbgpnid): GpY U(x),V(x)e C'[a;b], wuw

Ghaun t htitnbyw (Swubipny hGunbgpdw) pwluwdélp’
b

bjU-<1v=(U-V)|“’-jV-dU; 7 @)

Unugmgmd: banbanbind  (U(x)-V(x) = Ux)- V(x)+ V'(x)- Ux)
waGsnipywG tpynt Ynndp, L hwzqh wnﬁblnq b]nunnﬁ- Lw)pGhgh

pwiwdlp, Yuwnwlwlp’ x) V jV dU x)+ J'U ( )
Npinbinhg htwnbinud £ (3)-p: ® _
OphGwy 1: 3wty 1= Na’ -x? dx(a > 0): YwwnwpbGp thnthn-
0

fuwlwGh hafuwphGmd” ¢ = t(x) = arcsin(i), x = asint, dx =acost-dt,
a

T

t(0)=0, t(a)= 5 - UpmynGpntd, JuinwGwlp®
s
I=a’ jcos tdt= I —IcosthZt)
0 0 2 0
a?m 1. .5 m
2 B o) =2
222" %) 2
;% dx
OphGwy 2: 3wzyby I= .[_;-T (a¢0); Uwubpny hGunb-
o\ X" +a

qniwG dhengny hetighbtp hwjtnwpwph wutnhSwip:
26
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I APNGSUL bLSEAPULP YbpunNHB3NFLLENE
' 1. 4nPh GPYUMNHB3NHL

YwG Ynph wppbip uwhdwbnidGen: Ynwbp Ynph vwhiwbnudp pun
dnpnwGh”:

Uwhdwlmd 1: Yhgnp wpdus b6 x =x(t), y=y(t) [a:B]
hwwnywdh ypw npn2qdwé L whplnhunn Pniblyghwlhbp:
(l)z{(x(t),y(t)) ;te[a;B]} pwqdnipinilp Ynsgdnid t whpGnhwwn
hwpp Ynp (SnpnuwljwG Ynp), tpdwéd wwpwibnpwlhws wnbupny, t -G
Ungunud b wwpwdbinp: Mo (x(t),¥(t)) (to €[e:B]) -6 unsuns t (7)
ynpp Ytiwn: Iwnppnipjul A(x(a),y(a)) L B(X(B), y(B)) Ytuntinp Yngynud
T} (1)-h owypwybunbip: Uunid &G, np (l) Ynpp dhwglnui t A -G B -hG:

bpt (/) unpp y € Ca;b] Pnibyghuwh apwdhls t, wyw wuned b6,

nn Ynpp nipywd t pwgwhwyn wbupny’ (l)={(x,y(x)) ;xe[a;b]}:
Pwgwhwitn wbupnyd wpdwd Ynpp Ywpbith nhnby, npwbu wwpwidbnpw-
Juwi (wwpwibnpp t = x - 0 L) wbupny vpdwd Ynp:

vwhdwms 2: (1) = {(x(t),y(t));t e[a;B]} wopGnhwen ynpp Gng-
ynid b wwpqg, bph wwpwiabnph twppbp wpdbplbph hwdwwywwnwu-
juwGnid &G Ynph  wwppbp  Yoobp'  t #t, = (x(tl ).y (1, )) #

# (x(tz),y(t2 )) (4npG hpG hpbiG sh hwwnntd): Ynpp Ynsyned t iy, bipt

wuwpg thGbnm wwpiwlp juwprndmd t dhuyb suypwybnbpnd’ A =B
Liwuwntitp, np pwgwhwjn wbupny wnpdws Ynpp thown wwng b whlwthu

y(x) Pmbyghwshg, pwlh np’ X, #x, = (x,,f(x,)) % (xz,f(x2 )) P
Tunpgq (l) Ynph nbwyypnid welw t injuthwpdbp wpnwwwwnlbpnid (1 )
b [0;B] pwqdnipynuatbiph dhel: Mw GawGuwynud ¢, np [a;B] huwngwoh

2 ' dnprwG Uwnh EGInG Ywihy (1838 - 1922) - $pwlGuhwgh dwpbdunhynu:



jnLpuipwGgnup T[a;p]={tk}:=o wnpnhnid wnwowglnud t (l) Ynph

{Mk(x(tk )’ Y(tk))}zzo tnpnhnid (Mo =AM, = B) L' hwywawyp:
Nhgnip npdwé LG wipGnhwwn wung (l): { (x(t), y(t));t € [a;B]}

n

|.|nn,~h\T[a;B]={tk}k=0 [0;B] hwngwep nput wpnhnus: [Mu?ka],

n
hwwnyjwoéblph Shwynpnidp (oT)=Z[Mk_1;Mk] Ynggmud t phyjwy,
k=1

Gpgdyws (7)ynphG (nbu Gy, 3):
Lpw Gpjwpnipynilp G5 -G YhGh

3 ET RTINS T T SO AR

UwhitwGnid 3: bpb gnynupinil nGh / = A‘hrr:o O, Wwju (l ) Ynpp Yns-

dnud t munnbgh, huy /-p° Ynph bplupnipyniG:

Y A

uy.3

Bt 1: hgnie x(t), y(t) e Clasp] (a<B), (1)={(x(t) ¥(t)); t[o:B]}-n
wuwpq Ynp & Upu nbwypnid Ynpp nanbth b, W
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l=BNx'(t)2 ry@fa: - @

UywgmgntU: hhnwnhln:_ Lwqpwdh ptinptdp x(t),y(t) poliy-
ghwbbphp GLwindwdp, nhunwpyywo [tk,i;tk] Shpwluppnud, Yunw-
owip  x(ty) - X(tg1) =x'(1)» ¥(tx) -y(t1) =y'(t;), npunbin
tk,'c; e(tk_l;tk) L, pOnhwipwwbu wuwé, hpwphg wwppbn b6
'ck:att;: NupbidG, Gpgéjwi phlywih tplwpnipjwl hwiwnp (mbu(l))

Yunwlwlp' o =5:\Rx'(tk))2+(y'(t;))z At,: Gpt  Owlwltlp
k=l
=3 \/(x'('t;))2+(y'(t:))2 At 4 hwadh  wnGbnd, on
k=l

f(t) =\’x'(t)2 + y'(t)2 pnilyghwt wpGnhuwn te; B] hwingwémd,

ymGbbwlp’

B
. 3lim ot = IJ;(t)z + y'(t)2 dt. 3)
A, —0 a .
Uywgngble, nn  lim (67-07)=0, bGpunatyny,  nn
T

vk:x'(7,)# X'(‘t: ) : bpnp'
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ve>0338(e)>0, Vi,re[o;B], |t-1|<5 : |x’(t)—x’(t)l<ﬁ—s—: Ujdd
—-a

T[a;ﬁ] = {tk}:=o wpnhnudp pluinpblp wyGybu, np A, <& : Uuwnbkinhg
htwlnwd £, np
I‘t; —Tkl <8 (k=1,.,n) = Ix'(t; )- x’(tk] < [—3_8_ (k=1,...,n):
-a
Mupldh, hwayh webbiny (4)-p, unwinud Gop®

|0T-c}!<B—f’_—a--§Atk=s = Er&(cT-c})=0: (5)

B .
(3). (6)-hg hbunbmug t lim o7 = VX +y(r) dt=1:a

Yunnnmupyme G 1: Gpp Ynpp wpdwé by =y(x) (ye C'[ab)), pw-
gwhwjwn intiupny (w)0 Yupbith nhunby, npyby Wwpwibnpwywt ntiupny
wpdwé  Ynp x =ty =1(t) (t € [a;b]) ), www Ynph bpYwpnipyniGp

b
npngynud £ hbwnbywy Yopy® 7= J. 1+ y'(x)z dx:

Yunnpmpynid 2: bph, pudwpwpywé 86 pinpti1-h ww)ydwGGbpp L
Ynph wwpq (hGant wwydwlp uwhundwé b dhwiG [a;B] hwwnywéh
Swjpwybnbipnud (thwy Ynph nbwpp), www Ytpglbing win Ynph Ypw
tpyn Ywidwjwlhwd Ybw, wyb Yupnhblp Gpynt wwpq Ynpbiph: Udpnnp
Ynph GpYwpnipynilp, puwn uwhiwGiws hwywuwn b wowGdhG dwubiph
tpywpnipymGGbph gmudwphl: Qpbny pnupwpwbgniph Gplwpnep)niGp
hGwnbgpwih dhengny L hwgh webbiny hGuntigpwih wahwnhy hwnyne-
pinilip hGwnbgpdwh whppnyph GUuwndwdp, h ybpen YuinwGulbp, np
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N

wuspg thwy Ynph bpwpnipiniGp apnzymud t Gney6 (2) pwlwdling:
2 22 2
OnhGwly 1: Iwytlp wunpwybpwh’ x}+yl=a’ (a > O) tiplw-
poipynilp (nbu GY. 4):

yA

Uuwnnuiytipyp Yuipbiph t Gepluywgltip wwpwibnpwiwl nkupny’
x =acos’t,y =asin’t (te[0;2r]): 3wzyh wnbbny Ynph husbwsw-
thnupyniGp wewGgpltph GYwindwdp, YunwGwbp’

l= 4a2j'\/(3coszt sint) +(3sin’t- cost) dt = IZa?\/ cos’t-sin’t dt =
0 0
n

2 w
=3a jsin2t d2t =-3acos 2t IO‘ =6a:
0

Uwhdwlned 4: hgnip x,y.z e Co;8]. (1) ={(x(t) y(t),2(1)); te (8]}
yngynid t wlpGnhwn nwpwéwlwh Ynp: UG Yngdnid t wwng, Lph.
wwpwibnph wwppbp wpdtipbbpht  hwiwwwunwuuwind 50 Ynph
wwppbp Ybwntp: Ynph tpywpnipntlp uwhdwGymd t w)Gwbu, hOswbu
hwpp Ynph nbwpmd: UnyG Ytpw hGg pnpbd 1-p wwwgnigyntd t
hGwljwy” g

Bbinpbd 2:%hgmp’ X, y,z € C'[a;p] (@ <B).
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(l)={(x(t),y(t),z(t));t € [a;ﬁ]}-n wuwpq Ynp t: Uu nbypmd Ynpp
nanbtht, W /= []'\[ x'(t) + y(tf + Z(t) dt:

2. MUSuLrr UULGPGU
Upnbl 6wlnp thp ubnwGwlbipwh dwybtpbuh tulnphG (nbu 1)
Ujdd pGnhwGpwglllp dwybknbuh qunuwthwpp: Thgnip npdwo t wuwnpq,
thwly, hwpp, ninnbth dnpnwbyjwo ((l)) ynp): dnprwlp wuwgnigly t, np
wynuwhuh Ynpp hwppnipjnitlp wpnhnud t Gpkne, vwhiwGuwnhwy ((P)) L

wluwhiwGwthwl dwubph (hwpp pwqinipyniGp (wwuwlbinp), ynsynud t
uwhdwGwthwy, tpt qnynipynil nulh wjl wwpniGwynn 2pewi):

~

~
(B)
/

\ "/

Ly.5

owy phlwinyg vwhiwlwhwywsé wywnjbipp JwijwGkap pwqd-
whymG: “hgnip (P)-ﬁ (hGswbu wpnbG Gphiy thGp) uwhiwlwthwy
wunbtin t: (A) puwqiwGlynilp Ynsymd t Gapgoyws (P) - ha, ek
(A)C(P) L wpwqdwsd (P)-h. tipt (A)D(P): Ujunbn, L unnnph
wdbGnep, wnwbg hwlwqsh Gaymd b thwywaeény qpywd pwqinpjub
suihp, ophGwl (A) pwqiwGluwl swihp A- G (A)-h dwltipbud t
(huynGp t wwppwlwi Jwpbiwnhyuwhg): LawlwytGp {(A)}- ny (P)-
hG Ghpgéywd, huy {(B)}-m{‘ wnquauié pnpnp  puiqiwGlyyniGGtph
pwqdnipyniGGbpp: HthunwpytiGp Gipgddwd L wpuwqdéwd puqiwblynio-
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~

Gbnh dwybpbuGtph {A},{B} pwqunipniGtbng: {A}-6 uwhdwGwdwly t
JbpLhg, ophGwy nplt wpnwesws (B,) pwqiwywi B, dwybntung’
VA :A <B,: Uuwnbnhg htwnud t, np 3 sup{A}, npp GawhuytGp P, -
m| L wGjuGkGp (P)-h uwnnphG  dwybpbu): Mwpa t np
VB, € {B} : B, 2P,: Miptdl {B} pwqunipynilp vwhiwlwthwly t
GtnpLhg (onhGuwdy, P, -ny): 3wbwpwn® inf {B}, wjl GawlwybGp P°-
ny b wGywabtGp YuphG Swybpbu: Mwpq t, np P, <P

Uwhiwtnud 1: 6p6 (P) wwininh ybnhG b unnphG dwytinbuGing
hpwp hwjwuwp 66 P, =P" =P, wyw wuwwnltpp Ynsgynd t pwowlym-

ubith huy P -G° dwybpbu: 6pt P, <P’, wyw wwunytipp Yngunid £ ng
pwnwiniubith: Wnwhuh wwnykipGaph ophGwylbp Ywa (nbu [2]):

Bbnpbd 1: Npwbuqh (P) wwwybnp thGh pwawlniubih whpw-
dtiain t L pwyqwpwp np Va>03(A),(B) :B-A<eg:

Uwwgmgmd: UGhpwdtipinnpimO: Spywé t, np (P)-ﬁ pwnwynrubith
b, wyuhGpl P, = P* =P : Oqutiind w)G pwlhg, np sup{A}=inf{B}=P,
unwanul iep 3(A),(B) : A>P-V, B<P+% =B-A<e:

PuwpwpmpymG: Sphwé t, np Ve>03 (A), (B) :B-A<e:
MGkGp Guwk A<P,<P°<B, npwnbtnhg uwnwlnd GGp, np
Ve>0 : 0SP*-P,<B-A<e = P,=P"=P: Uuplpt (P)-G pwow-
ntubith t: =

Pbnpbd 2: Npubugh (P) wwwnybpp thGh pwrwynuutith, wohpw-
dtian t U pudwpwp np Ve>03(P) = (P),(P,) o> (P): P, —P, <&,
nptntin (P,)-n h_(Pz)-n pwnwlniubih wwinybpGop bG: Pnphdh www-

gnijgp htGynid t Gwunpnh ypw:
Uwhdwlned 2: \uubilp, np (l) whpGnhwn thwy Ynpp, npp uwhdw-

Gugrwynid t (P) wuwwnltipp, niGh qpn swih, tipb
ve>03(A),(B): B-A<e:
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Ujuwhuny, (P)-qumhhnh pwnwynwubithnpiniGp hwdwpdtp t Gpw
(1) tqnwagoh qpn swith nlGkGw G (intu p. 1):

tvanpp 1: Uywgmgti|, np dnpnuiywi, wwpg,thwly, nuianbih Ynpp
niGh qpn swih (Gpwlny uwhdwlwhwyywsé wwinlbpp pwnwynwutiph t):

@Bbnpbd 3 Xx=2,Xx=b,y=0 mnpnlbpny L y=f(x)
(f eC[a;b], f(x)20) Pniliyghush qpudhlny uwhiwGwihwydus

b
(D) ubnwGwlbpwp pwawynwubih t L Gpw dwybpbup” D = If(x)dx :

Uwywgmgmd: RwGh np f-p pGunbgpbth b www
Ve>038(e)>0,V T={x,}, A <8:0< S ~s;  <&: Puyg ;G
(D)-h6 Ghpgowe puquwblywt (ninqwblyniGGbnh Shwynpdwd) dwyb-
ptiuG t, huy S;- G (D)-hﬁ wpunwqdwd pwqiwbywh dwlybpbub t (GY.
2). Wjuintinhg uwhwgynd (D) wwwnlbinh pwrwyniub hnipynilp: M-
GbGp Gwlk s; <D <S;, npunbinhg whgGtiny uwhdwGh, tpp At —0

b
YunwGwlp D=limS, =lims, = J.f(x) dx: m

Gpt wwwnybpp GEpYuwywgdnid t yappwynp pynd pwnwyniubiih dw-
utiph dhwynpnudngd (nwppbnpnipynilng), www, pun vwhdwidwh wn
wwenlbipp pwowyniubh t L dwhbpbup hwdwuwp t wewGshG dwubiph
duwlbtptiuGtph gnudwphb (nwppbipnipjwnp):

Shwwpyblp wybih pGnhwlnip wbuph ubnwiwybpy wwnybp
vwhiwGwhwldws x =a,x=b mnphnlipny L y=y, (x), y= Y(x)
(¥,(x), Y(x) e Cla;b], Y(x)2 yo(x)) $miyghwitiph anwdhytbpny
(wntiu GY. 6): bﬁpiunnbﬁp (D,)-n wyl ubnwlwybpwh t, npp vwhiwbGw-
hulqwé t X =2,x = b,y =0 ninhnband b Y = Y, (X) mtughush
qpwdhyny, huy (Dz)-[_l ubnwlwybpy b, vwhiwGwhwyyws x =a,
x=b,y=0 ninhnGbpny Ly = Y(x) Pnilyghwsh apwdhlynd: Upn nbiw-
pnud (D,)=(D,)U(D): cun uwhdwtows, huiwywinwutuwG Swyb-
pbuGbpp YhGeG® D, =D, +D((D) -0 pwnwynwubih, pwGh np hwG-
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nhuwlmyg t pwnwhm.uhm u;wmubnﬂbnh ml.unphnmpjmﬁ) Mpbdl’
D=D,-D, = IY(x ) dx- jyu(x )dx = ﬂ:Y(x) yo(x)]dx:

Ujuwhuny' D = ﬂY(x)-yo(x ]dx

©
o
xy

4
|
|
!
i
1
i

1.6

2 2
OnhGuwy 1: Iwayly -—+ " <1 (a>0,b>0) tihwuh switipbup:

tihwup uwhdmﬁwthwul.lwé ! x=-a,x=a nunpnlpny L

2
X

y=1b 1-—;; (Jx|<a) wGpGnhunn $niGlghwlbph qpwPhyGhpny:

Jwdh waltiinyg tihwup hwiwswihnipynilp wowlGgpliph Ghwndwdp,

a 2
. X
unwind  bBGp' S=4bj' I—(ij dx: UGgGuGp Gnp° t=arcsin-—
a a

E3L )

(x=asint,dx = acostdt) nipntuwluth, YunwGulp' S = 4ab jcostd:_ ,

> -
=2ab j‘(l + cos2t) dt = ab+ab sin2t|'g" = nab : Cpowlh nbiypnid, bpp
0



a=b, unwbnid tiGp hwjnGh, S = na’ pwbwdbp:

Bbnpbd 4: hgnip wpgws t r=r(p) (re ClwB], r(¢) 20 ,a <B)
$nilyghw: WG, plbnwihG hwiwlungnid apnanud t x =1(@)- cosg,
y =r1(p)-sing wlplnhwwn wwnq Ynp: Uyn nbupenid, @ = a, =B Sw-
nwguwplbpnd L r= r(¢) wlhplnhunn wuwinq Ynpny vwhiwGuhwyyws

B
( (P)) wwwlbpp pwowyniubtht L P =~% jr2(¢)dqo:

Uwwgnigmd: YhanwnpytiGp Yudwiwlwe T[a;,,] = {¢)k }:zo inpnhnid

L Yuowpblp  GuwlwlnidGhp f(¢)=%r2(¢7), m, = min]f,
IS ER

[

M, = max f(k=lomn): Mt w5 =Smae,

S;=> M,Ag, qmiwpGipp hwlnhuwlns b6 f(p)= %r” (o)
k=1

Pnlyghwih hwidwp %wppnth hwiwywwnwuliwbwpwp unsphl L b-
phG gnudwplbip (inbu GY. 7):

YA

p— — . —— _,.b.

LY. 7

Un gmdwplbpp hptiGghg GtpLwjwglnud LG (P)- hGO hwidwujwu-
huwGwpwp Gipgéywé b wpinwgdwd ubyunplbinh ShwynpnudGeph dw-
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ytpbuGtipp ( vwppwlw dwpbdwinhywjhg hwjnlp t, np r uinunny
L nwnhwGGbpnyd sjwihdwd o whGlnbny ubunph dwibipbiup hwywuwp

t %r2¢)z ewGh, np f-p hGwnbapbth t (feCla;f]), www

Ve> 03Ty - ST{a;s; ~Sq , <E
Wuinbinhg hbwnbnud b Gwé wwwibph pwnwyniubihmpynilp L,

PO ]

p
< < 1 1 _ 1 2 .
pwGh np sT{a-@} <Ps ST(wI « il P'"lxlfgs%} =lim8§ "Ejr (p)e:

3. UurULbh BSuduL

Swpwéwlwh Ybwntph pwqinpynilp YuwGwlblp Swpdha: (V)
Swpdhlp YuwGuwitibp vwhdwGwihwy, tpt qnynipynild nlp wyl wwpne-
fwynn gqniin,:

Vawbwlbtp {(X)}- nd piap Gopgegws ((X) < (V). huy {(Y)}-nq
pnLap mnmmqﬂwb(Y)D(V) puqiwlhunbph (pwqdwGhunbph dhw-
ynpnudGph) pwqdnpyntGGbpp (nbu GY. 8): Unwlg thwlwqéh Yhwlw-
yblp hwiwwwwwupuwl puqdinpjwl swihp (Gwydwip): Yhwowpltbp
Gbpadywé L wpnwgdwé pwqiwGhuntiph dwybpbutiph {X},{Y} puq-

tnipyniGhGGpp: {X}-n uwhdwlwhwy t dopuhg, oppliwy nplut wpunw-
qdwo (Ya) pwqdwbhunh Y, dwybpound’ VX : X <Y, : Ujuinbinhg
htanbnd £, np 3 sup{X}, wyl GrubwytGe V. ( sup{X}=V,) L wijw-
G6Gp unnphl dwywy: Mwpq t, np VY, @ Y, 2 V,: lipbid {(Y)} pwq-
dnepynilp uwhdwGwghwyyws t Ghippuhg (ophGwy, V, -nyY): Ibnbuwpwp’
3 inf{(Y)}, w)l GuwlwlybGp V° (inf{Y}=V") L wGwGbGp YbphG
Swyuy: UyGhwpn t, np” V, S V*:

Uwhdwlnid  1: (V) dwpihGp  Yngyntd t  funpwlwpnbih, bpb
V,=V'=V, huy V-G ynsynid t wyn dwndlh dwywy:
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-~ (Y)

. 8

Bbnpbd 1: Npwbugh (V)dwnﬁhﬁn thGh funpwGwpnbith wlhpwdtizn
t L pwydwpup, np Ve>0,3(X),(Y) :0<Y-X<e:

PBtnpbdh wwwgniygp Gnuyb t, hGs 2. p.1-hhp:

Bbnpbd 2: Npwbugh (V) dwpdhp (hGh funpwGwnpnbih, wihpw-
dgbain t L pwywpwp, np Ve> O,E(E),(F) :0<F-E<eg, npnbn
(E), (F)-n ((E) c (V), (F) D (V)) funpwGwpnbih dwpdhGGp GG: .

Uwjwgni)gp haGynid t Gwiunpn ptinptidh pw:

Uwhdwlmd 2: hgnip xOy hwppnepjw dbe npdwd t dnpnwbjw
wwnq, wy, hwpp, nipntih ((l)) Ynp: Lpwlny vwhdwlwhwlywsé (P)
wwinllipp pwowlnwubith t (nbu 2 . fulGn. 1) UG nunpnlGbph pwqint-

pjntlp, npnlp wlgGnd GG wyn Ynph Ybwnbpny L qniquhbn LG z
wnwlgphG Yngyned t ninhn qubuwshG duybpbnyp, nph 6GGhsGEpG bG

ywé ninnpnGbpp L (l)-n hwlnhuwGnui t ningnpn Ynp: SwlbkGp
(0,0,h) (h>0) ytwnny hwppnipjnil, qniqwhbn xOy hwnpnipjwlp:
Unwowgwdéd dwpdphlp (w)l uwhiwlwthwiywsés t quulwihl dwyb-
punypnd L z =0, z =h hwppnipyntbbtipny) Ynsynil t ninhn quwb (nbu

ay. 9):
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*x

uy. 9

Pbnpbd 3: dbpp G2wéd quuibp junpwlwpnbith ¢t U Gpw swywip’
V=P-h:

Uwpugnigmd: RwGh np (P)-G pwowynubih t, wyw Ve>0
qnnipynLG nLGLG (A)C (V),(B)D (V) pwqiwGyyntaGbp, wyGuhuhp, np.

0<B-A< %: THhunwpliGe hbnlyw) pwqiwGhuntpp (X)=(A)x[0;h],

(Y)=(B)x[0;h]: Mmupq t. np (X)<=(V),(Y)2(V), X=A"h,
Y=B:h & 0SY—X=h-(B—A)<8: AupbaG (V)-G funpwGwpnt-
thtu V=P-h: =

9hgnip wpjwé t (V) dwpdhlp, uwhiwlwhwyywd x =a,
x=b (a <b) hwppnLpjniGltipny: U0 wjbwpupb k, np jnipuwpwbgnip
x(x € [a;b]) Yownd nwpwéd x wnwigphlb nuinnuhwjwg (P(x)) hw-
wnypp pwowynwbh t, L dwybpbup PeC[a;b]: 0Gn npnud GGpw-
andmis & oan x, = x, = ((P(x, )) < (P(x,)), bwd (P(x,)) < (P(x, )"
TYhowpytGp T= {xk }:, wnpnhnid b Yuwuwwpblp  Gawbwynudbbp

' lunupp G2qwd wwnlbpGaph mnﬁjhughmﬁbph dwuhG t x=a hwppnipjwl Ypw:
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m, = min P(x),M, =[max]P(x): Sp = ka -AXy  hwlnhuw-

{xl(—l;xk] Xk-11Xg k=1

Gnd t (V)-ha Gbpgodwe, puy Sy =D M, - Ax, " (V)-6 wpnwgbws
k=1

huwiwwwwwuhiwb quublboph dhwdnpribbph Swywilhpp: RwGh np
PeClab] t mptit PeR[ab], www Ve>0 36>0,

VT = {xk}::1 , Ar<® : 0<S; —s; <&: Uuntinhg ptunii t (V) quuth

b
funpwGwpnbihnipyniGp: Rwbh np lim st = lim Sy = IP(x)dx , wwyw'
A—> A0 a

0
b
V= IP(x)dx: } (1)
x2 y2 ZZ
OphGwy 1: Iwpyly -—2—+‘b—2+—-5-.<_1 tihwunhph Swywip (wbu
A a c

Gy10):
fulh np tlhwunpnp hwiwgwih t z wawlgph GUuwnduidp, www
pwywywl t nhwwplyby 4tpht dwup: Wi vwhiwbGwdwldws b

z =0,z =c hwppnipjntlGltipny, pln npnd z =2, (z0 € [O;c]) hwppri-
pintiny wowowgwd hwwnnypp'

Ly. 10
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2 2 2
x? y Z,
_z b2 1‘_2’ _+bz <1 tihwu t nph YhuwnwGgp-
azo Zy
z’ z2
GnG WG a, =ay1-—,b, =byJl-=F: MpbdG (nbu 2. op.1)
C C

P(z)=m-ab,=n- ab(l—~—): Wuwhuny, . puwn (1)>-h

c 2
V=2r-ab||1 _'ZTJ dz=2=n- ab(c - -l-cj = i7'cabc: UwuGwynpw-
5 c 3 3
whbu, tpt a=b=c, wwyw thyunhnp Yupwéydnmud t qlnh, L unwGnid

4

bip V = 37 }
OphGwy 2: 3wyl wuwndwh dwpdth dwywip: Cun uwhiwbiwo,
wwnwndwG dwpdhG t lmzqnui x=a,X=b,y=0 nupnltpny L

y=£(x) (feCla;blf(x)>0) pmblyghuyh apwPhlny uwhGuwluw-

thwijwéd ubnwlwlybpyh x wowlgph 2nipep umtnm.dhg wnwowgwd
dwnihGp (nbu Gy, 11); -

il ! :Il

U (% |

@ ] BE X
| ) I
\U\\ / \ //}
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Muwpq t, np wu dwpshGp pwywpwpnid t ybpp GYwo ww)dwo-
b
Gbpht, b P(x)=-£(x): Cuwn (1)-h mbblip’ V = £*(x)dx

Ophlwy 3: 3wzdtiGp hwinwé YnGh Swywip (nbu GY. 12); UG
utnwgynud t ABCD ubinulh x wowGgph znipgp wunnudhg:

e

LY. 12

I X +r1: Mpbdld’

Munat, np” y =f(x)=

h
V==7tjf( 2dx =———I(R r)H-)d( X +1)=
0 .
_zh (R~rx+r)3"“‘ nh(R3-—r) ﬁ-h(R2+Rr+r2):
3R-r) h w  3R-1) 3
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4. MSSUUL UUPULP UULGrLNE3eh UULUGrEUR

Nhgnip wnnduweé t Ybpp Gdwé (nbu 3., op.2) wunndwh dwpdhlp:
Muwnllilp T, = {x, J;_, npnhnudp: Lpwl hwdwwwinwutuwi y = f(x)
PnibGyghwh qpwdphyp Ywpnhgh Mk(xk,yk) (yk = f(xk),k =O,...,n)
ytiintpny dwubph, npnlp dhwgltGe hpwp nunhn qétpny (wnbu GY.13):
Cuwn uwhiwGiwb, wWunwnidwa dwndﬁh(S) dwybplnypp pwnwlniutith k,

tpb qnynipnil nilh pbljunh x wewlgph 2nipep wunnnidhg unwgywé
SwybpLnyph dwlbpbuh Ybppwdnp uwhdwbp, Gpp wnpnhdwl wnpw-

dwghép’ A, = m;::txAxk dquanud t qpngh L wyn uwhdwGp hwuwp t S -h:
[Mk_,;Mk] hwwnywéh x wawlgph 2npgp wyuinnudhg wpwowgwé hw-
wnwd YnGh YnndGuwihG dwybtipunyph dwybpbuG t™ S, = ﬂ-(yk_,+ yk)-lk .
npibin /-G M, ,,M, Ytwnbph thel bawé hbowydnpnipniGG t°

A =‘/(xk _xk-1)2+(yk_yk|) : Upuwghuny' S = llmOzSk
k_

y 4

uy. 13




@onpod  1: bpu feC'[ad], f(x)20, www Jopp Goduwe

wwnwniwh dwpdlh dwybtplnypp pwowlntubih b b Swhbpbup npnzgnud t
hbwnbjw| pwGwdbny’

S= 21t_[f(x)\/l+f( Ydx: o "(1')

Uu/wgmgmd Cuwn qunmudh pbnptdp’
Y~ Y —f(xk) (xkl) f’(ék) Ax,,

& (x5, ) (k=1.2,..n)
L, nupbd@ 7, =,/1+f’(§k )2 -Ax, , k=1,2,...,n: YwnwpbGp hbnbjuy

dtuwthnfumpyniGGlpp’

6:=38, =73 (Vs v ) h =27 D E (&) A+ (&) -Ax, +
o +”'i[)’k-| —f(fk)"')'k "f(‘fk)]'\ll'*'f’(é:k )2 -Ax, )

fwGh np f(x)- l+f'(x)2 $niGyghwh wplnhwin t [a;b] hwuwn-
Jwoh dpw, www’

Hai_r’rAZﬂ-zn:f(fk)- 1+£'(&) -Ax, = l_)[f(x)-,/l+f'(x)2dx:

) UtGnud £ wwwgnigti, np

yﬂg[)'k-l —f(gk)+Yl( _f(gk )]\}1 +£'(& )2 -Ax, =0: @)

Quwn punpbth ww)iwGh 1+f'(x)2 pnLllghw wipGnhwwn t [a;b]-
" nud, mpbdG wil uvwhdwlGwhwy ' IM>0, wvx e[a;b]:,,l+f’(x): <M:
fwih np Gwl f € C[a;b]. wuww wjt hwyjwuwpwswdh wipGnbwin t

ve>0 38()>0, VEn e [a;b] |&-n|<8: If(&)-f(n)|<mﬁ;—_—;—) - (4)
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AhunwnlbGp T[,:b] = {xk }:::0 wnipnhnud, wjGwhuhG, np. A<3: U
nbwpmd’ ka-l ~f(&)+ Y. —f(ék )| < |f(xk-1)—f(§k )‘+|f(xk)—f(‘fk )‘ <

&
< ———— L, nupbidl’

M(b-a)
g[)’m —f(fk)+yk —f(fk )]'\’1+f'(§k)2 AX, <

g o
M. E Ax, =¢:
M(b‘a) k=1 Xk 8

Uuwnbnhg hbwnlnwd t (3) ~p: W




Il UuhuyUyUL PLSESPULLER

1. ULPULULUL PLSESPULLER, FUCUUUL UEBNALEN

UwhdwGmd1: thgmp f dniGyghwh npnaqws t [a;-i-oo) -l U
VA>a:feR[aA]: Gpb qmnupmb mOh  Jbpgwynp  uwhdwd-

A _ 2
dwl lim .[f(x) dx, wwyw wyl GwGwynd &G J'f(x)dx, whyuwbnud
A+ a

a
wowgphl ubeh wGhuYwlwh hGubgpwy L wund bG, np wyl qniqudbn L

+0 A
Ujuughung’ jf(x)dx=Ali)1£100 jf(x)dx: huy, btpb Gywé uwhidwdp

gnpyntG  sneGh, Ywd  whdbpe £, wwyw If(x)dx whhuluywd

hGunbgpwyp Ynsynid t nwpwidbwn:
OphGwy1: Nwpqblp, pt p wwpwdbwph hﬂzwhuh wndtpGph

nbypmd qmaguwibnn tf—phﬂmhqnwm: Lwf, blpwnptlGp p=1:
X
1

o x'P |4 1-A'"P
Nhgnip' A >1 U huspytiip hGuibgpuip jx Pdx = = :

; 1-pit p-1
Mwpq t, np lim A" =0,bpp 1-p<0 L Hm A" =+, bnp

lI-p>0:b =1- h,wwyw’ ]—d—x-'-lnA - +900: Ujuyhuny T-(lx—
p>0:tpp p=1- huwy J=lA e o
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»

pGnbgpwip qniquidbinn t ( j% =;1~—1). wylG b dhwyG wyl nbypmd,
i

tpp p>1:
Uwhdwlmd 20 Shgmp f-p npnzqué t (— oo;b]-nui L
vB<b:f eR[B;b]: Gpt qmnipjntd  nGh  Ybppwynp  uwhdwb

b b
lim: jf (x) dx, wyw uyG GwGwymd b6 If(x)dx L GnijGubu
3

B—» —-«

wljwimd wowphG uboh gniqudbn wihuywiwG hGunbgpwy: Gpb

-0

b
Gqwoé uwhdwGp gmnpniG gniGh, Yud whdbpp b www If(x)dx.
pGunrbqpuwip Ynsdmd b nwpudbu:
Vwhdwlmd 3: “hgnig £ - p npngduwd b (- coj+o0)-mi b

VA,B>0 f ER[— A;B]: tpt  dhwdwiwGwy qmquibn LG

]f(x)dx, J.f(x)dx whpuywywa pGunbigpui lbipp (c ER), www, puwn

N »

uwdiwlidwi qniquititn t wnwehG ubnh If(x)dx wihulwlwb hGunb-

-0

apwip, U Tf(x)dx'—'- }f(x)dx-f?f(x)dx: bpb ]f(x)dx,?f(x)dx

hGunbqpuwiGlphg qnlit dbyp nwpwitin t, www jf (x)dx hGunbgpuitp

hwdwpynd b nwpwdbn:

huGnhp1: Uwwgmgby, np dbpp G2dwéd uwhdwbnidp Ywludwd st
cytwnh pGupnipynilhg (oquidlip hGuntigpwih hGnbgpdwd wnhpnyph
Gjwwntwip wahwnhy hwwnynipjnilhg):

Uwhowlmd 4: 6pb { -p wluwhiwGwdwy t [a;b) -ntd L uwhdwOw-
thwl t jnipwpwGgnip [a;b-—'q] (n € (O;b-a)) dhowlupnid, www
b-G Ynsynid t wyn PneGlghwgh bquigh Yban:
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huGihp 2: Uwuignigby, np bpt £ € Cla;b) L f(b~0)= lim f(x)= oo,
www b-0 Gquyh ybuwn t:
Uwhdwlmd §: thgnip £ - p npnaywé t [a;b) - i, b- 6 bquih
g t &' V1 e(();b-—a) : fe R[a;b—n]: tpt gnynipynil nelh Ybpow-
, b b
ynp uwhdwG lim j' f(x) dx, wwyw wjb Gawlwymd &G If(x)dxh
n—+0 a

a

whywGnid bpypnpn ubeh (qniqwidbin) wihulwlwG hGuinbgpuy: huy,
b

tpb G2qwé uwhdwGp qnynipynl gmGh, Ywd waybpe b, wyw jf(x)dx
a

wGhuywlw hGinbgpuwip Yngynid t inwpwibtwn:

UwhdwGmd 6: bpt f - p wlhuwhdiwluwhwy t (a;b]-mﬁ L uwh-

dwlwwy jpwpuwbgnin [a +n;b] (ne(O;b-a)) Showluwypned,
wwuw a -G Yngynid b liquiyh yawn:

Uwhdwtmd 7: %hgmp f - p npngdws t (a;b] - nud,a- G bawyh

Ytn t & Vn e(O;b—a) f eR[a+n;b]: tpb qnjntpynil nuGh tipgw-
b b

dnp uwhiwo lim+0 jf(x) dx , wyw wyl Gawlwymd &G ff(x)dx,
T+ ' 3

wGywGnid bpypnpn ubieh wGhuljwlwl hGunbgpwy L wumd, np w)l

qnquibn t: bpb G2qwd wwhwlp gnympymb gmuGh, Jui whybpe L,

b

wwyw jf (x)dx hGunbgpwip Ynsyntd t nwpwdbn:

{
. dx
OphGwy 2: byGbnyY uwhdwGniihg wwwgmghy, np 1= I—-T wbhu-
X
1]
Ywywo hGubgpuwip gnigwibn b uyl b dhwjb wyG ntiypmd, tpp p <1
(hwidtidwwnhp ophGwy1 - h htin):
LhunnbGp, ap p < 0 nbwpntd 0-G bquyp Yt st, pwyg pwlh np
- 1
dx
win nbwpmd f(x)=x7" eClo], www G(n)= j—-; (n 6[0',1])
X
n
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(nthnfuwlwil vnnphG uwhdwbh Pnillyghwd wiplnhwn [0;1] - nug,
1 1
nupbiiG Gub M = 0 Yownud: Upuwhuny’ Jlim Jﬂi: J.Ex— npp Gnu)GG ¢,
. no+0 J xP OxP

hGs wihuywywh hOwntigpuih uwhdwblndp: Iwnlwpwp, hdwun gnGh
wpwGaiuwglby p < 0ntwpp p >0 nbwphg.tipp x = 0- 0 tquih Yk t
L, nptdG I- 0 wGhuyuywe hGunbgpwy: Uju dnuntignudp pGnhwGnep t,
4hpwnbih 2w wj nbwppnud:

UwhdwGmd 8 “hgnip f-p npngqwé t [ac)U(c;b]-md

(c € (a;b)):

¢ Ybwp Yngymd t bquih Ybn, tpt w)G bquiyh bbwn t, bpp f-p

C
phownlnud GOp [a;c) - my, Ywd® (c;b] - mu: Gpb _[f(x) dx U
a
b

If(x)dx hGinbgpwiGbipp qniquitin &0, www pun uwhiwbiwd

b b c b
qmqudbun t Gwb ff’(x)dx-n L If(x)dx= J‘f(x)dx+ If(x)dx: )
a a a c

Cuwn umhﬂwﬁﬁwﬂ + o0 (- a0 )—n hwidwpynud £ bquyh Yhw:

. bpb hGuntigniwh dhowlwipnd £ Pnibylwl niGh JGpowynp pyny
(6byhg wybih) bquyh Ybwnbp, www hGunbgpuip whnp b wnnht
hGunbgnwiGph gnidwph puwn wjlwhup dhewywypbiph, npnlghg jnLpw-
pwiGgnipnid - p nulh Shw)l dby bquyh Yhwn:

+00

OphGuy, [—93‘——; hunbigpuwnid f(x)=———-1——7 dnily-

- #lxz - x' Ry |x2 -—xl

ghwjh bquigh YbunbnG bG 00,0, : Cutn uwhwGiwG

+00 -1 0,5 1.5 -+

[f(x)dx = [e(x)dx + ff(x)dx + [fx)ax+ fe(x)ax: (0

—00 -0 -1 0.5 1.5
0GR npnud GaJwoé hGunbigpuip qnigwdbitn t, tpt qniquidtitn LG (1)-nd
apywé pnpnp hGunbigpuyGbpp (unnpb gniyg Yuwap, np njwy nbwpned
nw wynwtiu t) L wwpwdtin, tpb wyn hGwnbgpwilbiphg qnlb dGLp nw-
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pwibwn t: (1)~-nd plwpdwé YnGyptn pybiphg Ywiudws st ns qniqu-
dhwnipnilp, ng b hGunbgpwih wpdtpp (YwpbnpG wyG t, np pGunpws
dhowlwyptiphg jnipwpwgnipned £ $nillyghwl niGhbw dblwywl tqu-
4h ).

Udd qpwnytip wlhuywlwb hGnbgpuwiGhiph hwoddwh dtpnnlbph
nunuibwuppnipjwdp: Rwlh np wewyhl L tpypnpn ubinh wGhuwlwa
hGwnbgpwibbnp uwhdwbynd 56 npwbu vwhiwl, wwyw Gpwig hwnyne-
pJnilGpp GnyG Ybpy G0 SLwybpwynd L wwwgnigymd: U wwn-
Swnny, hpiGwywGnd Yuwhiwlwhwyytbp wewehG ubinh wihulwlwa
hGwnbqpuwiGbpny:

Bbnpbd1 (LinunnG-LwypGhgh pwlwdbp): Thgmp eC[a;-f—oo),

F(x)-o f(x)-h nplt GufubulwdG t L 3 lim F(x) =F(+w)eR: U

nbupntld jf(x)dx wlhuywlwG pGunbgpwip qriquidbin t L Ghawn t
bjannﬁ-LuZJpﬁhgh pwlwalp | |
[f(x)ax=F(+)-F@): @

Uywgnigmd: Cun npn2jwy hGunbgpwih hwiwp LinunnG-Lw)pGhgh
pwlwdlh VA > a - h hwiwp mGhGp’ ‘

A
If (x)dx = F(A)-F(a): (3)-.
UGgltiny (3) — nud uwhdwGh Gpp A — +00 L hwyh waGkiny pbn-
pth wuwjdwbp, Yunwbwhp (2)-p): =
Bbnpbd 2 (hnhnfuwlwlh hnfuwphGaud): dY%hgnp f e C[a;+oo),
X= (o(t)-ﬁ dnGnunG wénn t, @ € C'[a;B) (B- G Yupnn t (haby +00),
pla)=a, p(B~0)=+0 (uph f=+w0, wyw @(+0) =+o): U
. hbwpnud®

+°ff(X)dx=pff(cp(t))-w'(t)olt, W

tpb (4)-h we Ywi dwiu dwup hdwuin nGh (qriquidbin t) (wyn nbw-
pnid hdwuwn nuGh Gwb dyniu Swup L nbinh nuGh (4)-p):

51



Uwpwgmgnid: Yhgnip, npnawyhnipjwl hwidwp, qr;tqwdhm t (4)-h
dwhu dwup: Bhnpbsh wwjswilbphg hbnbn t, np x = (t)-G hwlw-
nundbih t (3t=¢"' (x)hwhwnwné Pniilghwd, npp Gniluybu YhGh
onGnunG  wénn): CGn npmd” @7 (a)=a, @~ (+0) =P, wuhp@
3lim ¢ '(x)=B (pbP=tco, wuyw ¢ '(+0)=40, wyuhpl

lim ¢(x)-+00) Luwnn npnjwy hGwnbgpwind thahnjuwlwGh thnfuw-

X+

phlGiwG pwluwdlh’
A #A)
VA>a: If(x) dx = j f(¢(t))-¢'(t) dt: (5)
UGgGbgny (5)-nud uwhdwlh, tpp 4 — +o0, L hwyh weGbinyd w)G,
np Alim @ (A) = {(5)-h dwlu dwup mbh vwhiwG, nipbdG we dwup
L nulh ywhiwG), YunwGwGp (4)-p: =

YpunnnmpymG1: Rtinptdh wGnnudp Shown t Gwl wyb nbwpnud, tpp
@ -0 dnGnuinG Glwqon bt Wn nbwypmd (4)-p plnnimd t hGnbyuy

woupy [£(x)dx = [F(p(t)- ¢'(t)dt: e wnwsgdmed Gutunn ptn-
a B

pbdhg, tpb thinfuwphltiGp @ -G, - @ -nd:
Bbrpbd 3 (Swubpnd hGnbgpnud): et u(x), v(x) e C'[a;+e0), wuyw
G6h2wn £ htwnbyuyy pwﬁwbhn

ju -dv=u- vl - Iv -du : (6)

GhGpwnnynd t, np (6) h tpbp wﬁnwd&hnhg btpyniup hdwuwn mGLG

(wjn nbupnid hdwuwn niGh Gwl Gppnpnp L Shaun t (6) - p):

" Uupugmgmd: S0pwnpblp, npnawihmpjul hwiwp, gniquibm t
+o0

jv-du hGwnbgpwip b 3 lim u(x)-v(x)=u(+®)-v(+o)eR: dbpg-
a X—>»+0
GtGp Yuwdwjwywh A > aphyp L Yhpwnblp npnjun hGunbigpuwnd dw-
ubpny hGunbtiqpiwh pwGwélp
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A A A
J.u-dv=u-v|a —Iv-du; )
: a a
fwGh, np pun wuwydwGh (7)-h wp dwup nlGh uwhdwG,Gpp
A — +oo, wyw nilp vwhiwG Gwb dwhu Swup: UGgGtiny (7)-ntd uwh-
dwGh Gpp A — +00, YuinwbGwp (6)-p: W
| T dx
OphGuwy. 3: 3wty I= J' ————— hGnbqpuip: Uu hGunt-
(x" -x+1

qrwip  hwzdbthu  YoquidbGp pninp Gwfunpn  plinpbidGhphg:

-0

1= I dx > ¢ GwnwnbGp t=x—% dhnthnfuwlwGh thafuw-
. T dt .
phGnwd,  YuowlwGp' = j ————  (wyGhwpn t  ap
: —m(tl + é) ’

4

3 2 2
4=l )7
X>to=>t—> o) WGnihtnl’ l=§ I——,dt =

| [e+3)
t +Z
3
4o b d(tz‘l'—') 4
=-‘111—Z ‘: —4I,+2 It d 3 npuntin
3 —0 (t2+§) 3 3—oo t’ + —
4 4
_ *}Lbz_mg[_a]” i(_(_))_z_
| 2 [‘/EJZ s V3. 3l2 U2 3,
+ —_—
2 .

Uhpwntiny dwutipny hGnbqpiwb pwlwdbp, Yunwiwap’
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4 4n ' '
I==1 +— : Wuwnbtin hwzdh wawGp, np’
: 33
lim _t =0:
t—toc 2
4>

4 C

Wdd YniuniGuwuhpbGp wlhuyulwG hGunbgpwilGbph (hhdGwlw-
Gnid wowohG utinh) qnigwdhwnipjwG hwpgbpp: 3wGwiu npngjwy (L,
nupbidG Gwl wGhuwlwa) hGinbigpuigp sh (hGnud Sqphun hwayby: Ywh
hwydwG Snwwynp dkwnnnGbp, pwjg dhas npwhg nhitip wihpwdbwn t
wwnqb| hGwnbgpuih qniqudhunepyniGp: Pwgh wyn, npnz qnigqudbn
whufjwlwl hGunbgpuwiGtiph hwdwp Ywh Sgphuin hwadbint dkpnnbbn,
bpp GnyGhuy hwiwywnwuluwG apnjwy hGunbgpuwiGhipp S2qpunnpkl
sbG hwayynid (s6G6 wpnwhwjnynd nwppwiwlb Hniblyghwbpng, Yuwi
Gpwhg Ytpowynp hwdwnpnypny): UGhuywlywh hGnbgpuih qniquidh-
wnnipjwl hwpgnid hwdwfu Yuplnp b hbnbwp:

YunnprpimG 2: Wgnip f dnilyghwl npndwd t [a;+oo) dhpw-
» 40

Guipnid b VA>a:f eR[a;A]: Mwhwlgynid t wwnqbi I= If(x)dx

whhujwywG hGunbgpuih qniquipwnnipynilp: dbpglibp VA >0 L
+© A +L

wpnhtiGp hGibgpwip bpbnt dwuh’ 1= [f(x) dx = ff(x) dx+ [£(x) ax
a 1 A

A
UnwghG gnidwpbihG’ jf(x) dx NhdwGh hGwbigpuwy t: bnbwpwn, wy-

Ghwp t, np jf jf )dx wGhuljwlywG hGinbgpuGtinp dhdw-

JwGwy &G qmqwdhm uwd mwnwdhm 0Gn nnnui tpp qmquujbm t wyn
pawnbgpwiGbphg nplt dbyp, www jf x)dx = jf x)dx — jf x)dx - 0
A a ) 2




If(x)dx pGunbgpwip Yngymd t gniquibn Jf(x)dx hGuntgpwih
A a

0Gwgnpn hOwbgpw), Ywd «wyns», wyl waytipe thnpp t bpp A — +0
(}ggwAf(x)dx-:O): N ‘

2. ULhULULUL bLSEALULLENP ankQUURSNHE3NELE
N2 AUBSUULLUL dAFLUSHUSP aGTenty

Bbnpbd 1.  Ohgnip f-p npndws L [a;+oo)-md.
VA2a:f eR[a;A], vVx2a: f(x)ZO: Wu nbwpmd, npybugh

If(x)dx wGhuywlwl hGubgpwip |hGh gmquibn, wihpwdtawn t b

A .
- puwpwn np, F(A)= [£(x)dx $niGlghuwi ihh uwhdwGwibwl ybnlhg:

Uwwgnigmd: Lwh GyunbGp, np puwn pbnpbdh  wutwGGbph’
F(A)Z 0: Btnpbdh wwydwhbtphg hbunknd t, np F(A) -G dnGnunnG
sGjwqnn Lt: bpnp’ '

A
a<A, <A, = F(A,)-F(A)= [f(x)dx20=F(A,)SF(A,):
A
UGnud t oqutip hwjpnGh pbinptidhg{1) npwbugh GnGnuinG sGYw-
qnn $niGyghwb niGblGw Ytpowynp uvwhiwb 400 - nud wlhpwdtiawn t L
pwdwpwp, np uyG (hGh vwhiwbwhwy dbpbhg (hwhwrwy nbtiujpntd
Gpw uwhiwbp +oo - t): Cuwn GnuyG uyn plinplidh’

+0 N
8J‘f(x)dx = }LT@F(A) = E}E)F(A): ]
Oquidtiind wywgnigywd pinplidhg, unwlwlp wihufwlywb hGunb-
qpwyGbph qnigwdhnnipjwl hwpnwGhGbp ng pugwuwywa dnllyghw-

Gbph nbwpnLy:
Jupnwthy 1: thgng' fg:{a+o)—> R, Vx2a :0<f(x)<g(x)
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[N

L VA>a: f,geR[a;A]: Un nbwypnd Ig(x)dx | hGunbqpuih
qniquihwnipinilhg htiwnlinud L jf (x)dx - h qniquidhwnnepyniGp:

A A
Uwpwgnigm d: thgnip’ F(A)= jf (x)dx, G(A)= jg(x)dx (A >a):
fwlh np f(x) < g(x), wyw VA>a - pdh hwiwp Ghan t

A A
If(x)dx < Ig(x)dx wlhwdwuwpnipyntlp, wyuhpl’ F(A)S G(A):

Cuwn ptnpbith wwydwGh® 3 Alir‘n G(A) = [sup G(A) = jg(x)dx =1, np-
40 a:+o0) a

nbnhg® VA >a : F(A)<G(A)<I=>F(A)<I: uuntp. F(A) - 6
uwhiwGwguwy t Yupuhg: Ibnbwpwp, pun pinpbdi-h qniquidtin £

jf (x)dx hGwnbgpuyp: =
Yunnprupymb 1: Iwpnwlhz1-h wlnnudp Yupbth t dLwybipwyby

hwiwpdtp dund’ If (x)dx hGunbtgpwih tnwwpwdhuinnipynilhg htinbinud t

Ig(x)dx hawbqpuih nwpwdhinpniGp (wylbwjn t hbwnlywp wnpw-

SwpwlwhwG winnuwip” A wwydwGhg htwnbnud t B -0, hwdwpdup t
GpwG, np B —h djunnniihg hbiwlnud t A -h dfuninuip):

sin* (2x)
OphGwy 1: MwpqtiGp j—z———dx pluntigpwih gniquihinnp)nt-
o X +x+1
Gp: Lwfu GYuuwbGp, np wjuwnbn Yw dhuyl dby bquyh Ybw' +oo-p:

2x
Nwwnh, pwdwiwl t nhnwplby I—sil—(—-)l-dx hGubgpwp (nbu 1.,
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sin (2x) -

nhw. 2): 60wphwn b hbnlywy qGwhwwnwlywip’ f(x)= 5 <
X" +x+1

S—lz- = g(x): Lwbh np jg(x)dx -p qquidbin L, wwyus, pun hwjwnw-
S 1

Gh21-h, gaiquitbin t Gwb If (x)dx hGwnbqpwyp:
0
40
OphGwy 2: MwpqhGp I M hOwnbgpwih qruquiihunnpynilp:
X
€
RwGh np’ Vx2e f( )—IE(->—= g J.g dx hGuwbgpwip
wnwpwibn b, wwyw puwn, huynwGh1-h (inbu nhm.1) wnwpwidtn t Gwb
If(x)dx hGunbgpwyp:

- Twpnwlfp 2: hgnp' f,g ¢ [a;+oo) —->R,VA>afge R[a'A],
LICI
g(x)

Uu nbwpnis™ I, = If(x)dx Ll = '[g(x)dx wlhuywuwh hGuinb-

Vx2a : f(x)>0,g(x)>0 L f(x) g(x) ( hm

’ a a
qpwiGbpp dhwowdwGwy gniquidbin bG Ywd® nwpwibn:
Uwwgmgmd: hgnip, I, hGunbgpuip qniquibn t: RwGh np

f(x)x:mg(x). www' FA;>a, Vx2A,: f(x) <2=f(x)<2g(x):

g(x)

I,-h qniquihwinipynilhg hbntned L IZg(x)dx qniqudhwnnupnilp:

Ay

+00
Npinbinhg htunbinud t (nbu huynwGhy1) j'f(x)dx -, npbal Gwb T, -h
Ay
qntiwdhwnnpntGp (inbiu 1 phan. 2):
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Ujdd bGpwnpbGp np I, hOwnbgpwip wwpwdbn b Mipbdl
JA,, Vx2A, : i(x_)>% =>f(x)>%g(x): Ujuntinhg b I, -h vnw-

g(x)

pwihwninpyniGhg (nbu hwjnwGhz1,nhin.1) htnbnid £, ep wpwdben t

jf x )dx hGwnbqpuwip, npbdl, nwpwitn t Gwl If dx wOhulw-
A
Yw@ pGunbqpuyp:
YpunngmpymC 2: Lqunklp, np hwpnwGhy 2 —h £(x) _:mg(x)
. f(x)
(XIBE, g( )_l) wwjlwlp Yupbh t tinfuwphGlp wybih pOnhwinip

f
——Ex)—K, 0<K eR  wwjdwlny, puyg nw 0OnyGa t ho;s

x>+ g(x)

f(x) ~ K-g(x):

dx
OphGwy 3: Mwnqblp I f dx .[__——3' pGunbgpwih qni-
-4 Ix -X

quihwnnipjnilGp: bGswbu wpnkG Gaby thGp ll-h uygpmd (nbu 1. (1) - p).
bqulh YbuinbkpG G 0,1,%00 : SpnhtiGp pwjhl ninhnp dhowlwjptinh w)h-
wbu, np Gpwghg jnipwpwlsnipnid $nilyghwl nGblw dtjwlwb Gqw-
yh Ytw, hGunbgpuilb t wpnhbbp hwiwwwwnwuiuwb pGnbgpuwilbph
qnuiwph’

+00 -1 0,5 1,5 +a0
ff(x)dx = [£(x)dx + [f(x)dx+ [f(x)dx + [f(x)dx
—o0 —o -1 0,5 1.5
-1 +a0
 Lwh numdGuopnbip  [f(x)dx L jf(x)dx hGubgpuwiGtnp,

15

1

npnGgnud Gquiyh YbwnbpG kG *oo: Rwbh np f(x) ==
ﬁxs |1 -~ x‘*l

58




1 1
= le1.5 '|1_x_1|o,75 orto |x|11,5 L L5>1, wyw G4wé hGunbgpwiGlpp

qniqwibtin bG:

0.5
Ujdd nhinwplbGp If(x)dx hGuntigpuip: NuGLGR
41

f(x): 1 i iﬂs ) 10.75 - (1)75
TR S s Rl
0,5

L pwGh np

0,75<1, ntuwnh .ff (x)dx hGubgpwip qniquadtin t:
-1

1.5
LnyG Yapy neuncdGuwuhptiGp If(x)dx hGunbqpwip:
05
1.5

1 1 1 | ’
f(x)= = . ~ : Nipbda, f(x)dx
(x) dlx(x - 1)3 |x|°»75 Ix - 1|0,7s x-1 Ix i 1Io,7s 0:{

<0
d
pGunbqpuwip Gnijuibiu gniqwdbn t: Ujuwhuny, uyqplwlwb I X

3
—mlez —x'

1
Npn2 nbwpbpnud, wihGwp b ndus; $ncGhghwihG = intiuph hw-
X

hlGunbtqpwip gniquibn L:

Jwpdbp $nilyghw quGby: Iwenpn hwjnwbhGbpp ipwpbpdnud bG
G2ywé nbwptiphG: Lpwlg wwwgnt)ghbpp Gnylubtiv hEGYwo GG hw)-
nwbGh21-h ypw: .

Jwpunwiphy 3: Wgng' fg: [a;+oo)—>R, VA>a f,geR[a;Al,

. f(x) §
vx2a: f(x)20,g(x)>0 L lim (x)=0: Wn nbwpnld
x—)+°0g

I, = jg(x)dx- hGunbgpwih  qmquihwnipyniGhg  hbwnlined t
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= j'f(x)dx hGwnbgpwih qriquidhuwnnipyniGp:

Uwwgrnigmo: lim ;EX; =0=>3A,2a,Vx2A, ! ggi; <1=f(x)<g(x)"

Ujunbinhg, punn hwynwih21.- h b I, —h qriquihnnegpniGhg hbinbnud t
I, — qniquidhwnnepyniGp:
Juypnwbp; 4: hgnp f.g:[a;+0) >R, VA>a :fg'eR[aA],

_f(x)
Vx>a : f(x)>0g(x)>0 L lim
()>08(x)>0 & Jim s

=+400: Wn nbwypmd’
L= Ig(x)dx hGwnbgpwih  wwpwdhwnnipynibhg  hGwbnd
I = If(x)dx hGubgpwih nwpwdhunnupynilp:

Uwwgnigmd: ulh np”  lim ( )

X>-+0 g(x) =400, ugus

f(x)
JA(Vx2Ap:—=>1=>f(x)>g(x):
7= 1()>8(x)
Ujuintinhg, pun hwywnwGhy 1-h (nkiu nhwn. 1), I, —h wwpwdhunne-
p)nLlhg htinnbinud t I, — b tnwpwdhunnpyniGp:

~1 -
OphGuwy 4: Mwpqtitp jf(x)dx = j'x’°° e dx hnbgpwih qnqu-

dhinipnip: Rwlh np e -p dquned t qpnjh, Gpp X —> —0 wybith
wpwg pwl x—h jmpwpwisnip wunpwlp, wwyw plwlwh b uwywub,
np hGwnbgpwip gqmquiibn t: OqunybGp huywnwbh; 3 -hg, Ybipghbind

g(x)=;1;: Cuwn ybpp Gawéh® f—g—)= x'Ze™ 2 0 L, pugh wn’




-1 -1
Ig(x)dx -p qniquiibin b MpbdG qniquidbinn £ Gub jf(x)dx hGwnb-

qnuwip:
+a0 +00 p
OnhGwly 5: MunqliGp ‘.[f(x)dx= j(lnx) dx pGubgpuh qniqu-
1 1 ‘\/;
Shwinep)nilp:

Wyuwnbin pGwlwl t vwwuby, np hOnbgpwip wpwibn bt walwiu p
wwpwdbwph wpdtiphg: OquytlGp hwpnwGh; 4 —hg, ytipglbiny
g(x)= x*: - hwuwnwwnnilp plnpaGp wybwbu, np’

<400

1. Ig(x)dx hGunbtigpwyp (hOh nwpwidbin, wjuhpl® -2 <1 (k>-i).

) _;E_z) =x%.(InxP -+, wuhel’ -A-0,5>0 (L<-0.5):

p g

Ujughuny, wwhwigynn wuyiwGGaphG pwdwpwpnd t (—1;-0,5) dh-

+}"(lnx)p

dx hGwbgpwip tnw-
| VX .

pwlw)phG wuwwnwbnn A- G L, npbdG

pwdtivn b

4

3. uuhuyuuuu phLSGAruLLENP 2NFAUUPSNFHE3UL UUQRNELRL:
AUSUNQUY B4 TMU3UULULUL antquubsSntE3nkL

aniquihnnipjwb dbipp G24wé hwpnmwGhbtpp Shawin GG, tipp Pniby-
ghw( nLGh npnawlh Gawh (pwguwuwlywl dnibyghuyh nliypp phipdnud t
npwywih, pwqiwwwnlbing -1 nyd, npp sh wannud qniquiihunnpjw
dnw): Uy £ hpwyhBwyp, tpp dnilyghwh snibh npnawih Gawh: Uju nby-
pnud hwpluwynp GG wdbith Onupp hwjinwGhGbip:

Bunpbd1  (anpph  qmeuihunmpywl  uyqpmlpp):  hgnip
f:[a;+oo)—-)R. VA>a: feR[a;A]: Nnwbiugh _[f(x)dx hGunk-

qnuwip thOh qniqudbtin, wGhpwdtizn t b pwyjwpwn
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A}f (x)ax

A,

Ve>0,3A,(e)>a, VA A, 2 A, : <e (1)

Unahh wwydwdGp:
Uwwgnigmd: LJwéd hlwnbgpwih qniquihunnpntip hwiwpdtp t

A
Gpw@, np F(A)= jf(x)dx PnGyghwl nuGbbw Ybpowynp uwhiwg, bpp

A-G dqnmid t +o0 —~ h: NpG hp hbpphG [1] hwdwpdbp t Gpwb, np
F(A)-G pwywpwph  Unzhh  wuwydwGha Ve>0,3 A, (8) >a,

VALA, ZA;: IF(Az)—F(A1 )I < &: Wuwtinhg, hwayh webbting np’

A,
F(Az)—F(A,)= ff(x)dx , utnwlned bGp (1) —p: m
A
Uwhiowlmd 1: If (x)dx hGwnbgpwip Ynsynid t pwgwpdwl gniqw-

dbwn, bph qniquidbn & *:ﬂf (x.) dx hGunbgpuyp:
Bbnpbd Z.'ngumdatuu qmquwibtin hGinbgnuip qnuquidtin t:
Uupugmgmd: Cuny pbnpbdh wwjSwGh, qmqudbtn t +ﬁ f(x)ldx
hGunbgpwip, npbdl Gpw hwdwp Ghawn E Unzhh wwydwbp’ '

A

Ve>03A,>aVA A, 2A, : _ﬂf(x)ldx,<e: (1)
. A

<

RwGh np <g (AI,A2 2 Ao), www

:jz‘f (x) dx

e o

(1) - hg htunlinud t, nn Ynzhh wuwjdwap wbnh noh Gul  [£(x)dx ho-
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wbgpwih hwdwn, npnbnhn plund t If(x)dx hGwnbgpuih qniquih-

wnnipjnilp: =
+co

3
OnhGwl 1: MwpqlGp J' —— — dx hGwnbgpwih qniquihwnnt-
1 X% +x+2

sin x> *1

pinulip: Rwbh np’ g_, L |—5dx-0 qniquibn t, wuww
x?+x+2 x2 1 X

+0 . 3
sin
j Y _dx -0 pwowpdwy qniquibwn L

Ixt+x+2

+a0
Uwhdulmd 2: If (x)dx pGinbgpwip Ynsdnud t ng pwgunpdwl
Yuwd wwjswlwywd gniqudtin, tipk If(x)dx hGuntgpwip qniquititn

400
t. huy ﬂf(x)|dxhﬁmhqnu1m‘ nwpwitn (wwpiwlwywG qniquidbin
hGuntiqpwiGhpph ophGwlGhp wbu unnpl):
+o0
3wonpn hwynwGhzGbpp Ybpwptipdnid GO If(x)-g(x)dx wnbkiuph
a
hGunbgpwiGtph qniquidhwnnipjwbp:
Btnpbd 3 (Wphtubh hwpnwbpzp): Wgmp” fe Cla;+»),
geC' [a;+oo), f-p niGh vwhdwlwihwly GwhbwlwG: huy g(x)-n
dnGnunG swdnn t L dqunnud £ qpagh, tipp X — +00-h: Lju ww)dwlGbphg

plunid L jf x)dx wGhulwywh hGunbigpuih qniquihuntpynilp:

Ugwgmgmd: ohgnp  F(x) o f(x) - h Gwhbwywis t
x 1 F(x)=f(x)) @tnpoh  wwdwGGphg  hbwbnud

iM,vxz2a: |F(x]SM L wyG, np g(x)z 0,g'(x)<0: Ywiww-
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qwG A>a hwiwp, Yhpwebing dwubipny hlwnbgpiwd  pwlwalp,
YuunwGubp’ ‘

fr(x)-s(x)ax= ]F'(X)-g(X)d_x ~Ta(x)-ar(x)=
- s - Jr() E ()= |

A .
=g(A)-F(A)-g(a) F(a) - [F(x)-g'(x)dx: @
a
UwwgnighGp, np (2)-h wawghG L bppnpn gqnidwnbhGbpG mGeG
vwhdiwG, ipp A — +00: bpnp’
lg(A)-F(A) < M-g(A) - 0= lim g(A)-F(A)=0,

ﬂ F(x)-g'(x) | dx<M- ﬂg’(x)l dx =M- j(-g'(x)) dx =;
=M-(g(a)-g(A))sM-g(a)
Ujuintinhg htitnlinid t.n; T'F(x)-g'(x)ldx hGubgpwyp qntqwﬁh;n

t (wbu 2. p1), mphdG, qmquuibn t Gwl (wli G pwgwpdwl)

jF(x)~g'(x)dx hawnbgpwip:  WuppG  qmnipymG  miGh  depowynp

A—+0

. ,

lim IF(X)-g'(x) dx : Oqunytiiny (2) — hg, unwGnud LGp, np gnjnt-
A

pjntG mGh ytipowynp  lim If(x)-g(x)dx. npp GawGwyned &, np
A—-)-o—ooa

jf(x_)- g(x)dx pGunbgpuwip qniqudbn t: @

YunnnmpymG 1: Bbnpbd 3-h whnnudp sh thnfudh, tpb g(x)-n thGh
ns pt OnGnunG jw6nn, wy' dnGmnnG sGdwqnn (nw Gyl t, hGs
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f(x)-g(x) PnmGyghwd puqiwwwwldh - 1-nd, nphg  th thnfudh
qniqwihwnepyncbp):
Blnpbd 4 (Upbyh' hayewlpzp): hgnip” £ € Claj+o), g e C'fas+e),

hGunbgpw) jf(x)dx -p qniqwdtin L, g(x)-‘n dnGnunG t L uwhdwGw-

thwy: Uyn nbypnid If (x) g(x)dx hGunbgpwip qnrqudtn t:

Uwwgnigmd: 8ulh np g(x)-n GnGnuinG t L' uwhdwbwhuwly, www
wyG ntGh uwhiwG 3 lim g(x) = g(+®)e R : Ywunwpblp dbwihnjunt-
. X—3+o

(x)- g(x) = £(x)- g+ )+ £(x)-[e(x) - g+ 0)]: @)

Up dwup wnwehl qnuiwpbihlG hGubiqpbith t puwn pinplidh wwjiw-

Gh, huy Gpypnpnp’ puwn Hhphhuibh hwynwGhzh, npntin g(x)-n wnfuw-
nhinjus t g,(x) = g(x) - g(+) -n: ,

MNwpq t, np g (x)-p GnGnwnG t W x]ixz)mgl(x)=_g(+w)—g(+oo)=02

pjnLQ

Lwbh np jf (x)dx-n qniquibn t, www f(x) -p niGh uwhiwGusthwy

GuhuGwywl, ophGul F(x)= [£(t) dt Pnlyghut:

+00
4
Opplwy 2: Mwpqblp I= I Egsp—xdx hGwnbgpwih gniquihuwni-
X
1

<L

xP

cosdx
X P

pjnlp, Ywiudwoé p wwpwibinph wpdtphg: RwGh np’

wwyw hGunbgpwip pwgwpdwy qrigwibin £, bpp p > 1: Adywp st nbiuGtig,
np tpp p<0, wyw I hGunbgpwip wwpwidtn t: UGnid t pGLwpYykGp
pe(O;l] nbwpp: @wlh np cos4x Hmlighwh niGp uwhiwlwhwy

' Upbi Uhpu 3bGphy (1802 — 1829 ) — Gnpyjiquigh dwpbdwnhlynu:
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A}

“GwpuGuju’ -i-sinttx, huy __l;_ -G dnGnuninG Gwqnn t L dquinid t qpngh,
X

bpp X =+, www [ plnbgpwip, puwn hphluibh  huinwihoh
|cos4x] cos2 4x 1 . cos8x
x? 2x" 2x?

qriquibtn b Ujnwu Ynadhg' b,

pwGh np J-zi-:; nwpwdibun t (p h uy’ X dx hGubgpwyp

1

cos4x
puwn Wppluibh hwpnwihzh qriquidbin, www _"L—p——l-dx hGwnbgpuwip
X
1

nwpwibn t: Mpbidl, wu pbypmd (p e(O;I]) nhwnwlynn hGunbgpuip

wuwjiwOwlwe qniquidbn L
1

40 .
€ *-smnx
OphGuy 3: NMwpqbGp I—-———-—-—-—dx hGwbgpwih qniqudhuine-
" 1
mmﬁn'
*Lsinx
I dx hGunbqpuig pun Yphtuibh hwpnwGhzh qriquidtion

huy e x tmuughwﬁ dnGnninG wénn t L' uwhiwGwhwy (0 <e x < 1):
l

"s1

,
NiptidG, puwn Upbih hw;mwﬁhzh X ax hGwnbgpwip qniquidbivn

1 1

e Txein? x x X
b fwth np sinx _e* e cos2x, J'e dx -
X 2x 2 ;2x
-1 |
1 *co
mbqnwm nwpwibn t (—-——- ~ — ) huy I————E—f—-dx qniqu-
x40 2
2
Obiw b, www X dx htnbgpwip wwjwiwlwd gniguitn t:
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IV Ub RULP ONONRULULP DNFLYSHU

1. n-2UOULP EJULPIEUSUL SUPUDNHE3NFLLGD.
RUQUNFE3NILLGM LMPULS ULR

NhuwnpyliGp pagnp hGwpwynp Yupquynpyws n-jullbph pwqdnt-
pimGp R" ={(x,,x2,...,xn) ; X, €R k=1,2,...,n}: Un pwqdnt-

pJwl wwppbipp YwidwGbGe Yowbp, huy X,,....x, pdtpp” M(X),....x, )
Yowh  YnnpnhGwwinGup:  hgnp  A,BeR", A(aa,,.a,),
B(b,,b,,...b, ). Ywublp, np A L B ybwnbpp hwiplyGnud bG, bpb hu-

Jwuwn 66 wyn Yewnbph hwiwwuwwwuiwG YnnpphGunGbpp” a, =b,,
k=12,..n: AB Ytntph dhok htawynpnipynil wubiny hwulwGwbp

p(A,B)= z“:(ak -b, ) :

k=1 _
huGnhp1: UwywgnigbGp, np htnwynpnipjnilp odindwé t htwnbyuy
hwwnlnipyniGOtipny’ 1. p(A,B)=O < A=B, 2 p(A,B)——-p(B,A).

3. p(A,C)<p(A,B)+p(B,C) (A,B,CcR®):

Uwpwgnigmed: UnwphG L tiplpnpn hwwnynipynGGliph wwwgniyglGbpp
widhpwwbu hGwnbmd GG hbnwynpnipjwl wwhiwlnudhg: UGgGhap
tGppapn hwwynipywt wwwgmgdwlp, Gwhuwwbu Gyunting, np wyG
RZ-nud b R3-mua nilh wwpq bplpwswihwiwt hdwun® Gpb A B,.C yb-
inbipp pGYwd s6G Sh nunnp Ypw, wyw wnwowgwd Gnwblyjwa Ynndh bp-
YupnipjniGp thnpp t djniu Bpyne Yendbph BphwpnpynilGeph gnudwphg
(bpwGlyjwl wihwdwuwpnipgniG):

Lwlu wwywgnighiGp, np a; b; (i=1,..,n) ng pwgwuwlwG pytiph hw-
dwp Shawn t htwnbyw] wihwywuwpnwpynilp’
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iai -b; 5,}%‘%2 ',’ibiz : (1)
i=1 i1 i=1

Nhgnip x - p YwidwjwlwG phy t: MGGGR

OSi(ai 'X+bi)2 = [zn:aiz).XZ +2(Zn:aibi)x+ ibnz : (2
i=1 i=1 i=1 i=1

n n
tph Zai2 =0 (= a;=0, i=1,...,n). (1)-p wypGhusywn L: Gpb Zaiz >0,
i=1 i=1
www, pwhh np (2) - h we dwuh pwawyniuwihG bnwlnuwidp ng pwgw-
uwlwl t ympwpwlynip x - h hwiwp, wyw Gpw tnwpptiphgp whwnh

2
n n n
thGh ng npulwe (Zai -bi] - Y a?-3 b7 <0, npintinhg htinlinud ¢

i=1 i=1 i=1

(1) —p: U)¢ wuywgnigblp, np Shaw t hbwnbju whhwywuwpnipynilp’

J%(‘H*M)ZS iai2+ ibiz- (3)
i=1 i=1 i=1

npp hwdwpdtp t pwnwynwh pwpdpwgpwd wihwywuwpnipjubp’
n n n n n
Z(ai+bi)2 <Y'a?+2,[3 a7y b7 +3 bf : Unwgyuiép, hn hbpphG husdwp-

i=1 i=1 =l =l =1
dtip t (1)-hG: bpb wydd (3) — nud a;- hO thnhuwphGulp a;-b; -n4, hul
b;-hG’ b;-c;-ny (i=1,...n), www Yunwlwlp 3. - p (Grwilwl we-
hwywuwpnipynilp):

Uwhowbm/d 1: R" puqimpyniGp, wynwbtu Gepdnioywé htnwynpnt-
pjwl htitn dklunbn ((R",p)) Yynsyntd t n-swthwGh tyythnbuywt’ nwpw-

6npyniG:
punnpmpynG: Ly hnbuywt wwpwénpjwl G2dwé uwhdwbnuip sh
hwywunid hwGpwhwzynid ponnioywsh [4):

mupg t onp R'=R &L tph abeR, www

p(a;b) = \/(a - b)2 = Ia - b|: (Rz,p) -G nupnublyniG YnnpnhGuunwjhl

hwppnipyntGd t, npintin A(xl,y,),B(xz,yz) ytwnbph dhol htirwynpnt-

'ty hnbu - hnyyG Gwpbdwnhyny, 3.p.w. 3 - pn pun:
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piniGp t npnzdnud t p(A,B)=/(x, =%, F +(y, ~ v, ) putGwatny: buy
(Rs,p)-ﬁ dbq hwyinGh brwswth nipnubGlynG YnnpnhGwnwihl wwpw-
onLpyni GG t: A(x,,y,,z,),B(xz,yz,zz) Ytinbph dhol htnwynpnipynilp
npn2yntd b hbnbjwy pwGwélng p(A,B):J(;, =x,F +Hy, ~y,) +(z-2) :
Ljwuwnbbp, np (R",p) tyihnbujwG wwpwdnpintGp n > 3 nbiypnud
nLGh dpw)a ybpwgwlwl pGhwined;

vundutnd 2: M, (x,...,.x")e R* ybGnpnGng € >0 awnuninny

n—swihwGh qmin L Ynsynid Ut(M0)={ MeR"; p(M,M0)<a}
pwquinipnilp: Ujn pwqdnpniGp Ynsynid t Gwl M, Yownh € 2ppwluyp:
S,(M,)={MeR": p(M,M,)=¢}-G ynsimd t M, YtGupnGng &
awnwynny D-sgunhwGh qGnwjhG dwhbpunyp (glaniapn): n =1
nbupnd M(,(xo) Ytwnh € 2powluypl k U,,(M(,)—‘-(XU—E; X, +€ )
Showhusypp: Gpp n =2, www UE(MO)-G hptGhg Gupluywglbnud t
Mo(xo;yo) YeGwpnGnyd L € wnwynnyd 2powG, huly SE(MO)-G‘ M,
ytGuinpnGnyg Lk € wewynny 2nowlwbwghd: bpp n =3, www UE(MO)-G
hpbGhg Gipluywglnud t M,(X,;¥,;2,) YaGnpnGng L € wawynny
qniln, hul SE(MO)-G‘ M, YtGwpnlng L & wewynny qlnuhG dwyb-

punyyp (qlinninpn):
Uwhdwlmd 3: Whgnip G - G n-sunhwGh nwpwonpjwl LGpwpwgq-

dnipjnil t (G c R"): M, € G yownp Yngyned t G—h GbpphG Ybw, bpb
qnintpjnt niGh wyn Yawh wyGwhup U, (M) 2pewlwp.np U, (M,) <G:

tpt G pwqdmpjmﬁn pwniwgwdé t dhwyl Gepphh Ybwnbphg, www
w)h Yngynud t pwg: Mwinwipy pwqinipynilp pwg t, pwbh np wyl (hGEnY
Yownbphg qnipy, smGh wjGwhuh Yo, npp GpphG ghGh: Udpnng
wwpwoénpyniGp  GnyGwbu pwg t, pwGp np R"-hG wwwulng
jpuwpwlgnep Y wwpniGwyynd t R"-nud hp jnupupwlgnip
2newljw)ph htitn dtyntin:

UE(MO) n-swihwih gqmbnp pwg pwqinpnib t, ujuhGpl
VMeU,(M,), 3U,(M)cU,(M,): hpnp, bpb S=¢ y
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(y=p(M0,M)), wyw VPeU, (M) yownh  hwdwp  nbGp
p(PM,) <p(PM)+p(MM,)<&ty<e-y+y=e: Wuhlpl PeU (M)
L, nupbal” U, (M) c U, (M,):

Puwyg, tpt US(MO)—hﬁ wybwgyh SE(MO) qlnwyhG dwybplnt)phl
wwwnjwinn qnGb dGY Yow, wwyw wwnq t, np wyG UE(MO)-h Gbpphl
yown st, nipbil wnwgywé pwqinipynilp pug st buy, bpb UC(MO)
qlnhg htnwgyh ophlwy M, YtGunpnGp, www wwpg L, np unnwgywd

0
Ua(MO) qnuinp wowGg YuGupnGh (M, Yuwnh «dwlwé» 2pgwlwipp)
YoGw pwg:
Uwhdwlnid 4: A -G (A €R") ingdnus £ G (G < R") pwqinipjul

ynunwydwG Yo, bpt Ve>0 IMeG NU:(A), wyuhlpl A Ybwnh
gwlliwgwd 2powlw)pnd Yw G -h0 wwwlwinn A -hg nwpptbp Ybwn:
tpt G pwqinipjwl ynpwpwlgnip ynunwldwG yhn wwinywinid t
hpbiG, wuw G -G Ynsynud { thwly:

bpt nw) G pwqinipjnibp qnipy t YninwlydwG Ybuwntiphg (Yne-
wwldwh Yewnbph pwqinipiniip nuunwpy t), wyw G-0 thwy t, pwbh
np G G: UwulGwynpwybu, nwuowpy b ybpowynp puqinpymGatpp

thwy bG: Owy t Gwk R"-p, pwhh, np R”-h jnipwpwlsynip Ytn win
pwqintpjwl Yninwlydwh Yo b (L ywohwbnd t hptG): Ywpbh t

wwwgnigty, np G L R pwqinipymGitinhg pwgh shw R"-h wjlwhuh
bGpwpwqdnipyniG,npp (hGh dhwdwidwbwy b pwg b thwl:
fuGnhp 2: Shgmp Z-p wipnng pytinh pwquinpynGh t: bpb
mneZ, www GpwGg Ohel htnwynpmpynilp  uwhdwlbGp
p(m,n)=|m—n|: Uwwgnigly, np (Z,p) nwpwonpjwl dby (w)l
kY hnbujwG st) jncpwpwGgnip Yipgwynp pwqunipynil b pug t L thwly:
Ghgnip G- G R" - h bGpwpwqdnpynill t, Gpuw YynLinwldwh
Ytwnbtiph pwqinpynilp GawGwlybop G' -ny: ' _
Vwhiwomd 5: GUG' =G puqdnipyniGp Yngynd b G- h hwlyned:
huGnhp 3: Uwgnighip, np G pwqinipjwC thwynuip (-G_) thwy t:

70




U,(M,) qlnh ynunwlowG Ybubiph pwqdnipmGa t UL (M, )=
=U,(M,)US,(M;)=T,(M,) (twy qnan): tpa T,(M,)-hg ht-
nwgltGp, ophGwy YbGwpnlp (M, -0 ), wyw uvnwgywsd pwqinipinip
thwy st (M, -0 wyn pwqinipjwl Ynunwldwh Y t): Mwpg b, np wyl
Owl pwg st:

Uwhdwlntd 6: A € R® Yngynidi t G (G < R") pwquintpjwl bqpw-
JhG Ytn, bpt Gpw Ywiwjwlwa ppwlupntd Yw G -hi wwnlwbnn U
swwwnlwbnn Ywn: G pwqinipjwl pninp iqpuiphl Yinkiph pwquinipjnt-
Gp Ynsynd t G-h bqp, wil Gowlwynd bG OG : Mwpq t, np UE(MO)

qlnh tiqnG t S,;(Mo) qGnwjhG Swybipunipp:

6 ¥
M, younh «Swljwo» Ue(Mo) 2nowluwiyph bqpG t Sz(MO)U { M(,}:
hGnhp 4: Uywgnighy, np pwqinipjwl thwlnip (nbu uwhdwGnid
5) bwptith uwhiwlb] hwiwpdtp &uny, npwbiu wjn pwqinipjwl L Gpw
bkqph Shwynpnud:
Uwhdwlnid 7: R* md npngwd

() ={(xl(t),..., X, (t)) ; x, (1) eClasB] (k =l,...,n)}
pwqinipinilp Yngynid t wlpGnhwn Yop, npjwéd wwpwibnpwlwo
nbupny, t-G Yngynid t wwpwibtup: M(t0)=(x,(to),...,xn (to))- G
wijwimd 60 wwpwdbnph t u:ndbghﬁ(t e[ ;B]) hwdwwwutuwi

(/) unnh Y, huy A(x,(a), X (a)) - 6 u B(x,(8)...x,(8)) @

(/) ynph 6wypwybinbp: Upn nbwpnid wund 66, tp (1) -o dhwgtnua ¢
A-G, B-p U qhmﬁ kG (/)=UAB: Unpp Ynsynud t wwnq, tph
t, *t, :M(t,)¢M(t2): tpb wuwpq thGbim wwydwlp fuwhunymd t

dhwyG G nbwpmd™ a#B, puyg A =B, wwyw Ynpp Yngdnid b wwpq
hwly:

Uwhowlmd 8 G (G < R®) puqinipinip Yngdmd b Ywwwiglws,
bpt  VA,BeG Ybuwbph hwdwp gnipjnil nibh GpuGg shwglng
whpGnhun Ynp (/) = UAB ,wjlujhuhG,np’ (/)=G:
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— 0 ’

ophGwy, U,(M,), U.M,) u US(MO) pwquntpnLltipp Y-
wwlygywé bh:

Uwhowtmd 9: G (G c Rz) Yuwwygywé puqinpynilp Gnsymd t
Shwlww, tph hGswhuh wlplnhwwn thwy () uon bt Yupglulp
((I)CG), Gpwny uwhiwGwhwyyws G puqinpui G’ dwup
(8G' = (1)) wupnbwlyymd t G-mid (G'< G): N Gawlwynd t, nn
G -h biqnp (G )-G punywgwé t bl wiplGnhun thwy Ynphg: ’

bpb Juwuwlgwsd G pwqinipjwh tqpp pwnlwgwd b n hwwn hpwp
htitn shwinynn wGpnhwin thwly Ynpkiphg (wnwGahh Ytwnbphg), www G-

0
G Ynsdnud £ n YwwwGh: OphGwy, U, (M,)-G Shwluy t, huy Ue(M,)-G
«6wlwé» nowluypp’ tpYywy t, pwGh np Gpw bqpp pwnlwgud t
S,(M, ) 2newGwashg U { M, }-he:
Uwhowamd 10: G(G <cR") pug Ywwwlygywd pwqdnipintlp

0
Ynsynd t whpniyp: OphGwy, UE(MO) L UE(MO) pwqinipyntblbpn
wnhpnyp bG:

2. antauursnt@antue R” - ntu.
n- ONONRUULULP SAHLUSHU, DRFLYSPUSD UUIUUL

Uwhdwlntd1: YwubGp, np {Mk(xgk),...,x(nk))}f;, R"- h0 wwnyw-

Gnn Ytwnbph hwenpnwywbnipiniip gniqushuwnud t A(a,,...,an)e R"-
hG (éihm M, =A), tipt’ ‘l(im p(Mk,A)= 0:

tuGnhp 1: Uwwgnighby, np ll‘im p(Mk,A)=0 =S lim x?‘) =a,,

i=1,..,n:
Bbnptd 1: tp AeR" G(GcR")-h Ynunwliwl Yo L

a0

wwwgn)nipyntl nibh { Mk} e hwonpnwlwhnipynil wylwhuhG, np
M, eG M, #A, Mkk—) A:m
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Uwuwgnigmed: RuGh np A e R" G -h §nunwldwG Ybn t, wyw Y-
Swjwlwe k powlwG pdh hwiwp IM, € G fjl (4) (oguy k-h

hwdwp, 62dwd wuwdwbhl pwydwpwpnn Yewnbphg pGwnpnid EGp npt d6G-
Yp): Ujuwhuny unnwgynid t {Mk}:;] hwenpnwlwGnipyniLl, nph hwiwp

1
O<p(Mk’A)<K k=12, ...
3tuinbwpwp ll(imMk =A:n

hgnp npqwd t f: GoR (G cR") dnGyghw: Ujuhlpl
VM(xl,...,xn)eG YawhG npnwyh (f) optiGpny hwwuwwwnwufuw-

Grupyw@ dbe t npynud a6y phy f(xl,...,xn)zf(M): WG Ynsynud t n-
thnthnfuwwGh pneGyghw: G -G Yngynd t £ - pb npndwl whpnyp: Gpb
dnGyghwl wpwé bt pwlwdlng, www npndwl whpnyp wubijnyg
hwulwlnud tGp gnpnpjwl whpnypp, wjuhlpl” wyld pninp Yhwnbiph
pwqinipntlp, npunbtin hdwuwn nuGh wyn pwbwdlp:

Uwhdwlmd 2: Yhgmp A - G G-h YnunwltiwG Yo t: GwubGp, :in
f(M) PniGhyghwyh uwhdwGp A(a,,...an) Ywnud hwjuuwp t «-h

(a €R ) Lyqgpkap B!1i_r’rl1‘f(M) = lim f(x,,...x,) =0, tipt

Xy —>a

I° (hwonpnwlwlnipjwl |bqyny, Ywd puwn 3w)lth)
VM, eG, M #A, M, 2 A : f(M,) = a:

2 ((e~38) baund, yud puwn Unzhh)
Ve>0 38(e)>0,VMeG, 0<p(MA)<d : |f(M)-a|<::

Bbnpbd 2: 1° L 2° vwhdwGnuiGhpp hpwp hwdwpdbp &G:

Uyu plinptidh L dbYy ¢hinthnfuwlwbh $nellyghwih hwiwwwwnwuhiwb
pbnpbidp wwwgnyglbpp, puwnn tnpjwlG hpwphg sbG  nwppbipyrod:
Muwnh, plnnlObGp w)G wewhGg wwwgnt)gh:

2 2
xz y2 : Wu $nlGlyghwl npnpywd. st
X' +y

OphGwy1: Thgnip f(x,y)=
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dhwyG (0,0) Yownid: Nwhwagynd t hwadby li_I}(}f (x,y): MLObLGp'

x=0
2 2 2 2

" Xy xy o L2
0<f(xy)= < =y’, npunk limf(x,y)=1limy" =0
(xy) =~ i nhg' limf (xy) = lim

x—0 x>0
(hwiwnby bGp, np x =0, tipt x=0, y # 0, www winniip wyGhwjun b):
Lwhp np $nibyghwjh uwhiwlp uwhdwGynd t Gwl hwenppw-
Yulnipjwl (bqyny, www wjl odnjwé t painp wyl hwinlnupyniGGlinny
hGs hwonpnwlwinipjwl uwhdwlp, ophGwy, wjunbn Gm)Guwbu gnponud

t «nunhluiGbph» YwGnGp [1]:
Xy

OphGwy 2: Uwwgnighlp, np A %rgf(x,y) (f(xy)= 4y’

y—0
Oquntilip 1° uwhdwGnidhg: Purjwlwi t qunGhtGp bplynt M M/ hw-
onpnwlwlnipyniGGbp  dqwnn M, (0;0)  YbwhG, wjGwhuhp, np
f(Mn),f(M;) hwonpuwlwGnipjntGGbpp  dquntG  wwppbp  pybph:

1 11
dbpgGuGp M _(0;-), M;(—;—) Ytwnbph  hwenpnwlwlnipynGGlpp:
‘ n nn

1
Mbb' M, M| — M, (0,0) pung’ f(M,)=0-0,f(M,)== >~
NupbdG Ybipp G24wé uwhdwp qnynipynih gnilh:
Uwhdwlmd 3: thgnip £ pnlyghwl npnzdwd t Rz\Uy (0;0)-
nud: YwubGp, np lim f(x;y)= A (AeR), btpt’

y—w
I' (puwr 3wylbh) X, = © Ly, — 0 = f(x,,y,)— A,
"2° (puwn Unzhh) Ve >0 33(e)>7,Y(x,»), x*+y* >
>8: |f(x;y)—A|‘<€‘:

OphGwy 3: 3wzyby A =lim 4xy et 2wGh np o s-l—(x2 +y%),
, Xty 2

wyw'
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[xy] ey 1, & . ¥ 1 x* 2
x*+y' T 2xt+yt 27xf4yt x4yt T 27xt
=—12—+—17—>0=>A=0:

2x° 2y X3

Uwhdwlmd 4: Wgnip f- p npnajweé t Rz\U, (0;0) -muat: yw-

0<

ubiGp, np lim f(x,y) =00, bipl’
X-—»0

y—o®
I' x, 20 Ly, 2o = f(x,,y,) >,

2" Ve>0358(e)>0V(xy),x* +y' >4 : |f(x,y)l>a (8>7):

LnyG Ytpy Ywpbih t dbwybpyty $nlGyghwsh uwhdwbh pugwlw-
jnn uwhdwGnuiGepp:

3. dNHLUBhUSK UU3IUULh 3USunt@3NLLErE

Bonptd 1: hgmp f,g : D> R' (DcR*), M -6 D-p yn-
hwliwG Yo b Gpb amuxaof(M)=AeR, 3 lim g(M)=BeR,

wuywr
1. BMlirEo(f(M):tg(M) )=A%B, 2.3 lim (f(M)-g(M))=A"B,
. f(M) A
3. 3lim ——==—= (B=0):
M—»Mog(M) B(

Ptnptdh wwwgnyygl widhpwwbu htwnbmd t $nuGyghw)h uwhiw-
Gh vwhdwGndhg puwn 3wyGbh L hwenprwlwinip)jwl uwhdwlh hwiw-
wwwnwuhuwb hwwnynepyniGGliphg: Uuwgnighlp, ophGwly Gpypnpn hwn-
Ynipynilp: Thgnip mbbGp VM, eG, M, k—) M,M #M, . Un

nbwpnid® £ (M, ) = A, g(Mk);: B L, nipbdG*
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iim[£(M,)-g(M,)]=[limf (M,)] [ me(M,) | = A-B:
Ujuuitinhg htinlined £, np BB}LmM (f(M)- g(M)) =A-B:m

4. UueunlAUSNHE3NtL:
ULOLNAUS dNFLYUSPULLNP USUNHBSNFLLENE

Uwhdwlmd 1:%gnip £ :G—>R (G R") L M;-G (M, eG)G
pwqinpwt Ynunwyiwl Yow b YwubGp, np f —p wGpGnhwwn t
M, Yutnnud,  bpt’ aw}imof(M) L wlG hwjwuwp t £(My)-h
( Jim f (M) =£(M,)): UuhlplG

1 VM, > M,, M, €G : £f(M,) - (M, ): 4wd, hudwndtip Yoy

2° ve>0 35(eM,)>0, YMeGNU, (M,):]| £(M)-f(M, )| <e:

Yunnpnepyme G 1: Ljwnbilp, np $nilyghuwjh vwhdwbh vwhiwbdwd
dbp plgéynn M =M, wuwjlwlp wjuntin wybinpn t, pwlh np wju
nbiwgntd nGkGp wylhwyn 0 < & wlnnuip:

@bnpby 1. UGpGnhwwn $niGyghwlbtiph gnudwnp, wnwpptpnipynilp,
wpnwnpwip b pwanpnp (w)G Yhwnnd, npnbtin hwjnnwpwpp qpn t)
wlpGnhwun t:

Uuypwgmgmd: Uywgnighlp, ophlwy ybpohG wGnmdp: Spywéd t
fg:G>R (GeR"), M eG (M;-G6 G-h YnunwliwG Ybwn t) b wyn
pnLGyghwlbpp wlnhwwn 4G M, ytwnnud (g(Mo):# 0). Oquytiny
$niGyghwh vwhswGh hwinynipynilihg utnwbnud bGp’

fa)_dmfO) ).
u-w g(M)  limg(M) g(M,)
G Bbnpbd 2: (wipGnhwin Pnilyghugh Gawlwwwhwywnipjwh dw-
uhG):

Nhgntp' £: G—>R (G R"), M- & G- h GbpphG ybwn t: bpb

f - p wopGnhwwn t M, Yenmd L f(M,)>0 (f(M,)<0), www qn-

jupymG nGh M;- Ytwnh US(MO)CG powluyp, uyGwhuhG np
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VM e U,(M,) : f(M)>0 (f(M)<0):

Uupugmgmed: UjG, np M- G GbpphG Yt b GowGwlmd t, np
BUY(MO)C G : 9hgnip, npnawlyhnipjwG hwiwp f(MO)> 0: UpGnhw-
wnpynitGhg M, Yownnd, unwinud bGp ¢ =f(M0)> 0 pyh hwiwp
U, (M,) =G (8<y) wylwhuhG, np VMeUé(MO):l f(M)—f(MO)|<u:
Upunbinhg unwanud bGp' f(M)> f(M,)-£f(M,)=0=f(M)>0: =

Rwonpn plinpbidp, wwpqnipjwl hwiwp dLwybpybGp L wwwgne-

ghGp Swulwynp n =2 nliypmd:
Bbnpbu 3 (pupn PnLGyghwh wipGnhwwnnupyjwl dwuhs):

YWgnip f(x,y) Pnillghwl npnadws t M, (x,,y,) Ytiwnp U"(M(,)
2nowluwypntd b wipnhwen b wn Yoamd, x =@(t), y=y(t) pmay-
ghwGbtpp npnzdwd bG t; Ytnp UY (to) 2ppwlwypnid L wGplGnhwun GG
to Ybwnnud (p(t,) =x,, w(t,)=y,): Un nowpms g(t) = fo(t) w(t))
puwpn nGyghwd npnadwé £ t; Yowh hGs-np 2ppwluspnid L wpln-

hwwn t wyn Yhwnud:
Uwywignigmd: RuGh np f—p wplnhwn £ M Yivnud, wyw' Ve >0

38>00<p),VMeU, (M,) : | £(M)-f(M,) |<e:  o(t).w (1)
dnilyghwlbph wGplGnhwwnipynilbhg t, ubmnui htnbnd £ 3 U, (t )

m<y) vteU (t,):] o(t)- ¢>(t)|< b fw (t)- W(t)|<

MupbuG Vte U, (t,) hwdwp nGblp, np (cp(t),\v(t)), (o(ty) u(t“))

82
Yownbph dhgl hbnwidnpnipnilp’ p < /27 =38: Rwlh np @(t,)=x,,

\V(to) = yo » Wiyw (¢(to)"v(to)) = Mo h' mnbﬁﬂ‘ ((p(t),w(t)) € Ué (Mn)
Uuwntnhg' | g(t)-9(t,) | <€: Upwpuny g(t)=Flo(t) w(t) pupn

dniGyghwlG npndwéd t U“(to) 2npwluypnid L wlplnhwn t ¢,
Ybwnnid: =

Gy
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Uwhdwlmd 2: hgnip f : G- R (G R%): YwubGp, np
wlpnhwwn t G-nud, bpb £ -p wonhwwn t G-p jnipwpwlsnip M, 4b-
wnild: Ujuhlpl’ ,
ve>0 38(e,M,)>0 YMeG,p(M,M,)<8 : | f(M)-f(M,)|<e:

Juybpyinpwup pbnpbdGepr. ®wy, uwhiwlwihwy puqinpjwl dpw
wipbnhwwnr $nlyghwl vwhdwGwihwy t b nGh thnppwagnt)G nt dbow-
qni0 wpdtiphbtip:

PunptiGbph wwwgniygllipp, punn tnpjwl sbl nwppbpydnud by
hnhinfuwlywbh  nbwpmd  ppdwdé  hwdwwwwwupuwi  pbnptidGbph
wwwgnijgltinhg [1):

Prygwilin - 4nppp pbnpboGbpp: tpt £ PnilyghwG whnhwn t Yuw-

wwlgywé G pwqinpjwl Ypw (G cRYJW

I° 3A,BeG: f(A)>0, £(B)<0, Wy
IM,eG : f(M,)=0 (M, -0 A,B Ybwnbinp dhwglnq b G - h dbg
wwpnLGwiynn Ynph y4bun t):

22 3ABeG: f(A)< f(B). www Vue(f(A);f(B))
IMeG: f(M)=p:

Uwwgnigmd: @wGh, np G- 6 Yuwwlgywsé t, www gnjnipintG mGh
A - G B- hG dhwglnn (l) whplnhww Ynp wylGughuhl,np (l)c G:
UjuhGpl

(= { (q (), (t)); te[ab] } (¢k eClab] ,k =1,...,n) :
Nhgnip t= a - he hwiwwwnwuluwlni t A -G, huly t=b -he’ B- 0,
wjuhpl Alo,(a),...,9.(a)), B(o,(b),...,,(b)): Mhuwplblp

g(t) = f((pl(t),...,(pn(t)) ,te [a,b] puwpn dnlGyghwa: Uy6 whpGnhwn t,
nputiv whpGnhun $nibyghwbbiphg Yuqiywd pwpn Inilyjghw (nbu
p.3): CGn npnLd’ g(a) = f(A) >0, g(b) = f(B) < 0: Oqunytiny Pnigwln

— Unzhh plnptishg [1)4unwlwGp 3 m, €(ab) : g(m,)=0: Pug
M, (@ (my),e.s@, (mp)) €(1) b puth np ()G, wuyw M, €G:
Uwnwgulp, np f(M0)=O. wjuwhuny pbnpbidh wnwohG  Swup
wwwgnigwé b Gpypopn dwup wwwgnigynid t Gnuyl Ybpy hGg ObYy
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thnthnthnfuwlwibh $nbyghwsh nbiypnid[1): m

Uwhdwomd 3. thgmp f: G5 R (G R"): YwubGp, np f- p
hwyjwuwpwswh wipGnhwn t G Ypw, tpb
Ve >0 38(s)>0 VMM, €G,p(M,M,) <8 : | f(M)-f(M,)|<e
(hwibdwwhp uwhdwnud 2.-h htiw):

Mwpq t, np hwjwuwpwswih wiplGnhwnnipiniGhg hbnblnd t
whplnhwwnnipynilp: Iwlwewlp, pghwipwybiy wuwé Show st (nbu
uwnnpl ophGwy 1): Puiyg Shawn b htinbywy wGnnudp:

bwlwnnph pbnpbdp: Owy uwhiwlwhwl pwqinpjwb dpw wh-
pGnhwwn dnilyghwl hwyjwuwpwswh wepGnhun t:

fBtnptidh wuwwgnigp, punn tnpjwl sh nwppbpynud dby thnhnfuw-
Yuwlh nbwpnid pindwéhg (nbu [1)):

luGnhp 1: Uwwgnigby np hGswbu L dhY nthnfuwywGh nbwypndd,
wjunbin GnyGuwbu Ghawn t ng hwywuwpwswh wGpGnhwnnpjwi hb-
wnlbjwy hwjinwGhyp:

Gpb qnnipynil niGhG M("),Ms,k) € G hwonppwlywGmpntGGbn,

wjbuhuhg ap” p(M™ M) > 0, puyg” |F(M™)-£ (M) > a>0
(a -G Ywpnn b pG6 Gwl +o0 ), wwyw f- p hwdwuwpw;wih wGplnhwn
st G - nua:

Ophtwy 1: Thgmp f(x,y)= In(x2 + y2) (0 <x?+y’< Rz):
MNwpq t, np wyu Inillghwb whpGnhwn b Gadwé 2ppuwilnid, puyg uylb hw-

1 Ve
wuwpwswh wiplnhwwn gt wynnbn: kpnp” M® ('—,0), MY —0
! : \/; * {Vk

hwonpnwlwbnipyniGhbpp qniquihunnd bG (0,0) Ybwnpha L, npbda’
(k) ng(k)
p(M My ):@0,nww

lf(M“")—f(Mf,"’)|=‘ %-m% =lne=1-1>0:

ko
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5. HNHLUSPUSH UUULUYUL UBULS3ULLER,
AhDEPELSELANHB3NIL, AhdENELSPUL

Ahgnip F:G >R (G CR‘) u Mo(xf°),x(2°),...,x(n°))-ﬁ G-h Gbp-
phl Yo t (3 U5(M0)C G ): JwunwinwgntiGp x(zo),...,xf,o) thndhinfuw-
YwbGtpp, YuunwGwlp dby gthnfuwywbh  $nLllghw’ g(x,)=

=f(xl,x'z°),...,x‘n°’) , app npn2qwé L x&o) -h U; (x&o)) 2nowlwypned:

9
Vwhdwlmd 1: 6pt qninipinil nuGh g $nilghuwh wéwlgjuip x(l )

ybuned, wwyw wyl Yngynud t f pniayghwyh Swulwlywh wéwlgjwy pun
x, (nhnfuwluth L gpynud t Ea—xf—(Mo), T (M,): Uyuwhuny

or
0x,
=f(x‘l°) +Ax1,x(2°),...;x(n°))—f(xﬁ(’) ,x(zo),...,x?)) L Yngymd t Ppnlby-
ghwih SwuGwywh wd pun X, - h: LnyyG duny uwhdwGynid b6 dwubw-
Ywo wéwhgywiGtpp puw dyntu thnthnfuwlwGGbph:

OphGuwy 1: Iwzyblp f(x,y) = x5 (x > 0) PnLGyghuyh wowlg-

sin2y - |

juip putn wewGdhG thnhntuwlywGGbph: f/(x,y)=sin2y-x .

rpnbn A, f(M,) =

£/ (x.y) =x"" -Inx - 2cos2y:

Fbrwqw wpwnpwbpnid, wwpgnipjwl hwiwp, hhdGwywbmd
unhwwnytlp bpynt thnthnfuwywah $mbyghwih nbwpp:
Ywhdwtmd 2:hgnp £ : G >R (G R?), My(x,,¥,)-6 G -

h Gupeht Yow t (3U,(M,)c G ): Ywutilp, np f- p nhpbpblgbih t
M, Ubwmd, bpt  hGawyhuht I thGbG  Ax,Ay  wéhpp’
M(x, +Axy, +Ay)e Us (M,) (0<p=p(M,M) =\/sz +Ay’ <9),

wbnh ntObGw htnbjwip’
Af(M,)=A-Ax+B-Ay +o(p). 1)
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npwnbn A -G, B-G hwunwinniGGbp 66 (Yuiudus M, -hg), Af(M,)-G
dniGyghwyh wah t Af(M0)=f(M)—f(Mo),o(p) -G wybih pwpép
Ywpgh waytpg inpp t, pwG p-G, bpp Ax , Ay wSbpp dquinid GG qpn-
th, wyuhGpG hmo—i—— 0:
Ay -0 p '
YunnpnipynelG 1: Ljwwnbilp, np a- Ax +ﬂ-Ay=0(p) , npinbin a—-G
L B-0 wGytpp hinppbip GG, bpp Ax , Ay w6bpp dqunud LG gpnjh:
a-Ax+p-Ay <
p

<|a'|A’4+IﬁII y|<|a| IBI_*O (p= [ AX? +AY >|Ax| |p'<1(l yl<1)):

Ay—»O

bpng’ a-Ax+p-Ay =0(p), pwlh np

Ghawn t Gl hwywewyp® bpt g(Ax,Ay)=o0(p) (wybih pwpdp Ywpgh
wOybpg thnpp t, pwl p-G, bpp Ax,Ay wtnp dqunnud GG qpnjh), wuuu

B(AxAY)=°(P)‘ (p)(Ax +A 2)=M.‘_‘£.Ax o(p) Ay Ay~
P P P p P
=a-Ax +p-Ay, npinbtin a = (p).Ax, 3=i‘.’l.ﬂ (Ialslo(p)l 0.
| PP PP P33
P &30

Bbnpbd 1: Whgnp f : G—>R (GCRZ). M,(x,,¥,)- 6 G-h
Gopphl b t (~3U5(M0)CG)3 Npwtugh - p thGh nhPbiptlgtih
M, Yunnd whpwdtizn t ap wn Yoomd 3 (M,)=A,
- 3f/(M,)=B:

Uupwgmgmd: bph (1) —h dbp hwiwpbiGp Ay =0, 0<|Ax|<d L
hwgh wnGhGe nhwnanpind 1-p, www Juunwbwbp Af(M0)=
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Af(M
=A,f(M,)=A -Ax+a-Ax: Npnbinhg .f‘.x..z(.x__g..).zA_‘,_an_:oA:

 uuptps  3f/(M,)=A: ULnyG Ybpy wwwgmgymd t  np
af)(M,)=B: m

nngnipimb 2: 3wdh walbing nhnnqnepyniGi-p b pbnpbd1 - p,

(1) - p Yupbih t GhpYuywglbiy hbwnbywy hwiwpdap wnbupny

Af(M,)=f1(M,)- Ax + £ (M,)-Ay +a-Ax +B-Ay, (2
~ npunbn @ -G L B- G wGybpg thnppbip b6, bpp Ax , Ay wStpp dqunnud
&l qpnjh:

Un PniGyghwlbp npnadwsé shG, bpp Ax = Ay =0: UwluwyG,
bppbdG Guwwnwlwhwpdwp t, np (2)-p Shaw (hGh Gl wyn nbwpnid
(Ax = Ay =0): 3wdwptGp, np a(0,0) = B(0,0)-: 0 (wyu P GYyghwiGh-
ph wlpGnhwwn wpniGwynpymGp dhosl (0,0) Ytwp): Ujdd, bpp
Ax = Ay =0 (2) - h dwju L wg Swubpp hdwuwn MGG, hpwp hwdw-
uwp 80 L hwwuwp B0 qpngh:

Ynnpmpym G 3: UL hnhnfuwywGh $nibGyghwih ntiwpntd nhdt-
ptiGgbiihnipyniGp hwiwndbp t wéwGghhnipywlp: Pwjg dh pwlh thnthn-
juwlwGh $niGyghwyh nbwpntd nu wynwbu sk, wyuhlpl dnilyghwyh
Swulwlwlwl wéwGgsubtnh gnynipintlhg sh hbunbnd nhdtiptlgbihni-
pjniln:

OphGuwly 2: Thgnip' f(x,y)=,/ix-y|: 2wGh np £(x,0)=£(0,y)=0,
wyw £(0,0)=£(0,0=0: bpt f-p thGbn nhdbputghih (0,0)

Yuwnnd, www Ghawnn  YihGlp Af(0,0)= o(p) wuwydwlp: Pwyg
Af(0,0) __y|ax -4y|
P JAX*+Ay?

= g(Ax,Ay) - 0, pwGh np
. Ax—0

Ay—0

g(-i—,%—) =%n:)w :71; #0: Mpbol wyu pnuGyghwl nhdlipblghyh st
(0,0) ywnnus: _
Binntd 2: ohgnig' £ : G R (G R?), My(x,,¥,)-0 G - h

GbpphG Yow t (3U;(M,) < G ): Npwbugh f -p (hGh shpbpblgbih M,
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Yownd pwdwpwp t nap wi@ U, (Mo) 2nowlugpmd  nuGbGw

f; (M), f; (M) Jwulwlwl wéwbgywiGbp, whpGnhwwn M, Yhnnus:
Uywgmgmd: dniGyghuyh wop dlwdnfubiGp hbnljw; Yopy

Af(x,¥,) = (%, + Axy, +Ay) ~f(x,,y,) =

=[£(x, + Ax,y, + Ay) - (x, + Ax,y, )]+ [f(x, +Ax,y, )~ f(x,,, )]

(p =JAx* + Ay < 5):

Uhpwnblp Lwgpwldh pbnpbip (Ybpowynp wskph pwlwélp)
f(xo"'Ax’Y) (ye 0;¥o +AY L f(x’YO) (xe[x();x<)+AX])
Inillyghwlliph Gjwwndwdp, Yunwiwbp

Af(M0)= f)',(xo +AX,y, +6, -Ay)-Ay + f;(x(, +0, -Ax,y(,)-Ax
(0<8, <1,k=1,2):

Uuwhuny  Af (M, )=f(M,)Ax + f,’,(M0 JAy +a-Ax +B- Ay,
npintbin a = f(x, +92Ax,y0)—f;(xo,yo)A:OO,

Ay -0
p= f;(xo +Ax,y, +91AY)“ fy'(xo»}'o )Ax_:oo:
Ay—0

wyh wowGp wyb, np (x0 +62Ax,yo), (xo +Ax,y, +9,Ay) wp-
qnuibGwnGlpp dqunnud 66 M- h, ipp Ax , Ay w6bipp dquncd GG qpngh
L £, , £, dnlyghwibph wplnhwwnipymlbn M, Ynnid: =

x 7 'y
Thanpmipym G 4; Btnpbd 2—-p wwihu t nhdtipbagbhnipyjwl pwyw-
pwp, pwyg ng whhpwdbin wuydwbGhbp:

1 2
OphGuwy 3: Yhgnip f(x,y)=(x2+y’)-oosm. bpp x> +y’ >0,k

f(0,0)=0: 8niyg wiwlp, np wju pnlyghwi nhdbpbbgbih t M(,(0,0)
Ybwney, vwyw)l Gpw Jwulwlwd woéwgjwiltpp ng dhwyG wplnhwwin
sb0 M, ybwned, wyib wluwhdwGwthwy 66 M, - h judwjwlwG 2pow-
Ywypnid:
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0,0 ? 1
—f(M ).‘vaf(Axole( ! g A); COS(AX )z

= lim Ax-ws(-l;)=0:
Ax—0 AX
. 0
Lyl Ybpuy unnwGmd blp gy_f(M")=0: Ulnd £ unngli, np

Af(Mo) = o(p),: bpnp’

1
lim ——————
a0 JAX? + Ay |
1
= lim y/AX + Ay - cos———— = 0:

Ax—0 Ax° + Ay2

Ay =0
Ujdd hwinqyblp wyl pwlnud, np Swulwlwl wéwlgyuilbnp ng
dhwyG wipGnhwwn 66 M, Yoinnd wyy GnuyGhuy wluwhdwGwthwy &6

1
A((Ax? + AY? ) cos————=—~0
(( Y ) Ax? + Ay? =

0
M, -h quilijuiguié 2npwlw)pnid: bpnp’ gx-f (x,y)=2x-cos =+

4,r,(x2 + yz)

X+y

ﬂhmwnubﬂe M,- hG daquinn

(x*+y?) e

0,5 ’
Mn((—;{+27z-n) ,0} hwonpnuiywGnipimGp: U nbwpmd

%f(M) 2‘}5-+27rn-—)+oo Ujuwntinhg hbwnumd t,  ap

gx-f(x,y)- p ns Shuyyé wplnhwen st M, Yonmd, wy OnyGhul wGuwh-

dwlwihwy t M, - h gullugws pgwijwjpned: U;mu‘%f(x,y) Jwu-

Gwywl wéwhgpuih Gnylwhuh hwnynepniip wwwgnigynid b Giwlw-
Ybpw:
Yunnpmpymb 5: donlGlyghush nhdbptlGgbhnipinilhg M, younma
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hbnbntd b wyn Yhwnd whplGghwwnnipyniGp: bpnp, winhwnnupynilp
M, Yytnnes Gawhwynud £ lim £(x,y) = £(x,,¥, ). Yud’
XXy

y—Yu

lim [£(x,+A%,,+4y) - £(x,,%,)]=0 (Ax = x-x,, Ay =y-y,).

Ay—)O
wjuhlplG ggloAf(Mo)=0: dtipghlp httnknud b nhdbinbGgbihnipyw
Ay -0
(2) wwydwlhg:
Uwhdwlmd 3: Wgnip f Pnillighwl nhPunbbgtih t M(x,y) ub-

wnul: Wn nbwpnud df (M) = £ (M)Ax +f) (M)Ay wpunwhwjnnt-
pintGp Ynsynid & £ - h nhdbipbGghwy M, Ytwnnud: UGGwhs dinthnjuwyw-
Gh nhdbpblGghwip, puw uwhiwGiwh Gpw wih b dx = Ax ,dy = Ay :
auptaa” [df (x,y) =1, (x,y)-dx+f (x,y)-dyt

OphGwy 3: bpt f(x.y)=x"¥ (x>0), www df(xy)=

=sin2y - x¥? .dx + x¥ . Inx - 2cos2y -dy (f pnLlhghwsh nhdtinka-

ghiihmpnilp hwnbind £, Gpw woéwlgywibtiph wGpbnhwinnipynibhg):
Bbnpbs 4 (pupn  dnulyghwih  woéwlgdwl dwuhﬁ) Thgnip

£:G >R, M,(x,,y,)-0 G-h GbpphG Yo b x =¢(t), y = w(t) pnity-
ghwGbpp npnzqué bG ty Yowh U (t,) 2newluypnid, o(t,)=x,,
w(t,)=Y,: teb f-n nhdbnblgbth t M, twnd, huy o(t), w(t)
$mlYyghwltpp nhdbiptGghih &G (woéwlbghih GG) t, Ytwnud, www
g(t)= f((p(t),\v(t)) puipn dniGlyghwh npnadwé t t,- b hGs - np 2now-
Guypntd, nhPbpboghth b t, Yowunw W g'(t) =1 (M,)-9'(1,)+
+fy’(Mo)"V’(to):

Uwwigmgmd: RuGh np f nblghwi nhdbpbGghih t G pwaqdnt-
puwi M, Gbpphe Yownd (3U;(M,)cG), wwuw Af(M,) -
=f, (M, )-Ax +£] (M, )-Ay +a-Ax +B-Ay (0 <p= A +AY < 5):(3)
x=p(t) ,y=y(t) dnllghwltph nhdtiptiGgtithnipjniGhg t, Ytwnawd hb-
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wnbntd t Gnuwig wpGnhwwnnpynilp t;-nud, n-mhﬁﬁ 3U7(t0) 2nowijuyp,
uyGuihuhG, np tpb t, thindhnjuwlwihl nwip At (0<|At] <y) w6, wuww
x=p(1),y=w(t) Imiyghwibpp YunwlwG Ax= Ag(t,)=
=gp(t, +At) -X, , Ay= Ay(ty)=y(t,+At) -y, webp (Gpwlp
Ywpnn b0  dhwdwdwGwy  qnpn thatiy), wjGwhupa, np

|ax| < %,|Ay| < —% =>p= \/Ax2+Ay2 <§): g(t)- o yunwiv we
Ag(ty) =f(o(ts +A1)w(t +At))—f(¢’(t0)"|’(to)) =

= f(x, +Ax,y, +Ay)—-f(M,) = Af (M, ):

Oquytiny f pnmGyghuyh M, Ybwnud nhdtptiGgbihnipjwl (3) wwy-
Swlhg, Yunwlwlp Ag(t,)=Af(M,) =1, (M,) Ax+f;(M,)-Ay+
+0-Ax+B-Ay: @) Jwzdh wolbp @(t) Wt) Pnlyghwltinh wlntn-
hwinnpynGp t, Ynnd, wyuhGpl’ }itr_l;loAx = lim Ay =0 L, nipbdl

lima = hmB 0: (31hg unwlGnd bGp ——= g( ) £ (M,)- ——t-+

At—0 At—0
, Ax ,
+f,(Mo)-Xt-+a--A-t-+ .m o £1(M,)-9 (‘,,)+f (M) ¥'(t5)+

+0-9'(t,)+0-¥'(t,):  Mipbdl 3 g(t)=fi(M) @' (t)*
+(M,)-w'(t,): m
punnnnigymel 6: Unwghl Yungh nhdbiptGghwih nbupp whthniintu

t (hGywphwGwn t): WuhGpl Guiunpn pbnpbdh ww)dwGatphg pfunid L,
np f Pnulyghwyh nhdtiptighwih wnbupp Gy t hGg, tpl X,y thndinfuw-

ywGGbpp (hGbRG wGYwh: bpng  dg(t,)=df(M,) =g'(t,)-dt=
=, (M,)-¢'(t,)-dt+1{ (Mo)-tp’(to)-dt=f; (M,)-dx +f] (M;)-dy

wjuhGpl wowghG Yungh nh¥bpbbghuwih df(M,) =1, (M,)-dx+
+f (Mo)-dy wnbupp GnyGa t hGs, tpb X,y thnhnfuwlwGGbpp |hGbhG
wiywh: Pwyg dhwyG wbupp, pwGh np  wju nbupnLy
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dx=¢'(t))-dt,dy =y'(t))-dt: buy wilwh hnnuwywiGsnh
nbwpny dx = Ax ,dy = Ay :

yzxﬂ,afCtz(XY)), npntn fu,v) - 6
nhdtipblGgbih $aulyghw t: Cun phinnnnipynil 6.

af =’ od( yzxﬂ)-{-fj -d(arctg(xy))= . .

OphGwy 4: 3wyytlp df(

. '(yz +1).dx-22xy-dy of- xdy + ydx
(v*+1) 1+(xy)’

f pnLGyghwih dwulwlw wowhgyw| Gph wpgniitbGnGpp sua gpywo):

U)dd pOnhwlpwgllilp nilyghwih woéwbgjwih vwhdwlinidp puwn
wewGdhG pnpnfuwlwaGbph, nhnwplbind npnwlhnipiniG  hwdwp
tpbip hnthnfuwlwbh nbwpp:

(wwpqnipjwl hwiwp, wyuwnbn

6. UDULB3UL Sd3UL NHMNHASUUR, SPUNPELS

thgnip f(x,y,z) Pmbyghwd npnjué t M, (xo,yo,zo) - ftwh
Uy(M,) 2ngwlwypnud: ] (cosa,cosB,cosy) dhwynp yblwinp t, nph
ulqplwybwp hwoGyGnd t M, Ytwh htw, o -6, B-G, v-G wn

Jywnph Ywqiwé wilyniGGhpG 66 hwiwywuiwGwpwp Ox, Oy, Oz
nnwlwi YhuwowGgpGnh htin (nbu GY.14):

-

Uy 14
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M, ytinnd  nnwGbGp I dbywnpp  wwpmbwynn a  nphnp:
dbpgGhbp Ywiwjuwlwi ‘

M e Us(M,)Na Youn: Nepbise MM 1 [ = MM =A.]

A>0 = MM ™7, A<0 = MM N I, |\=[MM)):
£(M)-f(M,)

A

www wil Ynsgyned b f SmGYghwih woéwlGguuy M, hbwomd |/
nunnnupjuidp:

Uwhduwlined 1: 6pt qnyntpyniG mGh llmg =%§(Mo).

Bbnptd 1: Yhgnip f-p npndws t M, Ywnh Us(Mo) 2noww)pnd
L nhdbtpblghih t M, Ybwnmi: U)n nwpmd gnjmpyntG nuGh %(M‘))
R

of of , of of

E(MO)z &(MO)- cosu+-a—y—(M0)-cosﬂ +~a—Z(M0)-cosy (1)

Uwwgnigmd: @wGh np M(i,y,z) e Us (My)Na,  wuyw
MM =Al = x-x, =Acosa, y -y, =AcosP, z-z, =hcosy ([N <8):
MpbaG f(x,y,z) = f(x, +Acosa, y, +AcosB, z, + Acosy) = g (1) : Upuwnt-
. f(x, +Meosa, y, +AcosP, z, + Acosy) ~ £ (X,,¥4.%,) _

o
g —(M,)=lim "

(l);g(O) - g’(O)

=lim 9
a0

6. p. 4 g'(0)=f"(Mo)-(xo+2\.cosa)'+fy’(Mo)-(yo+MosB)’+

: Buwn pwpn dnuGlghwih woéwhgdwh YwhnGh

+£/(M,)-(z, +hoosy) =%(Mo)-cosa+-g-fy-(Mo)~cosB+

of . of
+~6—2(M0)-oosy = —a—l—(Mo): =

SYunnnmpynel 1: Twng t, np bpt dwubwynpuwbiu I=i T1ox,
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wjuhlipl® a=0",B=y=90", wyw' §£(M )=§£(Mo): UjuhGpG

wowlgjuy wywd nuinnnipjwdp uwhﬁwﬁnujn Qﬁnhwﬁnwgﬁnuﬁ t
wéwlgjw) puwn wnwhdhG hninfuwlwGGbpp vwhdwGnudGlpp:

Uwhdwlmd 2: M, ybunns £ dniGyghugh qpwnhbGn wubiny

hwuuwﬁmd G hbmhjwl duywonpp  gradf (M,) = Gf(M0 )=

of
(M )75 (Mo ) ( o))
annhbﬁmh 0h2n9ml (1) pwlwdlp Yqnpyh
of -
—él—(Mo)= gradf(M,) -/ =|gradf(M0]-cos¢) ()

wbupny, npunbin © -G It gradf(Mo) yblywnnpGtph Yuqiwé whilnGa

L:
(2)-hg htimlinid t, np £ PmGYghwh wéwbgywip « f- h thnthnfune-
PJwl wpwqnipjnilp» M, Yl dbéwqnyGa t wyn Yewnn £- p qnw-

nhthwh ninanipjwip:

7. DNFLUSHUSP RUP2P YUPGH USULSSULLEN by thdENELSPULLEN

Uwhdwlmd 1: dhgnip [ (x, y) Inillghwh npnzdwé t Mo(xo,yo)
Yewh znowluwypmd, npubn w)d mGh SwuGwywb wéwbgjwyGlp’

g( xy), %( x,y): bpb qmynipymLl nLGbG:
a(of Ot 9
a(‘a';()w)) = (xy) =1 (xy). [
=£ (xy). -(%(ﬁ)( %)=

dx

21 (x,y)=

o

L )=t (). (j(x,y)

2

(x,y)=fy': (x,y) wéwhgyw Gpp, www Gpwlp Ynsymd &G
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’

é'f

Oyox

tpypopn Ywpgh  Swulwiwl wowlgpu Gip: (x,y) = f: (x,y),

&'f "
. (x,y) =" (x,y) dwululywt wéwgyuGtnp Ungintd b0 fuwnp
CxCy :
wowbgyuy Gbp:
hGnniywnhy  dbpnnny  uwhdwbymd &G wybih pwpdp Lwpgh

-~

’f é(ef
dwulwlwl woéwGgjuiGbp: Ophlwy c (xy)=— < (xy):
excy” éx\ ¢y”

Lywwblp, np juwep Gwubwlwl wowhGguibbpp Ywpnn GO
shwdbyOby:
xz_yz
ophGwy:  “hgnp  f(x,y)=xy——=, bpk x*+y*>0 U
X +y
f(0,0)=0: Jwyyblp wju PmGyghush fuwnp wéwlgjwillinp (0,0)

yownnd: 7 (0,0) = (—;—y(f" (0, y))j - '

y=0

£(0,0) = ((x,0)) s-0 = (0)

=0: (1)
o(x —xyzj
x=0

£09)= (5 (), 0 =y 2] S

2 AWM evi)— Y xy’
(3x y )(X ':'y )2 227((" Xy ) =-y (y;&()) (2)
(x +y ) 0

(1), @ = £(0,y)=-y (yeR)=f(0,0) =(—y)" =f; (0,0)=-1:(3)

=Y

Jwpyblp wydd f;’x(o,o):( d (f;(x,o))j - MGG

dx x=0

£(00)= £-(F(0.y),-0=(0) =0. @
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f(xO (x —3}’ XX +)’) 7}’(Xy y‘) =X (x¢0): (5)
(X +y )‘ s20

(4), (5):fy’(x,0)= (xeR)=f(0,0)=(x) , =17 (00)=1: (6)

(3). (6) =1 0 O);t £, (O O) Ujdd wwpqbiGp pb fuwnp wowbGgywi-

Gtipp &°np GG humﬁuﬁnu).
©Bbnpbd1: Thgnip f $nillyghwl npnydws t M,, ytiwnh U,\(M(,)

2ngwwjpnid L niGh wynnbin fuwep f7) (x.y), i\'\(xv) wéwhgywbtip,
npnlp wlpGnhww 66 M, ybwnns: Ujn nbwypnid fuwnp wowhgwGtipp
hwdGyGnud 66 £7, (M, )=£" (M, ):

Uwwgnigmd: dbpgGtip h wo (O<|h|<6) L Ghpdniétbp odwl-
nwy dnilyghw  @(h)=f(x, +hy,+h)-f(x, +hy, )-f(x,.y, +h)
+(X0., )

®(h)-p yunbth ahowplty npwby @(x)=f(xy, +h) f(xy,)
dnilyghwih wép [x,;x, +h] Shewlwjpms™ @(h)= e(x,+h)-p(x.):
Oqulbiin Lwgpwldh plinplidhg (Ybpgpwynp wsbph pwlwdlhg),
Juunwlwip O(h)=¢" (x,+0,-h)-h=[f(x,+6,-h,y, +h)-
—f, (X, +6,-h,y,)]-h (0<8,<1):

Lnphg  oquuftlp  Lwqpwldh  phinpbdhg,  nhwwplbtiny
f;(xo +91h,y) Pnyghw [)’02}’0 +h] Shpwlw)pnid, Yunwbwbp

D(h)=1 (x,+6,-h,y,+6, h)-h* (0< 8, <1): (1)

Lnil (D(h) $nillyghwt  Ywpbth nhuvwpll; Gwl  npybu
v(y)=f(x,+hy)~f(x,y) pmlyghush wdp [y,:y, +h] dhewlw-
pnd (D(h)=\;l(y,J fh)—\u(y()): Uhpwebiny LwqpwGdh plinptdp,

Yunwlwbp D(h)=y'(y,+6;-h)-h=[f (x,+h,y, +6, -h)-
-f;(XOvYO"'ea'h)] h = f"( X, +0,h.y, +9, h)h™:
Ujuyhuny CD( )=fy_\(x“ +6,h,y, +93h)h‘: (2)
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0Gn npnud (1), (2) - mi 0<6, <1 (k=1,2,3,4): (3)

(1), @ = f7,{xo +6,h,y, +0,h) = £, (x, +6,h,y, +6:h): @)

UGgGhGp (4)-md uwhdwGh, tpp h — 0, hwayh wnGGp (3)-p L
£y, £, dnGughwltinh wapGnhwwnipyniGp M Ybnnud: YuunwGwip
f:y(MO)-:f;x(MO): =

Uwhowimd 2: £ $niGyghwi, npnqwé M - h Ytnh hGs—np 2pow-
Yujpnid Ynsynd t n wlqud nhdbntlghth M, Ytwnnuy, tpt wyn Yewnnud
nhdtiptiGgtith t £ $niyghwl L Gpw pngnp fwulbwywid woéwlgjwlbpp

6hGsk n —1 Yuwpqp:
Pbnpby 2: bpt f dniGyghw, npnadwé M, -h Ytwnh has-np 2now-

Yuyenid, bpynt wlquwd nhdbtipbGgbih t M, Ybwnud, www Gpw fuwep
woéwhgywGtpp hwdiplGyend &6 f:y(M0)= £, (MO):

Phnptidh wwywgnygp Giwh t Gwlunpn pbnpbdh wwwgnighl, niu-
wnh w)l s6Gp pliph:

Uwhdwtmd 3: hgnip £ $oiGlghwt, npnzdwe M, (M, € R") yb-

wnh hGg-np 2powlwypntd, Bpynt whqud ghiabnhﬁgblh E M, ytinnid: Gpy-
pnpn Yupgh nhdbptGghwi M, ybwnmd wubind hwuwinud  Gap

n 2
dzf(M0)=Zaijdx,.dxj wbuph qnuiwpp, npinbin a; = ot M,):
ij=1 0x,0x;

©bnnbd 2-hg plunid L, np a;=a; (i,j=l,...,n): tpypnpn Ywpgh nhdt-
pbiGghwip (d°f(M,)) Ywpbih t nhiby, npwbu wawehG Ywngh nhdb-
pliGghwih nhdtpbGghwy, tpp dx; wébpp hwiwpynid &6 hwuwnwinne-

Gbn, huy Gnp (dx)) webpp hwiGyGnd b6 hwdwwwinwufuwh hha (dx;)
wdbph htiwn:

tpunnpn Gungh nhdbptGghwip hwdwswdh pwrwlnuwihG &b t
dx, webph GYuwwndwdp: U6 Ywpbith t Owl GipYwjuwglty hbnbywg Yhpw'

2
0 0
d’f (M) = (g— dx, +...+ -5x——dxn) £ (M) : Apwodh hiwuwnp puguinpbip

1 o

92




n=2 nphypmd d’f(M)= [gi-dx+-§;dy) f(M):dx’(éa;) f(M)+

& 0 (oY Ff(M) .  Ff(M)
2.2 dv?| < B i dx
+2dxdy £ (M) +dy ( ) f(M) —=dx* +2———"dxdy +

L FE(M)

6y2 —— L dy?: uniG Ytipy uwhdwGynd &G wyblh pwpdn Yupgh nh-

k
0 0
df = | —dx, +...+ dx | f.
$tpbghwiGlipp’ d*f (a] i 5 n)

n

8. BL3LNAMh PULUIGYUL

Lwlu hh2bGp 0bY thnthntuwlwih nbwpp: haswbu ghuinblp (intu [1]).
bpp £ PniGhghw, npnayws X, Yawnh Ug(x,) 2pewlwipnud L nilh

wyn Ytwnnd 0hGsk n Yupgh wowlGgyuwilbp, www dniblyghwl Ghplw-
jwgynud t @) nph pmﬁwéhm{‘

f(x)=f(xo)+—= ( )(x o)+ -—(£—°-)-(x—-x0)2+...+ 1
+f(n)(xo) N

(x=%,)" +1,(xX,),
npintin 1, (x,xo) dGwgnpnuihG  wlnwdp nGh  MGwlnh  nbupp’

r,(%.X,) = o((x —-xo)">:

© bph (X —Xx,) - O GuulwykGp Ax - nd, b hwadh welblp, np
£(x)—£(x,) = Af(x,). d*F(xo) =T (%,)-dx* (dx = Ax), wugw (1)-
0 YpOnniGh hbnbywy inbupp:

Af (xg) = Zk d*f(x,)+o(dx") 2

(upb f PniGyghwyhg wwhwhoblp, np wyiG X, Ytwnh Us(xo) 2nowijuy-
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’

pnid niGkiGw GhGsk n +1 Ywpgh wowhgyu bbip, www Bt nph (1) pw-
Gwabh 1, (x,x“)ﬂﬁwgnnnwmﬁ winwdp YnGtiGw Owb wy nbuptip’
LwgpwGdh, Unzhh L wyi [1]): »

Uhw wyu ((2)) wwpq ntupp pGnhwlpwgynud t 2wwn thnthnfuwlwGh
$niyghwh nbwpntd:

Btnpts 1: bpb f dnlyghwl npnaqdwd t M, (M(, € R") ybenh
Uﬁ(M(.,) apowhuypmd b N1 whqud nhptinthghih t M, ybuinnd, www
wyG YGppnedyned t @Ljinpp pwlwalLp

< d“f(M,) _
Af(MO)—ZT+r(MO,M), npntn 1(M,.M) dGwgnp-
k=1 :
nuishG winwdp niGh Mbwbngh nbupp r(M(,,M)=o(p"): p=p(M,. M),

- =0:

o\p
Me U(_.(MO), Af(M0)=f(M)-f(Mo), lim ——
_ MM p

Ptnpbth wwwgnygp tbu [2] - nud: i
Yunnnmipym0: Npny, (pwgnighs wwydwhbbph ntiwpnid BLinph
pwlwadbh (pwgnighs wﬁn\uﬁn.r(M},,M)— p mGh wy wbuptip, ophlGuwy
bpt { -p M, Ytnh UG(M(,\) sppwlwypntd nuGh uhast N +1 ywpah
whplnhwin woéwlGgyuilbp, www r(MU,M) dGwgnpnwhlt winwdp

1

(n+1)!

(0<6,.0, <1, Ax*+Ay’< §%) (nbu [2)):

niGh LwqpwGdh ntupp’ r(M M) =

d™'f(x,+0, -Axy,+0. - Ay
¢ ! f 2

9. bﬂfhﬁShuah teusreUNFULEN

Vwhiowlmd 1:%gnp f: G- R (G c R“), M, -G G -hObp-
phG 4w t (3 Uﬁ(Mn)C G): M, -G ynsynd t dwpuhtnidh (ShGhdnudh)

Wb, bpt Fy>0 (y<3) . YMeU, (M,):f(M)<f(M) (f(M)>T{M,)):

Uwpupdnudh Ywd ShGhdnudh Yawnp Yngyned £ tpuwnpbidnudh yhn:
tpt, nppwh b thnppugltlp «Swlwéd» powlwiph swihubipp npng
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yhwbpnd  Shan  t hwqwuwpnippwl  GawGp  f (M)<f(M,)

(f(M) 2 (M, )) www M, Ytnp Yngdnud t ng fuhuwn Swpuhdncdh (dh-
Ghdnudh) Yhn:

OnppGwy1: f(x, y)= 1 —(x —y)Z: Mwpq t, np (x(,,x“) , X, €R yb-
ntipp  hwinhuwlGnud 66 ng fuhunn dwpuhdnuih Ybwnbp, pwlh np
(X, %, )-h nppwG i thnpp 2pewlup plwnptGe, y = x nunnh Ytnbpned
PniGyghwl pbnnilned b dbidwanyl, 1-h0 hwywuwn wpdtipp:

Bbnpbd1  (tpunptidmuih  wlhpwdbinn  wwydwGp):  hgnip
f:G->R (G c R"SI, M, -G G-h GpphG Yhwn t: Npwliugh M -G th-

Gh tpuwnptionudh Ytivn whhpwdtin t, np wyn YEwnud gnjnipiniG nibtignn
wowohG Yuwpgh dwulwbwlwl wéwbgjuitbpp, hwywuwnytt gpngh:

Ujuwhuny tpumnpbidnudh Ybwbp Ywpnn 66 (hGbp dhwis npnzdwh
whpnyph wyl GepphG Yhwnkipp, npntin, dhqnig npnz wewghl Ywnah
dwulwlwl woéwlgyuiGtp gnnipniG sntltG, huy pninp gnynipnil
niGignnGtipp hwywuwp |hGEG qnnjh

Uwwgmgm d: t%hgnp M ( (,0 yeeesX (0)) G dwpuhdnuih Ybwn €

3U,(M,) =G, uyluhupl np’ VMeLLY&(MO): f(M)< f(M,), L, n-
nnzwlihnipjwl hwdwp 3 f;(Mo)5 Ohgmp g(x,)= f(x,,x{qm, xtﬂo')
(lxl-x§°){<8): Mwnpq t, np g(x,)<g(x§°)) tpp (0<1X1'X1 l<6)
wyupipl x\” -G g(x,) dnbyghwjh Swpubunudh Yt t: wGh np
3 g'(xﬁ‘”):f’I (M,) U, putn Dipduyh ptinpbidh (nbu [1)) g'(x(,‘”):o,

www' f; (M;)=0: =
tputnptidnudh puwywpwp wwjdwGitpp Ywwyws 6 bplpnpn LJwpgh
nhdbptGghwih htin, npp pwnwlniuwihG &b t dx, (k=1,...n) wgtph

GYwwndwdp: Nuunh, mumdﬁwuhnbﬁg pwnwynuwihG dlbph hwunynt-

pjnLGhLpp:
2unwlniuughG ab t Yngynud htnbywy nbiuph dnibyghwa:

(&> Za.ﬁ 53 (1)

ij=1
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npubin a; qnnpéwyhgltnp hwunwunnGabp b6, pGnnpmd YaGpwnpblp,

np pwowyntuwihl dbp hwowswih t, wjuhGpG’ a; =a, i,j=12,.
UwhdwlGmd1: Runwynuwghl dup Yngdmd bt npwiwl nnnzqwo,

tpb’
v(g,,...,gn);e(o,...,o) : (D(ﬁl,...,én)>0:

Uwhowlmd 2: Rwnwyniuughl &bp  Yngynd * t pwgwuwlwb
npnzwd, bpl’

V(&) £(0,,0) ¢ B(Enky)<

Uwhdwlbnd 3: Runwyniuwgh aup Ynsynid b GauwGwwlnpny, bph’

3 (&) 5 (Efl) @ O(&y) >0, (&8, ) <Ot
Bbnpbd1 (*Uphybunnph wuwydwGGhipp )
1. Npwbugh (1) pwawyniuwshG dup |hGh npuwlywl npnzdwéd wihpw-
dtiain t L pwywpwp, np A =|‘aij“i - hwiwgwh Swwphgh papnp gifuw-
dnp wilyniGwqdwihG ShGnpGhpp hGE0 npwlywd

a a

117" = n

a,..a,

2. Npwbiugh (1) pwnwyniuwihG dup |hGh pwgwuwlwbd npndwd
wlhpwdtiwn t L pwdwpwnp, np A = "a,.j":‘j_I hwiwswih dwwnphgh pninp

giluwynp wOYnGwqéwihG dhGnpGaph GawGGhpp hwenpnbG  hpwp
ufjuwéd pwgwuwlwbhg

a,.a
1 3y
a, <0,
21 82

Ptnpbdh wwwgnygp sbGp ptiph: WG dbyGwpwlblp n =2 nbw-
pmd” O(E,n)=2a, £ +2a,En+a,,n’: Rwhh np 1-3 uwhiwbniiGbpnud
£,n tnthnjuwwGGtpp dhwowdwlwy qpn kG, www, ophlGwy btpp
n =0, nGkGp’

' Updbuwnp Sbpdu Inqtip (1814 - 1897) - whqhwgh dwpbdwwnhynu:
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O =7’ -¥(x), ¥(x)=a,x>+2a,x+a, (x = %)

Ohgnip A=a,a,, «-a,z2 = —% D -a ‘I’(x) pwnwlnLuwihG
trwlnwidh wwpplinhsh t): Swppwlwo dwphdwwnhyuwjhg hwjnGh t, np
tpp A>0 (D < 0), wyw a;, > 0nbwpntd pwawyniuwshG tnwGnuwdp
plnnelned £ dhwyG npwlws wpskpGhp, a,, <0 nbwpnid’ dhwjb pugw-

uwlw0 wpdbplbp, huy tpp A<O (D>O), wujw pwnwlniuwhG

brwOnwdp sniGh npnawyh Gawh (Gawlwuwlnpny t): Unwgdwép hwiw-
wwuluwlnid t pbnptidh 1,2 wGnnuiGophG (wnbiu Gwl uvwhiwbnui3.-p),
B
pwlh np =a,a, —a, =A:
a1 8y

Bbnpbd 2 (tpuinpbinudh pwywpwp wuwsdwGGbpp):

Mhgnip f: G R (GcR S M (xf‘, . ‘")) G G - h GbipphG
yown t (3 UE(MO)CG): GhpwnpbGp Guwl, np f $nGYghwl Gpine
wlqwd nhpbpbGgth t Myybwomd L df(M,)=0, wjuhGed
Ex_(M ) 0,k=1,.,n: bpb 1. dzf M ) Za dx;dx; puwnwym-

i.j=1
uwhG dlp npwlwh npnzdwé t, wyw M, - 0 ShGhinush Y t:
2.d2f(M0)—ﬁ pwgwuwywh npndwé b, wwyw M, - G Swpuhdnidh
ytan £ 3.d%F(M, ) — G GawGwwGnpny t, M, - G tpunpbidnudh Yhn st:

Uwwgmgmd: GGpunplGp, npnwyhnipjuG hwdwp, np dzf(Mo)
pwnwlniuw)hl dLp npwlwh npndwé t: f dnGyghwh Ytpniétlp puwn
Pujinph pwlwdbh n =2 ptwpnid: Iwyh welbiny df(Mo)z 0 wuwy-
dJw(p, Yuunwlwbp

f(M)-f(Mo)=%dzf(Mo)+0(Pz),
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M(x,.%, ) €Us (M), p=p(Mo,M)= ZAxk, x, =dx, =

X, — Xo:UuphGpld' L ‘ :
f(M)- f(Mo)— Zaudxdx +ofp? )=——(Za,,§§ +a) (1)
1_|—'l i, j=1
o), |
npinbin’ & =—" a=— 'fﬁ wGytpg thnpp t, bpp dx; = Ax,

p

n 1 n
wébpp 4quntd GG qpnjh: 3wydp weGkGp, ap° Z&i =?dei =
k=1 k=1 )
2
=B;=1, wjuhOpl ( ,,,,,én) Ytwnp wwinyuwlbnud t Shwynp qlnughG
p .

dwlbpnyphG (S,(0)): Mupbua, ®(,,....E Zaugg $nuGlighwd,

ij=1

app wpGnhwwn b wyn thul, uumaluuwqu S,(0) swybplnyph Ynw,
nGh pnppwgnyyl wpdtp M = mind)(ﬁl,...,én) = (D(éi,...,ﬁ;)> 0

(&1:--5) €8, (0):

Rwlh np o-0 wodbpg thnpp t, pp dx; = AX; wobpp dqunud LG

qpjh, www' 3U, (M) (v<8), YMeU ,(M,):|o]<m: Upuwnbnhg

htwnbnud £, np 00> —m b, npbd@ f(M) f(M, )—E(Zaugg +aj>

ij=1
2
>92—(m—m)=0: Uyuhtpl VMeUY(MO): £(M)> £(M, ): Nupbut

M, -G SpGhdncdh Yo b Unylb Ybpy wwwgnigynid t wjh, np tph

dzf(Mo) pwnwlniuwihl dkp pwgwuwlwl npnadwd t, wwyw M, -G
dwpuhdnioh Ytin t:
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Ujdd bGpwnpblp, np dzf Za h.h. <D [pes .,hn) pwnw-

i

YniuwghG dup Gawlwwlnpny u1uhﬁgﬁ EIH(h], h! ),CD(H')>0 L
3H"(h;',...,h:), (H”)<0. UwwgnighGp, np M, -G tpuwnpbidnuih Yt

st: bpb, GuuGwybGp & = nh‘ & = ; (i=1,..n).

S) )

wwyw M'(E),....& ), M"(E],....E") Ybwnbpp wwinhwanud bG S,(O) dhw-

dnp qlnwjhG dwybplouyphG (D (€, F =D (ELF =1): Mwpq t. np
k=1 k=1

O(M)=—ro ! O(H)=A>0,0(M")=— !
1\2 »
2 (h) 2 (m])
k=1 k=1
gnp X =x"+p-&, x'=x+p-& (i=1,..0): M(X),.x),M(x],..x])
Yuwbpp hbnwgywé GG M, Yhunhg dhl.ﬁnuﬂ p swihny: bpnp, ophGwy

_P(MI:M0)=P“,Z(§;)2 =p: Ruth np (1) - h dbp lima =0, wuu
! k=1

dye (0;8) wybGwhuhG, np VM e {j'{ : Ial < min(A,- B): Lwih

O(H")=B<0: -

am  p<y, wyu f(M)= 2(A+0.) pz(A-A)=O, hul

2
£( ')=92-(B+q)<92—(B—B)=0: MnbdG M, — G tpuinpbianudh Ybin
st: =
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V. MUPUUGSMhS YUIUD huSEIrULLED
1. MUAPUULSPPS LUJUD NPNCSUL hLSEGRrUL

Uwhdwimd 1: hgmp feC(D), npnbn D= [a;b]x[c;d]
(a<b,c<d) nnnullyma t : Un nbwpned, jnpwpwlbgynip y € [c;d] -h
hwdwp f(x,y) -p Y(hGh wGpGnhww pun X -h L, nipkidl gnynep)ntl niGh

b b
If (x,y) dx hGwbgpuwip, nnp dnillghw t y- hg' F(y)= If(x,y)dx

(y € [c;d]), wyb Ynsdnud t wwpwabinphg Ywiudwé hGwnbapuwy, huy y -
¢’ wwpwibunp:
Llwinkilp, np wwpwdbnpbpp Ywpnn b6 b6 deyhg wyb h: Pwgh
wyn, hGunbgpwih uwhdiwGGhpp Gnywbu Yunpnn 40 ywhujwé (hibp ww-
B(y) '
pwitwnphg F(y)= j f(xy)dx (aBe C[c;d] L vyeled]:a(y),
a(y)
B(y) € [a;b] ): NundGwuppbGp wwpwibnphg Yuhuwo hGwnbqpw) Gt-
nh hwwnynep)nibbtpp:
Blinptd 1 (whplphuwnnpywl dwuhl): Gpb { € C(D), L

F(y)= b]‘f(x,y) dx, wyw F e Clcid]:

Uwwgmgmd: tingllp Vy, € [c;d] L wwlp h w6, wyGwhuhl np
¥, +helcd]: F(y) Pnilyghwi yunwlw AF(y,) =F(y, +h)-F(y,)=

=®(h) w6, pln npmud’ |<D(h)|= l:ﬂ:f(x,yo +h)—f(x,y,)] dx|<

b
< _ﬂf(x,yo +h)—f(x,y,)| dx:
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Ruwbh np fEC(D) L D- 0 dhuwy vwhiwGwhwy pwqdnipiniG t,
wyw f - p hwjwuwpwswh wGpbnhwn b Ve>03 3(¢)>0,

VM,, MeD,p(M;M)<3 : [f(M,)-f(M)<

b-a
bpt pGupbGp M, (x,y,), M(x,y, +h) Ytinbpp wyGwbu, np || <8,

wyw p(Mo,M)=|hl<5 L, mpbdG 'f(Mo)—f(M]<B-a—: 3tunbw-
-a

b
—_—e . b -
pwp ICD(h)ISb—_a a_[dx:tr:: UWjuhGpG }}_13(1)(11):%]1_;’%[312(),0):0'

nnb ty GawGwynud t, np F-p wlpGnhwwn t y, Yownud: RwGh np y,-0
Yuwidwjwlwb Yt t [C‘d] hg, wyw F eC[c d] []

Yunnqmupyncl 1: Bhinplidh ww)dwhGbphg hbnbnud £, np Yupbgh t
whglti| uwhdwﬁh hGubqpwih GowGh tnwy, hnnp

lim ff(x,y)d.x hmF() F(y,)= If (x,y,)dx =

Y2Yo

= hm f(xy)dx

Y—’Y

@Bbnptid 2: tpt® f e C(D), a,BeClcd] L o, B PniGyghwhtph

wnpdtplbph pwqinpyniGGbpp wwpniGwyynid ba [a;b] - nid, wwuw
B(y) ' :
F(y)= J' f(x,y) dx $nlyghwt wipGnhunn t [c;d] - nua:
a(y)
Uwwgmgmd: dbpgGhGp Vy,yoe[c;d] L nhwnwplbtp ®(y)=
B(¥e)

=F(y)-F(y,)= B(ff(x,y) dx- [ f(xy,)dx

a(y) 2(ye)
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a(yo) B(o) OBy
o(y)= [ f(xy)ax+ | f(xy)dx+ [ £(xy)dx

a(y) a(¥o) B(va)
B(vo) (yo) ()
- | f(xyo) dx= [ f(xy)dx+ [ £(xy) dx+G(y),
(o) - a(y) B(¥o)

nnbn,  G(y)= _ﬂf X, y) f(x,yo)]dx —) 0 (wbu p.1): Rubh nn

a(yo)
f e C(D), wuyw wyl uwhdwlwhuwy t IM, V(x,y)eD: |f(x,y | N<M:

Jwyp wnGbyny Gub a( ) hmﬁnﬂnhwmmpjmﬁn Yo Ytwnd, unw-

“()’o)
Gnud bOp' If(x,y) dx| <M jdx =M|a(y)- m(y(,)ly_’—>y 0: 3b-
a(y) aly) 0 .
o(yo)
wnbwpwp’ hm I f (x,y)dx==0: UnyG Yupw wuugnigyned t, np
7 afy) !
B(y)

lim J- f(x,y) dx =0: Wuwhund lim ®(y)=0, wjuhpl F(y)-p
Y-Yo B()’o) Y-Ye
whpGnhwwn t [c;d] hwnjwsh Ywowwlws y, Ytnnd b, npbdl
FeC[cid]: m

YunnpnipyniG 2: Bbnpbd 2 - p plinhwlpwgynid t wyl nbwpnud, bpp
wwpwibinpbpp dbyhg wybihG bG:

OphGwl: tph <D(u,v,y) = ].f (x, y)dx (u,ve [a;b]) Lfe C(D),

wuyw ® e C(G) (G= [a;b]x[a;b]x[c;d]):
Pbnpby 3. tph f(x,y) $nilyghwl jnipwpwlgnip y-h hwiwp
(ye[c;d]) wonGrhun t pun x-p [a;b] hungwenis b f] e C(D),
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b
wyw  F(y)= [f(xy)x  9mOughut  odwquws t hbwnbyuy

b
hunaynipjnilopny’ F e C'[c;d] L F(y)= jf;( X,y )dx :

Unygmgm d: Jbpglhlp Vy, e [c;d] Lwnwlp h # 0 ws, wjluyp-

uhlG np y°+he[c;d]: Gpb Grwlwlbep (I)(h)z F(yo"“hz"}‘()’o)._

b
~If;(x,yo)dx. www pudwiywG b wwywgnighy, np £in(1)<p(h)=0;

Uhpwabpnd  Lwepwldh  panpbdp  [1],  GuinwGwGp ‘(D(h)=

;}[f(x,yo-bh)-f(x,yo)_f; (x,yo)de= |

h

==]'[fy’(x,ye+0-h)-fy'(x,ya)]dx(ee((),l)): futh np f] e C(D),
wu:w wjl hwywuwpwsw wipnhwn t D- md Ye>03 3(¢)>0,
YM,, M eD, p(M, M) <5 :lf;(M)—f;(Mo)kff_—;: bt phin-
pup M, (x,y,) , M(xy, +0-h) yuwnbpp wyGwbu, np |h|<8, wyw

p(M, M) =8-{h| <[} <6: mpbist’ |@(h)) < ﬂfy’(x,yo +6-h) £} (xy, )| dx <

b |
Sbia JdX=s (<3):  uuptps im®(h)=0: Wughuny

b
Vye [c;d] 3F'(y)== J.f '(x, y)d.x: Ujunbnhg L ptinpbid1 - hg unwnLd

tp, np F' e C[c;d], nipbidG’ Fe C' [cd]: m
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Blinpbd 4 (wowlgdwl Luyplpgh Ywlnbp). Geb £f) € c(D).

apeC [c;d] L o, B Pnilyghwibph wpdupllph pwquntpynGibpp ww-

B(¥)
paLGulymd bG [a',b] -nd, wyw F(y)= I f(xy) dx Pnlyghwl odw-
ao(y)
< By '
Jué b htinbjwy hwwnynipyntGGepny’ FeClcd] L F(y)= jf;(x,y) dx+
aofy)

H(B(Y)) B ) -f(e()y)o(y): M
Uywgmgmd:  tpb  Gawlwyblp’ d)(u,v,y):]f (xy) dx

(uvelaplye[cd]). wwyw Fly)-o Whth pwpn Pniblighu’

F(y)= (I>(a(y),[3(y),y): Mupq t, np O eC(G) (nbu nhwnnnpymta 2),
nptin G = [a;b]x [a;b]x [c;d]: Oquytiny dhninfuwluwa Yybpha b uwnn-
nphG uwhdwGGEpny hGunbqpwGhph hwwnynipyniGGphg, nhwinnnupynil
2-hg L ptinpbid 3-hg Yunwlwlp' O, (u,v,y) = -f(u,y) (@ e C(G)) .

@, (uvy)=f(vy) (@, € C(G)) u @, (uvy)= jf; (xy) dx

(f eC(D)=>, € C(G)): Uinugwtp, np @ -G nhpbnblgbih t G -my,
pwlh np Opw SwuGwlwl wowGgyw bpp wGpGnhwwn 4G YUhpwabiing
puwipn $niGyghwih wéwbgdwh Ywlnbp (nbu 5. p.4), unwGnud kap (1)-p:
[ |

Bbnpbd 5 ( hGinbgpiwG Ywpagp thnfubym dwuhl ): Gpb fe C(D),

b
wwuw, puwn pbnptd 1- h F(y)= If(x,y) dx pnLGyghwh wplplnhwn t

d
[c;d] -l L, nupbdG qnynipyntl nibh IF(y)dy, app Ywpbih hwayby
thnjubiind  hGunbgpdwl Yupgp' jF(y)dy= Idx If(x,y)dy, wyuhlpl’

a <
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d b b 4 . H P . )
Idyj'f(x,y)dx = Idx If(x,y)dy: 1)
Ugwgmgmd: Jupglklp Vte [c;d] L wwwgnighlp wybih

t t b
pnhwnip  wlnmd, bpb  o(t)= I F(y)dy= J.dy jf (x,y)dx,

w(t)= bIdx ]f(x,y) dy, wuyur

p(t)=v(t) te[cd) 2)
(tpp t=d , www (2) - hg unwgynid t (1) - p)
fubhnp Fe C[c;d] , Wyw
b

o)=L frly)ay=F0)= fits)ax

buy y(t)= jG(x,t) dx, npmbn G(xt)= If(x,y) dy: Cuwn

ptinptid1.-h G(x,t)-ﬁ wipGnhwn t pun x-h b, nupbdo \v(t)-ﬁ npn2jwd
t [c;d] hwwndwénid: Lwlh np f(x,y)-n whpGnhwwn t pun y-h [c;d]
hwindwond, www' 3Gl (xt)=f(xt) b npooe G eC(D) :
Yhpwabiny pbinpkd 3. - p, Yunwbwip
b b .
v(t)= [Gi(x.t)dx = f(x,t)dx : @)

3),(4)= @' ()=v'(t) (telsd): mpbar p(t)=y(t)+M,
npintin M - p hwutnunnG t:
Pujg  o(c)=v(c)=0, wuhtp M=0: Uuuwhuny

o(t)=v()= o(@)=¥(d)=(): m
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2. MULrUUGSPPS LWUYNUDS ULPUYULUL bLSESPULLGD
Updd ghunwpybilp wwpwdbinphg jwudwé wihufuwlwl hGnbgpuwy-
Gbp: Npnawlhnp)wl hwdwp, pGOwpltiGp dhw)l wewphl ubnh wihu-
Ywlw hGunbgpwih nbwpp: bpb f(x,y)-n wlplnhww t pun x-h

(y € Y ShpwluwijphG), www F(y)= If(x,y)dx Yngyntd b wwpwibun-

nhg Ywiujwé whhulwlwi hGnbhgpwy (Wwpwibnpp y - GL): Y dhow-

Yuypnd (Ghowlwyph jmpulgnip Ybwnid) wyn hGwnbgpwih gniquidh-

wnpynilp Gawbwlmi t® Vy eY Ybuinh hwiwp gnynipymG nibh Ybpgui-
A

dnp }igoG(A,y). nptn G(A,y)= jf (xy) dx: Upuhlpl VyeY,

Ve>03 A, (ey), VAZ A, :[G(Ay)-F(y)| <e:

dbpohlip hwdwndtp t ff(x,y)dx <& wwjdwlhG, pwlh np
A

Tf(x,y)dx =p:ff(x,y)dx +Tf(x,y)dx L, nipboG +Tf(x,y)dx h

If(x, y)dx wihhulpuw hGunbgpwilibpp Shwdwidwbwly qniguibin bh
A
Ywd nwpwibtn jnpwpwGynip hunwinwgplwé v € Y nbiwypnud:

6Pl 4y~ Yuiludws t ahuyl &-hg, www F(y)= [f(x,yMy wohu-

Ywlwl hGunbgpwip Yngymd t hwdwuwpwswih qniquititn Y dhowluy-
pnl:

Uwhdwlmd 2: WwubGp, mp E(y)= [£(x,y)dy  wGhutuityus

hGwnbgqpwip hwjwuwpwswh qriquibn t Y dhowlw;pnid, tph™
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ve>03A,(e)>a,VA2A,,VyeY : |G(A,y)-Fly)<e

+Tf(x,y)dx

U Yopwy wowés, (5)-p Gwlwynd t pun uwhdwGdwG, np

( <g) (5)

G(Ay)= Aj'f (x,y) dx-p hwywuwpwswih dquned t F(y)-ha, tpp A -G
dquinud £ u;ﬁqbngh:

Fly)= Tf(X, y)dy wGhulwlwG hGnbgpwih hwnynipyniGGph
hwpgnti tml:wﬁ nbp niGh pun y-h hwjwuwpwswih qniquihwnipnilp,

ntuwnf, Ywplnp B0 hwywuwpuwswi qniquidhunnipjwi hwjunwGhGbpp:
Bbnptd 6 (huwjwuwpwsunp gmowdpinmpywl Huybprinpuup

hwpnwifzp): Gpb (x,y) $nilyghwl jnipwpwlynip y hwidwp
(y € Y shpwlw)phl), wlGplnhwn t pun x-h [a;+oo)-m.0, B(oeC[a;+oo),

vxe[a+®),VyeY :|f(x,y)ls(o(x), huly qu(x)dx hGunbgnwin

qniquuibin t, www I f (x,y)dx whpulwyws hGwnbgpwip pwgwndwly L
hwywuwpwswih gniquibn t Y -md:

Uwwgmigmd: |f (x, y] < ¢(x) wuydwGhg hbwnbmd t, np Vye Y -h
hwdwp F(y) = jf (x, y) dx pGubgpwip pwgwpdwly gmoudtnn t:

0

Iq;(x)dx hGunbgpwih qniqudhunipniihg hbunkmd t, np qgmqudbn t

L)

Gwb T(p(x)dx (A 2a) panbgpwip b

Ve>0,3A,(e)>a, VA2 A, : I¢(x)dx<z: )
F3
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B B
|f(x,y]$¢)(x) = _ﬂf(x,y)dx < J'¢(x)dx (B>A): (2
A A
UGgGhiny uwhdwGh (2) -md, bpp B—+o0  Lunwlwip

ﬁf(x,y)dxs*of¢(x')dx<s = +Tlf(x,y)idx<s (AZAo(e)), nnp

GawGwymd t, np [£(x,yHy hGwbgpuip pugundul L huuuwpu-

swih qnigudtin b Y -nud: @
QLwybpyblp, wewlg wwwgntjgh hwjwuwnpwswth qniqudhunnt-
pjwl Lu Gpynt hwjnwihz: Lwhwwbu wuwlp htnlyw)] vwhiwlndp

Juwublp, np f(x,y) $nulyghwl hwjwuwpwswih uwhwiwbwhwy t hp
npndwG D whpnypnid, tph wjl uwhdwGunhwy t npwbu bpynt thathn-
huwlwGh pmayghw’ IMeR,V(x,y)eD : lf(x,y)l <M:

Bbnptd 7 ( Upbyh hwpnwipzp ): Yhgntp f(x,y), g(x,y) dmay-
ghwGbpp jnipwpwbsnip y(er)-h hwdwp wOpGnhwwn b0 pun x-h

(xe[a;+oo)), If(x,y)ix hwywuwpwswih quiquitn b Y dhowlw)-
pnuy, g(x,y)-n dnGnuanG t punn x-h (er) L hwywuwpwswth uwh-
dwlwhwy: Un nbwpned If(x,y)-g(x,y)dx wGhulwywb hGnbgpw)p

hwywuwpwsunp gniquitin b Y -nud:

Borpbd 8 (Yphrath hwpnwdpzp): hgmp'  (x.y)g(x.y)
dnilyghwGbipp jnpwpwlgnip y(er)-h hwdwp whplnhwwn GG putn
x-h (x efa;+o0)). £ -h Gwhbwywlp hwjwuwpwswh uwhiwGwihwly
b huy g(x,y) PmyghwG dnGnwnb swdnn t pun x-h (yeY) L
g(x,y)-n hwywuwpwswih (puwn y - h) dqunned t gpagh, bipp X —> +00):

Npybugh wyblh wwpq (hGh hwywuwpwswd qniguipunnipjwl
nbpp. OGwh wwlp ng hwiwuwpwswh qniquihwnnipjwl ww)dwlp
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(uwhiwGnd 2-h dhunnnudp)” SnupwpwGynip (er) Youinnud qnigqiu-
+a0

dbun j‘f (x,y)ly whhuywywd hOwnbgpup hwjwuwpwsunh qniquidtin

st Y dhowlwypnud, tph’

‘de>0,VA,>8,3JA2A,,3yeY: 2¢€:

Tf(x,Y)dx

Naghp 1;: Uywgnighy, np VyeY Ybwnh hwiwp qniquibin
+ob
jf (x, y) dy wihuwlywa hGinbgpuwip ng hwdwuwpwswth qniquidbinn t

Y dhowlwpnid, bph qnmpynilG  nGblG  hwonpnwlwlnupyncGGlp
Y, €Y LA, —+0o wlwhuhp, np’
n-»e0

=L >0 (L-pYupnn t |hGbi L +00):

lim ff(x,y,)dx
Al

Opptwl 1: Unugnightip, np D(a) = |
0
huwjuwuwpwswh gniquidbn t ae(ao;l) (ao >0) dhowljwypnid L ng

sin(ox) dx hGubgpup

huwjwuwpwswh qniquibn (0;1)-md: bpnp, pwbh np

A
Isin (ox)dx
0

%(cos(aA)-«l)

S—z-, wyuhGpG mOh hwywuwpwswh uwhdwbw-
Oy

 hwly GwhubwlwG, huy l-n dnGnunnG Gwgnn t b hwyjwuwpwswh
X

aqunud t qpgh (sh wwpntGwynd @) : NupbidG, putn hphfutbh hwpnw-
Gphzh wjl hwyjwuwpwswih grquidbn t (ao;l) dhowlupnd: (O;l)-md

4L

dbpp Gqwd qOwhwwnwywlp uhuwg bt Rwlh np’ j

A

sin (ox)

dx =
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= Iilﬂt-dt (t =ox), wwyw Ybpglhiny a, —-—L -0, A =n, unw-

n n—w

Gmud bOp" ?%’ﬁdt—TSIntd jsmt dt—-2— >0 ( J’smt ws-

\ t n-no

n—
nZ

huyjwlwG hGinbigpwip hnitlnui t %phtulbh hGunbgpwi, uwnpl gniyg
Ywwip np wyl hwywuwp t % -h):

Ujuwghuny D( ) G ng hwjwuwpwswih qniquiibin t (O 1) -nLil:

LwlwlbGp [a,+oo) [c,d] wGdopg  2bpnp Do -ny
(D, =[a;+0)x[c:d]): ,

Bbnpbd 9 (wliplnhunnmpywl dwupb): opb £ € C(D,,).

F(y)= Tf (x,y)dy hGwnbgpuip hwiwuwpwsuwth qmoudbw t [c;d]-
my, u.|u|:u Fe C[c;d]:
Uupwgnigned: Rulh np Tf(x, y)dx-n hwywuwpwswi qriguidbn t
[c;d)-m, wuyw Ve>03 A:° (£)>a, VA2 A,,
vye[cd]: jlf(x,y)' dx < § : .\ (1)
Jdbpglbtip Yy, yelcd] U nhnwpybe @(y)=AF(y,)=

~F(y)E(x,) =Tf(x,y)dxf'?f(x,yo)dx=Ai[f(»x,y)-f(x,yo)]m '

+ [£(xy) dx— [£(x,y,) dx :(1);hg htuntned t
Ao Ao
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If(x,y)dx <

f [£x)-E(x)] a4 |
+ zlf(x,y)ldx + Tlf(x,yo )|dx <

Ay

LI

+ If(x,yo)dx
4

< .ﬂf(x,y) —f(x,¥, )] dx

2
< 3 + qlwhwwnwlwap:

e (c,3)- £y,

Ay ‘ Ay
Rwah np, puwn plinpbd1 - yl_l_gl _‘. f (x,y)dx = j‘f (x, yo)dx. wwjw
dopp Guwse>0 pih hwowp 3 6(6)>0,Vye[cd], |y-y <4 :
Ag
I[f(x,y)—f(x,yo )] dx

yvol <8 [@(y)| <& wuntet lim®(y)=0=> limF(y)=F(y,):

€
< 5— : Uyunbinhg uwnwlnud bGp® Vy e [c;d],

Uwnwgytg, np F(y) -p wplnhun t Yy, €[c;d] yownnd b, mpbae®
FeClcd] : m

hwnngnipim 1: BEnpbd 9-nud hGunbgpwih hwywuwpwswih gne-
quihuinipynilp twlwG t: bpb, ophGwl 1 nud, tpp o € (0;1) L, nupbaG
. hbwbgqpuwip ng hwdwuwpuwswh ququidbn b, thnpdblp wiglhy uwh-
Jwih hGunbgpwih Gawlh nwy, www vnwgyntd b utuwy wpnndp:

lim D(a) = lim jf-’ﬁ-(ﬁ’-‘)-d-’i= jlimsm( %) 4x=0: Puyg D{o)= ng

a—++) a-»+0 o X Y 2>+ X
(Whphfugbh hGunbgpw) b t):
[
Bbapbd 10 (wowligtud  dugpg): et §,f) € C(D,),

F(y): If(st) dx‘ hﬁmhqum Vye[c;d] Yl gniquiibin t,
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hul If;(x, y)iy o hwjwuwpwswdh  qriquidbitn [c;d]-nui. www
FeClcd]w ‘
df d 7% 0
- = = |—f 3 (1)
i e [ 2
(wowhgnid hGuinbapwih Gawlh nwy): ‘
Uwuwgmgmd: dbonglblp VY, € [c;d] L twbp h # 0 wd, wylwyhuhG

F(y,+h)-F e
m v, +helcd]: tpb @(h)= t 2 (YO)“Ify("’YO)d"-

wuyw pwdwlw b wuwgnigly, np {i‘r’%dl(h) =0 Yhpwabyny LwgpwG-

+a0

d¢h pbnpbip, Gunwlwlp @(h)= j[%[f(x,yﬁh)—f(x,yo)]-

~f; (x.¥,) Jdx =T[f; (x,y,+6-h)~ £, (x.y,) Jix (0<6<1): Ruth

+00

nn If;(x,y)iyhﬁmhqnwm hwjwuwpwswh qniguidbn t [c;d]-md.'

wyw Ve>03A,(£)>a,VAZA,Vye[ad] :

If’(x,y) dx <-;1:
A
ALpbisG"

|o(h)= Aj‘[fy' (x,&u +6-h)- f;’h(x,yo ) x +va' (x,y, +6-h)dx~ Tfy’ (x.y, Jx

<

40

[£ (xyo Yix

a0

[£; (x.y,+6-h)dx
4

< + + <

“j[f;(x% +8-h)-1; (x5,) Jdx

Ay

I[f; (x,y, +8-h)— £, (x.¥, )]dx

<

+23§-: LwGh np f;(x, y)-o hujw-
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uwpwswh wipGnhwwn t [a;Ao]x [c;d]-nui. W 38(6)>O, Vh,
Ay

|| <5 : [[f;(x,yo+e.h)—f;(x,yo)]dx<§- (wbu pinpbl 3-h

wwuwgnigp): Uuwnbnhg unwbnd bGp, np '(D(h)!«»: (lh]<8):>

d +0 +0 ,
35 Jt(xyo)dx = [£(x,y,)dx=>(1): Pwh nn (1) ~ h we dwup

wplnhwn t, www wipGnhwin b Gwb dwhu Swup, wjuhGpd F e C[c;d]
= FeC'[cd]: m
Bbnpbd 11  (hGinbondwl  wpgp  hnfubgmt  dwupl):  Gph

f eC(Dw), F(y):Tf(x,y}iy hGunbgpwip hwywuwpwswh qnigw-
dbun t [c;d]-mﬁ. www’ _

. ’ d d +0 +® d
jF(y)dy = fdy If(x,y) dx = j.dlef(x,y) dy:

Bunpbdh wuywgneygp hGumd t Gwjunpn panpbth ypw (nbu Gwb

ptinptd 5-h wwwgnijgp):
Ptptlp wnwlg wwwgnygh Lu bpynt, gnpélwlwind Ywplnp,
huyunwGpz wohulwlywh hGunbgpuiGhpned Yupap hnfubpnt SwuhG:

Bunpbd  12: hgnip' | eC[a;+oo)x[b;+co), jf(x,y)dx L

400
If (x, y)dy hGunbgpuwiGbpp hwywuwpwswgh qniqudbn b0 hwdwww-
b
" inwuhswbupwn [b;-i-w) nifl U [a;+oo) md : Ujn nbypmd, bpb qniquw-

dbun ¢ deTlf (x,y)l dy, Tdy _“f (xy)| dx hwenprwluwl hGwbgpu) G-
4 b b Y

phg nplt Sbyp, wyw qniquidbn b j dy I f(x,y)dx, j dx jf (xy)dy
: ] 1Y : b

8-5 13



howbgpuiGtipn b [dy [£(xy) dx= [ax [£(xy) dy:
b a a b
Bbnpbd 13: thgnp' f e Cla;+o)x[b;+w), f(xy)20, Fe C[b;+w),

GeC[a;+oo). npwnbin’ F(y)=Tf(x,y)dx, G(x)=+cff(x,y)dy:

‘bph gqniquitin t Idx If(x,y)dy, Idy If(x,b)dx hwonpruwljwG
a2 b b a
hGuntqpuwiGbphg nput dtyp, www qniquibin t Gwbk §nwp, L Gpwlp
huduuwn b6 [dx [f(xb)dy = [dy [f(xb)dx:
a b b a

+0_ . ’
SINX
Jdbpp 2wpwnpwd nbunigynilp Yhpwetlp D = I—dx Yhppfurbh
X
0

hGuinbtgpwip hwaybtint hwdwp (wjl qmquuihin t pun Yhphtuith hwjnw-
Ghzh, pGn npnud bquyh Ytwnp dhuyG +o0o-G t): UGgGLGp Gnp, X =at
thnthnjuwlw@h, nnmhq a-0 npwiwld wwpwditnp bt Yunwlbwbp

jsm at

D= D( t: pb thnpgblp wowhghi puwn O -h hGunbgpuih

00

GawGh wwy, wwyw Yunwbuwbp Icos(at)dt tnwpwibn hwnbigpup:
0

LbpdniébiGp Gnp (k=20)  wwpwdbwp L nhnwplytGp

F(ak) = jhsm at)

dt pGunbigpwip: Yhpwebiny hwywuwpwsiwg

(at)

+o0

S .

gniquihnnipjwG Upbih hwynwbhp ( dt hwjwuwpwgusth
0

qniquibw t pun k-h, pwGh np Ywhidws st k-hg, €™ -G GnGninnG
Gwgqnn t putn t-h b hwywuwpwswih swhwiwGuhwy b 0 < e <),
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+0 .
Yunwlwlp (ribu plnpbd 13) 3“{}, F(a,k)z klirPoe"“ —s—l~rlt(-(-u—)dt =D:
0 -

Ubwlghlp F(ak) (k>0) $mlyghwG pun a-h: S%F(a,k)=

o.___‘g

™ -cos(at) dt (Ywphih t wowlgby hGnbgpuih Gaweh nwy, pwbh

np Ie"’“-cos(ottlﬁe“kt L, npbdG pun dugbpaunpwup  hwypnwGhzh

+0

je"" -cos(at)dt hGunbgpwin hwywuwpwswih qriqudtn t): Gpynt wi-
0

qud dwubpny hGunbgpbind YunwGwGp' %F(a,k):-——;- _[cos(at) de™ =
]

+a

= -il-‘-e"“ cos(at) I;m —% !e“"“ -’sin(at) dt = .I-<1-+f; !sin(at) de™® =

1 o . I 1 o o
=-i(-+;2-e "sm(at),o _F !e k‘cos((xt) dt=-l-(-—~k-—z--é;F(a,k)

07}
~F(ak)=
:6(1 (ak)

k . k a .
a2+k2: nprdﬁ F(a,k)=jma=arctg~k—+C(k)-

fwbh np F(+ O,k) =0, wyw C(k) =0: MpbiC’ F(a;k) = arctg-g— : Np-

R a_x, .
wtinhg' D= kllgxo arctg i Ujuwhuny

*Fsinx T
f———dx =—
5 X 2

QnpénnnipyniGGbp Ywwwpbint plpwgpmy hwadh bGp wabi, np
lim cos(a-t)e™ = lim sin(a - t)e™ =0(e™ — 0, lcos(a-t)!SI,
400 1= 400 {400

lsin(a,-t)lsl) : Jwayh bGp weby Gwh, np Yupbih wiglh] uwhdwGh
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i sm(at)

phwnbgpwih  GowGh vy hEoF(a,k)= lime™ .——~dt =0,

a—+0

-« sin(at)

pwGh np I ——=dt hGunbqpwip hwjwuwpwswh qniquibivn t
[}

~kt +@0
punn Jdwjbpanpwuh hwpnwahzh (--e-t—-lsin(at)lsaz-c"‘t L J' e “dt
1

hGunbgpwip qniqudtitn t):
Npwtiv Wwpwitinphg Yuuywd hGunbgpuwibbph nbunipjwt Yuplap
Yhpwanpinil nhinwplblp htnbjw hGntqpwyGbpp:

3. t8Ltr3UL huSEAruLLEP

EtbnywG hGinbgpwGbnG b6 quddw () L pbunnw (B) $niGyghw-
Gtpp:
Uwhdwned 1; Quiddw nblghw Ynsynid t hbunbjwy hGinbgpuip’ -

I'(a)= Ix'“' e dx|: ()]
C 0
Uuinbn welw t bpynt tquyh Yt O -G L +o0o-p: Munh hGunk-

1
opwin dbwihnpubGep I'=T,+I, wbuph, npnbn I = Ix'"' e dx,

1
huy I"2=Ix"’-c"‘dx: Lwiu wuwpqulp wawghG (I}) hGunbapuwih
B 0 . - . . )

X

B ) N

gniquihunnipynilp: MGkhp” x"1.e" e nupbidG 1 -p qniquidbn -
x>0 X

t, bpt 1—a <1 =>a > 0: bpypnpn hGinbgpuwip qm.qumbm t wGywu a-

hg: hpnp’ (x“'.e"‘) : (’—12—)=x'” e* >0 L I— hGnbgqpwip

X X—>+a0

qniquibin t, npnbnhg unwinid tGp T -h qmqwuhmmpjmﬁn.
Ujuwyhuny, quidw pnbyghwl npnadwé t, bpp a >0
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Quiddw dnGyghwl odingwé t hbwnbywy hwnynipyntGGapny:
1.I'e Cm(0;+°°): Uwwgnigbint hwdwp ybngGhGp Ywdwjwlwa
a,>0: Mwpq t, np Ja,B : O<a<a, <P: UGN t wywgnigby, np’

I'(a)ecC” [a;B];

1
Unphg oqungbiGp T'=T, +I, Jtpiménipnilpg: I (a)= Ix"'-e"‘dx
/]

hGnbapwih hwiwp nlblp’ x*'-e™ <x*'.e™: RwGh np a>0,

1
wwjw _[x“" e dx hGwnbgpuwip qniquiibin t L, npbiG hwywuwpw-
[

1
swih qnudurdbn t J.x""-e"‘ dx hGubgpwip [a;B]-nul: Uyuwhuny

0
T, eC[a;B]: Lnylp Yupbph t wonby I‘z(a)-h dwuhG, pwGh np, wju
nbypnid” x*' e <xP'.e™*: Wuwhuny T e C[a;B] =TI -6 whpln-
huw & a, € [@; 8] yownws L, nipbot T e C(0;+00):
Quiidw dnillghwl woéwhghih t, L méwﬁgjmm hwaybihu Yupbgp t

wowhghy hGnbgpuih GwGh nwy T(a Ix e - Inx dx : Uju pl-

wbgpwih hwjuwuwpwswih qriquihnnpnilp Ywiwjwlwd [a;B]-nui
(a>0) L, npbdl hGwnbgpwih Gowlh nwy wowhgdwl hGwpwynpne-
pinlp Ywiwjwlwh a >0 Ybwnnud wwywgnigynid t Gufunpnh wbu, pw-
Gh np, tpp YwG wunhSwGwshG b gnigswihG $nuGyghwhbp |nquphpiw-
Ywid pmOyghwh walwnipymlp gnquihwnintpjwld hwpgnid Yuplinp st
(wj0 Ywpbip t thnfuwphlly Gnuﬁwpwn 1 - ny): Liwlwwbu, hGnnyghw-
jh dbpnnny, wujwgnigynid t, np’

r(a) jx *.(inx)*dx (keN),

Upuinbinhg hbwnnumd t, np I € C* (O;+00):
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2.|[(a+1)=a-T(a) (a>0): 2)
bpng, dwubtpny hlwnbgpiwl pwGwdbh dhpngny, unnwlnid blp

r(a+l)=Tx' e dX'=-MX' de™ = -x;°°+Te—x dx" =
0 0

0

a _[x"‘ e dx =a-~F(a):
0 . .

UhuntGp, np” T(1 =_[ “dx=1: Mupodt T(n+1)= nF(n)—

=n(n-1)T'(n-1)=n- (n l) F(l) n!= [[(h+1)=n!, neN

bpb a>1, wuww th pwlh wiquy oguybiny (2) - hg ([a] wlqud,
bpb a -G Ynnpwly t b a—1 wGqud, bpk a € N'),T(a)-h Gap 2’ wngm-
dbGuwnp Ypkipbhp (0 1] thowlw)ph Ytinh, nuptidd Yuplnp b hdwlwy quid-

tw $nGlyghuyh hwnynipynibGGlipp (0 1] dhowbluwypnud (w)G puu[uluw—

Gwswih (wy, gpwdhyny hwinbpd, ntuntiwuhpyws t):
UwhiowlGmd 2: P dnilyghw nsynid t hbinbjwy hGnbgpwip’

1
B(a;b)= Ix"] -(l-v-x)b_ldx L “i(3)
0

Ruwlh np 0-G L 1-p tiquyhp Ybwbp b0, www Gywnwluhwpdwnp t

phnnw PnGyghwl dbwihnfuby hownbywy Yspy B =B, +B,, npunbin
0,5

BI=J‘“'(1 x)“dx huy B —Ix“ 1 x)b dx: Rwlh nap

0 0,5

Coa-l -1 a—1 b-1 '
x*(1-x) x:O (1 x). : x—n(l )""

wnbgnpwip qniquidbn t, tpp a>0 (l—a<1) huy B,-p qniqudtin t,

bpp b>0: Uuwhund, phiownw lyohu qniquitin . tne
a>0,b>0:uyGhwpn t, np” }

B(a,b)=B(b;a)|: | (4)

www B, hG-
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3hubwynpbne hwdwp, pwqwlw t (3) - nd x - p thnfuwphGhGp
1-x -ny:
Jwswh ogunwlwn t thGnd punnw $nLGhghwsh wy wnbupp, npp

unwgynd t, bpp wlglmd bGp Gnp hndnfuwlwGp’ x=1——y—,
+y

dy X 1
= _ X g -
(1+y)° ik ey ¥(0)=0, y(1-0)=+w0: Wuwh

uny’

B(a,b) = I Sk ®)

Uwubipny hGunbgpiwa pwﬁwdhh dhgngm{ u:ulujgm.gl.lnui t (inbiu (2)-
n) pbuninw Jmlﬁ\]ﬁwuuh hbwnlyw] hwwynip)ntl

B(a+1,b)=g%-B(a,b) (2a>0,b>0) (6)

PEnwnw Pnillghwl plipynid t quddw dnilGyghwih hbwnbyw) Yopw:
(1)-h dtig whghtyny Gnp thnthnfuwlwtp’ x =t-y (t>0), Yunwwep’

) fyevdy. @
0

(7)-md a-G thnhuwphGblp a+b-ny (b>0), huy t-G t+1-ny,

+b) F
[{a+b) = Iy”b ey gy Uinwgywéh bpynt Ynndp
(l+t)s+b
0
pwqiwwwnybp t*™'-nyY L hGinbigpliGp puw t-h O-hg + uwhiwe-
Gbpnud, YuinwGwbp'

I'(a+b)-Ba,b)= jt“ 4t [y“"‘ gy 8)

- Juunwlwbp®

(8)-h wg twumd xhntub[nq hﬂmbqndwﬁ Guwpap (hhiGwynpnidp
uninply) b hwzgh weGbiny (7)-p, YunnwGwGp
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-’

I'(a+b)-B(ab)= Iy"’""-e"dyjt"'-e"’dt=
0 0

Ty“" e —a)dy —F(a)Ty"" -g”dy=l“(a)-l”(b)

- B(a,b)=£lﬁ%}%) : | ®

Ujdd hhdGwynpbGp hGubgpiwl Yupgh thnhnfudwl hGwpwynpnt-
pjntlp, hwiwpbny, np Gwfu® a >1,b >1: Oqunytulp 9., pbnptid 13-hg:

Sww nbupmd” 1y = £(ty), feC([0;+%0)x[0;+w)),
+x -1

f(t, y) >0, ! J'ynb—l .e—(lu))’dy = I"(a+b) ._.t_T - g(t) ,

0

(1+1)
geC[0;+x)(a>1), y**' e jt"' -eVdt=T(a)y"" -¢”¥ =h(y),
0

heC[0;+o) (b>1): CGnhwlnp nbupnud (a>0,b>0) mﬁhﬁp‘
I(a+1)-T(b+1)
I'a+b+2)

Gnphg Yqwip (9)-hG:
EjlimwG pGnbqpuyGbph hwiwp G6hain G hownlyw; ((pwgdw)
wlwabbpp:

r(a)-T(1-a)=

B(a+1,b+1)= : Oqudtitny (2)-hg. (4)-hg L (6)-hg.

(0<a<1)_ B(al-a)= (0<a<1){(10)

T
() sn(a)

(9)-hg htinlined t, np (10)-h tpynt pwGwdlbpp hpwp hwdwpdbp ba,
pwGh np’ F(1)= 1: Lpwgdwl pwGwdlbph paipu ptipnudp wwhwenud k

Lpwgnighs ghwntithpGtip, niunh wjunbin wyb §6Gp phiph:
by bipjwb hGunbgpwiGtpp nbunipnilp Yhpwneynud b hGunbigpwyGap
hwydbihy, pln npnid wlqwd pbpnuip bybpjwl hGunbgpwih wpnbG

hwdwpdnid t npulub wpnnuap:
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Oppbwly 20 Npubiu (pugiwl pwlwdélp Yhpwanipjnil hwyblp

tiop-MnuwunGh I= Ie"‘zdx hGwnbgpwip:  UGghhGp  Gnp

x =+t {dx ( -—t 2dt] hnpnfuwlwih: YunwGwGp I= -;—F(—;—J

2
Stnunptbigny (9)-h dbg a=0,5, YnGbGwlp’ (r[l)] = "n ==
sin —

:r(z) Jn: méuaax:‘/’;,j =—~‘£::

2

d
Oppluryy 3: Jwtip 1= I 1 +’;n (n > 0) plwnbgpwip: UGgabiny

0

- {inp

-1 1
t=x" (x =t*,dx = 1 to ]dtJ dinhnfuwlwGh, YunwlwhGp (nbu
n

+a0 ;'1
®), (o) I=-— | : dt=-1-B(-1—,1—l)= L . Wuwhung
nyl+t n

n n n-sing
n
*® dx - YT dx 2n
—= (n>0) : Uwulwynpuwbiu® I =TT |
6[Hx n-sin = i1 33
n
T dx _ m |
J1+x' - 22
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A

VL. ULAUSUIUS3S dniuushuutrh StuUnt@3NkL

MhunwnpytiGp
F(xy)=0 )
Pnillyghnlwy hwywuwnpnedp, npuntin F(x, y)-n nnnz2ywd t hwppni-

pjwh hGs—np whpnypnid: bpt hGg-np X dhowlw)ph jnipwpwlsnip x
Ytwh hwdwn gnynepjniG nuGh dhwy Ywd 6h pwGh y, npnlp x-h hbn

deyunbn pwywpwpnud LG (1) hwywuwpiwlp, wwyw wnwhunyd npny-
gmd t Shwndbp, hwd puqiwpdtp dmbyghw y =f(x), npp nwpaGnus
t (1)-[3 GnyGrpynd X dhowiljw)pnid: ’

Ahinwplblp dwulwdnp pbwp’ F(xy) =x*-y* L thnpablp wu
nbwpnd (1) - p 1moby y thninfuwlwGh GYwindwdp: (1) - hg hbnbnug
' y=%x: fu GuulGwymd t, np (1) hwywuwnpnuihg npngmd b6
y=x,y=-x, y=|x| , y=-|x| wGpGnhwwn PniGyghwbin: Puyg
(1) - hg npnz2ynid b6 Gwl fuqynn, whphy pwuqdnippudp dnLblghwbhn,
ophGwy y(x)=x, tipp x-p nwghnGuwy t L y(x)=-x., tpp x-p how-
ghnGuy bt %hdybinbGgbih pnGyghwlbph nwund (1)-n nGh dhuw)l
Yy=X, y=-X mdmdibhkp: Uju nbwpnid, (1) -p hwgnndbg y-h Glunn-
dwdp pwgwhwjnnpbl (puwGwadbh dhengny) (nubbp: Pwjg hwlwiu nw
wynwbu st: Ophlwy x’-y"* =0 hwywuwpndp pwgwhwpnnpbG (nibbi
y-h, i X-h Ghuwndwdp sh hwennynid, pwyg hGs-np X dhgwluwpnid
(1)-hg wyGnuwisbGuyGhy npnaynud t y =£(x) $niblghw, npp wiyw-

Gnud b0 whpwgwhwpn: Wuwhuny, (I) hwywuwnpniuthg Ywpnn b npng-
b pwgwhwjn (pwlwdlng wpynn) b wlpwgwhwin $pncbyghwbbp:
3hotind  PmilYyghwjh plnhwinip uwhdwlnudp [1), hwulwGugh t
pwalnud nbyghwbbph wyn nwpwpwdwiowl wwpiwbwywh thGkp:
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Uwhduslimd 1: YuntiGp, np (1) hwdwuwpnudhg npaadmd by = £(x)
wipwgwhwin $nGyghw X dhouwfuypnid, tiph wyl nbinwnpbiny (l) -
dbp unwond bGp GnyGnipyinid X -mu (F (x,f (x)) =0,xeX):

Qupg b wnwgwGnd &' pp t (1) $nillghnlwy hwywuwpnidhg npnz-
ynid, L wyl b Shwpdbpnptb whpwgwhwjwn dniblghu:
ohgnp D =[x, —a;x, +a]x [y, -b; ¥, +b] mnwGlyma t huy

M, (X4,,)- 0 win mnawilwl walnGwesdtiph hwwndws Yanp (nbu
Gy. 15):

@bnpbat; hgnip F,F, e C(D), F(M,)=0,F (M,)=0: Un
nbwpntd (1) hwqwuwpnidhg X,- h hagnp Uy (x,)=(%,-8:%,+8)
2npwljwypnid npnaymd b dhwy y==f(x) wlpwgwhwpn wipGnhwun
PniGlyghw b w)l puwywpwpnid t f(x0)= Y, wwjdwGhG: bpb tpwgnighs
. tGpwnptlp, np F. € C(D), wyw' f eC' (U5 (%, )) uw

/
fW)--Eei) euou) @

Uwwigmgmd: GipwnptGp, npnawlyhnipywl hwdwp F;(M0)>O :
fwth np F, $niGyghwt whplnhwwin t M, Ybwnnid , wuw E (M)>0
M, -h hGs-np 2nppwiluspncd: U nbiypnid YquGuh wybiph thnpp swihub-
ph nupquityma D;, nph wiljniGugstiph hwwndwl Ybwnp M,-Gtl,
wylwhupG t, np YM € D, :Fy'(M)>0: LwlwyndGlipp sthnfubipnt
Guywwnwyny, hwdwpbklp, np D-6 D;-G t: Ujuwhuny, pun wuwydwlw-
ynpywonipjul VMeD:F (M)>0, nupbidG F(x,.y)
(ye(y,-biy, +b)) by dnipntuustwbh HniGyghwt YhGh dnGnunk
wiénn:
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Uwiuwjwlwh Ve €(0;b) pdh hwiwp F(x,,y) dby (y) thnthntuw-
woh PmGyghwl nlGninnG wonn t Gwb [yu ~£€,Y, +a] dhpwlw)pnd:
8wGh np F(x,,y,)=0, mpbit F(M,)<0, F(M,)>0 M, (x,.y, -€),
M, (xo,y0 +8)) Rwzdh wnbbiny F(x,y) dnillyghwih whplnhwunne-
piip M, M, Quwnbpnd, YuowGwlp 38>0,U,(M,)cD
(k=1,2), wGwbu np° YMeU,(M,):F(M)<0,YMeU, (M,):
F(M)>0: UWdd ytpgbGp VX, e(xo-— &%, + 8) L nhuwplblp
F(x,,y) wplnhwwn $nibyghwi [y0 -£€Y, +8] Showlupnud: RwGh np
(Xl;}’o “8) eU; (M,), (xl;y0 +e) eU; (Mz) , nipbdl F(x,,y0 ~—-e) <0,
F(x,,y,+€)>0 : Wuunbnhg, hwadh wnGlind wyl, np F(x,,y)
dnLlyghwl dnlninnlG weénn b uthwGmyd GOp, np qnynipyniG niGh Ghwy
y, € (yo -£Y, +s) wylwhuhl, np F(xl,y,)= 0[01:  Uuwhuny,
«blytig» pnilyghw y=f (x), npn2qwé (xo-—ﬁ;xo+ 8) Shewlwjpniy,
wiwhupG, np  F(x,f(x))=0 (xeU,(x,)): Cun uvwhiwGswg,
y=f(x)-p(xeU, (%)) wopwgwhw)n $niGlghuw t, npnzqwd (1) hw-
quuwpndhg: F(x,,¥,)=0 wwyiwGhg hbunbnd &, np f(x,)=v,:
RwGh np Ve>0 386>0,Vxe Us(xo) : y=f(x)e(y,—&Y, +€),
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wyw y=f(x) pmiyghwG YhGh wlplnhww X, Ybwmd: Udd

ybngliip Vx, € Us (X,): Un Ytunnud y, = £(x,) wntbpg wGuhuh t,
np F(x,,y,)= 0: Yhunwpyblp ninnubyma D’ (D' CD) wyGwhuhG, np
Opw wbyniGuwqétiph hwndwb Yhwp hwiGylnud t (x,,y,)ubmh hbwn:
fwhh np D'~ md wbnh mGbG phinpbdh pnpnp wwjdwiGEpp, www
YuwnwGwip, np y==f(x) - p wOplnhww t Gwl x, Yonmd: Uuwhunyd
f e C(Us (x,):

Ujdd kiGpwnpbGp, np D — nud wGplnhwn t 6wl F, dniGlyghw: U
nbwpmd  F(x,y) 9$nGlghwl WhGh nhdhnbGgbth D- ma
Jwulwynpwwbu’ Mo(xo,yo) Yawnnud: Uguhlpl

AF(M,)=F,(M,)- Ax +F,(M,)- Ay + - Ax +B-Ay , (2)

npintn o— 0 L B- 0 wGibtpy thnpp GG, tpp Ax L Ay w6bnp
_ &qunud kG qpngh:

y=f(x) pnLllghwt Yunwiw Ay = f(x)- f(x,) w6, bpp X,- hG
nwihu bOp Ax=x-x, (0<|Ax|<8) we: GChnphhy y=f(x)
dnlyghugh x, Ytwnnd wlplnhwnnipywG nulblp’ gr_xgo Ay=0 L,
ntpbdl’ Lir_l’loa = lxil}?oB =0: Rwhh np F(x,f(x))=0 , F(xo,f(xo))=0.
wyw F  dmlyghwyh hwiwwwowuuwl  wép AF(M0)=
=F(x,f(x))-F(xo,f(xo))=0: MpbdG, puwn (1) - h YnilbOwGp
0=F.(M,)- Ax + E,(M,)- Ay +@-Ax +B - Ay , npuntinhg

_A__)_r____.F,{(M0 +a
Ax " E(M)+B

fwih np F;(Mo)atO, wwuw (3) —h wy dwup nilGh uwhdws, tpp

AX - g dquinid t qpnjh , htwnbwpwn b dwlu dwup nilh uwhdw(: Uyuhpl’
Ay fr(xo):__ F gxo:f(xo))
x50 Ax Fl(xo’ (xo»

pjwl wwwgnigp Xx,-hg wwnpbip ybwbpaud) wwwgnigymd bt wju
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thwunp Ua(xo)’ dhowlyuwyph  Ywilwywywe Yownned:  UjuplpG
f'(x)=—-—————2F’;(x’f(x) |
F(x,f(x))

Ynunnpmpgyml 1 Bnphd1-h dLwlbpwydwh dbg D nunnwlyniGp
Yupbih t thnfuwphGby M, Ybinh hog-np 2pguiljupny:

Yunnqmpym i 2. tph y=f(x) InmGhghwih nhdhptlighihnipinilp
winnb0 hwpnlh thGbp, wyw wowbgyuip YYwpnnwlwhip hwydb) pwpn
$nilyghwh  wowlGgiwb YwlnGh dhongny: bpnp, wowhgtlp
F(x,f(x))EO (xe Us(xo)) GnyGnipynuip punn x- h, YuunwGwlGp
Fo(x.f(x))+F, (x.f(x))-f(x)=0 = (2):

Uwhdwlmd 2: thgnp npjuwd t

F(x,,..x,,y)=0 @
hwjwuwpndp N, = (M,,y,)eR™ (Mo(xs"),...xg"))) Yowh hGg-np
US(NO) 2nowlwypnid: YwubGp, np (4) — hg npnadnud £ n thnhnfuw-
wOp wlpwgwhwjn y=f(x,,,..,xn) pnlGyghw M,- h hGs-np
2ngwlwipnid, tpb wyn 2ngwlywpnid Shaw t F(x,,...,x,,f(x),..x,))=0
GnujGnipnilp:

Pbnptd 2: thgnip F(N) $nuliyghwl npnaywd t U;,(No) 2pouwslj)-
pnud, npunbin wpGplnhwan t hp pnpnp wewht Jwnpgh woéwbgjwibbinh
htwn (F e C'(UB(NO)) . F(N,)=0, F;(NO);: 0: Uyn nbwpnid (4) hw-
dwuwpmihg M, - h hlg-np 2ppwluypnid ShwpdbpnpbG npnzynid t
y=f(xl,...,xn) wlpwgwhwjn Imbyghw, npp wiplnhun [ uynnbn,
f(M,)=y,, b wn znewlwipnid niGh -a—i—f(M)(k =1,..,n) wowlg-

k

juGtp, npnGip Yupbth b hwaty wéwGgbing F(x,,...x, £(x,,..x,))=0

GnyGnipymlp puwn X, thinthnfuwlwGh’ Exé—F(x,,...,xn,f(x,,...x“))+
k
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0 of
+5y—F(xl X, (%, X, ))- —a;k—(x,,...,xn) =0, npinbinhg

f’ ( ) Fx’k (xl""’xn >f(x1""’xﬂ ))
n (XX, ) =——
k ! Fy (xl,,_,,xn,f(x],...,xn ))

Rtnpbidh wwwgnygp stGp pbph, pwlh np wyh twwybu sh
wnwppbpyncld Gwlunpn pinpbidh wwwgnighg:
Ywhdwlnd 3. thgnip vnipdwé t : i

Fl(xl”’xn’yl""’ym)=0 _ o

................ (6)

F.(x,,,,X,,¥p5r ¥, )= 0
hwywuwpmdGbpp hwiwlwpgp, npnywé PO(MO,NO) ybwnh Ua(Po‘)

2npwluwjpnud (M, (xfo),...,xf‘o)) » Ny (yfo),...,yf,?))): LwubGp, np (6)-hg

’ k=1,...,n: (5)

“npnadnud bt y, =1, (x,,...,xn) (k=1,...,m) whpwgwhuywn Pnllyghw-
Gbph hwdwlwng, bpt M, Ybwnh hGg-np 2powlupntd Shawn GG hbunlywy
Gni)GnpynulGGlpp:
By (X150 X, £y (X000, X, b (X155 X, )) = 0
................ 7)

Uju hwpgnid twlywG nbip niGh hbwlywy npnzhgp,

OF OF
a(ﬁ,...,Fm)_ay‘ el
O(Yir¥a) |op  op

aYI aym

nn0 wGywGnud bG Swynphh' npnzhs Ywd Swinphw

! 3winph Ywny Incunwy (1804 - 1851 ) - qipdwhwgh dwpbdwwnhlynu:
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Bbnpby 3: hgmeg' F, e C'(Uy(R,). F(P)=0 (k=1,.,n) L
Swynphwlp
(s 5)
3(Ypss¥a) "
Wn nbwpntd (7) hwiwluwnghg M, Ybwh hbg-np U, (M) znew-
Yuypnid dhwpdbpnnbG npnagdud t y, =1, (x,,...x, ) (k=1,..m) wopw-
gwhwyn PnLblghwbbph hwiwywng, f, € C' (U,(MO)) (M) =y

#0:

of,
(k=1,..m) 5:— wowhgwiGbpp npnzdmid bG wyG hwidwlwnpghg,
i
nnp wwnwgynud t (7) - p wéwlghynt Shengny'

(OF,  OF, of, oF of,
— +— +ont— =2 =0
6xj aYl axj aYm ax
e e e e, o (8)
oF, OF, of oF_ of
+ L 2. 2=
ox; Oy, 0Ox; m 0%

Ujunbnhg ShwpdbpnpbG npnaymd &6 &‘5- (k=1,..,n) wowbg-
J
jwiGtpp, pwlh np hwdwlwngh qifuwdnp npnzhip (A) Swynphw(a t
oE,...E,
a(Yl""’Ym P,
Uju pbinptdh wwwgniygp Gnylwbiu shGp pbph:
OphGuy 1: Shgnip y=y(x) - p wipwgwhwn dnGlghw t, npp
npnaymui t x¥ =y* (x >0,y> 0) hwywuwpniuihg: Uyl hwdwpdbp t
y-Inx=x-lny (x>0,y>0) (9

hwjwuwpdwlp: Mwpqblp wju dnGlghwih b Gpw wowbgjwih gnjni-
pjwl wuwjdwlGtpp L, hwpyhlp woéwbgyuip: Iwdwpbiny, np Gdwé

A= 20 :

128



wwjdwGGbpp welw GG, hwyyblp wéwbgywip: Cuwn pbnpbd 1 — b wyn
wéwlguih  gnpdwlhgp  swybwp t  thGh  qpn: MGbGp

y(x)-Inx = x - In(y(x)). npntnhg
.)%x)__’_ y'(x) Inx =In(y(x))+

y(xx).yl(x)'

X () =In(y(x)) - L)
(lnx y(x)) y( )_ln(y( )) x

(n(y (1) -1)-y (1) =X (1) =

y(x)

=) (() (x>0y>0y%e): (1)

(0)

OnhGwy 2: thgnip z = z(x,y)-n whpwgwhwjn dnulyghwl npn;-
ynud t ,
X+y+z=eg 0 (1)

hwywuwpniohg: MwpqbGp wyu PnilGyghwih L Gpw wnwphG Ywpgh
Jwuliwywl wéwbgywGbph qnynippwl L Shwlnipjwl wwjiwGGEpp L,
hwytiip win wéwhgywGtpp: Iwdwpbiny,np GYwéd ww)dwbabpp
welw b6, Yhwodbklp wn dwulwlwd wéwlgpuiGbpp: Iwdwdwyl
pinptid 2-h, wyn wéwhgjuilbph qnpdwihglbbipp swbwnp t |hGEG qpn:

Ujuwhuny, nlbGp” X +y+ z(x,y) = g (ruyraley)), Npwnbinhg
142, (xy) == =) (142 (x)):

bl 1+Z(x,y)= - (x +y+2z(xy))-(1+2, (xy)).

-z -(1+x+y+z(x,y)) =l+x+y+z(xy):

Ujunbnhg’ z;(x,y)s—lz buly Gwd wwjdwlG £ 1+x+y+z#0:
Lyl  Ybpy (Gnys wwydwGh welwmpjudp) uwnwgydnd  t
z,(x,y)=-1:
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OnhGwy 3: Thgnip u(x,y),v(x,y) wipwgwhuwjin pniGyghwGbipp

u+v—-x=0 '

apnaymyd b6 htwnbjwy hwiwywpghg' ;a2 : Mwhwiy-
u'+vi -y=0

grud t hwpdty z=u®+v’ Pnullghwih z,,z, Swulwywl wowhgjuw-

Gupp” MuGhlp” Z,, =3u’-u/ +3vi.v., Z) =3ut. ‘) +3v- -V UGnud

x ? %y

t hwayby ux,v, wéwlgywilopp: Jwpytlp hGswbu  OGwjunpn
u(x,y)+vxy)=x
wl(xy)+vixy)=y
u,(x,y)+ v (x,y)=1

Nnuntinhg’ :
nncnhg {zu(x,y>.u;(x,y)+2v(x,y).v;(x,y)so

Wu hwdwywnpgh quiuwdnp  npnzhsp  (Swynphwlp)  YhGh®
1 1

) 2u(x,y) 2v(x,y)

ophGwlyGtpnid: NLGLGR {

=2(v(xy)-u(xy)): tbpb A#0, wyw vnwg-

C e (xy) = Y2
o huduungn moh dhul bl v (xy) = e,
, u(x) - :
v.(xy)= u=v): Mmpbil’ z, (xy)=———-F—"—
b= i) malay ) A=

[uz(x,y )-v(xy)-v*(xy)-u(xy) ]——3u(x,y) v(xy): ULnuyG

Ybpw uinwgynmd t° z (x y)w (u(x,y)+ v(x, y))
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ItinhGuyltpp hwywnlnud BG hptiGg funphG 20np-
hwywinipynilGp wpndbiunplp U.3. IndhwGGhuywbh
L U. U.YhnpwpywGhG oqunwlwp nhunnnnepynilbtph L
funpbnipnGbph hwiwnp:
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