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l/, 1'b 'l"'""''lf'J!P fr'b'bbpnp'f t.pmmwpw~nLfiJJnLi'l! urwppbpt/_nLJ' 

.-t 'biUJrl 11 (''J \ 8~ (''f r.pwmiU ('W~nL{iJ Jill. 'bfr 91 u., U "rUIIIJUI ('UI~IIL{iJ JilL 'be tfrn~ 

"fp'b ::. ,nf"'"f"'lnuiU/IIw'bnLJ' t purnLf,~ 'j./,pp t,,.,J'tup J',.,[iJ/;J'UIUJ"~"'JP 

4 00--4;i0 JwJ'qw r.. ,.,J',.,r <;,,.,fu,.,urbut["'rJ :Jr"''lrfr'b: 

'huum'lr.Vfr ,J'hp_ ,/ur9t/."'J t br~"'- 'bnp 'll"L/" (XX L. XXI): 
XX 'JlnL/"1! ((( :,wq"''b'"~"''b,LfiJJ"L'b'bbpfr urbunLfiJJ"''b L. J',.,[iJbJ',.,_ 

urfr~"'/1"'~' tjpii.mll""ff'"' {J J"'<j' ur"' rrirc ») pnt/_w'b'l"'~"' J' t UU 1.,U 
Nl'lflflf' ,fw[clbJ'w~.r~fr~"'JP "l"'f'Ln"''JPr rJpwqpfr r.,.,J'"'"I"'ur"'ufu"''b puul

''bnt{ 'bw{rtwmbuq"'c} 'bJ,L{cle : 

XXI 'IL"Lfuf! ( <rlf UILnrfr9"''h"r » , <rCf.rJ,.,Jfr'b 'lfrfbrb'h9fr"'L ""'"-"'""'
.rnLJ"bhrfr ufru~niJ''bbrfr L. L"Lr},LJ"bbrfr ufruurLJ"bbrfr J'Uiurrfr9"'JP'b 

'lf'"'n,LJ'{! JJ ) 'bnLJ'h"lbu pnt[w'b'l"'~"LJ' t "l"'f'ur"''IPf' rJr"''ll'"t/. 'b"'fuw

~nbut/_tUrJ 'bJnLfiJf!. : F"'J9• 'lr"''bfry P"'9P• '"I" 'llfr"'LJ' J'br} nL2."''1f'"L

fiJJnL'b t 'l"'rJ.t/_wrJ qrJ"'Jfr'b 'lfrfPbpb'b9fr"'L r.wqwuwp,LJ"bbpfr u{ruurbJ'

'bbpfr t.. qrJwJfr'b '1frf/>hpb'b9fr"'L t.wt[mu"'f'"LJ"bbpfr ufruurbJ''bbpfr l"L

.r},LJ"bhpfr J'w~nrfr9"'JP'b qpwnJ'w'bc: Oq~nutqnprJt[utrJ t 'frn'frnfuw~w'b 

'I" rrJ,.,~fr y'bb r" t[ qrJwJfr'b 'IPfP b rb'byfr"'L r,,., t[w uwpmJ''bb rfr u fruurbJ''bb rfr 

-t:.wp_np'fml,w'b J'n~nwtJ.nr L"LrJm.J''bbpfr J'w~nrfr9"'Jfr'b 'lf'"'nnLJ'f!: ll.Ju 

'b1m[il'b ,.,'b r.p,<lbz~n t qb~nb'lhl p~n,Lr.~'bbrfr r."'J'"'r 'JfrfPbpb'byfr"'L L. 

,p'b~nbqpwl t.wzpt/_'bbpp '1"'"f!'bfiJ"'9"LJ' "'J'b pw'bp t.wJ'"'f'• "(' 'bbp~"'~ 

I"LJ' u t th~Ln rwmbfu'bHUI JP' utt/_Lnn J' UILn"~"' Jfr' nw'lfr nurbfu'i.HUI Jfr t[b r"'

pb rJ"'l 2_U1Ln 'Jf'J!b ('IILJ' 'JfrfP bpu'byfrutt t,UII,UIUUI ('llLJ''bb rfr uft uurbJ"bb rfr 

.lnLrJilLJ''hhrfr llLUIILJ"i.IUII{r('nLfiJJilL'j.(! ~UILnUI('t/.nLJ' t J'UiurrfrsUI'bbrfr urb~ 

um fiJ J"''b "'"l"'f'"'LnP oq'bm.fiJ J"'J' p: 

tnr b'b qrt/_"'J XVI 'llfr'P 26, 27 , 28 "l"'f'"''lr"'f/>'bhre: U.1uurb'l 

.,e'b'b,.,r~tJ.,rJ t '1frfPbrb'b9fr"'L ""'"-"'""'f'"LJ''hbrfr L"LrJJ',.,'b ""'l"f''l"'~"''b 
Jn~nbyiiLJ''bbrfr J'bf!n'll!• "'"1"'9 nLyt/_nLJ' h'b '1frfPbpb'b9 fr"'L ""'"-"'""'r

J"''b l'nJJ'"''b 'I"J"LfiJJw'b J'wufr'b [iJbnpbJ'e L. J'fr"'~"LfiJJ"''b J'"'ufr'b fiJbn~ 
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f'f.J' (!I flL2W'J-f'111 [il ftrL h t- 'J-'"I'a1_wJ- 'fpfPbphh,'/fW [ t:.uJt/_IUIIIU J'llt.J'h/.plr 

J'wufz'b wJ'P"'l2. •u/up /zJUurtuutwf>m'bp_ 2'"1''"'1-f''J'wh(!l 

'L2whwllurlf"f'h'b l!_h'fl'"!'btJ.wJ- t XIII •ufup ( ff 1l•w'lwpwp { 1ur

"l'n'bnqfr ftwtnLhm{<l[wh urburnfiltw'b rl'mupbJ)} .'11-r'l "l'"l""'ll""f{'l! ' SrJt"'l 

f>pwmwpwqrn{d[w~r rl'h2. WJh IJntrftnJ' t mtu"ILu. (( ll•m'lm'f""l' f.t""-'[111 · 

hnqp fJ.wJnLhmfiltw'b mliuriL{iJ[wh J'urufr~r: '1-plpkpL'b!Jpw[ f>wrfw"wprJ',.,~, 

t:.hururqJ-bpp rfurp.[![! /;rlurl[p l[bmfr 2rp_wfJ.wU!"ui'J): U.!uurbrl 'lffPI..r/;~r

!JfWL f>wqwuwpmJ''bL-pp upuurbJ'hLpp l'nJuLJ'h/,.l'f ~utt"' 'iun{tl !,~, rlf•

urwpl[rfwh[! quulwt:.Ln .j!hhwlrlltfwJ- t lpwqwtfr'b t:.mf'{diiL{tltu•h ql"" [,'l,_ 

llwh f[Lurp 21'2-"''L'"!J!"LJ' t:.hutmqJ-p rfwr.el!' 'J-, m'bt:.pwtfh2w t-1' w'b/,1 

wth pw'bp t:.wJ'rup1 "I' tLb'Lmrwmbfzt~'rfJ.•utfr, llUI'J-frnwb/u'bplf"'tf•, wq

,,J' wmfrqw tr ; 1fUIU£!bfilw.'lbkp11LJ' t:.wrJ' IU"fiUlniiJIJ,UIUb ::.w I'!Jhpb Ill 'IIlLI}' -

. ~ . 
bwufrrhlr" wht:.f""''hzur •. {- ""IWIII/Irb'b oqu"fbl '"!'f 'l"''l'"PU/It'bbrrf•!J' 

'InJ'"llb.f!u [lltfbl'f 2,1''"'1/"j'"'J'p hnpp!J qp•[wJ- L~, rl'p .f!wbfr "lml""

'lf''"fP'bbp: ~'l'"Lfr twifrnq l!'b'fl'"t'b4_wJ- t- XI 'ILI"r § 2-c, "r"'L'l 

urpqwJ- t w'b[!_'b'ft:.wm lpnLhfJ.!Jf"'!f "1'"2!'"l fr'burLqpurlr 'f"t•n{tl!"'~' 

'""l'"!J"L!!Jl!' {pw!J,·!Jft qr•[mJ- t XI 'ILfur (cr:l•rurfJ.ru~• ,Pn,Pnl"'"'lw'irf• 

qnJ'"ll/;.f!" lpnL'bft.'Jf•wtf•~ p'bmbqlmLJ'f!»} § 11-c: 9•1rrfurJ b'b XVI 'll/uft 

'bn I' § 24 ;r.. § 25-l! , "I'" 'b./! ~ 'btfp r•[wJ- b'b l1n J'"llL.f!u whrftuJ'hLpn•/ 

zurr.f!hrft'h It II"J'"lll'.f!" 'f"'P"l"'"'l'"'hr wumfr6.w'bwtfr'b 2'"/'.P"rfr'b: XVII 
qtfur 'bnp qrifwJ- § 12-l! 'btfftr4_ruJ t 11"''"/lb.f.'u rnL".f.'"'f .'h,_rshr ;_ wp

.f!bpfr'b:·_l f.''b'llwlh'[wJ- t fhuLpJbft ft'bmlufl""il' J'muft'tr ::..'"['!If l'."'{""'ff""·· 

J'£!1 {nLuwpwht/_wJ- h'b t:.mumd[ l[ppmnml[mh '11'"'/l"''um.frl Jlllh .J'L 1' '"I"""" 

qnpJ-qn'l t:.wufJ.w!JIIL{iJ[nLhhh/'1! {u"t/;11"'1'' uutft~Uif""l •'/>m 'b/f.'ll'm }: 

tnr b'b qpqwJ- XIX 'ILI"r § li'i-1!' cr .'J,, rt'·f• l'. "'l'.J!'b /!'"" :f.•, ~.,,. 

9 frw'hbrfr or{ilnqn'hwt upumbJ'fr» r,_ XVII •n/uf• § lrJ--L!' (( 9''"'t""'""l' 

IJJ-'"tf~' lpm'bq9 pn'bwl mw1,wJ-,L{IItw'b J'uJUph: U.~""l"'li"" :p,5,f19f•wtr' 

fhrrL[t[f.p 2Wf'.J!f 4_/.f'lnLJ-m{iJ[wh f,_ tfbilurnphJ.pp 1_bp[111.Jm{tltwh ,ffr;Ji• J) t 

U.tu hlnL{ilf! 2'"1''"'1-rtfwJ- t wt'b"lbu, "f'"l""lf.P III.U/Ithrll[hi•J'~' Ill. "~"'"· 
'bb r'hb I' I! ,,UJ I'" 'lwhw h t:.w uqw~IUJ l UJ t u J'w pL-,l'wm fr!!wfJ.ul~l Ul "I"'!'""" I• 
4_rw t:.bh4_11'l 'fi1Ul/1Lfiltw'il 11Lf'f2_ 6.!/IL'lbf'f h[lll{tJf!.l 

XIX IJLfz•mJ' qpqwJ- t h11p § 20-l!' cr 'J-hlrnw-lpm ~riJ.'If•m~t /, ~'!"" 

"lwmllbrl!»: 

VIII 'llfu"LJ' qbwb'lqwJ- t § 19-L!' c<:h,L'blf!Jf•wtr umtu9 m.J'L! 'P"l'a

'bwqm'b mq!w[hhpp f>pJ'wb •f1•w' £!""' 'P".f!I'""J"L[h .J!"'"w~m ,,,~r/iJ•f• 
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dL[tlmff• )J: Ill" "f"'['""lf'm{/>fr f"'</•uh'l"'f;u•.fdJ"Lhf!. 1/'"'f'l"ul t- t:.UiqhL'JmJ 

1-/! , 11 f 1f'. ~llujnft/r~l/11 J' '"'' 'f"'""f't/_wt} /;f 1 '"!" 'f""'""JI'.f'l' lllllUI)'I'~' {:, ..,. 

l.l11tf111 ''''/' )''''; t1'11111111 1f: 

\ 11 'ILl" Ill ,J' "'1"/•uJ /,'i, § .!O- r!' rr l'l'" '""~'/' f'~""''t"'I"U,.'I!"'~' 
f'Uthlii<\J,,! )) [, § Il-l!' cr liJ·,tm.tf•b 'lr:f>!,l,/,'j, ,'J'" ,J' ;; : U.t" "l"'f'""il""f/>'I,/;1'1' 

f'"''"'~"t"''i'"fc'J 1"1'r ~""'"'ii'~""'J' 't""''"l'l'"J J.·r· .::,,,Jl.-l'fwJ Jl·w•l': 

ll'f• .[! 111 ~'" 11'"'.'1 111-.l'/,/,1' 1.~. ''"'"""111/•nu \ ' ' \ 'II, 1\, XII. Xfii 

'IL'" 111 ~"''"" ,J': 
XIII 'll '",,I! ( (( I"" :p ~.-,,,, 'h !Jf "'l ::, , ·L UJ IIIII I'"' ,j'~,l.p :» ) ,, ,}',.,,, ?!·'"'1" II 

111/;lfiii'""'"''/IIJ I; ''f"ll"'f"J. r,U/011f1JI: 



~p'iJ'fb ('" (''f f,('LUUJLU('LU~nL{tf jtu'b J'b2_ ff'P ,,, w'btf.n qrn fu 11fiUf,UfLU'iJt/_LUt} 

~ l"f'f'"f''f t,['UIUJLUf'LU/fnL{iiJLU'b wJ'pnn urb.[!UUJ/!1 P"'!9 IUJ'f 'htnL[ife 

pwJ-LU'iJtj_LUt} /; i.rffnL f,LUurnrJ. ('fUIULU'Jp.[!p "'J" b. hLU/ull[''f f,('UIUJUI('LU~nL

[il JilL 'b'bb rJ. O'JUJ Ul'fn rttJ' Ulh t,,,r,hu ['IIL{J JLU h • .. r:.wJ' Ul r L. 'll"L'II 'bh rJ. t,,J' w

rw~W[ntJ'[! 'iJnLJ'hufbu {tfn'f'iJtf_LUt}~l; LU'iJqrntfrnfu): 

U.,fpn'f2. 'fLUUU11ff'.f!P :.. pnt/_w'iJ'fut~IILfiiJnL<;I{! "f'"l_t/_111 J' /; putm_f,-'iJbf'p 

f,LUJ'JUr J'w[ilbJ'JUurfrllwJJ. 7-wue'bfi/JU9f.' .'J00-430I2,JwJ'tj_w r:.,J'wr 'bLU

fu"'urbutj_LUtt : t}I'IU'ff'hrntJ: '1-JUuLUlf.Pf'.f!l! h•u/owurbutj_nLJ' l;:r'ht"ibu 1uurLU-

9f.n'hwr1 "'!'b"f.Lu l;l t.lmw~LU '·purmt.-<;,bruuf, J'w[ilbJ'LUurJ.~"'!/> - 'fiU"f!'h

ftlw9ft Ill IINUfhuiUJ.rJ'LU'iJ f,,,j' LU('l 1tw~ f,Uil_'/P t!LUn'iJtj_b[ ; h£mfJJ. l_tU

('W'f('J'Ut'iJ dwJ'LU'iJUI~J J'LUu'bwtJnrtuUfbUJ UIJ'f .,'hujWUJIItffn'l .;IJIUUUI'fJI.[!nl J' 

.[!'b'bJU r~qwtt ~b'b;~ zwur ' or/r'h,/,'hb r J n l'"'b.[! [IlL UUipJU'hnLJ' L'b l -ziU f'"''lf'tJUitt 

udntu~w'b'' . 'him Pe ,, UJUIJJ.u ~ b'b "''b'ff.r'hbrJ. •tmttJ'w'b 'hJ'oLz'hbre: .:( ~ ~ 

U.nmr_ft'b {)IIIUJII('{! (!'h'J'f('~IILJ' ~~purnLt.-'zJbrJ. LUILLU[/r'h ~IIL('U" Uf'UI

'ff'P'h ~t, ,J',UfwmLUufuw'bn'l~ 'htmfi/[! 1 pwyLUnnL{ti!"'J'P XIII 'llP'P (cr'tj.

f/> /; rh'iJ yj. IU l t,Uitj_LU U Ul ('nL J''itb r/r})) 1 II('(! J 11 f'"fbu t,JU'iJn'b 1: Ut'iJ9'iJm.J':, b'h,.b r~

f'"f''f ,,, JIUmJ': Pww" _pw'hJ..~ nr J'j. .[!ut'bj. J1U111Lt.-'hbrmJ', l ",2."f''1- 'f/tu-

9/r"ilP'b'hbrf• ; t.wJ'mr tJJ'bt,r,tlbzm 'J/rf/>hrb'h9J.,L t:.mtj_wuwrnLJ''hkrft J'"'

u/r'h 'bwfu<;IIU/Jru'h tnb'l/;ffnLfi/JnL'hhbr Ul('tjnLJ' b'iJ UIILIUj!p'h ~IIL['UIIl.J'J Ul"f.UI 

WJ'f 'Ill"/' J'j. ''"'"(! (§§ 1 - 28) b.u mb'lwtJurtf_wq I; "''""2./''h ~t,"'
urn ['IILJ': 

'Lz_L'b.[!, "[' [ilt/_ntj_ !JOO JwJ'tj_w t,"',j'"'f' 'bLUfuwml;utj_LUJ pur11Lt:.-'hLrJ. 

t}('IU'f('I1LJ' Uf.UI('IIL'iJLU~""'f 'bjtiL[tff! t:.mJ'w{'JUI lf'"'' /fLU UIILUI2_P'iJ f\LUurn

['111,/ (pwJ9 "'J'h pn•Jw'b,fw~nuf I; <;,,,/.,__ ,!'f ttr""lf'P Zf'2."''h"'li/r J'b2. 

J__J'ur'bn'l 'hJnLp }: 

f:l'~f'"f''f r:.,urnre (XIII •fli"P tJ"ne' §§ 29 - 341 XIV --XIX 
'l:L"'f"'h/;re) "J"'rm'hu,~nLJ' I; purnLI\-'hhrJ. hr~r"f''f ~nLruJ. Jl""'lr/r'h t,,,_ 

J' UIU,UIUJIU ufn w'bu '[ 'iJ J IIL[tfe: 

tl 

ll.nml.fr'b t.LUurnrf. "'"w2.f.'b hr~nL '1.l"'f"'hbre (<lfil'/,/_r t/Jn,f.n/um

~"''b' .'b,_ 'h~.'!/>ut}) f.,__ <r:ULUt,J'LU'br :/;,,<;,f/!1/>"'J/> LU'bf!'b'l-t,"'urnt[i/JnLh[! })) 

'lrtJ"'u li'b t:.'hwr""i"l'Py, l""'' t;"'J'"'""ur' UutJnr"'Pwl' "'!'f 'llm fu'i.tb

f'"'-J' Z"'l'"''fi''L"'l J'f, _pu•'bJ. t:.wr9br1 LUnLUhy 'l"rttJ.'h •Jhwuh1w_1 ,,f._ 
'l"'t/m/•"{"'J b'b brlumr'f h. ""'2."f''f 'll"' f,'hhrz '1-"' t.'bw1uutJnrnLfiltm'h ~ 
urtJbl wtj_llf, ''"''l w'by'b/,l 'fpfl>hl'b'b9f."'l~ t;"'z_t/_p t:.pJ"bLU~tu~' 'l:"''l""f1111 -

('p'h' uzJm'h9J"'l"~'' "I' Uf.Uit;UI'bpnLJ' L'/, pnLr..LU~utb 'f"'"J!'h[t!LU9P mr/'? 

'fP"9P "'tf.'h'bb r {'h JNL[ilj. 'i.,J' w'b 'f"' utut/_11 I"'Lfil J"''h 'bUf.LUUJLUIJLUt,,, ,,J' LUI""

[il JNL'h(! t;UI UUILULni,IILJ' I; IU z_fu LUUJtu'b.f!f. "'"('a 11 t/_)z 

PuruL!;-'hhrJ. fl"'f'af'"''l"' t'h ''"'fJI.J'wurJ.~"'JI• t}l'"''f['IILJ' "'!'h"!J.uf1 

t,"'r9br J'ur9'bblnL 11"'"1."'~9"' fiiJ"'J'p, "r"'h.[! "''hf>r"'Jbz_ur b'b LUt/_urnJ'w

urJ.IJ"' JP f.,__ ;;LU zt/" I[ILI~LUh urbj.,'bf,/1"' !P t;/.,, ~tu"itJ'ut} pu111L t:.-JU~w'b 'IP ,_ 

9P "f. tf.'h'bh rfr'h (J' 1U ftllJ' wurj.~w JP 'f'" ue'hfi/"'9" •/ "'Ufwt,, tJht"'· t,JUJ'"' f', 

lf'U U IU'l:['.[!lll 1f J' LU'b11UIJ' 1L111'b11 rbi1 l_LU('Ill'f('I/UIJ h'b t,IU,j' Ul Uf1UU1UIII "I mh 

P"'Jj.<;,<;,br. «'1-J.f/>brh'hyf"ul t,,utj_wuw1,,_J"bbrJ. It 'll'f/>br!.i,9 j.w1 ""'"-"'

uwru"l'bh1, upumlilf~th{'p {tlt/_"'tf.'h p'burh'fl""J'f! JJ*, ((CJ.t}IUJp'h 'fpf/>hrh'h-

9P"'l 1\LUt/_tlll:lllfllll J''i,J./'P upuurb,f'itb{'p ,,<;,nh'f('nt.J'(!})J ([CJ."''f'"'"'"[' /,Jtu

Uf"L 'hn •JJ. II"' Jill.~~"' ftl !"'~' urb unL{J !UJ <;, ,r,,p'u» 1 ([ ~"' ,fj. lur,'bj. 01'/h pJUurn

['f! })J ((:;,, rtl-J. j.<;turh'll'"'ll!}) "- "'Jl'i" 

XVIll •u/umJ' .[!h'b"'J+J,uf h'b J'"'ftlbJ'u,nj.~w~LU<;, f/>J.'1.J.Itwtf. 1\j.J'

'b"'~"''b 1\w,fmuwrw_.f<;,bl'l!' U'Lt} mzw'l-l""-fiiJttL'b ~ 'f'uratf_"'t} w!~' f/>J.

'1.P~"'/Jw'h hrbnLJ{tl'hhrJ. p<;,nJ{Jj. Ufu'l''l"'P"'~'J'w'he, "I'" 'b.[! phrtJ"'- J' h'b 

urturpbl' urfr"f.P f,LUtj_LUuLU{'IILJ''iJhf'p b f,LUJ'wUf.LULnLUu/uu•'iJ b'{f'"'Jp'h /u[!'b

'[p(''iJh['pz ;.lfhJ uL2"''fP"LfiiJnL'b I; 'f"'ratf_wt} ;J'mu'i,uiJJ. wdJU'b9!"'l'hbrntJ 

'fP f/>h rb'i.J9j. LU l t,LUtj_UJu Ul rmJ''bh rf.P.tmttJ'w'iJ •,:[il "-"' Jf.'h J'b fi111'f 'bb rJ.'h l 

XIX 'llP""-J';z_wr"''ff'1"'tt b'b :o"ibf'"'9P"'h t.wztj_J. t.j.J''bJUJ1,'b 'lm

'l"'<frmr'hbr'ht IlL 'ff.fl>uri.'i.J9f.LUf t.tut/_LUUUI('IILJ''iJbrJ. fiiLt}J'w<;t o"f.J.('LU,9/tn'iJ 

J'b{Jmfl! ' '/-"' "lwf,w'b2.tj_nLJ' /; t.w2."l''f"'l z"'ur 'fpu9f."ltP'h'hbrJ. [,_ J'LUn

'b"'tj_" ('"'"fbu [/; [bJJur('LUUJbfu'iJpfftu~IU'iJ'iJbrJ. 1\LUJ' "'('' 

1/."'f'J"'fiiJm'h'hbrJ. t.wJ',,r 'fw""''lf'.f!P J'b2. J'ur9t/_mtt b'b tfbJ {tltj_ntj_ 

pt'b'ff.r'hbr b. orJ.'hLU~'iJbrJ ~11rn'h9j.9 l_LULnbre f11LULUJ1LU'bmJ' b'iJ tfw[ilb

J'LUmJ.ItwJJ.~fJLU"ff! 'fpurnLfiiJLU'iJ IIL['Pl_ bJNLtfb('p 1\burz /u'iJ'fp(''iJb('f! k orJ.

'iJw1'iJf.('f! f,LUurnd[ (!'hurrt/_wt} b'iJ (!ULn 'f-"'uf!'bfi/LU9P JNL('LU.f!IU'iJlJIIL(' pLUJ-

. 'hftJ "('/! 'iJUf.LUUUJIILJ' I; l_W[IUI'f('t/11'[ 'htnL{ilj. J11L(IIU9J'tu'hez U.tu 1\m'iJ'fiU

J'w'b.[!f! 'hmJ'h"ibu 'lPf'.f!l! t.wrJ'wr ~ 'f"'['a'hnLJ' IJ'"'filbJ'wurJ.~mtf. 'f"'"

[!'b [il "'9P p'iJ.[!'iJni-(INLJ'iJ nt. UIILJ''iJJU up ('11L[il JIU'iJ f,LUJ'tu ('I J' JUII'iJUI t/_u ('IU ul>' u 

t.bnJU!fw!"'l m uw<;m,1'hbrJ. 1\wJ'mrz 

* Un4_npwpwf' 2"'l'"''Ll'1"'l w'bwlf'l/o p4_w;Jo'b Jbpn'l'i.bl'l!. 'i.nL;'i.ull.u 2"'l'u''ll!.l'-

4_w,} lr'i. w;u 'l"'u''"1l'I!"LJ, 
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•T,b ybp n 1"1 '.I"" uuu I' w~ nLfJ J nL 'h /!. '-f.'h'fb·r"J''IP9 ur~nrr'''"'"''r I; 

•L"r2.•nJ' "'P1"'J I; " "'"-''L'I""•, 
'.~nJ'mp ~wl'lwp' rr :bm'h~tiP"'JI' 

J'p~nJ'h 'hpw'hnt[, nr UITL1U2_p'h ""'"'ni'P 

n rurb'l 2"'f''"'lr1wJ I; p'hJ-kiJI,p'hbpfr 

uuru.gnLJ'f!. •fmpa'hwl1~n'h u"f!"'t'hLpp 

o[!"'"-"'~nwp'hkpp J'kfJu'fp )) ·'> mp!Jf!.' 
'.pJ'w1J '-[pw' f!.11ur '''".J!I"'"f"'·!1' 

3 "fil b I"' f' 'I .t:, I'""'"" 1""'1111 [cl J"' 1, /!. t[b .'II' I'" I"IP .'1 m 111l'f1b I"[ nul' /; 
J'p~nJ'h 'hpw'hn•f, np mnmr_p'h '.wmupp •fhi'5'"'J' "'I"'""} /; '. mt[h[t[mJ 

({ 't J"L"'niJf, p'hwh l"'l"llm !JP"'h p,'h ~nal'f!. ' fiJ' ,,,, !P1' 'IP lp bph'hy•n ,r » : 
§ 1. flpwlJWU f}qhp: t\pwljwll f}qlip~ u: wm~lipnui[l_ ..,tl_wj~b wnwllg~~ 

~limlipntl_ 

U'~n[cJI,J'w"'plf"'!P '.f.zl'1"''~"''h 'fw'l"'P"'I''hhi'P9 J'b~l!. filpt['h 1;: fil''-[p 

'l"''l"'''""f'l!. J~n'fbl I; t.'hm ,r k bl'~"'f'"'""L Ju.J'~n'h"'~"'f!.'hfil~nyo[!m- J' "'J'h 

f!.'h'll"'J'h'fbl nL f!.<j,'l-t,w'iJ['"'9'fbL /;: 

/•'htUfh" '1-I'"'IJw'h , "'!'iwlbu l;l f1"'9"'""'~w'h wJ'pn'l2. k. ~""'"1'"'
IJwJp'i, filt[hpf!. 'll'" fdt[p '.bu. ~~~ tt[mJ' b'h nwgpnliuq p~bp: f.Jm['"'o[!"''b

Umr nwypn'hmt {clpt[ ~"'f'"'l I; 'hbplf"'!"'St/.bl p L q bl'~"'- ~nJ'pn'l2. 
p 5 - 5 

fd ,fit pp - '-"'I'"'Pbr, fi'J"''h urbu.f!n 1_, opp'hm~ -, 1 ,2.-;=-: 
q 7 4 

U'~nu'hmt[np~nUfbu, p wJ'pn'll filpt/.f!. ~"'l'b-[p I; 'fpurbl npUfb" bp-

~nJ'pn '/2. filt[hpp _£_ '.~np~npbf'"' fcllm_'h, opp1uull 
I 

6 
6= - , 

0 
0=- -: 

1 1 

ll·w9pn1,,,L filt[bpf!. ll"'f'"'l b'h Uf"'"'~b/""911;-l t[b/' 2."''/nr ~wJ' ~n'h
t[brt. Uf"'f'f'bpwll"''h ~nmnpu,~'hbpp u.buo[!nt[z ll.J'b filt[bl'l!. • npu1Jo[! 'hbl,_ 

ff"'J"'!Jt/_nuJ" b'iJ w'iJ1_bp 2_ 1 f'"'J!J nl_ Uf"'f'fiUpwfJ<n'iJ UJIUU<jlll[''f"'ffm'iJ ~nUJn

{"''~'iJbpnt/_, 11 nzt/_nLJ' h'h pnwgpnGwl p-tlbp. "'!'1-"IP"P'h h'b ~ 1 2 , ( 3 
s- l/ Y "- "'ll filt/.hre. ' 

/~ nlnf' nwypn'hu'l h P""'!l;l,n'hwl [clt[hp[t '. ~nJ'm{tluLJ'pf!. 1/nl_'-[•nJ' /; 

j1pruqwfi fil'-[b['p p~nq_J'mfil!m'b : f>r"''J"''h fd•fkl' /!. ll"'f''f"''fnr•fwJ 

k 'h /!. u "' J' b J n L fi1! m 'h , "'l"P<j,J!<j,' X k y Jr pmll'"'b [rl •jh t'P JnLpw 

o[!w'htJmp 'l"'J'lP '.wJ'urp "'lt'LP u,1,Jr 
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l•pw~~n'b fclt[h PI! llml'b LP I; "J"'Inljb pb[ [il t/_m JP'"~' mn.tn'h,'J.J!P ,,burh

pnt/_: ~~UtJJlli rnnwlig}! ~ntt/_uul I; ~nt'b ,,'b,Jhp'l_ "L'lf'll!.' npp •Jf'w 

e'hurpt/_wc} b'b . .1) "t'lcl; 0 t1bur, "PI! 't"t•lm .r 1; r,," z•Jw'h.J!ft u~ftqp, 2) 
'l-PW~Ill'b 111-'l'lmfdp ... 'h, "PI! 9"'·19 I; mpt[nuf U[lll.J!"'' ,, .'J) hpft"'P"L

filtnL'b'hbt'l!. l"''P"L"L r,,,fwp tf~nu z m~nf'' 

fil't{mJp'h tnnut'b9.[!f!. '.~nl.~nfu '[-WIItut{n[""-,f b'b •:..nppqn'i/lu~m'b '!-P/'

.f!""' puft 1f111U"III<j/ IIL'l_'l_IIL{cl1m.h(!. (!.'btr.piiL.r /;'i, J.wfuft9 IU f_ t 

l:[c!h x1 [clft•l.f!. 'fpw~w'u t·, w"f"' 'bt•m'h "fwm~bp,nJ' L'h M 1 ~""'"''' 
np'h e<i.l,wc} I; 0 ~lilnft9 "'2\ h[•whft9 OMJ=Xl r.bnmt{nrmfdt'"'b t[rw, 

b[ilb X 2 {Jf•t/_(!. f'"'9LUumf[w'iJ /;' ,;'V\ ~ f[J.mut/_, ll{'h f!.h~•uJ /; () J/burft9 

a"''" lc <j,{'UI'j,,.!J m'bft O ;v\ ~=X~ r.t.nwt[nr•n{dJ"L'h ( 'bft. 1): 0 '"-i Ln(!. 

l'flUU,/(U(IIII.If I; ll_(ll1 fi/pt{(!.t ll.t,'iJr.wtur 1; , np Jill f1111.f!W'iJi_JnL{' ftrw"w'iJ 

~ 0 
---oliO 

-z-1 
I I I 

'2' 3 

[il/•t/ "l"'"'~brt/_nLJ' I; [clt/_wtft'b wnw'b9-

.f!ft nrnzw"" ~burnt[: br~"' urtnrpbr 

• .& f•J•wl1 ~n'i, {J.[br "flU"'IJbpt[m . .! h'b fil'[w-

Jft'b u.nw'h.'J.f!P urmrpbr t1lnnLrnt[: 

"t,.ll• 1 l•rwt{m!Jp I; 'bwf.:.. r,/.,.,/, JlUL "11!.'"~'-

'f llllf f! . fr!JLw1fr'iJ WILUI'iJ 9.J!P JIIL{'W.[!UI'iJ

lJIILJ' ///;"' ,J'frwt'h ,fl,/1 frr~nftw'b [c/t{/r { "-"'9frn'bwl ~tu.f frnwy/,n'hwl} 

"fwwi/L r<i. /;: 

lJ.J""lP"""-• P"l"P frpmf,w'b fdt[hpft ,, filt/_w.tf•'"~• mn.lllh!J.J!P f' "l"l' 

"burbJIII .!ftp_IL 1f11J111frltm.'b m'bfr t{tn{IIIUifWf'a .fJrwJHf/:;1! r.w.rlll"fiiTUIUIU

fu~n'iJIIL {dJIIL<j,' .(111f"".f! "'hlJ"'-J' {if•Jph r,,u.fmuf111111111Ufuw'i.,,,_,j /; l•f•Lh 11f111m

"hf'"'l_ ftbwl!. f, l!.'i''l:r.m/lm"-m~(!. 1 !"'Pw.[!mhl.(m I' 1/bmft'b r.w,fm"'utur~nu

{uw'bm.! I; /• t'h'bn•J ''iwmltL·rt[n 7 tl'frm/1 {rf[,Je: ']-, r.'i,wrwt/_n P"'fcl JilL 'b I; 

m~nlfr" z~n•u '1-~nurntf"' - frl!'"-'b'bbi'"'· J· "1"'2 f,J'wumn•J r.w.!m'bzw'bwllni'L'b 

qnpt}wc}Ll CCX {Jf,J-~ r,,tuf[w!Jt"-{c/Jm'hf! It C( X ~Lur>> r,,,,~w!/rn{c/Jtn'b(!.t 

•{bp2.fr'b r,m'i"l""l"''b.[!/r.'J lmt'bnpL'b Olfmlfhl"' L~'.f' 'l"'"l!'b{Jm,qtntf: 

U.nw'h.'T "'"1"'9'"-19/r 'bzh'b.f! frp~nlt~n'i, fr!t{I'I'P f'~n'lJ',nfdt~n'h '.bml't"'l 

~,,,,JJ,p r,,,mftm-ftiJ"L'i'l!.· !ipltn'- lpmfUIJllll[udi pprnqrnli ptjbplt tf'p~IJ. 

~·lm!itJbG pli l_ tqbu nwgJln(itul , lliJ!inthu 1.1 ~nmgpnlltu[ pt(L-p: l:plwm

l'"'frwllm'it mLt,f/r'b'i,[;f'nl/_ 1111'1 "l'b'l"'''l! af,,f,Lp"f''"''f I; "'!""/""· rAw
J lt!i mn lU !i g ldl b p lpu lpu tJ",l ; J llJ r, •.u fi lj btul; pIt tl'Jl ~ 11 (I q lll G tl bG l•li l. Ul bu 

ntug!•nliwt. tu]GutLu };I l•ntugjmliwt ltLmhp: 

'l,LP2""J' 5,;_f.'i,.f! r.b,./,!ml [Jbnplull!, "1'1! "I"' Z. f,f,,,,n1_ 'i,/,J,flm

J'" ,'J'j,,,_,f /; ((/1 ' '"/'/' .0. "'// mhuu: {rlJw'it {, "IJ""'l'"P/I'"l/' t!'f' f. f, » : 

frl- L n I'L ,(, lJnLp!llpwiii_JllLP ;r ]1n.tugpn lillll pin[ l]mpbjji 1.- gmG

lpug w 1'1 Ul u mldiw (i ll Rzmm.p J lU \r ,, lll puuu litupnl,t nwg (udi lll[ r' tjb r ll lfil

!ngntl: 
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I 
• J' 'itbpu'i,b'i1 0 l..pw'·m'b lrft[/t ptugmparnlt tfbtlm.-

l,bmwtf"'l • l-,u11 111 / 1 c- ~ l' 'l l' 

pJutG 'l:w'l""P"'L'I!. : 

y"' t,. ,r '" 'j,, L ,f: X Pl""l/w'b [ilt/_p pwgtupt\wlt tfbt)nq~·Jnd1 (1/~nJ' 
I) I .1 .! I; r:.liluktwl 'lf"'l.!w'b'hhrfr'h' unq.nq, 'i·zw'i,,ftt/_nL.r I; I X J l"l'l'"-

\X I=X, /;fc/b < >0, 

1 x 1=- X, hfilb x<O 

Uw r.. ,fw'bm . .!fr9 r,burlllnll I;' "I' yw'b//UJ9'",} 

f; X< \ i, I ""' ~. l "'-{J 1"' bf!: 1 t 



/x i -- !y!- lx --yj , 

"t'l! 11/ 111 1),,/,~,,lttlf J;,, tll"(llllJ'".'Ilil: 

I :~. - Upmu"II'J n•ll' f'lll!l Ill pc'null d'hr) n '- P J ndip li.u~tJmu•u jl }; Ill pmm

l}~P i 1.'[,l,pj1 f'lli!JIIIjlfllnft tfl; ,)nt.jiJ1Hfl lil; pll lllflllllUllf!Jlll[j1fi. 

'X y zi===l X !i \-!i z I: 
-1-. -f.wfinp•} !' 1nn 11111 ' 1 ,. , ~ 

- . I' o tu I . to ·" n 'I' J JH li [l ii '" ~ : w tllu fl l. )" ll cltu ii hJ.It jt 
h r•tudmli'"fl 'llf't'' 1. ,unn• ' t 11) 

;r fl (Jlll l l Jl ll t.p J !11 li li I; PI' p Ill ii 11 l"l l' l j : 

§ 3. ll>mfJn~Jwi.Jwu ll fiwumuunntb tihbntpjntbbhp 

!lrurJd'l'"/ "'J'b"'f"'{' lpfr'lMw~w'b ,fLJ-,,__fc/1"'--'b'bkp, fr'bt"'frufr,e b'b 

d wrl'mlrruiJ[!_ 1 hp~rupnr._fiiJ"'--'bf!_, dut~b/'buf!_ 1 d-urtJwLf!_• .fwuuw'ir1 -tl'b2nr._

,rl'., y_hprfmurnfr-tlm'irc ,,_ wu'b, "'l''IJ"'-'b.[!'"--" urnuryt/_rnJ b'b :Pfr'lfr~w~w'b 

rfhJmfciJm'b'b/.1'£!. "1'" 2"'l [cltJwJfr'b urpclh.e'bhp: ll'wfclbJwmfr~ur'b 'll'"''f_

•fm rl' I; J'/;Jm fciJm'ir'b/;purf, tj_hpm'burLntJ 'bpur'b9 /ln'bllrbur pnr[ur'b'l-w~,,__

fciJ"' 'b[r,'J : ~hrnnJCf"'JIII'f frrnrrhlnrf J/;J-, ,__ [cfJn '-- 'b'bhpfr Jwufr'b, JL-'b,e 'blfUJ

"'f t1,, <;,[;'i,UJ'i,.[! 'bl""'i'.'l fcltJruJfr'b "'lulb.e'bhrl'.' Swpphp brf._,,__tfil'bbpn'-- J 

"I"' 2 ,J'L<Jmf" Jill 'ir'bL I' rfrn1_rn/rr •fnuf b'b, UIJIIfr'b.e'b \ 'bpw'bs 1""-Uitfr'b urr

'"'.[! ~,/./'l! 'P"I"'l"' ,r /i'i, , "'-rfr 2 ,fbJ, p1, ,__ 'b'bhr "'wf.,'lw'bnuf b'b frph'b9 
fclrfmtfr'b rupdl,_p'irL1,l'.: IJ.J""'liu1 lfhurfr f.wr{muUJpw }__wp 2"'/'J,fw'b [!_'b

(<lm.'J.J"'' r!' rl-urrfw'irml/l'. £. f.bnrurfnl''"--[ciJ"'--'b[!_ rfrnfrrtj_mJ k'b, fru~ "'1'"''1"'-- 

f" J 111 'j, L' ,/'i,, rf I; f.ru u ur 111 rn m 'ir: 

lllm}lnlnwljluli tf'bl) nt.pjlnu IJ"l'f'"--,r I; "'J'b ,fhd-m./Jtn'--'bf!., np'b c'b

'f"''i,,,J' I; IIIUif'f'bf' fc/1_rutfr'b wpcfh.e'bbp: IJ.J'jl dUqnr._f/JuL'b£!.1 nrfr (ilt/_w

Jfr'ir urrdk.f!'bhp£!. t !.'b •frnrfrn{utj_n,__J', ~n}__t/_nr._J I; fiwummmm.G ub~nt.pjnt.G: 

~kurwqwJ"'-" pnrfrnfrrw~UJ'b Jbd-n'--fiJJ"'--'b'i,Lp[!_ Jb'b.f! ~'b2w'bw~b'b.[! X 1 y, 
Z1 u, • • • /,._ IUJl UIU/nbrrn1_, fru~ t.urur._nwurm'ir Jbd-m fcltm'ir'bhp[!_\ a, 
b, c, · · · /,_ ruJL ururnbpntj_t 

'1-{r m n 'f_ n L [il J n ,__ 'b : lJ' ur[ilf•J'wurfr~rutnr_ rf f.wuurwurnr._'b rfhJ-,,__-

fcll"''irf!_ f.urtlwfu '1-fr•m/_nr.J I; npufbu "'t'irulfrufr rfrnrfrnfuUJ/Jw'irfr ,fruu'irurrfnp 

'1-L''I.[!• upfr P-"l"l' fclrfmJfr'b urpJb.e'bhpf!. Jfrb'bnr t'ir'b L'b: 

lfJJ,".[! I; 'ir2h1, "I' 1/n'irllrhur lpfr'lfr/Jur~w'b brr£mJ[cl'irLl' nr_u,,__J'irw

ufrr'·L/•u IJrupn'f_ I; "'urmwt.bl , "I' Jfr£'bnr_t'j, w'b,,__'b ,,__'irLsn'l ,fi,J-n,__

[cltm'i>[!_ rf/r hplrmJ{clnuf Lfr'bfr f.wuurwurm'b, fru~ dJnr.unr._J' rfrnpnfuur

IJw'b: Opfr'bur~ 1 f.wrfuruurf'ru }__wp 2wpc/Jw'b wpurqnrfriJ"'--'irf!_ f.wuurururnr._ 'ir 

rfbd-m-{ciJnr.'b 1;, fru/1 f.wrfwuur/rru }__urp "'1'"''1"'9"'1 2urrcl-rfur'ir "'1'"''1"'--

{c/J" '--'i'l!' rfrurfrnfrrur/,ur'ir: ll.t'b Jkd-nr._{dJIIL'ir'bbp[!_J upn'b.e sw'ir~urswd- krh

rfmtfclfr rfh?_ Uf_urt."'w'bmrf L'ir frpb'by urpclb,ef!_1 ~nt•fnr._d b'ir pwgwpumq 

fj tU u UltUmnt.fi: () f'fr'irur// , 2/' p__w'bru 'lJfr b p~w f'"'--fil t"''b f.w pwpbp"'--fil !"'-- 'irf!_ 

mpmrfmqJ{r'ir f. wuurwurr,__'b rfbd-nr.fiJJn,__'i, I;' ..-:= 3, l-!1.59 ... : 
/•'b t "lbu IJurl.u'irb'i,.[! ruJpn'f_p__ '1-ruuc'ir{clmsfr l!'bfiJws.euuf 'frnrfrnfuur

lfw'b JhJ-,,__filtur'i, 'l"''f_rupwp[!_ '1-frlpbpb'byfrwL /,_ fr'burb'll'"'l t.w2fr1_'bbrfr 

t.fr,J''buriJm'ir 'l"''l"'Turl''b b crU' w[ilbJwurfr~wJnLd 21'2w'l-"'l'awJfr'ir ~bur 
f.w'brffrurusw•J 'lbllurf''--"J"''b rfr,.frnfuwllw'ir Jbd-nr._fiiJn'-- 'bf!_, - '11'"'--'f I; {b. 
/.•'brlhlul! cr ~'i,,__fc/Jw'b 'lfr"'Lb~mfr~wtnrdlJ : &'bnpt.fr1_ _ 'lrur'b Jw[ilbJurmfr

llwJnr.J ,r,,__"'.[! 'l"rd-k,'lfr'ir zmpdnt.UG nt. qpmtbqmpqmG, £. 2'irnrt./,f 

'/-pw'i, l;l mGiimUJW'l mGfipmdbzm 'l"'l'iiw'-1 qllfbpbGgtnul h p!imbqpmt 

liwztul~ » : 
J:l 



tPntfmfuw~w'b Jb,},'-flln'-'b'b f!'b'lnL'bmJ t "'"'I'Pbr fJ•/"'IP'b "'1'

tlb.J!'bbp: 'I·P"'"'r~'in'l fu'b'II'P p'bn'-lfJP9 ~wfu'{wct "'1'1 "'l'tlb.J!'bbrp r:."'

J"'fu-Jpf! ~"'l'"'l t tfr'bbl "'"'rP"r' Orp'b"'IJ, un'{nrUI~UI'b "I"'IJw'b

'bbr,_J "'"'.J!"'9'i"'l U'P lbi,JUJuu.ft"6.U1'bf! ~t/m /u'{p ub'bi"'~P l bi,J"'u
u.p6.w<£.py, "1'1! r:.u"J"'u"'r t 1 .'5-1 BJC, Jf,'btt._ bnJ"''b ~bu.c' 1 00"( : 

f>u~ X = CQSa pnfn/liUI~UI'iJ Jbc}tiLfJI"'-'iJf! ~Uif'lll[ t f!'iJ'JIII_'iJbf - 1-py 

Jp'bt_k + 1 P"L"r "'rtib.J!'bbrc' 

tPnfn/u"'ft"''b ,rbctn'-fJI"''b "'r"b.J!'bbrc brftl'"'l"'P"rb'b "lww~br
'{nd b'b fd'i"'IP'b "'n"''b9.J!P ~bwbpn'{: U.lu"lbu, a.-fr P"l"l' t:,'b"'l'"''l"r 

"'rtlb.J!'bbrf• t:.LUJLUr x=cos a. fufnJuLU~LU'bp LUpdb.J!'bb/'1! "l"'"'~Lr'{uui 
b'b P1LUIP'b LUnw'b9.J!P - 1 ~b.,frg Jfr'bt_k + 1 ltbu.brp Jpt_k c'b~Uic} 

""'"'"-"'Jfr LJbu.hpp p wq_Jn'-fJ 1mJp1 'bbrwn

I.,.L "-' - 1 t._' + 1 ftb.,brc ('b11. 2 ): 

U"' r:, J "''b u • J: tPnqtnptUiftw'b JLJ-nL-

-! fiiJLU'b P"L"I' f11.wJp'b "'l'tl-h,e'bf,rl• P"''L,r"'- 

PI"'- 'b/! ~11 l_'{m. J I; "'J'I pntpn/llwllw'bJt <llll
lpnlm.J'wli mllpn t. jp: 

"izb'b.J! pn•fwfuwftw'b J'LJ"'[il l"''b ,,,,_ 

t~. 2 •frnptJLU'b t:.butL l"'l "'PI"" J{J'iibl'/! ' "l'"'b.J!
t:.hu.w'l"'l"'-'f t:.LU'b'IP"/bl'"- b'b LUtJ/,-Lf1 t:,UJ {uupt: 

U'rl!wllwJ~ ~LU,r pfimhp~1Ul 'l"t"-"'-,r I; w1'b P"l"l' x fd•JLrt_. P""L 

.r,.p-1"'-'bl! , "l'"'b.J! c'bftLUct b'b u.'{LU.t a L. b (a< b) f'"-"rl• ,lftll,, c'b'l

"1'"'-,r "'1'1 f11.Lr'b frrb<£..J! t_k'b "I"'UI~UI'b,,_J 'IP"'"'r~"-"'1. fltf'·rp l'"''l 
,r,._p1"'<£.1!. UIJ<j, 'bzUI'bUI~IILd b'b UIJUt'fbu' (a, b) ~UIIj' a< x< b IU~r:.llt 

"WUUI['IILP Jnt 'iJ'iJb pn'{: 

l,u1Un[wc'J ~"',r ubqublim ~nl_qm J' t "'l'b P"l"l' ;~ [J,j1,1,f, l"u'L 

,r,,_pln'-'bl!, "I'"~.J! c'b~LU,} b'b urt.Jwd a ,, b hr'l"'- [J'{I•rl• '''' t."' C ~''f 
"!'"'-" a "- b br~"'- P1"rc "l"'"'""'<;,,,_,r h'b '1Pw"'r't1"'l P"''Lti'•n{JJ"''b£! · 

"'l'b 'bzLU'bUiftnLJ L'b UIJU"fbu \ I a, b I ''"''' t"t a~x .:;,_ b Ul'bt:..ut/utfiUi f""
Pt"'-~'bbpn'{t /., tu6.Uifu t:.uiLttt{LUJ'b UJ~I~LU~111J' b'b ~WLJ t.l'ji~IU4 < l ! JlJ. ftu 11J' 

*wq pfimbpl)_w1: 

V{Jb a k b {J'{bpftg J£~/!' o['p~Uift a-'b , Jpmytfuuf /; tfjry_ •u//"'1-

.J!p'b, pull dJn'-ul!' nt_, "'"l"' uw"'9'[uu f t" qpuwt[Hul[ Ll'p2 <Ui[ U:J jl, "1'1! 

'f'Uf'blfr I; UILU£ a~x<b LU'iJt:.LU'{LUIJLUf'IIL{dlmb~tbpllt/ /1 b:Otii~IUJ/ff' l l cl.t )) : 

fJ{db JpLUytfnLJ /; b {Jp1f!, pu~ a-'b l_p ti'ftLU9t/_m ,J', "'",'"' """" .'J

tjtn d ~- ~a, b] ftpuLUtfrLU~ ·'l• 'l LU~LUI.[!/! , "I'/! 11LUrb1p t IIIIUL n<x,~.:;b 

Gft!h x 'P"'/"'f""'~"''b'b l''b'ln'-'bnuf t a-pg Jbct P"l"l' t:.'b"'r"'t/."r 
mpJb,e'iJbf'f!• UIUJUI "'J'1"fpup p'iJurbr'i"'lf! 'bzUJ'iJUI~IILd b'iJ UIJU"fbu' ' 

(a, + = ) ''- UIUIJPU L'b a<x <+co "l~JJUI'bUI~UI'b w'bt:.w'{wuwptn

p l"'- 'b'bbrnt/.r ·h,rw'b at..n'{ 'IP"'"'rlt•l•"-.r b'b 

DfUI[d m'iJm/{m 'iJ LU~t:,UI </_tUULUf'll'-{tf Jt11_'iJ'iJbrn1. Ul p'{LUJ LU'iJ'{bp2_ p'iJu.b f'1"'£

~,{if'f! /fUid ~pu""''"''f m'iJ'{b{' l_ p'iJu.brtJLU['iJbf'f!' 

O l' p 'b w ~~ X=C OS, •fmrpnfuwltw'bJ, .j_m.j_.nfuJw'b mppnLJPI!. a-p pn[nl' ~'bw
l""'/"l' wpJ/il'~'lil'f• 'tbuu•nLJ ppli'bf•a 'blip~wJws'bnLJ t [-1, 1) ~wm.j_w~e t. npnz

,,,,..J I;-- } ~.\. ~ } w"b :, ,u,jwurupn'-fJ .fnL"b'i.Jb-pnt[: 

•J,L1,fuuJ' "'t"fLUJ uwt:.Jw'bmJ<;,brc ~LUrbLP t at..LUIJbr"lbl' ~flp•J» 
t.u. u//w.9"'-[t! J LU'b 'P" ,, LU ph'b O'fUILU 'i" rJb I"" ~''""' ,)) r:.LU u/JLU 9"'-{" /"' 'bc 

.of'p'bwf 
l,wuuJwb- 1/nt'{nLJ I; P"l"l' LUJ'b 

X ''""'"rP PLU'l.JmfJJ"'-'bf! , "r"'b.J! c'b
/[LUJ b'b u.'{"'J a /.. b ~bwb rP ( fiwm
tllllc'J\1 bwJpwqhmbpp) Jpl k, c'b'l 

npnui' t:.wur'{wJp JLUJIILUIJbu.liJ'/! "i"'"'-

lftu'buuf /;<;, '1PUIUII,{I1"'l pLUq_JmfiJJLU'b[!: 

S'{tuc} Xo l[butft 2 P~w'-!WJJ! ~nt_'{mJ t LUJ'I ,,&.,<;, Pr 'bbpu'b c'b'l

'tl'~"'l J1wJLU1lu/JLU'iJ (a, b) p'iJu.br'iLU£[! 1 IUJup'iJ.J!'iJ\ LUI'iJ"fpu/_1 (a, b) 
t_.'bmbl"l"'l• "I'P J,ulr,~hmbrc pLU'{UirLUrn'- J b'b a < x0< b "lLUIJLU'bf,'b, 

:,"'6.mfu 'IP"'LUf'~1.,_ J' t x0 IJbu.p LUJ'b"fpup (a, b) 2f'2_LU~LUJ.J! • "I'P ""'
,rLU1, x 0-'b t:.LU'b'IP"LU'buuf I; Jp2_'bLU~bu.: IJ.J'I 'lb"i.J!"'-,r x 0-'b 11nt_'{n,_J I; 

b-a 
2P~wqwJI>{t qhGmpnG. -- JbJ,,_{JJn'-'bl! ~nt_'{uuf I; zp~wqwJI>{I zw-

2 
nwl)_J•q: t~ . .'l-u'-J "fUI"'~"r1.wJ t x0 ~bu.p z 2LUt<LU1.'ln1. (x 0- E x0 +a) 

§ 5. ltwpq.wtf_nptf_m <'J !Jln!JlntuwlJwb UlibRLjC)JRLb: lJ.6nq_ b. tJtf.wqnq_ !Jln
!JlntuwlJwb uhORLjCljRL1111hp: Uwliuwbw!Jlw4 !Jln!Jlntuwltwb uhbnLjC)JRLb 

l:fLUub'b.J!, "r X tpnfnptUI~LU'bf! '-!wpqwtlnptJmb· tpmpn~nulpuli ub
l\m.ppnfi };-, bfJb t:.LUiur'bft I; LUJ'I pntpnfuLU~LU'b JbJ,'-fiJJLU'b •f_.upnfu

,f"''b "'PJ"''-JfJ/! k 'brLU 1"'-f'"'.J!"''blJ"'-f' 9LU'b~LU.9 LUct brlJnL "'l'rl-b,e'bLrf• 
I ii 



dwufoit ~wrbtfo I; wubl, fi!b nr wrJb.[!it I; itwfunr'll! "- nrc' r:.wl"l''ll!' 

IJ.Juurlul «'liwfunr'l)) /, «r:.wp_uf''llJ r:.wu~w9nL{tiJnL'bbbl'l! ~u'"''Jwa : th'b 

JwJwitwltfo r:.bur, wu r,,uit'lfouUlbnLd bit qru•fmfuUI~Ul'b JbchnfJJUlit Uli'

J/;.[!'bb rio (J ~UI r'fw1_n r" wit}) 1 Ul Jufoit.f!it' "'II 1/1n /uUI~Wit ,fbqiiLfrJ JW'li r.w

d Ul"fUIUJUIU,UUlit Ul rJb.[!itbrfo ~Ul r'fUI1n r1_Ulq b'lUI'bUI~I 

·<:,..,;:•J.'IU1r'fUI1_nrJUlit qrnqrnfum~Ul'b ,fbJnLf'JUI'b dUluitUI1_nr '1-t."'.[! I; 

Ull'b!.PnqrnfoiUI~Ulit ,fbJm{JJnLit(!, nrfo wrrfh.[!ithrc ~UI'l""'" Lit x], x2, 
Xa' •.. , Xn' ... pqwJJdi liw)l_np'lwipulim.p-ptdi: U.tuurb'l k'<k 'lh"f.[!~~<d 

Xk' Uli'Jb.[!{! (JbUffunr'f» 1;1 Jou~ xk wrJb.[!c' (Jr.w2"r'l-})• whi[Ul/11 UIJ'b 

pUlitJo9 , filh w 11 UlrJb.f!'bbrfo9 "rit t JhJ, 

U u1 r, ,r Ul it:, L J 1: PnqrnfuUII[Ul'b JbauL[rlJnL'li(! ~nt1_uuf I; tufin'l, 

hfilb 'hrUI~J"LI'Ul.[!Ulit}Jmf' r:.Ull"l"l lUlrJh.[! ~,fba I; for , 'bUlfunr'l Ul1,Jh

.f!fo9' tPnqrnfuUI~Ulit JhduLf'J"Lit(! ~"l"'IL" I; Gtlwqml, h[rlh ~iti'Ul !"' rUI

.[!WituuLr r,Ull_flll'f wrJb.[! qrn.[!r I; itUlfunr'l/191 

IJ.(.,'l ,fo,qrnfuUII1Ulit JbJ-,{tiJ"L'liitbrc iL it1_Ul'l"'l ,,.,q,,f,wi1UI'b ,f/,_ 
JmfrltnLititbrl! ~ntt/nLJ hit tfnlinmnli tJmt}mJmJn'l qrnqrnJuUIItw'b ,[bd,L

PtnLit'bbl' ~Ul,r "''ur'IUIUfbu tfnli.umnfi tf!il)nLr>Jndiui.Jp: 

0 p /• 'b w ~~ 7;p£w'bf.'b 'i.bp'IJwJ ~w'bn'l.w4_np pwtl'fw'b~Jw'b S tfw/1/.1'/;,f'.• "'.1'1 

pw'IJw'b~Jw'b ~ntjJbpf. {J/u/1!. ~p~'bw"iwm~blf.u ~w'b'lf."w'bntJ I; w.;"'l •/w.fw/•"ullmh 

J/sJnLfJJnL'b, 7;p£w'bf.'b wpurw'I:JwJ ~w'i.n'bwqnl' P"''l'fw11~Jw11 Jw~bl,b"f!.• w.l'li'"''I

Jw'b~JW'b ~n'/Jbpf. £1f.4.C ftp~'bw"iwur~bi/w ~w'b'lf.uw'bnLJ I; 'i.4_ou'ln'l •{tr,{m/uwllou'b 

JlsJnLfJ;nL'bt ~~wurb'bl!, n(' ni. wJI.'b tpn4,w{uw~w'b ,f/;JuLfJJnL'b I; "'~"'l"'.l'fu,'b 

.wG.n'l ~wJ 'i.4_ou'ln'[t ll.J""i'"'· opf.'bwft, x ~= sin:t •fm•pnjuw~ou11f!_ ,,,..,,.,,·;, ,fL,)n•. fiJ'"1' 

i_C kpp a-'b [0, 2.~1 ~wur4,wJnLJf wG.n'l ,f&Ju<fJJnL'i. 1;. {J.J'j, uftqput.tf ,,-;,., ,{ I; 0-/•tf 

Jf.'i.ib. 1 1 w/bnL ~ Iturl. 'i.4_w'lnLJ I; 1-f.9 Jf.'i.i./' -1 1 !. , •fbt'l"'"l&u, wC.n.,f I; -1-f.!l 

1/f.'i. i_ /,_ 0 J 

Uwr.JwhnLd 
1
2: X qr•,Jonfuw/i,it ,j'bam{riJmhf!_ lt"/'i"''' I= 

uwlitfwlimtinult 1 bph :'1"!"'-fiiJ"Lh nLh/• '"!~'"'P"P N\>0 r.u.""""""'"'b, 

nr '"""'nfuw~Ulitfr pn[t1[1 r,,up_nr'l wrrfh.[!'bht'f!.• u~uw,} nt"'~ ,rh ltf'.'J 

pwtJwr,wr,uf bit r:.burL!wl "'wtJ'Ulitfr'b' 

I v )<-· ·\t\. A ·-:..-.:; L • 

IJ.ll !tf"l'"' wuUJq, qrnqrnfuw~wit Jhdm{rltnL'b(! ft"J.'J"'-'j' I; IIIU{:,,J'w'u,uf•wil, 

h[rJh ftwrhlfr I; 9"L!9 urwl "'lit"'frufr [ .·-lv\, N\] r:.w:mftud, "!' ,,,, ,i,,f,•u

ljwitfr P"L"r r:.w2"r'l UII'Jb.[!<uhrc• u~uwd "rf,f; ,fh/Ji,H• "i"""f;,,~:f,- '1, 

wn r:.wur1_Ulafrit: Fw19 tu1hur.f! 1; ~wrJht 1 ph 'P"'fmf"~n't"'~' ,ff,,;,

{<IJ'IL'bit wit"'u'l,fwit "1/iur.[! I; [!it'fnLitjr [-M, M] r.wurqwJj, f"'l" :' u'f•

Jb.[!ithr£!: Orfr'bw~1 [-21 2] r.wur1_UlbuLJ P"L"r r.itwrUI"-"1' t""!h'"''i""l 

Ill 

Ul rJ h.[!'b b I' 'b f!.'b'l"' 'b II 'l ,,, "'" n ,, ""t'"'b ,r L dIll. filt"'·'i'l! ,,, ;:,,tIll';,,,,,,,, I; I 
t'hUIJUlq 'lrwit 'bw J} [!'b'f"''b"uJ' 1--:2. 2] r:,,,,1,,)/, P"l"l'• 111 /it I;' 

Jonw,'!Jo"itwl ut/'rf h.[!itb ['{!: 

f.it,Lftlttub tnUI(If'hf' fi(,{IIIL,(/Jitfir IILIIIILifbUIUilflf.L!IU IlL mfi{llitpf{'u

fJUI'l, fu'b'l-fof''bh1, L"Ldbtf,, r.wrt!/ I; Lf,'b,ui' ,fw{tlhJwUJfdl'ul"''f 'ff"nu•r

~[;l ,J'fr ,f/,qm{rltut'b •frn1_wfnm.ftiJ'II.'b[! 1 ftwfu1u'q Jfr UIJl ,fbJ,,{rlJwh t/m

''"''""' {iJ Jllt.b/191 l/,J U "f/; u 1 Oflfl'b wff 1 2U1f1rflll dit Ill. IIIILJ'itUI II /1 fl/i £11 II Wb,'JUI,} 

fuu'bw"'"'rr:,l! 'lfruuf11uf I; "[IU[bu du,t'witw~f' •frut/rn/'""{rltm'bf'.'f ftmfii-

1Jwb 'P"''"''"Ull["'ht ll.tuu.lfl( w'i','J'"q (.,,<;,,u"'u'l'r:,l'. rfu,f',,'i,,ft/• [/>"Lit~-

9/' Ul 'b (I 

'tf1 UJw{'ltl'it.J! '"ll orfritwt1: ~'utur'bJ, /;, "I' 2r2'"'l,P ,j'Ul{f/'1'""1! zw-

11w1f'IP •1}?_"9"'' "'l'u'u'r:.w!urquut' I; wl"u/IIu' Q=<lR ·: lJ[rJf, R 2"""11-

q/t'['i' f!h'lmb/1 wwn•"t' P1_wtf,it w,,Jb.[!'i'hl'• Ul"fW Q ,fw/1/;1'/'"f!. 'j,,t'i·

..,L, li[!'b'j,'l,[, wwrpLr ~{11_wtfrit wrJL.[!i.hr" U.t""'f'uuq, ,({;(/ ''""/m

{u w/fUI 'b !• ,,,, ""' fu m-{J J'IL 'b 1!. UIILWl_ I; ph r""f ,f[, It .,. rJ. 2 "'" ,,,,,, ,f(UI b fr· 
1fm 1f,fum{J !'" b : /}.,(""'"'[ . 2/''l."''bf, Q i,f,~f'f'/;"{! ~R 2WIIU11fr/p :p,L~Iff-
9Pwit b !l/",ltbr''l/,'i,.J! «~rnit~s/IU•» r:.wultw9uLfJtw'b ,wr.Jwituul'c: 

{J 111 ,:; J' w b 11 L. ,}' 1: /;{Jb "/'/'/; "'''f""·J{tlfrit "f'um~111itn'l X 'P"'P"

/um/f"'~'P _(Ill (IIIIJ!UI~I}.JIII.fl UI[IJ/;.j!_fl'b r.wlflll"fUIUIUIU/IIw'bnuf /; J'fr "'Jl y 

1f 1111f111 f111uliw'bJ, 11'/dt "I"'2"'~P wr.!b.[!, "'"flU y-[! r:.witrlfrum'imuf I; X-/• 
~n·liluJilll>, J1w,f ufr,f1_ntfr~ 'tr•nfJtu,rp' y=f(x), y=--= 'fi(x)" "'llit' 

x ,,., 'P" fuwl1u,'b[! ltn l 1_uuf I; w li lj_ w J:u 1JlmpnJum lpu G lt'Uif lll (Hint.

tl'blim: x {J y ;1frmfmfuml1w'i.'bb1,p lltwfuua.d[! iltnt•Lnuf I; ~ndil]gJm[iuq 

r,,Ltjunul': y-:_i(x) :p,nit~.'IP"<uwl t,,,,,rUiit ufr""-"tfrlt 'lrw'"fw'b "'•r i 
111 ,1111 1! .'J"'-!9 1; UJwLfw, "f' x •urJb.efr r:.hUJ Ufh1I1.[! I; ft"'ur'ul't.l fr'bt "l' 

'ft1f1t)fllffllfdJ111b'bbf1\ Y·fr IU['tfb.[!{! Ulfllll'bW[IIL i:,w1f1U[II y=f(x), !.1= :;-(x) 
J.,_ "'!fh 'fl'uu,J'w'i1 ,,,,/,wrb'b i).wf.w/u 'lrrnJ' bit y=y(x)~ tt co ."~: ( : : ) f, 

Wllh, "-'t"f•'b,e'b y, lJ h wu'b mwiLIJrf!. itzwitwfftiLd bit {, /fiJIIIIJ 111 [ ,,,_ 

'P"f'""'t"''b, ;,' X·/• ;:,/;, 'l"l'an'lnLf'J"L'b'hbrf• r:.wJUlfuJpf• ufr,f1_nl: 

y=C 'lr"""" ,ft'• nrurb'l C-it r:.wuurwwtnh I;, 'b2m'bm~uuf I; 

/f>nL 'bltsJ.w, ''I'P "'1,JL.[!l! x-fr 9w'b~wyma w rdb.f!fr '1/'"'.f.!"uf ,f f' Z"' 

bmJbh I; L r.mqwuwfi /; C-Jo: 

ll IU r:. d U1 it n L J' 21 x-fr IIIJ'b Ulrdh.j!_ithrfr f1UII[Iflll{rftm.'b(!, ll[lflity 

r:.u,,fwr nrr121/1111f /;'b y [/>uL'h~srw!fr wf'J·h.[_!'b/;(1{!_ f(x) ffw'bn'bf' r:.IIIJJ'III-

17 
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.J.,(it, llnttfnuf l; l>n..._6~gpwjp npnztfwli mppn.LJP (ltuuf l>ntliqgllwJ!l 
<jliJ n q ., JwG mp pnt.JP ); 

0 I'" 'b "'~ 1, y= s ln x !j>nL'b~ufow'b nrn21"'·~ I; x-fo pntnr "'l" " ' l ''bkrr 'lk"f.

·l'" L'' ' {kml<oup"'f' • 'bpou nrn2Jw"b mJrrnLJPl!. ~tfo"bp - :o< x<= ou"b,fkrt p'bonkl'i"'l£!. ' 

'l-frmn'l"'· filtnLb 1: bfJb nLtbt$ X iL y=::f(x) brtf"L pnpn

,/•""'1"''1' ,fbJmf!JnLttbrfr :j.nLt~sfrntu'l ltUJfr,uf iL bf!b x f, y= f(x) 
·'ffr·mLt.[! "r"lbu fJUif''l"'t/"rtf"'J pn•frn/uJUifUJt JbJnLfiiJ"Ltthr, Ul"f"' 

"'i''l""fhtmf• x* iL x** brlfnL Ulrrlb$tbrfrt t:,..,,rUJ"fUimUiufuUJt,,1 
fPrnt~9P"'Jfr br~nL' y*=f(x*) iL y**=f(x**) UJrfh$thr/'9 ""'2"£''1-l!. 

~[pbp U1Jb 1 nrf!. (,UJtfUJ"fUIUIUIUpJUibiiLJ /; "'r'fmJbbmp (,"'l"f''f Ulf"J£

$/Ib: U.n "fUILnf.UIILIII' /;[1 pbUJ,,Uib 1;, orfrbUJ~, t:.bud1JUIL UUJt:.dUJbiiUff!.t 

. ll Ul t:, tf Ul t n L tf ,'j, Gflb y=f( x) fPnL b~!JfrUib "'J'j'"lfrufrb 1;, "r 

x "'r'f•nJ'htmf• tfhJ "'rrlb$pt t:,,.,,r,.,"l,.,,"'"'""'t,uf I; fP•ntll!ffrUIJfr 

tfbt) "'r'Jb$£!. 1 "'"fUJ y = f(x) fPnLb~9fr"'t ~nttJ.ntf I; wiinq: ~,.,tfmttf,.,t 
ai•ntJ u,.,(,tf,.,ttjn,f I; G~wq n'l q,,t~9fr,.,t: 

0 [' p 'b Ul ~ 2, Q ;o· ;t R2 !j>nL'bbfoou'b O< R< t eo 'lkull!nLJ w~n'l !J>nL"b~fiP"' 

1; , l ' "''b" "I' R- p .fk~ our J irl! fo'b ~ ... J"'"f."'"'"'"fu"'"bnLJ I; Q-1· Jk~ .urJkee• 

'J- fr m n '1 n L fJ J n L b 2: brpLtft :j>m b~!ffrUJ f.,.,u~"'!fnLfJJ"'b uUJt:.

,r,.,t,fwb tfb 2_ fJIILJl bb IIIUI[fru, "[' X-p 11['/,f; tnp{'nLJ{rfpb "fUIUI/JUJbn'[ 

Jill (1UI$UiblJm.p Ulr.!b.[!frb t:,UI/iUI"fUIInUIII,IIUibnLd I; y -fr Ill_ [rfh tfb/1, 

"'Jl ,ifr .f!"'tf, '"r"b.f! , ~,.,,r t,.1tf,ul1 y-f• "'rJh.f!thrfr ,.,ttfbrl. P"''l

tf,L{" JilL b: U.J" '1-b "l$'ntf fPnLblf9P"'b mbi/Uibnul' bt pwq tfw pdhJ!' /r 
"'"'rrbr,•f"t•nt tfhrt! umt:.tf,.,ttj,.,J fP•ntft9fr"'JP• nrfrt ,.,ttjUJbnLtf ht 

tf/uul'rfb$: l,hm"''I"'J"uf , fr~nuhtntf fl.m.b~!JP"'JP dLUufrb, tfhb.[! b/f"'m/• 

JJIILbLbUib$ ,fp,.,Jb tf p 111 [' J /, .[! {/>nLb~!ffrUJbbr£!. 1 GfJb UJbt:,r,.,JbzmnL

f!Jmbp!f hltblntf t:."'r'l Lfrtfr brphtft qnrJ mtbt,.,l P"''ltf,.,r.!b$ 

{/>nLti19frUJtbrfr t.bm, "'"i"' tfbt$ J1,.,tbt$ t:.,.,mnL~ tfbr"'"l"'r,,L.rthr: 

I. .'b n L b ,, 9" Ul Jl• tn rtf Ul h Ul 'l J n L u Ul ~ Ul!" t h 'l Ul h Ul It£!. 

U.Ju b,1 ,t,.,~fr 'lb"l$'1L J' "1'" 2. "'/lfr Ji"'l''l"'l qrtJnLtf bt "'r'fnLtfbt

•Jnp xl, x2, ... , Xn ,.,,,,Jb$tbl'l!. b tf>rnhiJ9fr"'Jfrb r. ... ,r,.,"fUIUJUJufuUib 

Y1• Y2• · · ·, Y" · "'r"b.[!ttre · 

X II x, :"( 2 I· ·I !I n 

)' II Y1 Y2 I· ·I Yn 
.. - -~-- -- -- - -·- ---- --- ------· 

I I> 

u.t'l"ffrufJb hb orfrbUJffJ biiUib~~~~LbUil_UJpUI~UJb q,JILbft!J/Illlbf,rf. 1111[ ~ 

1m ,.,.,~thre, L"'t"'rfrf"Jthrfr "''ll"' u,.,J/i,Lre " "'!Lt' 
1.;/,b'nJflbhrfr t.pu"fbrfrtlhtu,,.,l , umJ't,.,ufr1,,r,t t.Lu.Lwb.[!n•/ 

biiLJb"fbu ~Uirn'l bb UUIUI!JIIUL l_UJI/11/11'[ 1J"Lff111 fd Jill bbUJifr J'fr 2/, '' 'lUI,} 

{/>mtii!JfrnbUJl ~,.,,,,t tfb "'f'Ln"'""'J"'"'l "''ll"' IIUJ~tbr : U.Ju"lhu , ol•frh"'// 1 

O'J"r""' .!{tiUJpUibUiftUib ""'r•fl"''t•n J' (nJJ OilJ, 3.LI.K3) "'"J"'l ortfw (!h{dwH

.f!""J o•1/' l hrtf,.,umfrl.,.,tfr l. "'pJ',.,t t.bmL,.,h.[!n•{ ""'"'.'!t/uuf I; ;.bmi'J"'l 

Ul'[ JIll ""''/£!.. 

T J. krJouump t!; w'bp "'['dkpr.' ( ou ump ,O ou'b't!.rn•l) ltoufu1ou~ t JouJou'bou~fotJ (olou 

,fkrn•l} 

!I 
II 2 3 4 5 6 7 8 9 

T II 0 -1 -- 2 - 2 1-0,5 3 13,5 4 

IJ.Ju "''lJnLUtU~f!. T -b "£'" 2."'·,{ /; "l'"fbu t •p fPm h~!JP"' ' 

II. .'b , L t 11 .'J fr ,., J fr "'r .r,., t 'I 1• "' {/> fr 11 ,., ~"' t " 'l ,., t ,., t1e 

/:ft!h t:,,/'{Ju,.flJ"'h t/['"' ~""[''[phUJtnUIJpb ""f'l"'b~JIILb ufrumbtfnLtf 

wtl•h.[! ,'\·\( x, y ) 1/Lwhrfr nrL/; P"''l""'fiiJnLb , f!.U'f "l'"'tf "'J'I t1bmb

I'P9 "l. J'f. '/"' J'f t fr 'l"'ttjnLtf oy "'""'h!J.efrt 'l"''l"'t:.hn m 'l'lP tJr,., , 

"'"l"' 1/b"'bl'fr "'J'l- P'"'lJ'm.friJnLbf!. "l'"2""J' I; "r"l; y=f(x) J'fr,.,rrlb.p 

f>m tt19frm . "'r'l'nJ'htmfrl"'rJL$tbr bt t:.wt'l-fruUJbuuf t1bmhrf• ,.,,..,. 

sf•utLI'l!. • ,,,.,, [ fPnLtl1sfr"'JP "'I'Jb.ptbrl!. t, ,.,-

J'U1Uf1UUIIIIU"IUI~I oriJfrbUJLnbb[lh bt {hf,, 4): 

(xOy) " "'rfrlm{tiJ"'h lfhmLrfr ,.,1t P"''l

J', fi!Jrn.te , "r"t9 "'P"sfrutbre t:,,.,t'IP""'

t,J' bt w"i•ft"'{" 'P'"P"P'"'~"'bf• ~wr.!b.ptb{'/!l 
frut1 "l"lf't,umtbre' {/>nLti1,'Jp"'JP r, ,.,,r,.,"l,.,_ 

m•uufuwb "'l'rfh.ptbrt Lt , IJnl.tJ,uf I; mtJJ"'l 

{/>rnb~9P"'t/• q ptu l> !l ll: 
II J. ,'/) n L b If 9 /• UJ J fr w [' tf Ul b ,., b UJ l fr tn fr /1 h 'l w b w /1 l!. 

·(, "'{" "I"' l"l "'l'"'t /,t.[! rr ,.,t,.,Lfr mfrlt "' 1,m,., f.w JLniiL {(I JilL t )) f. .u ufl,.,_ 

9"' ft!Jm.bf!. t U.G tu l!lm!J q wpmwfiwpnntpjn.Lii lt 'uttj,.,tht.p "'Jh"lfrufr 

t,,., JUibfr J' UJ f/ filj' UJ mpff,.,f[Uib 'f" [',), '[ntf/ JnLbbb f'P ,.,,{ pn '[j'_T1Lf/ J UJb uf•J'

""lfr// t z,.,t,.,t1mJ'e , "l'"t.f! "l'"Z"'~P t:,,., l "l''l"''l"'tmf!J"'tfp 'I"'.,Uif'
:;;;_-;J' !,t F'·f&r•fr IlL WUJnhrfr t:.bm I n rntyn {h2_ UibUI/ftfUIJ bt " "'""'Ill UIIIL h 

ltUJtf 'P"P"fu w /l,.,t tfbJ,L{dJ•nttbr ' 'i zht.p , "r r.,.,Jmhfr ""'filb,fmmfr

r:.~UJb 'f"f't)"'f'ILf/JnLbbb{'p Uldp"'f'l'"·flJIILb "'""["" f/t:.mulfwhu•h.[! nl_ 
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.r ,,, (il ,J'f r <jiU,[Im {''/ '}-''{ f'"!J'' '1-""'1.!."' I" my/•.'] "'"' JU7'~~1• .r IU I" I; .r lllln "~"'''UI"' 
'l"l'')"?"'l"t"''ll'i,brl!. ( •fiii.J'wruuf, t.w'iluuf, mrJmUI (,,',Ll IL mu'll ), 

"'ll'' mt'll"lf"•/•'~~brl!· "f"'"'J! ~""' t. ,Fw'i"[b'll 'fUI"f!"'l"w:~ft , ,,,n"""ftr

,/',~1!. 'L"' Cfl!'llfd,,fl' 

() L' ,,<j, ,I,' "'"' "' !IIIII '"' Ill r IIIIU t.w! 111111 I"!"'-"'"'/; I' I,., (, "'"''l-'"""5,,_,/, 

X ~· - ') 
' -· -~gx--s inx 

5x.' + 1 

l;lrib y=f( X) f/>~n'll~yftn'lln~L lfw{uuut'it m_('ll"ff"'Jr'll 1;, "I' l·[! 'llzw 

'iuu~m ,/' I; m'llmtftUift/J IIIIIUIUI(,IUJUIIII.f"JIIl<jl 1 lll"fUI Ulllllllf J,'ll , II(' x-ft 
V :p,,_'idtyJrw'll mptlwo I, wGruJilmjlqnpbli : 

1/.'llmlftwft/1"/'L<j, "'J"{mJ f/>u,'llllyJrm'll/i l' /;'11 1 o1•ft'i•mf 

l) y=x ~ - 2, 2) y=(x+l)(x-1)·--l, 3 ) Y= l ' j?, 

4) y=si nx, 5) Q=r.R~ b '"!L"' ' 

ll.!""'b'l f/>m'hlmJrw'IILrl! mrr/wJ b'll w'llmtfunftll"f'L'II' ,lbll l'"''llw~ 

.a L f• "'I'll,, frJl""J'f' ~ ( I"" 'II mJ. b. ,_,,I, 1 n •{ t.m ullm.'l tf uuf I; /; rl1m. "''llw tft m ft/L 

"'l'mw i)mlu"" ftltm'i,'z,/, 1,/, l.wtfw""'f'"' [rltm'it[!}: 'LJ'w'll '1-b"l.J!"' ,[ ltmrhLf• 
I; /n '"' L l !/> 111. 'irf(,'/Jrwlf• u I'" z•l m'll f ' 'it w ll ut '11 w Jr I'"L J{J Jr J' Ul uJr'll: 

II. 'II IU Lf11n "'I" ,.I, 'i. Ill r•l m r) :pn t tilt g ll Ul J ll II r n ztftu li I' Gw lt w fi mjl r n L jf} 

1;· X· /• 111l'rfli.f! '11Lrf' "' .l 'i' f'""I'J',.frJ!"'"'l! • "1'"'119 •/•"f.J!"'J' '"2'"'L"'I'ftw'll 

m'll"' '" m 1"1 "'I' Ill"' I) m t """I"!"' 'II 'it Ill.," ,J',Ilu '~~'JIU ti Ill!'~~ n ['II ;•ultft Ul rrf L .p.: 
1/.i""l/,, Y =-=-o: \ .1 

-- 2 f/>m'11~9ft 111 !ft "I"' { 'J'IU'II r'llw/lm'll mJrf'"LJfrJ'II I; 

- (X.<x < CO m'iuf1'1'2 ft'llmhl"/"'11! • J!"''llft "I' 111 ['1- !f>m_ 'II~9Jrm'll "f'" Z'fmJ 

/. \ - J: I' II l "I' m f''l/, .J' '/,/,/' /t (,, tf "'I" y = (X + 1 )(X - 1) - I !/>IlL 'lll19["u 'i, 

" 1"'2'i"''> I; x -ft l'"l"l' "'1' '1/;.J!'i'hl'f' t.uuJ'ml' • l'm9Jr x= l mrrlh.f!JrS• 

,pm'i1J• "/' "' l " m1.dl,.f!/• t,,,r,,l' t.mJIII"'J""I' /!. 'fmn'llnuf I; 'If'"' y=Vl- - x 
•1" " 'i'ft.'!l"" .d• t, ,,J',I' .. 1,,2,/'m'it 1,'11wl1m'i• ruftrm tfJ lllft'~~Jr - 1 ::;; x -,..; ~ 
r, ,,,,, IU ,) I! 1• "'lL 'Ir: 

:!U 

'r I·"' n 'I" I I"! II I . 'it: /; l'l"''j''j, m'll t. t"'"/1, 2"' I; Lft'i,,. ,r 'J-/rUIUI('I/hl 

.:c 

•'/>w 'it!l.'l/rm!f• "1"' 2'r,,'ll l''llw~w'll III/'J"" !Pl! " l 

1"1• ,,rl""1!' 111 1"l ""ll' , "'ll ,fftmt 'll "'r"' "r"l; ,f,uc: 

IJ.1,"lt.-, _. ?I'Y"''i'f' Q ,r,~brL"f' ''"'""'url! "'r'" R 
; 11"'"11/ 11/1!/ "1'" 2'/""j' I; Q=o.R~ q,.,_'IIII.'Jf1"'Jn•J : 

/f. ./ " /i ('ll/'"' l ""'" "'J"''i' t.m{'9£! 'f""""l'~blf, m•IJmJ 

•Yn11 'il/1!/ '"" .1 p 11 { ' 11 ( ' j' ,., ~~ m /t I""! {rJ [! i)m'll'l-ft u m'llnLJ' I; 

( I ·< l< <: -L ... ~"i '·;• p_ ft'i.rmLr'l"'LI!' llft'llahn 

""/!"'[ ~{, , '!J ii.'J/"".t/' " 1"'2J'w'll p'budlm'll m/r['"LJ

{r/1.!. i) ,',,ff"' "''im,{ t - - ~ <R< +oo w'iu[/•1' 5'. fr'll -

mhr •fwlf'. ' 

l;fd/, \'=f( \) f{>m.'IIII!Jf""'i' "'l"fm.J I; ,,',,lf""f"l"f'l,'ll , m"lw ll""l' 

't-f•'llm,,5,{,1'f' xOv .::. "'l'frlmfrltw'll •II'"' w.(i• 11w 1,,1 1; ''lmmi1Lr'l"L 'll"" 

•'/>ftii"I'J.'i, ,. l/.!""11,,, , . = x" f/>m.'idi!J/•wtf• '1/""f/>f.!il! t.m'i,'l-ftuw'b,,,f 1; 
'i,// · .;. "',j' ''{wmll/;f"''"<) "/"'l""fl"/1!.' 

.: jllrliudpu [i llli ii Jljllllll'n[i ·}•H.!ilt!-Jillu [il;p /,', 1/" l '/""l m'i""Lftmf,/l 

/,,,,'llm/1'"/ "'f"f'u <} i) /;,,f,!'"l f/>m'II/!Hftm'i: /,/'1! · 

I. U.tiutjdilllliw.Jil li ~n• liltgftu,' y= •(' , " i"""'J :z -'11 f'l'wl1,,'11 lrJf,/1; ~': 
II. Bn t gl 'uJ!d i ~n diltglnu' :.·=a'. , 1,,,r,7 a-'i, ,J'/,1/ft.'J UJwi'PI't' 

'll'"''l '"'i' frif··l ( : 

! !I. ln'ltur!lptfllllllllti ~ndi lJg!~tu' y=log3 x, , 1,,1,1 l"'fwrf'f"•J'-

'IIf,1,ft .::.JIIf.[!(!\ a-'ll ,J'/,Ifii!J 1111111'/'/;f' '1-I'UI"IU<jl I""'' 1;: . 

1\ ' . bn tuli IJ J n LGn: ~wtJmdpu G fll d! l1 g !llu [j bp' 

Y'-' Sin x. ~ - = cosx, y=tg x, 

)'=SCC X, y=cosec x: 

~-=arc s 111 x, y= aic cos x, y=arc tg x, 

y=uc ctg x, : · ~-= a rc sec x, y= arc cosec xr 

'}-,, Ullll f'll[;',.f! "" ,f'j, ml/w 5, IIIIIIJI (' ml1m'll !/> 111. '111/!J /r m'll b [' ,, u 1"'2'{ m ~. 
"'''I"" tl"'i·Lrl! 1• 'IJ ' "'f/>ft 1J'~~ 1; rl! ' 

~ '~ 

/

f . 

I \~· - ,_ I _. -· 
~ · I "" ~ ~· 

* /;fJ/J :J - "it .{111 w:Jf' n~I UI J t, .. ~~"' .! '/ ·-- ~; 111.."i1 ~ J[' w h 1 u1 ~ f jr, _,/ /; • l"'JIUfr[tfJ ,J/,. /"' h 

u;:, , , l, 'i1:]1; /" L ''[' ~ " !Jni' log_y =--=:t. logx , fl ,t ,l- 'lh'll l' nL•I !:,~~ fl o,1 r,/u L rl L·, " l' x> O~ 
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l/.uurfr-6.w~wtfr~ lpm~~9frw, y= X": 

1. CJ.•~ 'Jf'UI~UI~ w.J'pn'l 'l_ filfr1_ 1; : :hnL'lJ~yfrw~ npnz•fwJ I; -00< 
<x< +oo .... ~1_£1'2. fr~urhp1_w[nLdl ll.tu 'lbUf.[!ni,J' ~-r .Jj • .[!"'~" wr

JI,.e~b!'fr t:.w.Jwp :P•n~~sfrw~brfr 'lrwfPj.t1~b1,~ ,~b~ ~11 . 6-m ,J J.. ~11 • 
{ •HI d Ufwurffh p1_wJ urhU.j!(! l 

2 , '1-~ wJ'pn'll pwywuwf/w~ {Jf•-J 1;: IJ.J" '1/;Uf.[!nl ,J' lpm~~.'!J'w~ 
"!"' z-JwJ I; X ·/• pn l" r Ul pJ-h.[!~b I'P t:,m,Jw,,' P"'.'!P x= O m tlffli .JIJ• 9' 

a. - fr .Jfr .[!"'~/• m1rJb.f.!'i..!,pfr t:,,,J .... l' :p,L~~sf•w~hrJ~ 
qpwlpfrfi.bp'b nL'bl.~ ~~. 8., ,J f, ~~. 9-md' Ufww-.¥1 

lthrlJ"'c} urbll.[![!' 
10, 1 1, 12 h~wr~bf'lll d UfWur~hr-JwJ L~1 UIU-

urft-6.wh111Jfrh lpm~ltsfrm'hl.rf• 'll'"'lpfriJ~h!'f! rx·fr ftn· 

UIFI f' UI~WILUis/tn~Uif Ulf'J /,.j!~lh f'P 'Jb "f/JIII 1J' 1 

8 , L 9 t .... J fr 'b :p " L ~. ~ 9 J• m , y =-= ax, a >O 
" a=f ] , IJ.Ju :pm ~~yfrw~ II{"' z•fwJ I; x-fr I'" l" r 

wrJ-b.[!'bbpfr 'lhUfJ.!"'ll': t, ..... 'll'wf/>fr~~ nth/• ~,, . 
13-m,{ Uf"'ur~bt'-JmJ urhu.f.!l!. ' 

I. "'Iwrfr{J.Jw~m~ :p,~'/sJ•w, v=log 3 X. a > O /, a=f l: 
U!u f/>m~~sfrw~ nrnz1_wJ I; ~:>0 '1/;Uf.J'"' .J: tl'"' 'lrwf/>Jtltf! Ufwmlthr

t[wJ I; ~~. 14-m.J: 

[; n. w ~ ~ J nL ~~ w t w •fr wIt w'b lp"' ~ Its/• w ~ L I" X w~t, .... J, •frn-

fnfuw~w~f! y=sinx J. "'tl pw~maf,Lpm ,r w1.u,,r:."'Jur4•, .r !; ""''lrw~-
~hpn1_: 

il'1_wp~wJ P"l"l' hnw~~~~~~~'"l""'""'t'll~' lpm~lt9/' "'~L['/!. "I"'!'P/;

l'w~w~ h~: flt.w~b ['UfL~.[! Uf"' ppL·I'"'~w~ f/>11• ~//!/""' t fr f!~'l :,,~,, [' 11 wt:.-

,J w~nuf [!I 

ll~ 
-~,~----.. 
~ I "\, ..... 

. \ 

l \ 
'i~. 11 

u Ul r:, ,J .... ~ n L ,r l: y=i ( x) pmhii!Jf!lu~ ltn z•I""J' I; lll lliPI'(;p tu 

lr n: li, b[Jh 'l" £ "' {rJ J"L~ IlL~• /• wJ~UfJ•uJ• C f>wuur""""'- ~ [:lfr•/• 11 r· "ii ut~Jh
l"'B'hbl"'/ (~ u11J' l\w~ h lu1_} X ~w.Jmtw~w~ "'f"JFILifl,~.,/•~ 1 fj>uL~dj!JPIUJP 
"'l' 'lb.J'I! /. P •f•n•f•uJ,,fuuf ' r( x + C ) =f( :..: )· "'t'I"IP"P ,,.fh~m .-f"'.f'l' fd ptJf! 

't"f'i,,f I; :p,L~ftsfrwtfr upuppbpntpjnt G. t:.hurw'l"'!m ,J "'!~ ~~zw~w

Jtf'~.J! 21- ,,,, 

X=(2k + ] ).2:_ 
2 

y 

fthmLpfry : y=ctgx "- y=cosecx fP•n 'bfJsJ"u'bLpf! npnz-JwJ L~ x-J• 1,, _ 

.l"l' wt"fl' .f!'bbrfr 'I"Uf.f!""'' pmsfr 

(k=O, : I.:: L ~>:: 2 , .. . ) 

Jlb"'LI'fr!J: 

bn W~~J111 ~111 l 1111frru/fU1~ :pIlL ~~9/twhb r/r 'J rw:P fr/fhb [' f! Uf 111 mff/; r•fwJ 

J,'h 'h/1. 'b~. J.J-19- m.J: 

:..w~UI 'JIII ra /,ILWhf!Jnt. hill f_ Wtfrw/,lllh lpm.~lf!Jfrw'b b ['[! tf Wh fiUII[ 111 II ~I 

.lt.f!~~wr'li•~'.J' w1_Lt/• •nz: 
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II. {lwL t.b uri• ,f 111 J /, ~.f :j>"' ~119/"" t/• 9 :j> "' ~1/!JP "'J/' t..n u/1"' !I"' {tl J'IL 'j, I!' 

I:{Jf, Y-e t, ,~'IPu"'~""' I; U-/• :p,L~'JYP"' • P"'J u -~ PI' t.brft!Jr~r IJwJu-

uas<er y 

' I/ 
I ' 
I ' 
I I 
I \ 
! \ 

! ' ! ..... ·-r---
' I 

.~=cosec :c 
I 

\

1 I' 1:. 1! ~. f 1 I ; ! I 1 
! 1 ; ! \ ! 

I i i l \ I 
I i! I : \ I 

I I : \ : 

-::-~' I --··-~--- -·1 --_:::.,.: _ 
i i . 

! . I ! I :Z' 
-:;--;;;----l---·----J..--- · ·-··· ~-----

~f_ //1 )T; ': '" .=.·- ' 

-:::~:'' ----L---1 --. -···2__--.. 3.:_ - . - -:~~-_.,., j .,_..,.- I ..... ,.._,' "' "\ i 
I ' j I . / l ):

1 
' \ 1 

! \ ~ i : . t \ • 

! \.11 !I l[/\ i \) 
I I I I ! I li 

•jmJ I; x ''""P"'""'~"'~P9• "'"'"' Y-e ~"LJ..,'"'" " ''"'''"/"' '> '"''~•/• x-/r.'! '. 
b~[""''fi'I'~.J! y :~=F (n ) /, u = :r(x) : """"~""'/ 1.~1.! x. -py lrmfu tj_ ma· y 
:j> rn 'i:lt!J/IIu 

•l.b/'21'~ f/>m~/191""~' 't"l'l""( I; ~; n • Gl:g!·· c·.:.l:' 0'' ' li !:uillu t1,,r 
p Ul )llj- !}lll dill g p Ul : 

0 J' /•~1 tu ~ 1r b~r[Jm'l-['1~1'p y~s ltH I J tl :::::.: x :! : y ~=-: Si n(' :! ) :J>n'- 1' ~!1/'"' ~' ~ ~~~~"t/' -
1/lu~"' .r I; x-[• L"uf'l .;,~nL_ ~b'Ja[•u• : 

't""Jf"r 1rwJ' u =~ ( x) t/>uL'idt9/""JI• "'"f"''l~ 'l"l"'f"J"'~ mJ't""J{tl'i• f;, 

,,,,;' Ia ~I'm"'.(~ t!'wur, , 1,nt"l "I'"Z'{"'J /,'j, u-j,' F(u) :p,_~J/.'II""t/' 

"1'" 2 J'w~ mJrrm Jf"l· .'l 'J"' {'" lbtt"'l mrdl • .j!'it!.t'l! ' 

0 ,.,, ~"' ,, 2, y -= { J-=x2 

"'''{'ll t . ,(/_J [! ~ ~~~~~~~~I UUI<jUIL_ If I; [-1 , 1] .:,1111111,1111)1!_, / ' "'"''' "f' JXI > 1 ,1 f.-u11~ni_ J U< O it, 

~ 1,,/,u/""!' • X- {t w .l'{ mt'dLI~ o:iiLpft 'tb"/{~nt.tf J r ~ [fo n t.1J/IlJ["u~' "/' ":. 'fm ~ ] /; ( i.~wpu~ , 
"/' t;==: l - --x2 •1' "'~'~[){: '"~, "1'"2'/'uJ I; .x- J.r 1'"1"1' wp .J- L-,, ~,f..-1'[' ~ m,lmp) 1 lJ.I 'l :pnt.'h/L

!1{'"'.1/.r 'll'w !f /dlf_' ~" "l'lf{'~uum~• LrJr U~lfl''lllultLmnl. d 1/l~ 'l"" l' "'~' u, _ C,, I~!/ "'1 It ,!Jruu[np 2"' 

um,/•trr '/ 2 f' ~'m5"t w rl ')" •J LJ• {•~• ftl-.· u~• 1,-: 

(( •'hw~ft!J/"".(/• f/>tn~II!IP"' JJ ""/bf'w,'IJ•m'it ft"'J'"'I t· /' t' ut'l"t'r1tfbl " l 

I"'· .nt, , mu !1"'~''1"'!1""' 1"•1•"1 :j>m'i,/I!JI•w~brJ• ''P2"9'"'' OrJr~"''l · 
y =-= i n j s in ( x ~ + 1)1 :p ... ~t1.'1f•m~ """us•l"'-'1' t- t.bmi•Jwl ""'"t'"'.'IP"'~brJ• 
t:,/;wf,,'i,.ent/. ( t.bu.t,J"'l :j>m~ff!lp"'~'·rl• ,f/rt".'l'"l)· S' 

v =x~+L u = sin v, y=i n II : 

[J.J~"' t.funb. uwt.,J'w~h~.j! "'"'1'£'"'/l"''i' f/>m~/19/""!P 

'I"' 'f'I.I'P "'/' f' ' 
1J "'::,,r"' ~;, L ,r :.!, Sluppml1mli ~nlliluJIIUl JI"J.· 

•f•nJ' I; "'J~ tf>m ~ll!lf"'~ ' "£'/! ·:It"' I'" 'I I; mr'f"'J LJr~bl 
y=f( X) wbu.eJr .ru, l'"'~utab.,,,, "!""'''! Wt_"''t"'tJ'l"'~ 
Ill[' IIIW ::. LII JLnnt fl Jnl 'iJe ~UI qtf tfwrJ I;· "Jrtf'itutf1w~ UIIU {'f'"-' -

/fUI~ :p,L~f/.'1/r"'~brJ•.IJ b. ""'"ur"'m'"-~~brJrs' tJbrt"'"-"r 1"1""- 'f""'"'r
.r~~~~. t, ,~,r,~, P"''l""'"'"'rnt1.r,~. p•udw'i,r,~ /, :p,,~ft!JP"'JP9 tf>•n~ft-

.'JP"' tJb f'9~blnL 'f"I'J "'!"' {tl J"L ~~b l'P o'l~mftl Jwtf pr 

lJ,t;.Jw~nLdp!J l;burb.m.f 1;, "!' tn"'{'f'"''/"'~ :j>tn'idf!Jp"''ilb/'l! m~m

t/rmJdt"f'b~ "'t•tfmJ :j>m~~.'IP"''ilb/' b~r 

v=·rl..Lhln 2 ~ ~· J' I ~ I 

/1i_ "'"'l'l'"''L"'~ :frnL~' ~sfw.rf ol'f~w~. 

. __ logx ... 4Vx ~ 2t gx 
}- - - · ---·--· JQx - x-!-10 

Y'= I . 2. 3 .. . . n(y= f(n)) :pnL~~uf•w~ "'"'l'l'"'ftw~ zl; , l'w~·l· "/' y-e. ........ ~ .... -
["L :.,uJw{' ~WUIW['1_/;tfl! 'fn[•hn'[nL£1,fnL~'z,lr['fr {! IU~I Wffl! 0-,. J/;,)wlj•fm~ r,/;.., ,!/.,),_ 

~•n<J 1; , "'J",.~I!~' WJ~ ,wr,,/w~•w1•wft i_/;• 

')-" m n 'l n L '" J n L 'il : tt,. 20-,,f ''l"'urllbi'""'J :j>m . ~lt!JP"'~ mwr
f'W~W~ 1;, flbb_ LIIJ~ mrtfnuf I; brffnL pw~mab.brJr O'f~IILf"_(LUdp.' 

ftx) = x, bftlb O <;; x~ L f(x)= 2x- L b[tlb l~x <:; 2r 



f(x)=l._(x--
1 

)+_!_ lx-1j=1_(x--1 )+-1 
V(x - 1)~. 

2 3 2 2 3 2 

bpp O.s;x::s;;:2, 

(Sbu itwl.. V 'ILftfr t/_wprlmfJJ"<ititLrfr 139-144 opfritwftitbrf!}l 

t,witpwt:.,.,ztJ.wftwit f[.ntit119frwitbrfr fl•lf•'i• L"i, "'"'u.ftwitmJ' t:.bmLJ"'l 

mbu.j!fr "'"'rrwftwit f[.ntitft9/•withrc· 

f. y=a0X11 + a1x"- 1+ . ·. + an 

UJ J' r n 'I P. IL UJ 9/• n it UJ L q, " L;it ,, 9 fr UJ it ftwJ' p IU 'l J' UJ <;, 'I"' .r {! ,. 

"f'lll"'l ao, al, ••. ' an t:.wuUIUJUIIIL'b fl'lhr Lit, npnit.[! ~nl_'[tnJ' b'b qnp-

3wliJlglibp. n~c wJ'P"'12 "l pw9wuwf[wit {tlfr'[ t, "f'l! ftn t tfmJ' I; rwq
tfwli!J-wtfr mumJd\wfi: U.ft'i.t:.wJu. 1;, "f' "'1'1 f[.mitft9frwit npn;t/_utd I; x-fr 
P"L"f' wpJh.[!itLrfr 'fb"'J!"Lif, WJUJtit.[!it' "{'"l'iwd I; mit'[hr'i'. f.itu.hr1"'L"Lif: 

0 l' fo ~. w ft. 1, y= a X - ~ - b, 'l'''uJ~Ii t ~ndi~gl•w• b = Q '1/;"il'"LJ J=3 X 'IJ"'Jfo~• 
tf_.nL'i.ftsfow'i. "'i'"'"''"'J"'"L'f t y -fo r.wJ/;Jw..,wftw'i. ft.UifunLJl! X-fos• 3= 0 '1/ruwnu/ 

y · c b f/>nL'i.ftsfoUI"io ,;UIUUfWUJnL 'i, t 0 

o ·l' I• ~. Ul It 2, y ~-= a x2+bx+c , ('UIHW

~nL UUIJfo"io f/>nL'i.~{/~IUIJ 'f!UIIIW~ >I L UWJfo'J, :j>nL 'i.ft

sf•wJfo w•w:J>foftl!. ul"'l'"'P"l t ('i.ll · 21) • 

U.J'I f[.mit/19frwitLrl! ,lwitpmJ'wu'b 

'lfru.w1.!Jtfbl bit witwlfru.fr/1 bi'IIJ•wl_w

T"' fJJwit J'b 2_ r 

II . II n m n /' w ft m ! /• 'b I< w 9 J• "~ 
it w L f[. " Lit It 9 fr m: U.1u f[.tnitft9J.wit 

uwt:.J'wit1_,.J' I; "l'"'fw bl,JI'"- f"'"lJ'wit'lw'fitbrfr t:.wpwpbr,<f/J•nit, 

y 
aoxll + a, xn- J+· .. . . -+ an 

boXm_._ b1 x 111
-

1+ · .. -Lbm 

f[.ntitft9frwit , npit utpu.w'-wJurnuf I; t:.w/1"''1 wpa t:.wJ'bJ'wmw~wit ftw/"n<

u'c: tl'm 'lrwf!.f•'tl! "'mmftbl''l"'J I; 'i.J1. 2:!.,tJ': U.11itt:.w1u. I;, "I' 11,~~~,~ 
26 

f"'''J"'Jfrit nru9frnitwl fl.•nitlt9frwit "I'"Z'/wt). I; x~fr 
'1-b"f.[!IILJ', P"'9f WJit wp<fli.j!itlrrhJ· npnit9 t:.wJ'u'l' 

itmJ' I; 'If'" ' 

III. " "- Ul 9 fr nit Ul L q, n Lit 'r 
9 fr w: f:[Jh y=f( X) pwitmaJ, fr 
·W l_ J'wunLJ' ftwu.w[•'[ntJ' bit 

·'f"'·J'"'I''fwit, t:.wittf wit, pwq

,f Ul Uf ILl u.ftJ' Ul it 1 fl IU d Ul it J' Ul it /.,_ -=::::::---t;;JL......;;:==--.r 

nm9fr"it'"L 111. ""'P"'lP. 9m.9f•t

itLrn'[ utuu.fr6.mit putpaf'UJ9-

"i,bl'n 'l"f'J"'l"'{riJmititbp, WUfU.t 

x-ft y f[.mitfttlfrUI"i, ftntt/mJ' 

P"L"f' "'r•lh.J:_iti,JJ' 

t:.urJU:Uif'"' f'f! '1""'-

2x ~+li x· 
q, , _ itll.'lf>"'ithrfr "rfritwftitbr bit· :r = "JI . 1 1~; , y= Vx ~, "'Jlit' 

'1- /•"', 'l, < {J In< it 1: fil'tJwrltu•J hri'.J' "''"'"''lfr t:.witpmt:.w;•Jw

.J1,uit f[.mitJ19fru•ithJ'l! 1._Lit u"'wuuuf P"L"f' :.witl'"' ". u• ztfwllwit q,,t itft-

9/•mithrc : ~wlipu.dhu2qwlpuG ~m. lilJgJw• IJ"t'imJ' I; sm'bft'"9"'J y=f(x) 
Ipmitii!Jfrmit, "{'{! pwtfmpwpm J' I; 

(!) 

mLu.[!/r t:.wt/_muwpJ'witc, npmb'l P0(x), P1(x ), · · ., P11 (X) X-/• "I'Ll; 

P""lJ'"'it'lwJ'i.br b'b: 

llwpbLfr I; wu;_m9nL9hl , "I' fl•/m/'1/tfwd b{,b.[! u.bu utllfr f[.ntitftfJf"'itb

{'f.'l J"L{'u.t.[!witl.Jm ('{! pw•Jwrwf'"'J' I; (1) u.bu.[!/r npLI; t:.wt/_wuwpJ'wit, 

P"'/9 t:.m'[wuwpJ'witl! pwtfwr"'f'"'l nl_ mJ'b'i, f[.mitl19fw I;, "f'l! t:,,it

'1/•umitmJ' I; '[bpf! fi•Jwrlt•/wJ f[.ntit119j,witbrfr9 J'bftitm J'bliJ• u.h,.efr• 

'/- fr 111 n 'l n L fJJ n Lit 2: lJ.J'b f[.m'bi/9PJHit 1 "('{! t:.wb[•mt:.mz•Jwl/u''b 

1_1;, ftnttfmJ' I; mrwliugbli'}blim: 

s rwitu9bit'lbitm q, nt 'bbfrwitbrfr orfritwftitbr bit. y=COSX I y= I ox 
J. wuit: 

§ 10. llnnp'l~llwmllhp~ pll.hnWJ~ll u~umhtl 

'tbu.fr 'ff('.j!{! t:.wrfclntfiJU.tit •Jrw ftwrhtfr I; nrnzb,, UIJUUfbU ftn1_

t/_wd , qnnrqpliwmGbpJt ph.bawJ~G upumbur "'lit"'fll"'J'pr 

~wr[clmfllw'b '/rut citu.l'bit.[! ,,,/,1; 0 ftbm, n[•[! ftnt•/ntJ' I; p/,bu 
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i, m!'f ltfimpy '1-"'1'" L/1"'1 -6.uiiiUI'fU'J[ti, "{'[! : ft_nt•JmJ' I; phbnlUJ jdi 

ll>U.lUfog~: N\ IJI•utp 'lf'l'.f'/! f.Uip{t/,, [titw'b '""" JJIIIJ'bLf, I; "f'"2bl hpl/'"

[titfi;I""J' p {til[n1_, "l''b U1p11rtllf.ut_(utmtl' I; N\ lthmp ~,f. bnUJ1_n/1111 fclt 111 'b/! 
rl.!mf•y £ pbl:mwtft'b :wllw'by.p/• t:.t., ON\ :.m.,,f,uJf• 't'"'lJ'w<t w'bluw'b 

tJ'IIt)ltlftiJIIL'b'b Ulflllttuf.lll_(lllt:l[ '-?.., f"•fntj: '( ut'b'ftUJ'it f.u11J'Uif' :.IIJ('_Iftu'b.f!ft 

'1-/'tu"w'iJ IILI['JIII{tfJm.'iJ! I; f.wtJ'mp'fmJ' cfwtfm!JIILJ!J/t U[UIJ>f : 2_11i'(tdtf 11,'j, 

t.w/fUttLUI!f III.'J'J"'-filJ'"-'b{!: p /, ~ {titJhl'£! lf"l.'/"ui' /,'iJ M it_liln/1 pldnuUJ j1li 
llnnp'lJlliwmlib)l ( 'b'f. :!.1): 

rJ 2_UIILU11_p•[·t/hf[m"{'/! tfp ;_ m lt_f.,,j",,f,b'iJ.[! ui_ p•ufjtUuUJ't_UI'ill f;[d b '-? 

f,[,/,,UIJ/1'b UJ'b"!'"-'b[! tfhf'.'J'b/,'b.[! O:s:;•.;;<:Zo: ,J'pp_w//"'!.J!"'-'J', Ul"flll f."'f'

{tim.{d-J"''b J"'P'".J!"''bl!'IL[' 't_bmft'b, pwyf• I,[,[,,,P9• f,,,f,u"lu'u"uu/tllu'bm ,( 

N I; p £ 9 ft11_hpft ,J'ftm'b•f•u•fm(u "I'"Z'ulfp '1"' J'f' 

£ 
/~f,Luft :.mJ'UJ/' p=O, f•u~ <.p-'b ft_mJ'UIJm""''b t: 

lfwUJ f.UIUUIIIIUth'b.[! pftlitLtu!f''i' f, III.I['J"''iJ-

Q ...1" 1/J'"-'b '1/;IJ'•rwJw'b f[""l"l/''i.,,,,'i,/,/'/' tfpyln f;'i.[tiw-

'1-f'b'b.[! 11""1"1P'i"um'bhpf• "''l'l"''i'ft_Jm.'i. "P""'Iul'ft 

t~. !:3 uii'JP'i""''bu,l! t:,,,J'e'i."'b,J' I; l'£Lnf• {:,/;-,, ""'' Ox 
,,,,,'b.'/.1)/• 'lf'',ftUI'b ,, '1'!"'-fil Jill 'i.e' 1,/,/.;nm tf•'i. 

IIIILIIIh!J.[!p f.f,~n: '(_,", 24-p,'J ,,'iJJ'ftp_UIUJfiu f,/,,,[.,_J' /;. 

x =p cos <p. Y= f! s1n cp 

' • I ' v .,+ ., y u ..,,,,7-UJral!, p= x- y·, tg<;;=-'-' 
X 

o· IU 'b II fl" L fiJ! II I. 'it: ~-'it "f'"'i'blP" UJliut.l_! I; t:.mz'fl• mn'bL,, frih "I' 

.j)UIILII['7-11Lif I; 'fUI'bljiiLif fthmf!, fL tf'if','J'bfi[ :p-fr ::,,,{IIIUJUIIIImU/IIIIIh 111f• 

cf b.f)J!I 

r=F ( 9) f.w ,,,, u Ul £'"' tl'[! III ptJUJd ,,,,, /''1-P'b Ill Ul .-, b I'P p£ [;n,, !f''i. .,,, u

,b,r,,_,f "£'"2""j' I; 11 f' 11 l111~P 'ff•J: 

0 L' ,,1, w 'r 1, p= a ~ "'"WIIlU['n Ltlf!.. J "f'UIL'l a :·.-:: const, pkllruu .r f,·j, 'L"nl"tl·h :.~:.::.; 
~b,,ntj nf'"2."L'f t' ,- ['/,L-,,,L,f Jf/i~tmpn'b ,,_h£·,'1"'1 f.. c1 2JUII.U.Jtf'l"'' 2. f' f JU'i,u,//_rf) : 

't,~ , ~ -l-"' 1/ !J"LJ9 tnp•Jw~ 'l'""'"""f•n• fJ J'"!i,*b '" ,bL.'/"'1 " LI'JEJ"'C,, i0 • i h 'l• ~""/''lf/iuumr.u.IJ/:, 

,,,,,JsJnt.lf WJ'f :._t•2._u/i.tuH[~/' (1dJ. :!f)} t.uujwiiU1f1tr1 tf[' 11/J'~'/• . 

0 L' [• "i, 1u 11 :!, ~J ---·.-: a t-(. "f'''~'''l a -- C(lllSI. 

1/UIIf'fb~, .j~ r;·--fr •u.[tdlil.c;'Ll'f' lllifJ'"-""''L' <r -[• ,(,, /! 'U~t[• wf'(ILI/isL·t•[• 'l [,,li~~~L,f, 

.. 
I 

~) 

I 
:3 

I .. •·· '· :2c: :i ;: 4c 
2 4 2 

~ UII/WUJUIInUIU,IIJU'}I ~"f'f!. 11f1L1111/fbfll,lllc)· I; ~~~,. '.!6-IJI ,/; /ljlf- ffnf'f!.. ~n~tfna J I; 

U,Jijl~JhrJll uut!IJIUIJ 

0L•{•~•ur~ :J, ~' '7" 2J CO~y 

UUI a i_UIII.UJ"']"" 2f'iUI"',,,,()-/_r ~'""UIIIUilii iL J·l, ( , ,,,,, ~L·,,,,,"~l~ 'fin~""',/ I; fl u (I,. 

~ 0 ~l:imnLif (~~. 27} 1 fl·t•L-Ur. UIJ'J 2L•tw~tu•;r)j, ;,,urJ.tuiiW('III ,/L~ "' '/'JUI'},J/ .1"' "j, 1/""i' -

'f{•'l.wur'irl.l'"{• S{;w[ :.ur{w•"u["fw"l. •fl. £ wb'lu''li.L'- !/ 

1. SL'{u.,} :t f{ x ) --,-x~+DK - 4 .-pUL'lr~:Jfr•u'lr. 

{jurw 1[£1, "1' ; (11 =~ , J(~~ -23, 

2 .• i{x =- X~ --'-J, ~-2{/.L· "') f(4)• fllwm . 17, r) 1(1'2). fllwm· 3, 'I) f(a+1): 
~ ....... a2+2a + 2· 'l) f(a)+1r 111wm. a2+2 · I.) !(a 2), fllwm. a4+1 · 'I) fl(aW· ~hum. 
a4 1 2a~ - J, ~) f(2a,, ''lwm. 4a 2+ 1 "'L'JL·l!'bbl'/!.' 

x-- 1 ( 1 ) 1 
.1. y( X l c= 

3
x+

5
, <J,L'I.l '+ -X-- 1.. -- wpUiwr.wJu'"'-fiJnL'lr'lrl'.t'/!.' «)w.1,.. 

'.;; ( x I 

•; - ) :.....=... -- ---. --= ----· ( 
1 \ 1- x d 3x+5 

' X I 3+5x' <p i X) x- 1 . 

4. ·~(XI = V x 2+4- , <J.ri.L y 12x) t. ~ (OJ "'f'"'"''"'J"""- fiJnL~'~'LI't!.' <liw ,. y (2x)= 
r--

2 J· x2+ 1 : •jJ •0)= 2 r 

2.(0) 
5, f( Q) t gfl , U""'L'li.L f(20) ""~ 1 --[l(O)p :.w•f"'""'f''"{Jr•~•J~• 

6, tp(\) = Jg ++~- , Umn• 'll.l •; (n) -h:(b) =' 9 ( -t+a~)) r.w{w""'l"'' f/JnL"lrf!.' 

7. f( x) = lgx : '~(x) =x3, <J.rL·l r,J..,f..;w[ wpurwt;wJulnLfJJ•n'b'bbpf'. w} ! [ <; (21]r 

~lw111. 31g2 r I') l; ~ (a)J• 1~wm. 31ga: •1) "?ff(a)J• ''lw•n. [lgaJl• 
29 



a+x ') . 2 lflw;rt. - ;xc<x<+c::or '1) --, IIJ,,,,, '=/= ar " arc~Jil Xr lllwm . - 1 :S X:S 1r 
a-x 

'I) y= lgxr lflwon. x:>Or 1;) y=ax(a>OJ• llluun. - ·o <x<+c• ·• 

'" utrr.rll.sb I [j>nL ~tlw/.rut'ub ri• 'IP•u:Pfr~'ubpf!.. 
1 

10. y=-3x+5• 11. y= 2- "2+ 1, 1:!. y = 3- 2 .,~. 13. y = x2+ix -1• 

1 1 
:I..J. y = --, 1ii, yo= sin2x: 16. y= cos3x: 17, Y= X2-4\ ! 6, 18. y =

1
_;; • 

· x-1 

19. y ,-~ :;i n( x+ : } :w. yo=CO< .'\- ; } 21. _l' o=t g +x· 2~. \' . . ctg -}· 

1 
.. :::}. y= ·Jx, ·21 .• y 2 .. x" , 25, y= lo~:;:l - , 26. y= x3+ lr .27. y ~~ 4-;..3, :!8. y= 

X 

l 

1 x I• 35 .• y -.= log21 x I• 36. Y"-~ tog 2 (1 · -X)• 

. ~A co -(x -~ ; } 

.• 19. f(x) f/•n L 'u~sJuu'u [-1; 1] ~ut•mfutJ-rrLtf "P"2'fn.J I; r,bu.l:;•ut M'"'f· 

f( \ ) ~ 1 1- x, /;pp -l~x < O; 

f(x,_cc1-2x, l.pp 0 -sx~ 1. 

"fiUtllnt.ybf f,{tL:I.ul,f''~ t:.~4tU11U1f1nL .ri.Jbrn'i 111('1UI.t Jf''['k['/!.• 

4 1. :; = --~ ('·llltjl.!'l'"ltultw'i ""I~I'Wtl• ·12. p=c" i:l'? ltnqmr~I,Jwqwfi uul]'l""l): 

• .t:J. p cc·" J1f cos2~- (ib,fii~.u~w"•)• -14. ?= il(1 - co,;'f ) (ll"'f''llwl"J)• 45. p= a sin3~· 

(t- l II l' lu II 

1. ~nlflntuw4wlt tihbnL[<tJWh uwlitiwlt(!: 
U.ltt[h~1~ tihb lflnlflntuw~wlt tih6nL~JnLlt 

IJ.!u UJ.mr"''fl'"'/j>"uf Jl."u.p 'fJ•ur.ui'LII.f"L l."u.f! /1"'1'1fu"J"r</."'a 'P"' ' 
•pn{u.u!JUI"u JbanLfilfnL"u"ubp, npn"u.f! •pn•p,/uqtn.f b"u f\uJLnndf u•t"u !;' ' 

((tpnrfrn{utuftUI"u ,/bJuLfilfnL"uf! J_1fU1t1Lij' I; u.uf\rfut"ujt.D urhp.fjt"u'iJhpnq p'iJn

P"2</.n'l a/u11{1 l/Jn,fmfllrullru'bjt uruf\J'w'iJ 'fUI'f"''P:u/'f! f\hurw'fru "'ll 'fUlll

f!'iJ{druym J' {uru'l"'f"L I; f\jtJ'UUI~UJ'iJ 'f/;{'' .put'bjt II[' 'bpw f\hur .u'b.fjt2_w· 

qUI'bnpb"u ft.uUJ.q"',} b'iJ .fw[Jh.fururJtlJwftm'iJ tu'but[pqft f\jtJ'iJru~m'iJ '["''!"'"' 

•frutl'"ul•re' "'tt"''iJ9!"'LC • Jt'burb•tr"'Lf! !L •uu"u: 

u /IU "J' IU "u II L ,r 1, a r:.UIUUJtUUJnL'iJ fJJ,Ie ltnt•{m ,r I; X •fr::tfwfuw-

""''iJ Jb<J, ftltm'b uwfiumG, hflh !"' rUJ.f!w'i•

t/"LP 'brufuw•'Jbu urpqwa qw.fwr{np •frn.f!l' ~ 

'frwft"'"u ~ fo'qf• f\ru.frup 1/"'rhJJt I; 9"'!!1 urrul c 
X pnr/mfotUiftw'UJt "'l'bUJ.Jtuft rupdL.f!, "P •frn

pn{r"u~ru'bfr pn[np f\ruy_np'f "'['db.f!'iJbp[! pru

qruput ph'iJ f\b urb !"'f ru"u!\tuqutuutpmfd !"'"uf!• 

~,~. 28 

V[Jb a f"Jt1f! X .frn.frnJt•wftut"u JLttnt..fltru'b UUI!\Jut'b'b 1;, UI"J.LU 

UlumJ /i'i,, "P X-[! dtfUJIII,r I; a uruf\Jru"ujt"u, I. 'f["IL,r h'iJ . 

x~a ""',r lim x=a*: 

. l;r'trutf.utr/rruftut"u UfbpJjt'iJ'iJbpnq Uutf\.fut'bft uut!\.fut'bm .rf!. ftrurn'l I; 

J./, wftbl'UJ.rf.bt f\burb.("'f ftbrUJ.• 

3 f\Uiuurruutm.'iJ f/p•Jf! X •pnpn{uutqru"uft uuditf\UUU };, liflh a qb

urm ,f IJL'ilurpn'b nL'ilbyn'l b. € zuttLtu</.'ln</. P"'</.utqtu'butt_rup •frn.f!l' 2pl_ut

llut!.f!P r:..u,r"'r ft'lur'ii•JJt x-Jt "'t'iiUJ.fouJ• utpJb.f!, nrfr'il t:.utl"l''f,'l utpJb.f!

"ubrfr'il !\turfruUJ.tuurtuu{•ttu'bn'l pn[np ftburbp[! ft'lur"uqb'b "'!'f zr y_ruftrut.pnL,r· 

{"uq. 28): -f?.'iJ'iJnL[iiJut'b ruu'bh"u.f! uutt:...fru'UJt J.'lurn'l tpnpnfo,ulfut'b'bbpp tfp 

.f}ut'ilf· orf'btult"ubr: 



() r L· ~. m ~ 1' X •f.u.fmfu.u~.u~• 

.,/, J"'l wpJI.r~·lrrf!.· 

1 
x, -1 - 1, '" _-· 1+ -2-. 

. !( I \ i 1 . \ Xn-1': = I+- ; - - 1 ~·, -= -- • : 
II .· 11 

I 
'" = J c .. - , 

n 

I 
- <' 't"''' n>- ""'-n E 

,,,,,,,u~W~''' P"l"l' frwi"l''l "'/'Jb/!~bpf!. ~pw'/"'L''upl.<u fr bud.r.,l"'l '"~' ~ •u1wuwJ•n•~fJ.Iw"itp. 
iXn- J: <-' • ~~~~ ~/!. "l"'t,.,'b~4_n• ,{ l;p "'"{"'[J" L[/bl' 
)~11mml.i~p. 1 "l' w .1nmlilz ; 4_rn.Jrnjum1Jw'i• ,fi.;J.nL}JJnL~f!. ; ~ - .. ~'lmn L II I; : uwf.,fm'i,Jr' 

~ufw•Jh·tni ' 

{) p f ~~wIt 2, )( •fu•pnfuw~"'~' ,{/;~n LPJn L~'f!. t. w~"l''I'"P"'P f!.'b'lu L~"" ,{ I; 

~ b ... t.J"'l wpJbl·~·"re· 

I 
I )II 2~' ... 

1 \ 1 
\Xn- 1\= 11+(- 1)n.- -1 = -• 

2" :2" 

'L2b'bl', np m .l '"" '"l --f"ufmfum~m~• J/;Jt,nfl J"'~' mpJbl!'i.bpf!. ,{bit Jlr/t b'b u.ut.-

,{ w'b[I{J O ,{/;~ ""'{'f'' </In o[m fu .U~W~I ofb/tnLp JnL 'be a., urnuf I; uw t. 1f .u'bt'b' fl: UIWUI.U'bl[lr -

f"" 'bpw 2" LP £1!.1" 

'r p u1, 'In ,_ I" t, ,_ 'j, 1: /•'bt.Ufhu 'b2'[hl I; l •ufup § .1-uul, c .;w,

wu•<n"'- 'b JhJ, ltl 
1
, _'i,c .; ,.,6.wfu 'IP_,_.f t,'b nr"fhu fn•J>nfuw~w'b JhJ ... -

I"l"'-'""· "t'P l' nl"r wl'db./!'bl,r'i• /trwr t:.•u'fwuwr L'b' x =c: 
1/.~'bt,UIJLn 1;, "r :,,,,nUiu"u'bp uw t:.J'w'bc .;w'l.muwr 

,,.,,,,'bf>'i,, .pw~•t· · nr yw'blt"'.'Jwt} s-fr 'ILUf.f!"'-J .Ipz~.n 

J:,L ,LJ"'l Ul'b t. w•Ju•uUir"' I"J"'-'""1!.· 

/; WJ'f .;wu

Ln lui p , _ 'b /t 

'tfrmn'ln'-fi'JnL'b 2: Uw.;J'w'bp uw.;J'w'bm.fp9 .;b~.nkn,_J' t, nl' 

tfrn~fmjuw~UI'b J'hJn<fiJJm'be l.P ~wrn'l hr~nL uw.;J'w'b n,_'bb'bwl: />rn.f!, 

L[Jh lim x= a b lim X=b (a<b), w"fw ~wJ'w1nrh'b l!.'b~.nr'l.wJ •frn.f!r 

'Z -/1 '/h"f.{!"' J' X- (! J't,w<fUIJ'w'iJIU~ "ibLn.(! I; pw'l.wrwrfr .;bLnJ.IWf br~IIL 

w'i,.;w •{wu •u ["" [cl Jnl 'b'bb /'Ph• 

lx-al< s J. lx- b:<c, 
b-a 

''1'1' ~::<-- ('bit· 29 } : 
2 

'r" m n '1, L I" In L 'b :J, Q"JbLn.[! I; ~wrJhl, nr ..,J'b'b J'fr •frnfn

fuu.!tw'b ,fbt)miJJm'b uw.;,fw'b m'bfr: ~"bf!w'lrb'b.[! X 1frn•frnp•w~w'b J'h

Jm {zJJIIL'iJ/!_ "wp_nr'/wpwr f!'b'/m'bm_J' /; .;J,LnfiJW[ wrcfb.[!'bbr/!.• 

_1 , _ 1 1 1 1 
x,-7>' x2-l- -, x 3= -, ... , x2k=l- -, x k+ ---

~ 4 ~ 2 2k 2 I - 22k+ 1 

('bit. :JO): ~w,[wltw'bmt_•u'l.• J'hJ k-/, 'lh"f.f!"'-J x2k 1,_ qml'l .;u,J'wr 

,'bhy"'l I'"Lnr ""'l"r'l"'l "'l'dh.f!'bk/'1! 9w'b~w9wJ twfn'l. .f!Pi ~wwr

l ' "r'l.h'b 1-J>.'!• l•"'t ""'lnr•fn'l x 2i< +I "'r"h.f!l!. J. x-p' 'brw'bfr9 .;h~.nn 
bltn'l. ~h'hm "UI"Wr'""''r'i' m'bh9ntl I'"Lnr wl'clb.[!'ht.rl! 9w'b~w9w,)- l_w-

tt. 29 'Lt. 30 

•frn'l. .f!Pt ~-wrrhr'I.L'b 'lrnJp9 : t.,h~.nb.wp'"'r' x fnfnfuLU~w'bl! uw.;J'UI
'bfr tfr a'I_,.J', 

Um.;.Iw'hp uw,.J'w'b,fw'b J'bl J'wm'bw'bz 'l.wJ L nr hf!b fnfn

fr·w~w'i• J'hJmf!tnL'iJ/!_ a'fLnULd I; a uw ... J'w'iJp'itl WUfUI a-'iJ "WULnWLnnL'iJ 

/!/>•/ t: ~w19 ICJ.'fmn,_J' /;» .;wu~w9m/!J"'-'b'b o'fww'lnrJ'I.n'-J' I; 'bwt. 

•/m•frn/t•w~•u'b J'ht),f!Jw'b fn,frnfrufw'b J'b/1 pnlnrn'I.J>'b WJL h'lw'bw~ 

p'bm llJw'II'btm- .;,.,J'wr· 'lw hrb.mJ' I; .;h~.nb.Jwl ,w.;,(w'bnufp9 : 

Uw.;J'u,'bnLJ' 2: X •frn•frufuwl,w'be a'fLnm.f I; w'b'fhrlmf!Jw'b, 

L[Jb 'hmfr•mUfLu -r'l.wJ J"'-rw.f!u''bl.J~~<r M '1/'w~w'h /!•//> .;wJ'wr J1wrh

LP I; 9"'19 lnW[ x-fr WJ'b"iJ>ufr •urdh.[!, "l'P9 ul,uwJ •frnfnfuUI~w'bfr 
P"Lnr ..;ml"/''1- wrciL.f!'i,Lrl!. lfpw'I.UJru•t•L'h jxi>M Ul'b.;w'l.u•uwr"'-f!Jw'bf!.: 

l:pL X •frnfnfumltw'bl!. a'JLniU J' t w'b'I.Lrl"' f!tw'b, W"fW UJJ'b w'b

'[u•'bmJ' h'b wli1}bp2 tfbil· •frnfnjuw~w'b J'hJn'-f!Jm'b /.,_ qrn,_J' b'h' X-+00: 
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X1 = - 1, X2= 2, X3= -3, . . . , Xn=(-1 )"n, . .. 

Uw w'b1brY._ J/;J. .frn•frnfuwft_w'b ,fbJ.n LfJJnL'b t , l!w'bf! n{' ft_wJw 1wftw'b M>O 
P1r ~ ... J.ur •frn1•nfuwftw'bf! pnl"l' wrJbll'bbre . uftuwJ. Jf! nl'"2 r.,uof•urfr9 · P'"!l"'l'

Awft J/;J.nLp JW'Il' ft!P~'/;'b M - /•9 ,( /; J., 

x .frnr.frnr'"''l"''i' JhJ-n'-fJJ"'-bf! <r a'l..nmJ I; "il!"'-u ~»bt[b·l"l"'- f'J"'b )) ' 

x-++00, h[rlh ""',j"'''"l' M>O '1-h"f.f!NLJ r.frrupnf.~»~UJb" P"L"I' "'r"".e
thre· uf[u~»d- nruz r."'J"'('P91 ltP"'"-"'r"'rbt M < X UJbr.UJt/_UJUIUpUL

[rl J"'bf!_ l 

"'un•.u ..,'b11rpY._n LfJ J"'.-, A'lmnq •f!n.frn fuwftw'b JbJ.•n fl J"''b orf!'bwft_ ftwl"' 'l I; 

J.wr<wJbl X 1 = 1, X2=2, ... , Xn= ll, • •• , w{'Jb{!~'bl'~' f!'b'lnL'bnq X 1•n.frnfuwft_w'bl~' 

X 'P"1•nJuwft_w'b rlbJ.nL£1 JnL'b[! c.l'lurnLrl t olf!~tnLu w~•1bl'£. '"-£1 J"'~• JJ ' x - - ·.n , 

bpb ft_wJw1nr M> ll P1r 'lbullln LJ .frn.frnfuwftw'bf! pnlnl' "'l'Jbl!'b/;l'l!.• uftuw .~ nl'kt 

,1/;ftp9, ftpw1wrwrb'b X <-M w'b~w1wuw[rn LfJ l "'~'l!' 

Orf!'bwft_' x 1= 1, x 2= -- 2, . .. , Xn = - n, ..• , "'l'Jbl!~'bl''b l!.~''I" L 'bnq x .frn•/"' 

Juwftw'b[!_ A'lmnul t Jf!'bnut w'b1brY._nLfJ 1w'b 1 

ll.1u UfWI'""l('wf/>ut.tf f[.[!bb~»rltbb.[! q,,._ tf[ypwtft 'P"'P"f,Jw'it ,J"fr 
.J!~»bp 'lh"i.f!hl', h/'P wl''l"'-'lbbutf! J.'t..nrnJ I; "1'" 2"'/fp a uwr.,f~»bf• f[~»J' 

"'t,Lhr2."'-l"t "''!J' 
u w r. ,j"' b n L ,j 1: 'rpg"'-.[! y = f( X) q,,._tl,gp~»b n I"' "-''"'J- I; a 

f[butp npJ.I; 2(' 2_Wff"'J.J!NL.ft y=f(X) ~ndiligfHu li fiqmnt.U I> b Ultt fitfw (ijl(i 

(y -.. b), bpp. x-e t\qmnuf}; a-r (x --+a ). '•flh JIIII'"' .J!"''!J lt" '- l' c 'tr,~w5, 

fJt/.r r."',r"'f'• np.[!"'b I;L ~»Jb 'P".f!l' [pbp, ''"'rbd · I; !1'" !.'1 "'"'L IIIJbUfP"I' 
0 'ff'WI["'b {tift[ ~»JbUfhu , N[l a-pg UIIUI'Pb/' 1-"'L"/' x -li pp r.u,fwl'' 

npnb.[! P"'''"'I'Witn'-J bt 

!x-al<o 

UJbr.wt/_UJUUJ('nL{rfJWbf!_ * J ..nh'ffl IILbhb~» r,/,._,J.J~»t' 

* 1/,Jumbq ~•ftwmp b'b w r<'b •[n u l IX--31< (i w'b~w1wuwl'n' £1 ./w'be l'"'1"'l'"'l'n'l 

):- r ... _,-;. wrJbl!'bbl'l!.• "l'".-,11 U[WUI~w'bnLJ /;'b :j>nL'blt9l'"' Jf "l'"2'1w'b "'Pl'" L JfJI·'~·' 

~wJw'bJw'b r. w'l.'lwJw'bl!~'bl' ft_ f, w'b•lf•utb'b 'bwl• r. brnw7"' .1"LJ ' /f..I'"'L b·u , [/J>• L 'bfttJ/"uJ[' 

1Wf' [! f!_ l!'b'bwrft_J.[pu 1 b['p X -+ CO ft_w['nq t "f.<Uuowr.bl, n[• :j>n L'bft_9[•w'b "l'"2'fw r} /; X-/• 

"''' pnqt 'll'wftw'b "'l' rl b l! 'bbt•p qb"f.{!" LJ, ~bmlrwpw[•, "'.!" 'lb"l l!"' ,f x --. J-) , l!~"l '"- 

'b/;Ln1 JfrwJ'b wJpnq Y._ 'll'"'ftw'b '"l' 'Jbl''bbl', :, burw•L- "' J"L 'I "'J" olwu[•~• •fLl''""l"' r, nu l 

2_b'b l! w'bp 1 

il4 

l:[Jb b-t f( x J ~nt. GqgpulJp umlitfwG.G. k, bpp x a, "'"I"' 'tl'"ul biJ 

lim f(x)=b 
x-a 

f[wJ f( x ) --+ b. b/'1' X-+a: 

l;fJb f( x) _,_ b, brp x-+a , "'"I"' y = f(x) q,,._iJf[gp~»Jf• 'tr"':Prf[r 

t/.r"' 'l"' 9"'1!1 I; mpt{•nJ t.LmLt"'L f[bp"f ( tf[. 31) • .J!"'bp nl' jx - aj -.: o 
UJb t;, ,,/wuwl""-fdJmb/•y i)b..nbuuf /;, 

f( x ) -- bj < i; tubt.UJI,IUUIU('IIL{J!II'- bf!_ 1 

UIUJIU "'J'f bzu:~uu/,,,j 1; , "I' UIJb pn

f"f' ,,b..nbrr r."'''"'l'• npnb.[! a ~b..npg 
t.Lwugrj~»J- /,iJ Il l_ ,,.JbL, .fj~»b /l-iJ I; 

y=f(x) q,,._tbr"'!P 'll'"':PH/• M 11h
uthre 'fLn~"[n,r bt y=b-ro L. y= b+ e 
""Jr'ltbrmt{ umt.J JU'ituttput~t/u·d- 2c l"' J

bm f'tu"'" zhrut/• tbr"l!' 

rj. p rn 11 'I n '- frl ! n '- b 1r f ( X ) 

q,,t~g/• "'!P ,.mi),fu,iJe, brp x-+a J1m

r''IP I; umt.JruiJhl t~»L. r.lw.J,J"'L f[Lr"l' 
"ift_. 3 1 

r'"''.'f"'.f) X 'P"'rn/u~»f[mb JhJ-m.fJJ"'-bf!_ "'rclh.etbr I; 
WJb"fhll ( JJIUf''f"'"-nrt{ruJ- I; ~»Jb"f/w) 1 nr h[Jh 

/x*- al>lx** - aj, 

w"i"' x**-e 

""" h fJh 

lx*-a!=lx**- al "- x*<x**, 
"'"f"' x**-f!_ r.IU2_N('If ~»pdh.J!b 1;, puff x*-e' bUJ,UII(''f l 

U.u ""r"i "'u"'J, I"·I"'Jf>t ""l'lr brf[m. ~hmhrfg r."'2."1''1- I; r."'t
'1-P""'t,._.r "'tt f[h..ne, nrt e~t/_btr ,r,._, 1; a f[h._,r'i,. r.,ut["'u"'r r.hn."'-

t{n,,mp1,. ttbrr 1h"i.f!" '- J r."'2."1''f 1; r."''b'lru"'iJ,uf "'It f[hme, "l'l! a 

lthut"9 "'''~~'" ,u2 1; q..nb"-"'.r' 

'1-J.gm.e bzt/_JUJ J."-nt/ ll"'f''tiU'l"f't{"'J- X r.frnfn/••"''f"'b JhJ-n'-fJJ"'-bf! 
a'tur,._ ,r I; a u"'r.'f"'"i'rt lx --+ a ~"'J l im x=a J: 

ll.Jt,._r.h..nb. 'IP"'"'rf[hiJ.e y= f(x) r.frnf"/""'IJ"'b Jhd-m.fJJn<b[!_t Ct'l

nptnJ, rt t. "ihu "- "'Jbt,._ r".e· r.h'-""''1"'!"'-.r :pm.t~9r"'tr br"'" "'rcJh.e

t!,l'rs r."'ln/''1- ~r."'J"'rht.e m1iJ, "l'l! r."',r"'"i"''-""'mP'"'iJ,nJ 1; "'1''1"'-
J /,iJ._,p r.IU 2n f''f 1U pJ b.pftbt 



bpb "'J'l- J.kn4_ uw!:.Jw•iufwc} y <[wfnfuw~w'b JluJm[iJJm_'b[! alfUlllllr 

!; nrJ.!; b uwt:.Jw'bfo, brp X ___,. a, "'"'"' ~'lrb'il~ 

limf(x)=b 
x ... a 

/, J1wub'b~ , nr y= t( X) lpm'il~sfow'b a'lur"' ,/ !; b uwt:.Jw'bfo'b, brp X -- ar 
l.,bzur !; 9"'19 "'"'l• nr :p,._'iJ~s/'wJfr ,.,.t,J111'bfr Lr~"'- ,, t:, ,r,,~,, ,J'_ 

!/ 
'ilbre t:. ... ,r ... 1,JL~ L'il: 

'1-frurn'ln'-fJ!" ,_'iJ 2 : i;pb f( x )-e 
a'l"'""r t- bl ,,, t:,Jw'iiJ.'il, hrp x-e ae'l 

,,,,_J !; "r"t a {tlqJ.' e'il'l"'~'bl""- •~'/>'"!~' 

a-frs •frn~r .,,,Jb.g'ilbr, "'"'"' 'II"" ,r L'b 
lim f(x )=bl k bl-e uth'fw'buuf {;'b a 

x-a--0 

J:tbmn uf f(x) ~ndiqg ~WJ ~ Lhu)uwqnrpf pull 
0 a ; uwiL1\ull: fJ[JL x~e r_'il'l"'-"'"'-'' !; Jfrw(i, 

a-/'s JbJ- wrJh~'iJ/;p, "'"'"' 'lr"'J l.'b' 
t~ . 32 lim f(x)=b2 ,,_ b~- {! w'b'-/w'bm_,/ /,'b a lih-

x- a+O 

mnuf f(x) ~nLii~gP.wJP. Wl'_tuJ:tnrpfJwli urufitfwll {'b~ . .'J2 ) : 

IJwrbLfr !; "'"i"'9m9bl, nr b(Jb "'l"'~"'l,/J'"h !. awJt~wiJ"'l'fJ UI'il 
uwt:.Jw'b'bbrl! 'lnJmfilJ"'-'b ,,_'bb'b k t:.~~~qwuwr h'b, mJuJt'il~'b' b 1=b~=l) , 
"'"'"' b-'b !;l t:.b'ils ~Lfr'bfr 4_hrnt:./'2J"'l fr,/wuurtu[ uUJ t:. Jw'bwJ- uwt:.,fw~'l! 
a ~burmJz fJq !:.tuffW'JIUrJ.f!l bpb lfiiJIII-f.JJnL'iJ m'iJfr 3 ~bmmJ lpm"ftff -

9P"'JP uwt:.Jw'ile, "'"flU •1n1n._p 1m'il m'ilb'il 'ilwl• a 11lw,,_J :p,._'il~!lr"'il' 
wp_tu~n'lJJwh "- J.tufutu~n'lJJ.,'iJ uw!:.JUJ'b'bhl'l! {, ~'l""'il.p /•r"'l' t:,,,/111 -

uwr b'b: 

np lim(3x+ 1) 
x- 2 

w'it~wo{wuwpnLjl JnL'J,f! utl.'lfo nL'J,Ir'J,wlnL ~wJwp w'it ~ pwJb-2w I; , nt• ml.q[t nL'itb~lw'it 

~/,Ln[,_JUif .,'J, ~wo{ WUUI£'" Lp Jlf L'j,'j,/r('(!_, 

E 

!3x-6! <£, \x-21<3 • -~<x- 2 < _!-_ , 
3 - 3 

E < 
lJ.Juurfouny , 9.,'itft_w9U1~ €-fo 'l/,''i_ll n LJ !x- 21 <- ,_,_(, w'it f, wywuut(WLP JIU ltf f'"'-

3 
Y"'l'"'l'"'l x -[o pnlnl' wpJire'itb-p[o ~ wJwp 3x+ 1 tj>nL'itft_sfow.lfo "'I"Jbl!e_ 7 - fou Y"'"'J'
plipoffo wofb-tfo eh_, ew'it E-'it'it t't /'uft_ 'ftu t't 'it2w'it.,'t_nLJ t', np 7-J~ :j>n L'ityflf•wJ}_. 

uw~J,.,'i.'it t', b-l'P X --+ 2• 

36 

'J.f, m" 'l, t. fJ 1" '- 'b :J : :llm_'il~sJ.~~~t/• uwt:..fw'bJ. 'I"Jn'-{tfJtu"f, t:, ,_ 

J.,r ll• ,1, t:.w'iJ y•/,,f, /;l'P x-r a, "I' :p,"t,~9J,,<;., "!"' 2'[.,J Lfo'bJ, x ~-="'a 

~burnt tl: lJ,ut,,j',,~,{!_ 'fw~,bLftu 'J/"nwrlf'f"uf b'iJ :f>m'iJ~9/'"'.(" wrrlft~'b/,['1' 

a ~hurft ; [''!_"'/I.,! J! fo' [! -/•.'! """I'Pht' lfL"'hl"" ,r, '"l'l- "''j,'l'" ,J'r_ wf/iJ,,,, 
~bf'"''"/ .'Jill !J"''fl'qm J !; t:. hudt !'"L OJ•J.hw'Jru[: 

o,.,,'j,,.,~ .2 . 

sfuu'it _,. ___ 2 ~lw. nul "l'n2ofw .} ~ t'· 

•qJ.-.,1' I; ""'l"'9n'-!Jbl, n/1 *"'J"'.I",Jf"'~' <> 0 ;; ,.,,J"'f' 

np u•b'J[• ~nL'itb-'it, :,1;.,/,.l"'l w~• r, w•{wuwrn r..f'Jn L ~tp_' 

' 

x~-4 I -4 < "· x-2 

I (-~-
2-1 (.;___+-_

2
_) - -41 ---- 1( X + 2) --4 I<: E 

x-2 

~""' / x-2!<z 

( 1) 

C·) 

w'i.~ wo{wu•upn LfJ,I"'~'/.!_ , IJ.,I'"'lf"'no{, ~,,/ "'.l"'~'"'j, z -[• •tL ''l l' " LJ { 1} w~• t, wo{ "'""'(m t.

f'JnL'ite_ u•hq[o 1/nt_ ~,[.~,tu , l.fJ/i wliq[' n L'itb-'itut {2) u,'it t, uto{uwwpu•-fJJNL'ite_ {w.ruonl.q 

o= •)• f•,~ 'I"' ;b-'its l 'it~u,'itwft_n..,f t- , np ( L-pp x--·2 g"'Y.I '"L :pn •. 'bft_y['"' .l[• ,,., r, ,r,.,~,e_ 

4- ~. t. 

·~'b'ilwr~b'il~ fPIIL'b~9r"'tfo ~·frn~J.n[lllfw'b Jfo J!"''iiJ. 'IL"'~hr, brp 
x~ooz 

U .,~ t:.. J, tu'bn ,_J 2: f(x) ~~nt.liqglJru!i (lL<jmnLtf k b uwlhfmli~!i, 

bpr x ---+ co , b[JL 1mr"'~.,'btJn'-r l~.,J.,1 .,~.,'b fn~r 'll'"'~.,'iJ z [t14_fo 

t:,.,Jwr 11"'/'blfr !; sm19 urtul "'J'il"'frufo N hr"'~"''b ~[ilfoq, ~"r lxi>N 
w'bt:..,q~~~u"'r"'- #J.,'bl! pw4_.,r"'rn'l x-J. pnlnl' "'rJb~'ilbrJ. t:.wJ"'I' 

mb'lfr ~n,_'bb'bt.u t:.buti.Jtul t~~'b!:.t.uqt.uuturn'-{riJnL'bf!. 

( x-t--1) lim -- = 1 ~wJ, "'II 'll'"'"JwJp, 
X-4- oo X 

ltm (I +- -1-).c= J, 
x-- oo x 

'llrtne t' '""l"'!ln' .'J/;l, nf' ft_wJwJwyw'it E> 0 '1/."ll'"' J wL·qf• n <- 'itf• r. b-wt.J"'l 

,-;.~.,Y"'""'l'"'-iJ Jn L 'ite_' 

(3) 

37 



~lc'bg nr IXI > N, 1!...,''1 nrnul N-f!_ nrnt•[nul I;' ~wfuo{wJ- t-/r f!_'bmrn. · fJJ"'-~•[•!f' (3) 

wV.wyu•uwrn•.fJJ"''bl!. ~wJwrJice I; I ~~ <s w'bt•w•Jwuwrn'-fJJw'bf!_, "rl!. ml•'ffr ~n•
'bb'bw , brr 

yl I 
"" jxj::...-=N• 

------ ---....,.~:.:!:-l!,!.____ ?•ou 'b t w'bw~n._:f 1;, "r 

---- ""'·- f·~=:-4:i-.ET...:.,:.~ l!m (1 ,.-
1 )=' !im_x+ 1 

= I ('b't_. a:J ), 
~ ~::l:;y--- """""'--

~ :\ ~ fXI X X-+ ~ X 

\ f•Jruiunlnrf X- r+ oo, X-+-rx:J, 
,,J,fn/ilhrft ptfruumc, ruf/ilt;.wJm I; 

d(x)-l' a'lm'IL.r I; b-i•· hpp x--++ .::: » h 

a-t(x)-l' a'lmuuf 1; b-Jt. h1,p x ->-- oo» 
»~pmu,t.ru1 u,,,[JJ"'-'b'bhrfr f,fm""'l'• upn'b.p uJttft/ntftll a/"'"- '11''1"'-,r L'b 

UIJU"f.bu' 

lim !(x )=b, lim f( x)=b: 
x--.+ oo 

§ 3. U.ln{hp~nL(i'!Wll clqmnq :j>nLlll~g~w: 

Uwlhi wllwlflw ~ :j> nLll~g ~wlll:ip 

lfl,'j,.e 'lfomru[t!t'•t b'b.p 'lh"L.f!bl'• bpp f( x) :pm_'blt.'!ftw'i, l.rl'nm.J I; 

npn2rul1ft b urut;.Jw'bf,, bl'P X--+a llru'f bl'f' X->00: 

'1-Jtmrur~b'b.[! UIJbUJfoufr 'f""'.f!• Lrp f(x) lpm'blfyforu'b a'lm"'J I; 

w'b,JLrl'IL{dJru'b ruplfnLJb'bmft •Jtntftnfo,Jru'b Jp "1'" 2 Lrzru'but!Jft 'lb"'.enLJ: 

lj rut, tf rub n L ,)" 1: f(X) lpmb~ypwb J.'fmiiLJ' /; rub'/f'J'l"'-PJlltb, 

brp X->3 1 ~»Jufr'it.[!'b' t.w'b'lfruw'bnuf I; mlitlbp2_ lfbb JhJm.fi!JnL'b, hpp 

x-a, '·f"'· JIIL['IU.j!IUbl.J"'-1' N\ 'lf'IU~ut'b [iltJ/1 t.rutfrup, "J'.J!IUb I;L t»Jb 

Jb,} LJ>'bft, ~IU['"L" t i[lnbhl IIIJbUJfrufr ,) > 0 filftrf , "I' a-f•y mwppbr 

x-Jt p r: L"J' wprlb,e'bhpft t.ru,frur, "l'"'b.e prurfrurrurw.r L'b I x-a I< a 
UJ~»Jtfru'bfr'b, ml•qf• mb/t lf{x)j > M UJb ·~•UifruuUJI'"'-PJ"'-'bl': 

t;pL- f(x)-L' a,lmnLJ I; ru'btfLrl"'-PJw'b, bl'P x - a, Ul"f.~» '1£"''-J b'b. 

lim f(x)=oo 
x-.a 

~IU,r f(x)-co, ''l'P X - -> a : G[ilh x-a 'fb"L.J!"'-J f(x)-£' J.'futnLJ I; ru'b

·L"rl"'f"JWb /, l''b'l npttLJ' l''b'f'"-'bnuf I; ,fpruJ'b 'lrru~w'b UlrriL·,e'bbp 

;Jb 

~UIJ dp•uJ'b pwywuwlfwb wpdh,e'bhp, t;.w,!u1 "1"'tnwu/uw'butpw[1 '11'"'-'f L"i1 

lim f· x)=-f-oo ''"'J' lim f(x)=-oo: 
~-1:1 x ·-+a 

!I 

(l-x) 2 

I 
--- >M 
(l-- x )2 ' 

I I 
(1 - x)2 < -, 11 -x f< , / = i'i, 

M r ;v\ 

!I 

t~. 35 

0 r "';, Ul ~ 2, U.u/"'fJ" L:J/;'i,/J , np }j m( ---1
- )=<X 1 fopnp ' fliUI..,~WfJW,}- .M> 0 

' -. 0 X 1 
fly~ ~wJwp ~~n'blr'bw'bp 

1-+/~M. 

U.J""'"'l (-+ ) > 0 x.,- 0 '1/;"'. P"''' I. (- -:- )<0A>0'11ruu•nul('b~. 3fi), 

t;pb f( X) :p,,_ 'it!,yftru'b a'JUliiUf I; w'b·fb£'2"'-P JWb, /; l'P X- co , UIUJUI 
'f{'nLJ /;'b. 

lim f(x):=:oo 
x-+~ 
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b, J'uwi,wqnrw"fbu, 1["'/'"'l L 

llmf(x)=oo, lim i(x)=co , lim f(x )=-oo• 
x- + oo 

lim X2 ==+oo, lim x3 =-oo " wui,, 
x-+ oo x~.~~o- oo 

?-purn'[nL{rfJ"'i, .1t y=f(x) lpmi,ff.9Jtwi,, ftf'p X-a f[UJtf hf'/' 

x-oo lf"'l'"'l I; t.A'fur/,1 1_hrp_UJ1_nr uwt:.J',i,fr lfUJtf ,,.i,qhrp_mfi!Jw'i~: 

0 l' [• 'i. ut It :J, - J ·<x< ·r CD w'i.rJI.t•i fr'Lurbprjwl"'·J "lrn2•[w~ y=slnx 
:pnL'illtsfrw'i., Lt'f X-·> co ~[r J7ur'" rf "l rjbpfwrjrrp r.• ml:,rfw'i.{r 1 n~ f."t w~rrjbrrJnLfJJw'i. 

('ill[. 36). 

u 
1 

-t 

Uwt:.tftui,nLtf 2t y=f(x) 
lpnLi,I/9PUJi, 1/nt.•/nLJ' I; uwfiuw

Gwtlllt'll X wr'l"' ,fl.i,urfr mtJJwl 

1frntfrnfr,J'wi, u•frrmJfJnuf, hfJ/;· 

'I"JnLfiiJmi, nLi,J, tuJi,"ffrufr M 

'll'"'~"'i, frlfr•l· "I' 'lfrwUJr~"-"'1 
mfrrm-JfJfri, "fiULn~tui,nl[ x-fr pn-

l"{' urrJb.[!'i.thrfr t:.UJJ'UJr mluzfr 

m 'i.tfr /i( X )I ~M wi,t:.,qwuwrnL-

{riJ"Li,{!: />uf[ bfJ/; '"l'f"ffrufr M fil/"/ 'l"J'rL{riJnL'i.t t_mi,fr, u"'l"' urqJwl 

tffrp_w~UJU""'' f(x) lpm'i.t!19pwi, 1/nt.•Jn.' ,f I; wliuwfhfm(\unllmll' 

0 l' [r 'i. wIt 5, y~sinX :prrr. 'i.ll!Jfrm~•, "f'l!. "l'"lr/.w~ I; - XJ <X<cx.• [r'i..,bprj•u

l"L'' 1 uw>Jw'ilw•j,.ull ~ 1 /'w'i.[t "l' X·/r f'"l"L' wpJ/sp.'i.bpfr .l:,urrfwp 

lsln x( ~ l=M• 

U,.. t:, J' ,,'j,, ,_ J' .1r f(x) tfl.trL'i.tl/9/"u'i.t ~~nt_qnL.J' I; uwliumunnllwq, 

''N' X- a' LfrJL 'I" JIIL{rl l"'·'i.t IlL 'i.tft a ''""'"LJ' ,,bi,m ,,,'i., tJL'i.tLsn'l 21'2"'

't"'l-1!• nrur!.'l m•/Jml lpm.'i.t~sfru•'i.t umt:. .!w'i.tunfrw~ 1;: 

4U 

Uwt:.J'w'i.tnLJ' 4: y=f(x) fP•n'i.t~sf•w'i.t ~nt.•fnLJ' ~_ I; uudiuwlitu

tittull, bJll' x_,oo, /;[rlh 'f"Jmfrllm'i., m'i.tfr "'J'i'"ffrufr N > 0 filfr•l· "I' lxl > N 
,.,'i.tt:.wqwu•u1,m[J1w'i.tl! P"''i"'l',.'l'"'l x-f• P"l"l' "'rJbJ!'i.tbrfr t:,,..,r ... r f(x) 
f/>m'i.t~sfruri, umt:.J'ur'i.twt.Jtutlf l;r 

UUJt:.tfw'i.tfr a'f ... "'l lpm'i.tll!lfr"'JP uwt:.J' ... 'i.t ... t.Jturi,,{JJur'i.t J'wufr'i.t t:.wr-

9£! l"'Jtf,ul I; t:.hurl•J'ul [rlhnrb,J'fr tlfr2"!J"t/· 

/tl' b "I'/, ,f 1: lipb lim f(x)=b, f!li'l ntm•tf b-G tlbp~nutlnp plHJ 
A-d 

h, WUIW f(.x) %>tnGqglnufi., bpp x-a, uwnumGut~Jluq };, 

9 ... 'i.t~wawJ E' > O filqfr t:.w.i'wr ~'lur'i.t•ffr u•J'i.t"ffruJ• 0>0 fill~'/• "I' a -o< 
<a+ ~~ 21'2.1U~LUJ.J!mJ' urb'lfr m'i.tl.'i.tUJ 

w'i.tt:.IU qu1 UIU ['IlL fil JilL 'i.J {!I 

,. .. ,, 'lUI 'i.tz ... 'i.tur/,,J' I;, n r f( X) :p, 'i.t~9friU'i.t uwt:.J' JU'i.twt.Jtur~ I;' hrp X~ ar 

'fpmn'lnL{dJnL'i.t 2t f(x) uwt:.J'ur'i.turt.Jtw~ f>nLt~afrwJfr uwt:.

J'IU'i.tmJ'fr9 t:.hurbmJ' 1;, "I' hfilh llmf(x)=oo ~IUJ' llmf(x) =oo, urlufr'i.t-l!'i.t, 

hflh f(x)-p ... 'i.tqb/'2 J'hd 1;, 

IUUJUI IUJ'i.t ,..'i.tuUJt:.J',..'i.twt.JtJUI/ 

/;t l..IU~LU'JIU['a/! i.frz.ur t_l;' 

m'i.tt rut:.J'w'i.t1Ut.Jt1Uif lpm'i.tlr 

!JfriU'i.t ~IUr"'l 1; ... 'i.t1_br2 Jhtt 

llfr'i.thl' 

Or~'i.tUJ~, y = x sin x 
fm'i.tll.'lfrur'i.t, brp x-oo w'i.t

UUJt:..lUJ'i.tiUt.Jtu·~ I; J J!UI'i.tfr If r 

swi,Jf1U91Utt M>O [rlqfr ~:,,.._ 

J'u,r ~urrblfr I; qur'i.tbl .x-f• 

UJJ'i.t"ffruf• wrJb.[!'i.th/'• "I' 

!xsinx!>M: F ... JY y=xsinx 
lpnL'i.t~9frUI'i.t ,..'i.J1_br2 J'htt t_l;, 

X -+ 00 

.j!UJ'i.tfr "I' LUJ'i.t x=O, "· 27:, ... 'lb"i.J!"LJ' 'lwn.'i.tmJ' I; Or Y=X ~in X 

f/>m'i.tlf9Jtw JP 'ff'IU f/>/•~1! "fluml/b/"/UJJ I; 'i.t~. 38-m J' t 
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U.Ufw9nLJ9' fiJ'LnrbJ'fr "'mlJw'bp9 r.burlwuf 1; , "[' ltu,fwJwiJ"''b 
:o>O 'fh"'JJ"L,f X= a IJhmp "l'bl; 2f'2."''L"'JJJ"uf ~m'bb'bw'b,e jt( x) - bj < E, 
ltur,/ \lf(x)l-lblj<a, l1wJ - s< \f( X )j-jbj<s, l1mJ lbl-a< lf( x)J< Jbl + ~ ~ 

-/,b l'lP'b w'bf,u11jwuw ['"Lfl JilL 'b'bb /'P.'J r,b mfun. J I;. 

l > - -1 -> l 
Ibi-s lf(x)l lbl+s 

l 

f( X) 

§ 4. U.lnlhp£ lftnJ;!phfll! u lJpwlJg ll~ulJw~wlJ llwm~ntpJntlJlJhpl! 

U.Ju "f"'f'"''ll'mfPm ,{ ~'fpmwr~b'b.p f/>tiL'b~9f:w'bb[' , nrn'b.p ru[''l"'-
,fb'bmp 1fp "I'" Z h'l~n'btu/1"1. ''""P"f"tJLL"'- '!-hU[.g•nJ' a'fwm ,{ b'b ql'"IP' 

ll w i) ,f w 'i,,_ ,f 1: 1. = ::x( X) fl.m_'b~9P"''b 'l"t o/.nuf I; udi~ bpjl •Jw ~p, 
brp X--->a 11w,J" bN' x-- ("X), hfrlh limo. (x)=O ''"ul lima(x)=O: 

x--.a 

&~. :m .,,, . -to 

llm r. ,rw'bJ, uw r..rw'bw_,rp9 r.b,luiLJ I;' h[riL , urp'hw~ , Jima.(x)=O, 

WUJIII 'J-UI 'j, :;_ ,,'iJ,fJtiLtl' /; , "/' 'b"'P"'J"'.f! "'J'tfwJ fJwdutJW~ut'b 'P".J.'[' z 
'fl"uiJw'b frltfp r,,,j",,, /l'lm'bt/1• IUJ'b"IP"P o> O {rlpq, "I' lx - al < 0 ut'b 

r, ,,"""""l""'r!Jw'bl! f'WILmJIIIIJ•TI'l_ f'"l"f' x- h-rfr r,UIIfiUJ' f(f!UII,IU('WJIII 
ja. ( x)l< o "'"'l'J'"'~'l!. ' 

0 l' L• ~. Ul ,, I , x- Jr :pn L ~"tYfwll• w'lufi..L' i '' '"1'1' 1;, /;l'l' X· · .. l' I' "'~''' "l' 

l1 m 1 = l i m (.~< ·- I i" -=P ( 'bl1. 39): 
x~ I :< -1 

1 
{) l'" ~~ 111/1 :!, 1 .. - ,y, :u~d/!f[r ul '!: U1'11Jj bp~ 'j'" {' f' f. , hf'f' X ~ : (<i,// • 4 0 , 

X 

Ull..u § 2- f 3-l" l u f'f '!J udu!): 

:,wuutu,ub'b.p r,bw"' 'lwlr r.wJ',p t1wrbnr r.I.mlt J"'l wn'i•J.mfiiJ"'·'bf!.. 

ftJ'(,,{,h,f 1: bp h y=t(x ) :}n ••li~gjnuli !i bplpujwgtJnuf }; b 

fiwuunuumtli ptlll L. :;. wli tlbpjl lllll VJlll q•.ul\upJ• mbu~ntj' 

y= b+o: , (1) 

limy=b (bPI' X ->a ~w 11' X---> oo) : 

~ "''J"''f"'l'al!. , bro b Jim y=b , wupu lpupbt!1 }; qpbt y=h+ :z . npmb'l 
o: -li w G •l b p ll •111l.Jnl 1.-, 

ll"'"'!J" L J,'J' ( 1) r.uuJwu~nrm{riJm'hps r.hmltnul I;' Jy- hl= io: J: 
PwJ9 't"'J"'Jmltw'b s- f· 'f,,-"1./J"Lir '1. -p pnl"J' "'l'uh,e'bhl'l!' ui(UIUJ "" 

"l'" Z "'l'·uh.f!p ,'J, pmtJ.mrwr"' ,r h'b I 1. !<::: utn'bt mfr1Jw'b1!, r.hmbwr•wr , 

y -/t l'"l"l' wruh.f.''bh,,,, r,,uJmr, "'t""'r) ,r,, "l'" Z IU(Id-lr.gps, mh'Jp IJnL

'bb'iJ, I y - b j <:::£ w'br.uuJwumrmfiJ"L'h[', Jru/1 'fUJ 'bzw'bwJ1,1LJ 1;, "[' 
lim y=b: 

~mltw'f"'l'al!, lJfJh limy=-=b, "'"!"' ~"'""'J'u~w'b s-p r.~nJw1, y -p 

P"l"l' mr<lh.g'bb·l'l! ' uiJu~nr> tlp "l'" Z "'l'<lh.gp9 • 11p,u1_~nrwrh'b iy -bj<s 
~n'b r,,,/wu~nrmfiJ"''bl!. : P"'J9 hfr!b 'b zw'bm~h'b.g y- b=o:, w"'"' ' r.hmb~n

P"'l' ' a-J' P"l"l' , 1,Jh.f.''bbrp f,wrfmr, u~uu,} rfp n1m z "'l'<lh.gf•s• Jo: j<:,s, 
pu~ 'fUI 'b;m'bmi,,,J" 1;, "r o: -'b w'btJLrz T"JJl' 1; : 

1 
0 l' f 'b w ~ 3, 'J.f8 nLj! UIL"/w.l I; y= ! _;_-

lf>n• 'b~uf•w'b (~·~ · 4 1) 

lJ.J'] 'flrUf j! nLif 

lfm y ~, J . 

l i m Y-= L 
x ...... oo 

X 

WU[W y •fon•Jonfuw~w"he_ ~wplrJf• I; 'bl.p~wJw9"hlrl 

1 uw'ufu.~•r " "'~"L"rl P"l!l'P ( UI"JWL 'llr"l f! "LJ 

I 
- - -/•} 'L" -' r.'tJ.opft f.JJhl!{! "t/ 1 UIJuJt'b.J}~' 

X 

y= l + a.• 

Yf \ ~:~ 
1 '('+1 
I )'-. ._ 

f a ( i ·- ·--' .. ·-r--tr ---
1 lJ 

-~ 

'i~ . 4 1 

frJ·/, " I':. ,_ 2: b[rJb ::x= ::x( x) - ~ Ct.qmnuf h qpnJ Jl, bpf' x -~ a (lpU!.I' bpr

x ~oc) , rm!!:J qpn ~~l qwnGnu.l', lUUJlU y= -_!_ -[i O.qmnu.l' J. wGI{bp
a. 

jlll l p JlUfi: 

U."f"'!J"L ! !J ' !Jm'hft"'9"'J, "f'JJut'b wuhu, JhJ M 'll'"'~"''b f01.p 
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1 
t, 111 ,/1u/1 mhrlfr ~,._'iJ/,'iJru - > J\'\ w'itt.w'[ruuUIJ"''-{JJ,.'bC , f,fJ/, m/"Lfr 

\a.\ 

m'bh'bw 1 a. j <-1- ru'ilt:.w"wuwi"".{JJ"'-'il[!: •f)tp2fr'it m'b:.mr[wuwl""-fJJnt'il[! 
M 

mh'lfr ~,<;,L'bm 7.-f• P"l"P mpJL.e'i'LrJ• t,,,J'w1,, ,~,wJ rf/r ,p/JI; wr

<IL.pJr.'/ ' .em'bfr n r a( X )- -•0: 
fd· b 11 1, /, ,r 3: bplJn•.. hpbJ! J, ~liqliutGpnlllrhu "pnzmlll' ptjllll 

tulitli'P2 •J•n~pLplt limGpm fi tu ztltullw(i qmtfmp~ w(i~Lp~ t}lll}Jp :J..n•liq

~1 jnu lo: 
11. UJ w !1, ,_1 !1: ll.UJw.'l"' 19c ltmmwrL'h.p Lr~"'- 'l"uJ''ui''·LI•'i,LrJ• 

t.wrfJJt/'' .ew'irJr "/' !Jw'bf/w9w') {rh[r"f '{llrtfwi'I'Lfr'irhl'/' t.urJwp _m.('i' ft,_ 

mrup'[m.J I; t.wJu,'bJw'b aLwrJ: 

'7-fr9"'J! ulx) ==a(x) -;- B(x), 11pmiuz lim 1.(x) = 0, lim ~(x) = 0: 
x-.a :\_,. a 

/LUJw9,._yL'ii.J!, "P IJw•fwJml/w'iJ f'UI"utl[ru'ilru~m•Jr •/"'./!!' c:> O t.ruJml' 

'''ltn'ii1.Jr UtJ'hUJJrufr o>O, "!' I X - a l< o m'bt.u,Jmuur("''-{"J"''ill! pm'[wrw

rhtfr" mhrlfr 11"'-'iJL'iJ., 'ilm/J l uI< ~ W..,Jt.u,fu'""'f""-l"t"''i'l!' -(?,<;," "I' 

a. (x)-t• m'iltfl•py ''"'.PI' I; J "'UJIII '''fur'ii•IJ• "'l'iJ"I'"''' OJ, "I' a '"''b"'r"'il111. 

f. 0] 2_ UJIIIII"'f'"' 2r'fwff"'J./!""J' ~~Jr'iJJr' 

.• ./' :0 
ja(X )/ '-....-' 

2 

•flut'i~Jr "r ~( x)-e w'in[I•J•r ''"'.J'I' 1; , "'"/"' ,,'lur'iii/Jr IIIJ'ii"Jf•ufr o,. "r a 
~h'ilmpn'ilu•[ It ': ., zutnm•l?n•J zrlurii"'IJ!"'J lnfr'i~J•' 

I~( x)l <-~- ' 
~ 

o-'il .,L,.y'iJI,'iJ.p i>uufUIIIUIJI il l ,, ~-~~ ,fi.Jmfclt,l/i,Lr/•9 •Jrn.J!rJ•'it , IUJ'I. 

'f/'UJ./!"',J a. ///,'butpll'illl•/ 1.. r~ zmnrurJ/r'l ,,'iJ/,,'J"'l ZP'l_lllf[W.(.J!IIL tf rnhr/Jr //,__ 

'iJI.~IIJI'il \ ::ti <(' __:_ , 131< . .:- ru'bt.wrJwuwr"''"""-'iJ'ilbre• ::. burliWf'lll/1 UIJ'I ' ' 2 . . 2 {' • 

zr Y"'''"'J.J!"'-'' 1nJ•'i~Jr' 

I u 1= \?(xH-) (x ) I - ~,. (x) I+ ! ~(x !l<-i + -~-= ~. 

"'!"J•'il.e'il lu 1";: .:, " ' l'il Jr'itl utm '> m'ily•[m ,j' I; I' mui'".'J'" .'1/'l ' 
:_,,f,,'iJ,j','iJ at .... , ""'!"'.'/"' J.'/1' !lu"""'l"l"· ,j' ( ,_,-;, .,_llllJ.f'l• i) ru,ftu,. , 

lim 7. (x) -= 0 . lim ~(x) =Q, 
x- :c x- x. 

')- Jr m 11 'l n L {J J" L 'br ~Lmm'fWJIILd Jb'b.e '1/rmtup~htm h'b.e w'b-

4hrr_ •Jrn.er ,fi,Jnr{JJnL'h'hb1,Jr "'l'hUJJrufr 'f"'-Jwp'bf,r, np Jnrrw.ew'hztm·r 

'I'll ,j',l,l'L"" 'r"J!PIII9,fur'b t.hm 'l""fwrbtJr'hhrJr Pfr'['b w'[blw'bnuf l;r 

ll.Ju '1""/.J.!'" ,f {JI,,p/,Jp UJ'h'l"' J'c lfwrn'l I; 1... i>.Jrzm ttfr'ilbl' '1-Jrmrup-

1 1 1 
Jjb'iJ .J>o or/1'iJ111ff , lJ =- +-+ • • ·+-J nptnh'J X-(! (!'iJ'f'IL'iJmJ I; dfrurJ'iJ 

X X X 
X ,,L,f,.l'"Li'\'L' 

Ill J P" '12 'fPUI~UI'b "'r"''.[!'ilb r (X = L 2, 3, ... , n, •.. ' )r ll.~'ilt.wJUJ I; J 

llr hpp X -ex; !"' I"".J!W'blJII•-r 'f11Ltilllr"Lfr t.ut'ii'1Jruw'ilnLJ I; w'i11_hr! 

'""./![' ' P'UJ!J u=l '1"' ''"'('/!. m'il"br2 •/rn.er },/;: 
{II· J.r, 1,h.i -1: :J = 7.(X) ruli~bp~ •}mvp ~ndiqg~wJI• h. z=z(x) 

u lll fi tl'wli llltJHu IJ ~ndllj g juu Jll tu punu'lPJIDJ~· bpr- X-+ a ( !1 wu X -+00 ), 

fimGqjtutuGnt.t.f ); wGtjbp )) t}tnj~ p u'bf}n Lpjnt..li (~ndiqg{tm): 

u. "i Ill.'/ II '-l9' IJ.,'/"'9"' J!J/! /f'UUJUJrL'h.e x-a 'lbUJ.e/r t.wJwpr 

flrltl; .~il >O t.w,l'wp ll'l"''ii"Jr x=a ~bmJr wJ'iiUJJrufr : ZP'l'"'l"'ll!' "f"''-J 

l[pwrfmf•wr•'//r lzi<M w'bt.m"wuwpnLfJJnt'il[! t lJ.,fb'iJ Jfr z> O t.w,fwp 

~'l"''i"/1' "'J'iiUJJruJr 2P'lw~utJ.[! 1 11purh'l mb'lf' l[m'ilb'ilw Ia I< Z w'ilt.w-
M 

•/wrrmpm{JJ"'-'ill!: ll.J'I /,p/f"'- 2P'lw~wJ.ehrJr9 wJb..,,w4rn.epnuf mb'lfr ~m
'bb'ilm 

""~ '1"' 'ilzw'ilutlfnLJ 1;, "l' a.z-(! w'b1_1,rl T"l!r 1;: X-+00 'ILUJ.e/r t.w

Jrur "'UJUI!J"' 191! ~""""'P'["' ,f I; t.wJ'w'iJ,fm'it J.L.n1_r ll.Ju [JhnpL.!Jr9 
r/r• nuf /;'b \ 

1. b m L ru 'iJ .e 1: bft!b lim a.=O, 11m~==(), "'UfUI llm tz~=O, .ew'i~Jr 

np ~(X)-e uwt.tfw'iJw+w~ Jb~nr.fJJn'-'iJ l;t 'J-w frpwt/_w9fr /; ,'/w'iJ/1w9w~ 

1_bl'2ru1.nr [J'[11'[ pw'l•fwUJmmi/Jrt'ilhpfr t.wJwpr 

l.,bml...w'bJ! 2: bfilh Jima=O I.. c=consL UIUJUI limca=Or 
fi1' b n p £ rJ' ,') : ?.(X) lll(i.~bp~ tpn:pp ub~HLpjutli' Cj_p11J~9 UlWfl(!bll 

a(x) 
umfiuLU!i n1.Gbgn'1 ~~~~G~g~m.Jfl ~ptu l'mdwlinuf{1g umm~wgw~ - -

z(x) 
J!tU!inpq-e mil tl bp~ 1}m VP tfh~mp Jill G k: 

II. UJ w 9 " '- l!J ' '1-fr.'l"'l! llma(x)=O, llmz(x)=b=fO: § ·'~-/• :!-n 

{Jb,l'hJfr9 t.hu.lu"-J' L np -
1- Jbt), fJJnt'il{! uwt.Jw'ilw4>wll I;: ll.J'I 

z(x) 

:x(x) --N(x) . __ 1_ < f I; < I UJututi>.mnnrJ "' ~nu"'PUI~(! t.wu'l-fruw'ilrrr r 111u<J 'Pl 
z(x) z(x) 
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tfrn.J!r J£umf!t.u"i.J /._ u.ut.Jw"bwtfrUI~ JbJnrf!tm"i.J W['UIIU'ff'J'U[J WJIIfr"i.JJ!"i.J\ 

w!"b w"btjhr2_ tfrn.J![' l;t 

U.tu, fr"btUfh" k "but/""1''1-• Ufwpw'f[•w!f.,ui Jb"b.J! ~.j!"b'twr~h"b.j! 
lpnL"i.Jff9ptu"bhp, npn"i.JJ! ~w[11t/_wJ b"i.J JfrJ."i.JmJ"i.J X "'f''lnLJf."i.Jmp9 1 f!"i.J'I 

"l'"LJ. x-a ''"'" X-->OOt 

lJ.Ufw9"'J9/! IJ~"'mtupf,"i.J.[! "'!'1- '1-bUf.f!bl'fr.'l JL~fr t.wtftup 1 J!'u"b, "[' 

tftrnuJt t..utfw{r 1UUf1U9Irl J9f! fJIIILniU[rl/nLJ I; t..uJw"i.JJ.u"i.J aL.ntJ: :,.u-6.ufu 

tb"h.J! 'frfr "l x-a, "l l;l X--->00, t..uu~w"b'ulntf ,)'hf/l! t,w.r "JIILUf!l 

fiJ' b n f' b J 1: bplpll, bpb}! lL eliqfhuGpwuJbu npn?wq ~ f<Himl 
t}mlftn)t•mltmGGbpp flwGpwliwztJmlpufi qnufwp~ utufitJ\uGe fiunlmuwp ]; 
UIJ'l •lmt}mp•utlpuGGbpii uwfiuwGG.bpl• fiwG.pmfiwztJwlpuli qm_tfu!pJtfi' 

lim(u1 + u2+· ... + uk)==limu 1+lim u2+ ... +lim 11"' 

u. Uf IU 9 n L J 9 I lJ.UfiU9nLJ9f! ~IULniU[Ib"i.J.j! £{r~111 'f"' J'mpf.LJ,"i.Jbpfr 

t..uJ.urJ .{!"'"i.Jfr np ,'JIU"i.J~.u9111J filtjnt/_ 'fnLJIUf'"LI·"i.Jhrfr t.uuJ'.ufl w(it ~w~ 

'""'['''"'" I; "bm t"h aL.,t/_r IJ"bfil.u'1-l'''"b.f! lim lll=al, lim U~= a2: ll.n '1-hu,~ 
.enLJ § 4~, 1-fr"b (Jbnrht!J, t.frt!m"b '[['"' 11wf'"'l b"b.J! 'lrL/ 

ut+u2=(at + a2 )+( a.1+72)' 

~w"bfr "[' (al + a2)-c t.wumiUintiL"b ,}'b,},_,Jtm"b 1;, ""'' (IJ.t +:r.J-L' 
w"btfbf12_ t/_tn.[!p 1;, WUfiU "bnrfr9 § 4-fr 1-fr"b frlhllrb.!'/t fluuJ'~nalll~~~ b'l

[IIU~W!J"bllttf b"i.J.{!I "f' 

llm(u 1 +tt2)=(a1 +a2)=lim u1 +lim 11~; 

Ope'hw~ 1, 

lim 
x2 +- 2x 

l im ( 1-t-2. ) = li rn 1-;- lim ~- =-1 
x.->oo X J-,. x, x~ :c X 

2 
lim- =1+0= 1• 

:: -lo CO X X-l> oo 

fiJ' b n I' h J 2, bpqnt, bpbJ~ IL EGr}flmGptuullllt npn 2ntl1l l p1]nq 

t{tllt}tn_llJmqmfiGbp~ mputwqpjtlll~ umfitl'tufi~ finll]tuump 1. lil.JI} •111 nj111-
)umlituGGbpl• uUl!l.uw[iGbp~ mpmwqpJwl~G' 

46 

lJ. Uf u1 9 n L! 9' ~wtfwnllmm_ filtw"b t..uJwr "'Ufm9nLJ9l! pbrb"b.J! Ll,_ 

J1, _ f'"''ltfmulm"'ltfrt"hhrfr t.wt!wr• '1-fr9"'J! lim u 1=a1 , lim u2 =a2, ~bmb~ 

"UIJ'IUr 1 

a1 a ~ IU[IInlllljpJWff! t.wumtutnnL"i.J 1;: a{l:2 +a21J.1+:XJCJ:2 JbUuL{JJnL"i.Jf! 

§ -l~fr {Jh,rb,J'"bhr, t,,,r ... a ... J"b .u"btfbl'l fn.f!r JhJmfilJm"b /;1 ~bmiiLu~ 

~ b w/1 .u "i.J .[!1 :.wumlumm"i.J pw'ltftUUf"''"~Plf!. ff.upb[p /; 'J-nLpu 

phpi•L u ,t,,f w"bf• "bz.u"bfr!l' 

l•r".J!• f,[rJL lim U 1=a 1, r·"h t:..uum.umnL"b I;£., t.bmL..up.up, limc=c, 
"'"!'" lim(cu 1)=1lm c • IJm u1= c lim u1, wJ"b fr"bt Ufwt..u"b?.tf•nJ l;p 

"'Uf"'9 11L9bl 1 

lim 5x3=511m xJ= 5 . 8=40, 
x-2 x.-,.2 

fiJ' h II r b ,r 3r bplpn. t~lll}lllJurnllwGGbpJ• }>Wfinpq~ l.HUfiuwG.e fiwtJ.rn
Ulltp }; WJ'l t}mlftn)umllrnG.fibp~ umfiumGfibp~ J!wfinpql•ft, bp-b firnJmW
pwpJt uwfitl'tuG[! qpnJJlg mwppbp l;. 

I
. u _llmu 
Ill-----· 

v lim v 

11. Uf "'9" L J !I' '1-fr9"L.[! llm u =a, lim v = b =I= Or i,hml.~np~np, 
u=a +a, v=b + ~. "r'"b'l a~"h 1. ~-"b ... "htJb1,2 'P".f!rb1, h"b, 

CJ-.1,/;"i.J.[! t.bm/, !"' l "bm {imr {J J'IL "bc' 

u a ab-~a -=-+ I 

v b b(b+~) 

a 1.b--~a 
~nmnpwl/f! t.wumtuwm"b {iJfrt/_ 1;, frul/ lt"'""P'"'Il! §4-ft .l /, 

b b(b+~) 
J [ilhnr•LJ"bhl'P t.,utf.uawJ"b w"btJhrl •/r"$1' 'frn~frnfuwllw"b Jbd-nL{rlJtiL"b 1;. 
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.pw'bfr "I' ab-~a~t w'btJbrt ""'./!/' 1;, fru~ b(b+~) ;:,wlurwt•wt•'b m_'bf, 
b2=f=O uw;:,Jwte, l,hurbwpwr, 

3x+5 
lim-
x~I 4x--2 

u a lim u 
lim-=-=--' 

v b lim v 

31lmx+5 
x~l 3. l -j-5 

lim (4x-2) 41lmx-2 4. l-2 
x~l x-1 

8 
- = 4· 
2 

U.1u"'&'l JHrp o'l~nofl.af'bl' ~""'nt•w~f uw~Jw'bf o[lzpwfbl'.l"'l "'"l"'9nLaw~ pbnpb,ff9• 

l!w'bf np, lzpp X -+ l, ~"'J"'"'L'"'L'f uw~Jw'b[!_ "'"'L'flzp t 'll'nJf9• /•u~ kplz r.wJIIIW

pwpf uwr.Jw'b[!_ 'll'" t , "'"l"' ~n~nnpw~f uw~Jw'bf o[lzpwflzl'J"'l pbnplzJ[!_ if ~wpn'l 

tfpwnoflzl' IJ.Jq qlz"li'"Lif ~w~nnL~ l''b'bwp~nLJ'i.l.p lz'b "lwr.w"bf_o[t~LJ, 

x2-4 
0 L' f'b w ~ 4, CJ..,'blz1 lim--, 

x--+2 x - 2 
u.,u.,lz'l ~wJwpfi_[!_ £. '"'J"'"'L'"'L'f!_• bpp X-+2, a'llllnLJ b'b 'll'"J'' [, r.t.ml.wt'"'l" 

fJbnpi.J 3-f!_ ~fpwnbtf i_l;, 1/wlllw['lz'bl' r,I;.,£.JWf 'bnLJ'bw~w'b J.£wr{rnfur1LfJ,f"L'bf!.• 

x-2 x-2 

U.Ju J.£wo[tnJ.unLfJJnL'i.f!_ fpwofwgf t X-f' 2 - J•s UIW['f"[' pn[n[' Ul['tJ/J/''bbpf \w

•fwp1 flLu~nf, 'b~ .. urf nL 'blz'bwlnof uu,r,.r w~•f uwr.J w'bnLJ(!_, ftwpn'l &'bp 'IL'h l• 

x2-4 (x- 2)(x-'-2) 
lim --=lim =lim(x + <') = 4• 
x-.2 x-2 , ~2 x-2 x->2 

X 
0 p f 'b w J, 5, CJ..,'bbl lim -- • bpp X -+ l r,"'J"'"'L'"'L'l' '''l"'nuf t 'll'",l/'• 

X->1 IX-I) -
fu~ r.wJwpfi[!_ 'ff'"J" i_/1 J.'fUinLJ (r.wJwpfi[!_ J.'fUinLJ t Jb~f)• ~~illlf1Wf1Wf1 1 r.w

~W'[W('J. ,(l.~nLp J"'., uwr.Jw'io[!_ 'll'n t, WJuJ•'bp'b 

lim(x-l) 
x-1 x-+1 0 

lim -- ~-=----=-=0, 
>-.1 x limx l 

X-+ 1 

lim _x_ .-c .-oA 

x_.l x-1 

P. b n r b J 4: bpb u=u(x), z=z(x), v= v(x) bpLp ~·ndi lt

glJU!Iibpl• fiwt.frnutrnmruuJnwli wpdbJ!Iibpl• tl'fl2_1L mb~ j1 nt t; : ~ l> - Z">~; v 

wliliw~muwpnLpJndi~, ~lirt- npnLt.f u(x)-~ L. v(x)-E, bpr x - -•;J (ltwt.f 
bpp x~oo), oqmnLt.f bli t.frL.IimJG. b uwfitfwliJ.Ii, w111w z ~=z ( x)-:~. 
bpi! x~a (lput.f bpp x~oo) oqmnuf I; linLJii uwfit.fmlirli: 
as 

lJ. "I w .'J , '- J .'!I llrn zwltfrm fcl! IU ';, J:,wJ Ulf' 'n ,, ur w ,.,,L ';,.J! :pIll 'bii.'J/Itu

tbrfr •frnfnfrm•fclt'"'bf!, brp x--.a, u-< z v mc,,;:,,.,llll''"'f"'fJJ,';,'bbrfr.'f 
;:,bur£, ,r h'b 

w'bt..wtjw uw rm fill'" 'b'i.L/'f!. 

£!""' urtjwJ "f"'JJw'bfr 

II m u=b, lim v =h' 
x-a 

l,burbtupwr, 9w'b~w.'lutJ e::>O 'fb"i.J!"'·J 1/'l"''b'/fr a l1bmm d ~/,'burru'b 
m'bh9n'l "f'bl; 2f?_UI~WJ.f!• n['"'b'l ,,b,:Jr ftm'bb'bw I U hI ' ~ u,';,:,,,Jw· 
uwrmfriJm 'be: 

t, J'b abnq ~'lm'btJfr a ltLmm ,r ~!;<;,.,,,,<;, m'bb9"'l "l'l.l; 2/'2_m

t1wJJ!• "f'"'J urb'Jfr ~m_'bb';,w lv-bl< <:: w';,f,,UI,IUUUI(IIIIfiJJIII'j,(!: 

U wur'bm'b2wJ 2f'l_UJ~WJ.J!brfr9 f".f!l'"uf urbr:fr /1m 'bL'bw'b 

l•mz=b: 

{tJ. "" r b J 5: bp b X -a 'l buu~n LU (II uttl' X ---> 00 rt-han~n Lt.f) y 
~ndiqgjHuli rliap1LunLt.f h n~ pmgmumqwli mpdb(11ibp' y~O h P-llfJ
npnLt.f uqmuuf J. [) Uwr)t.fwG.rG.. IUUttU b-u limG.fJ-llUIUUllltr J. II~ pm

gwuwqw(i t-> [nj' b ~0: 

lJ. "1. w 9 ll L J .'/' '1-fr9"'-J! b<O, WJ'f 'fb"IJ!"'-J I y-b I:;;::\ b l· WJ
ufr'b.et' I _v--bl urwrpbrmfriJw'b ,j',,f,LL(! JbJ 

l~ 11' 1 'if'""l ln~l fdtffr9 f,, J:,bmbwptur, tfr a{!'J:

m,, u' 'II"' !I'· brf' X ---> 31 PWJ9 WJif 'lb"i./!"'J', 

brp x-a. Y-1! tl' tl'lurnLJ b-fr, "rl! J:,w~w
umJ I; {tll"'f'brlfr "f"'JJw'bb'b• "&2ut'btu~nuf 1;, 

wJ'b b'i.ft1wt;rmfJJ'1Ltf!, "r b<O, phrnuf 1; ;:,w-
. ~wumftiJw'b: !.,bml,wpwr, b"?- Ot 

'tJw'b tlkn-J WUfW:JnL:JtjmJ 1;, "I' I.IJb 
Y~O, wu1w lim y~O: 
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fil' b, r b J 6, l:ipb u= u(x) L. v=v(x) bpltm- ~ndi~gjtwGbpjo, 

n pn!i~ oqmnu.f bli umfitfwGlibpjt, bpp X-+d (lputf bpr X->00), fim -

t.l'muttuuuuu]umli tupdb~llbp~ tfjtjl_L. mb'l~ ndi~ V~ll tuGiiunJtunutpnt.

pJnLGt:, wu1m lim v> limu: 
11. "'lll !In'- t !J ' J:,,, "f111Jdlll'bfr v-u?·-0, l)hmluuptur ( euw ftlbn

'""J' ;3-fr) , lim(v-u) ;.>.O ''""r lim v-lim u:)-0, "'J"fr'b.f!'b lim v '> llm Lt: 

0 [' p ~ w ~ 6: lJ.''l"'fJ"LfJ/;~l'• "l' Jim ~ in X= O, 
:X-+0 

l.~. 42- f_.a r.L-UI£.nL,r 1;, "l' bfiJis OA = L X>O , "'"L"' AC =s inx, ~AB=x, 

sin x<: x• ll.~~ -r. ... _,m 1;, "l' brp x < O, "'"l"' 1 sin x 1 <: jxl•:; "- 6 [JbnrliJ~•Iirf_. r.JrJ-~, 

.frw "'J'l ... ~,r,..,,,..,,..,l',<f/.f"L~~/;l'Pfl r.L-Lnl<nLII /; , "l' Jim Sin X= 0 • 
X->O 

Orf_.~w~ 7, lJ."l"'tJ"LfJ/;~.1!• "l' lim sin - :c. Q, 
( 

X ) 
X-+ 0 2 

l•r"l' • !si n ( ; )j -, l sin x I• ~/;UI""'P"'l' • !~~ sln ( ; )=o• 
0 l' p ~ w ~ 8 , ll.ut"'!J"< ,'l/;~l!• "l' lim COS X = !. ~ltwmls~l' • "l' 

l~O 

COSX = J-2~J n2 - , ( 
X \ 

' 2 

l im c<;s x =- Ji i ll ( ' I --- 2 sin ~(.2..) ·) = !---21 1m s in ~(~)= 1-0 ,_ J, 
x~ IJ X-+Q 2 , , ~Q 2 

t/J"'P"P""~tu'b'bbrf• uu./)Jw'bJr Ju.uJr'b tfp J>"''bfr ,,_,,_,f'bwufri""

{Jtm'b'bhr"'-'f !)LUI'// I; Lfr'buuf l"' Jbl brlf"L fr'b.f!'i,"'-1'"'-J'i, fr•'b'ffrf•'bbr· 

1) "'"i"'Y"'-9"L• "!' •/>rr•/mf"w~w'bfr ""'I)Ju.'be 'l"J"'-flJnL'b nL'bfr, /, 

lfm'bhl "'t'b b'lrbl'l!• nrn'by 'bbrutiLif I; 'fm'b'{nLJ' 'IP"''ur~'i"'l UUII)Ju.'be I 

2) 1)"'2'/hl 'lfrmu./rl[t/"'1 utui)J"''i,l!' u.'bi)I'"'J-b2m -6.2m•nflt"'.fpz 

1;/'Pb'f'i, "'"-'ulJ''b t:,,u/'9£! L'~<Jqn .. J' I; l)b"'"''f"'lP /)wJ"'r ~"'!'"-"!' l)f.mh

'{JUI[ {rlbn/'bJfr "'f'bm{dJu•J'p: 

/d' b n r bJ 7: l:;~b v l~nt}ln}tnuqwll tfb3ntpjllLUU miin'l };-, WJ
u~ll_JJG' fi.ptu JBLJHU_JJUI(i i_ jllljl fitllll_lljll} WJldb~r: tfbo };- uw}unpq~g, }J_ 

WJU umfitfmfimt~w~ };, lllJuJdiJ!G' v<M, mupu WJI} tJ:tm~n}uwqwll tfb
iiHLf'"jlll.GG ndqt utUii.tfmfi' li m v=a. npmb'l a~M: 

~u.:f,,'t:Jm'b ul'i,'l"' ,[ mh'lf' m.'itfr [, 'bt/"''l"'l uu./)J'u.'bu•tfrw~ pntfrn

/tllull'u'i, tfbJm fJ ["'';, ;.wt!'ml'' 

u.fll fr/hll{tbJ' ~t 111 [""''"/ }_b'iJJ> IUUjlli;'JII' ,'f fJ .[!"'';," nr "'t'i, 

f. frr"''''"~' fltfbrfr "''""""'l '"~' •It""' ,,.t '"!""'"'l Jb'b.J! z.b'b.f! 

l)frJ'bqwJ 

"'"'Lfru*: • 
* ll..1u fllinrb,!f_. "'"l"'9'"-Jfll!. plir1_w.> I; <>f'P~'UI~. f. M. <I> H x T e H r 0 -~ b Ll 

0 CHOBbl ~l<lTeM il TH'I e CIWrO JHJ JJ11 3a " T. J. ¢H3 MU 1TI1 3 , !960, 'l['[!nLJ, 

~"'2."£''1 brll"'- "i"'l"u'l/""f/>'bb1.,, ,f 11umw'bm'b,p hr"J"' g,,, 'h/J!J/zut

ubf'P uw/)Ju.'b'bbr, "l"''i,J> ,/'wfdh.futmJrl1mt"' ,r J'lu) IJf'l'""""f"t'"'i, ,,';,/,';,, 

6 
sin x 

§ . 
X 

sin x 

X 

-119 tu'bdpf_"'"fbll /)f.ut/ltiL,f 1;. 

Ju.J1brbu ,c'\, MOA < J',~brb" ,bJL"'"I' 

< ,r"'''h',b-, t\ COA: 
MOA< 

(1) 

l 
1\'\UA=-- OA · MB= 

2 
. l 

• 1 • Sll1 X = - Sin X: 
2 2 

l - · I 
MO.\ = -OA · A :'-'\ ==-

2 2 

l 0 _,,, 
.:. 

sin x < x< tg x: 

X 1 
1< -<-· 

sin x cosx 

sin x 
I >-->cos x: 

X 

1 1 • X= -XI 
:2 

l)b,, 

.~ 1 



./}'!,.'b.J! w 1u 111 'bt,.u,IIUumrmf<IJ"'-'iJ'hLr'h "'l"""'t>L,'Jfr'h.r f,'iJ{d""l-flil'"i~ "I' 
sin( - x) sin x 

x> O· ~d,UJml.Ln•L~ n1, /, cos(- x)=cos x. h'lr"''J"'!J-
( - x) x 

li111 COS X= I. 

l im l=lr 
X-+ o 

!I f 

0 

sin x 

11 
_ sin I 
- X 

,j' bJ til fiJ !"' ~·-

·j,/,{1f1 1/f1 't_J_, 1 riJINh.J' mhfth 1-11 t..uiiiUIUUIJI tffrL_hmJh UUI .. ,/IUb. IIIJU"J/1
-

·IIII·II, 'i•u•fr"'f'l ''f1Uf'""JI""lf>r ldl.n1.1,f 4-1• ".frJm'b •lr"' 

sin x 
lim--- -= 1: 
~~t'> X 

Sill X _q_ "' J. J. .Cl..J.I. I' I J. I; ~I. 4-1 J y=-- 't'"' uii!Jl''ult• 'lf'IU't'l"tl! ''/'um1riJII mu 117 • •111. : 

- X 

Opfr'bault'l•l. I' 

tgx ~i11x 1 sin x 1 1 
I. llm-·- .. clim--·-- = lim--· lim--=1·-= 1• 

x~o :< ,_o x cos x x ... IJ x x--.0 cos x I 

"in lc-..: slnkx sin(kx) 
2. li 111 --~=lim k--=k lim o=o k. 1 '""" k 

x-+ IJ x ,.n I\\ _, .o (kxl 
(k=consl)· 

X X 
') sin2- sin-

3. l im 
-- co;;x _ , 2 2 x 

,-, lim--- --=lim-- - sin- := 1. o,"'o' 
~ ~o x 2 x-+0 

~ j !J ~I \ 

4. li111 
x-+0 ~i ll :· •. \ 

x-•ll X 

-, Iiili 
!\ _,. () 

'I X 

2 

-;In ax 
l i111--

-;in ~x 
l ir:~ -
x- ,, 3x 

7 
- --- · - - -- - (a=const , ~ =const)• --;i ~ -- ~ 

w-6.,,, 'I""I"'I"IU'J"''i' ,{/.,), fdJtllh t I ,,,'iJ (!h'l'"'j,, .r I; L :..!, 3, ... Jlhut

J,w'b fd ,,/, J•l• ",,, 't_N f''/'u~mh 111 {Jl 111 'j, f!: 

frl· ;, 11 1, 1, ,r 1: 
I ' II 

( i -- ) 
. II 

n -· ex. 11 '- G Jt u mli d'\tl (i. 11 pli pli l(lt") t 2 l1 :{ JHII, pJt tfJt ~],: 
II. u1 "'!I" '·1 !I' )'.f"'-tn"h/• /, 1,/JUI'i"l'"' f fr l""'inuiJ.I,fr :,.,,fmd.mJh IJUJ· 

J""L b'iJ .J! 'If' L / 

1-r- ---- =1+ - -- ,- - - -- +- -·- - +··. 
( 

I l ·-)" n I n(n --- 1) ( 1 ) 2 11(11-1 )(n -2)( I )J 
n .t 1 n 1·2 11 1·2·3 n 

···+ n(n-l)\n -~2) ... [n-(n-1)1 (_l__)n: 
1 • 2 · ... · n n 

( 1) 

,, ,, UIIIIJih l n •I ..,,,h .. UIJUI t,,'j, flU.,, ;_•J•ufJtuh a L ,,,,, fr•ru-ftiJnL 'iJ'j,[; I' I IJUUIIII• 

'bm'iJ.r' 

1 )ll I 1 ( 1 ) , 1 ( 1 )( 2 (I+- =1-!- 1T-_ 1-- ~- 1-- 1- -)+- .. 
n 1·:2 n 1·2·3, n n 

... + . 1 
(1--

1 )(1-~)- .. { 1 -- ~)t (:.!) 
1·2· ... ·n n n \ n 

J~tw/fwh ,l'f,Jm{tiJ"'h[! 11-/• tu-6.ri"m'b '1-''"J.J!"''f w ·6.ntl •Jrntfwlnm/J"'h ,j'/,. 

dur{tl_lm'it'b t : 
t•1,,J!1 11 IUJ'"''J!r.'l n :-1 ..,1,.-1-h-l!fr'ii '"'ii.'J'iJJ,Lf, ·L''J''tr'ii 7, _,f,tl· 

JIILJIUI.J!III'itf!'"J' fJ-III_ Iftuftf•Lft~l U16.11uf I;' 

-- ]-- <-- 1---1 ( . I) I ( 1 .) 
1·2 n 1·2, n+1 

/, ""fLL'nhm ,J' I; ltu ,J1,J/ w'iiiJ-LUJ': ('/J'J'L"Lt)m.{tiJw"it pn["J' '"h'J-""'~'!'I'l' 
'IJIU,fJWh fth: ) 

8m!:J ururh.[' 1 "/' (I ~ - --;) 11 

•/rr,/m[uur/1,";' ,fLJm{dJmhf! uw r·,l'm-

:>1 



( 1) ( 1) ' 2) 'u ""'""//1;: 'i,ltmm!J['"'' "[' 1-- <1; 1- - (!-- < 1h"'JL~• 
11 11 i l . 

( :! ) mrmUir.Uif.Uilll.filtm~/I!J UUJUI~IIllj b~.j!\ 

w ~ r:.w qm u 111 [IIILfil Jill~[!: 

U.J~III r.lllnl,, ~ftmurb[uq, "I' 

1 1 
1· 2 -3 < 2~, 

I 1 i --<-, -- -,----<-· 
1- 2 -3- 4 23 1-2- ... -n 2" - 1 

('1+~) 11 ,/ 1+ 1 + -1 :-- - 1 + 
II '- 2 2" 

-..------· 

1 
+- - - : 
• , ) 0 - 1 

[},! u ru ~ r,UI,f Ul u Ill[' IlL fd J Ul ~ Ul 2 ,/ muJ• [! ~ 'f'/ J •/m U ru ~ 'f""f~ /, {' [' It""/ J'"' ,f 

L~ q = _!__ "'"tm"'r•mf""' t, a= 1 "'""' tl•~ "'~'1-"''r"'l '''''11'"' 1. ""'""'' 111~ 
2 

( 
1 )" I 1 1 1 +- <'1+ 1+-+- ~ -' ') ')~ n . ~ -

1 I ... -+--- = 
I 2!1 - } 

( 
1 )n 

1- - r ( I' 1-l a--ac( 2 1 ·- _. 
=1 + - - -=-1+--·- - = 1+ 2- -ry) <3-

1--q 1 -
1--

2 

I 1 , " . 
\ l -;- -~) < 3: 

(3) 

' 1 II 

'1-r"'~"'' r,UII<UIIUUIIJm .r I; ' nr (I+-;-) ''""""''""''UI~ J'bJuLfd !"'~£! 
IJlllr,,j "'~"' •pmlt I; : 

( 
1 · 11 

IJ.J""IP"""' J +-;-) •/""P"fumftUI~ J'/,Jm {dJuL~[' ud:ultf /, u.nr.-

J'm~UilfUI/J /; 1 III.UUI" § J-p ft/Lnf'f"f 'l-p J\prf1n~1 litiiU UIJ~' IIL~f u.nr.

J',u~: IJ.J'f UIUr.J'UI~(' ~ 2_UI~WffllnuJ' I; e UJUIUIIIJ: 

I 1 )" 11 u• r, ,}' u1 ~" •- ,j, ~ 1+-; •/•n•pn/""''tm~ J'bJm{dJw~ uwr.J'm~l!• 

'·rP n-co, IJ"f.1.uuf 1; * e pj1~' 

e= lim 1+- : ( 1 )" 
n.....,. oo n 

~ .1-p fi!Ln rL.r 6-f· r.,,,}' Ul~ ·LrUI ( 3) Ul~r.rur/_UI UUI rnLfiJnr ~f!J r.LurL 

qm•f 1;, nr e filf'l~ l;l I; pUirfUirUirm J' 2'~e~3 Ul~r,Uir/_Uiururm filtru

~l!' fd'bnrbJ~ Ul"f"'!JnL!J•fUIJ- /;: 

e-~ f>n'".'lf"~ 111 l fill•rf /;: ll.rfhtf> "'-Z .'I"LJ,'I fturrrfr !l'"~ftw.'!"'J- -6.rz

urmfi1JUIJ'p ~rru r.mz•fdm~ J'bfil"'ll!' Uur"r'"'thurp!J r.hurn mruuc -6.;'1l'f'" 

~fznr/_ ~!"" rurdL.J!~ 1;' 

e=2.7182818284- · · : 

( 
1 X 

ld'LnrL,f 2: 1+ X-) :tlll t. lil]gpUJG, bpp x-~ t\qmnuf h ndl-

ljbp ~ nLpJntll, t\qumuf }; e mulitflll!ipli' 

lim ( 1 +-- = e: ' 1 )X 
X-+ 00 ' X 

I 1 )n * ''"'rL·tf· I;!!"' .'!/ """ / • "I' ( 1+- - ·e, Lt't' n->-+ oo · l.pL 
. 11 

"f/tuw"itnt tf ,f,"l,n,,h ut i\ n'l tjtll4tn{uw~uz.,, ,f/, ,)tft_{J J"L ~t t 



iirl'n"' ,[ I; w'b,Jbrlmfdtw'i.' [!'i.'l'"'i.Lln'i fr'i.l''lhu /1,ur,pwl1wtJ.'it, "'l'i."lbu 

1;1 P"'!J"'""'II'u'i. wprlb,e'i.hl': 

1) '1-frsm.e x~+OCJt "i.,flUI £11tf'"'.j?W'i.ttmr wrJb,e "f1Uf11fU1~1~1UI) 

I; ht''l"'- wJpnu [t!tJbrJ. "J.liL' 

1 ., I > 1 
- ;'--::':- - --. 
n x n+l 

1 + -1 :"~ I + .2_ > 1 + - 1
- , 

n x n+ I 

1 )"+ 1 

( I ) "( 1 ) lim (1 +-_ = lim I+--- I+- :c= 

n-->+ oo II i! -> -!"- Jl ll 

( 

I. 
lim 1 -- - _ ) = e · I =c, 

fi-+ ;- :.:X, I1 

I ) " 
n+l 

(
1+- 1 ·)!l+t 

n+J 
lim 

1 
= 

11-->+ CC 1 + --
n+l 

( 
1 \ n + 1 

n~~"' 1 +-~']) C 
-------- = - =(' , 

I 
( 

l . 
lim 1+ - - ) 

n--+ "' n+ 1 ' 

I IV iirn t 1 i -} =c: 
x_,. - ~oo \ X , (4) 

2) 'rJ..'I"'.J! x- ---=: l!ur,r1tb'i..J! -;.,r •frn•ftnfuwl1w'i.' t = -(x + 1) 
t1w.r x=-(t+l)r l;rP t-+oo, ""'I"' x- oor ''mr'"l h'i,,e 'll'bl. 

(
. I )X . 1 . -t-1 - t )-t-1 

lim I+- =lim ( 1--- _ -) =lim(-_- = 
X -> - Cf- X 1--++00 \ 1--;- 1 ' t - ~ -' 00 t+l 

( 
t -1- I ) t i- 1 ( 1 ') t + t 

-== lim -- := li1n I+- :.:.-:: 
t- t-00 t t - oc ' t 

= lim (1 + -1 Y(1 +-1 )= (' · I = e: 
I-·+ "' t 1 1 

( 
I x 

Jt~L"l'/;,f'i, "'"f"','JIIl y•[mJ I;: y= 1 +7) [/>w 'i.II!J/'"' If' 'II"" !pJ.IIf! Ufmut-

ft/'l''iutJ I; 'i.~. 43-nuf: 

y 

-1 0 

1 
b[rlb ( 4} 1\ull[uluiU[Int{JJw'i. Jb2 f!'i.'l-m'i.h'i..p - = 0., U1Uf1U 

X 

X-400 ~,._<;.h'bw'i..e' 0. --'0 {P"'!!:/ a. =f= O) /, ,th'i..p umu•'b,.,t 
I 

llm(1+:J.) a = er 
oc-0 

I. lim (t+-1 )n tS= l:m(l~--1 )n(l +-I -)5

=-~ 
n-+co n n-+ ao n " n 

= lim I+- · lim (I _;_ - ~" e · I=e• ( 
1 )n I ), 

n ...... :.o n n .... co , n 

i ['/' 



2 . lim ( 1 + ~ );'x "'"" I i 111 ( I +- __ I _ )Y I -J- _!_)x( 1 + ~ ). x "= 
X.,. C» \ X X-1- oo X , .X X 

( 
1 )x ( I )x ( I ):r =lim I+-:- · lim . I +- · lim I+- =e · e. e =c-. e J, 

X-4-0CI X :x....,.oo \ X >: ...,.oo X 

4. lim ( x+3 )x+3, lim { _:_-=_1 +_4 )x+3= lim (I -1 _i._)x +3=-~ 
X-->00 X- 1 X->OC \ X-1 X-> 00 X-1 

1 4 ) rx- 1)+4 ( 4 )y+4 
_= lim \I+-- = lim I+- = 

\->"' _ x-1 y~oo y 

= lim(l+~)Y ·lim ( l +~)
4

=e4 ·l==C'• 
Y-> ~<> ) y___.oc \ 

"'fur n I[ n L fl1 n L 'iJ: e t,.f,j ,J_!tllf y -= eX 9"'9f."'1f'iJ f/>IIL'iJ//9fUJ'iJ 

,r m{d b,r In ur "~"' 11' r..b UJIU '/_IV '1-"' ue'b f!IJJ 9"' ,}' ,, Ill 'l Ill ,j t P"'.'J "'""~ ~In l'b n I' 

'1-Lit: lJ.1r1- f/>rn'b~9frtn'b ,f/1(} '11'1' I; fnuii[IIL,j 'bwb Jhfutn'bp~w1uuf' ( wm

urm'buuf'bb rr ur h u nL [rl 1'" 'b) 111111 /'I' b I' h l'b Ill lfrl'bb I' IlL UIIL rf'b lUll" I' L lf " • 

I; lb~lll~•tnutbj.J'bp~IU 1nul' /1 II IUlj-f II urb fu'b "''In 1"' d 1 ILW'If" J!f tf fU11tiLd b 

"'!L'b' U.n fj>"L'b~9f"''b t.w-6uu/" tn'bt/_w'bm J' b'b h~HU{nlibGm (Fxponent ia l 

!I functi on): y=e L y=e-x !1"'9t"'1f'b 

f/>nL 'iJI/!Jf Ut'ilb f' f 'fJIUI:p ,,,,'iJb f'f! UJUI tnffh f''fwt} 

/i'i. 'b/1 . 46-nLd: 

U.uw yp'b 'llfnp § 8-nllf ,wf.J'JU~rtJI:.L 

I; v=log a X l"'IUJI'ffltfw~w'b f/>rrL'bltyfu u'b: 

a (rl fr •/L• ~" t t/"' J I; l n 'lw /' flrl rf'b /,I' p t:.p ,f .p: 

l; [rJii a= lO, ""'I"' y-e ~nt_t/_nuf I; X'"''" 
wtnu'bnr'l"'llur'b l"'lu'!'ffdJ f, 'b ; JU'irwiJ* 

t/_rrul' I;' y= lgX: '}o"ff"9"'1ftn'b 'l'u"L''b{rl~»yf•H t."'1"''h/• Mr rnwu'bnl''l"'-

fttn'b l"'J"'rl•f!J'bhrfr wrJ-b.[!~lb f'f UI'JJfiLUUI~h"f'/!1 llrll'b.[! fJnt<fmti' /;'b 

r·pj1qqpuG' ur'b'JifiU!Jf '1/"n'bwliu''i' f:r/t'l'll' (t.i;)fi -16.10) w'bm'bntj: 

e=2,7 18:W ... r:.p,r.J!"'I l'"Jwf'I•{JJ'bLN! 11ntt/,,r b'b pGwl1udi ''"''/ 
li bu: b Jl J lUG\ l n '/_IJJ rr {rJ JJ'UJ ,,UJ'b IU '11"' u "''''b h r ,, Ullltn rfr;. t.w1 m 'btn 'l"rd n q

'bL/' ''.'1 ,)'/.~/•' rl"ur{dlul'murpl1nu 'Lb"fbl'f ( J,i.'iO- _1617} ur'bm'br,f: ~burlwt* 

P"' I', bfrl b eY = x, ""'{"' Y-e tn'iuJw'bm ,j l.'b X '" ''" p'bml,m'b l n 'flU '''''"'r 
b y=IOg 0 X -/• fn/uwlrh'b 'll.n'-'f /,'iJ' y==ln X: )'=Ill X h y= !g X f/>m'blt-

tJI""'bbpfr 'll'"'f/>plf'bb1,1! IJw""'9t/"'a h'b 'bit· 41-uuf: 

Jl y, ... Jnx 

~~, y1:lgx · 

1j---~~r:::======~~~~~--~~~~~~~! 
10 -:r 

t~ . 47 

IJ.1'bm r:. hm/,, t.~nuwtnur!r'b.e IJ""'f Jph'bm1'b X f_Jt/_/1 wtnu'bur'l"''t"''b 

,, f' 'btnl,tn'b l"'JJIII'I·I"·f'i·"'''' rffiJ,_b, 'J.r .'J III.J! Y=lg X ,,w.r X= lOY: •l,h,.-
1f'b r:.uii,UIIIUIIIIII {rJ1tn'b ln 'l_ (. awfn druu/1111! L"'f"'f'f{rJJ/,'ji.J-' (!UUI e r:.p1f

l 
J'f• ~,,,w'i""'b.e l n x=y lt!l(l , llr"''''lf!J "l'" i'"'r /,'iJ.e' y=-- lnx 

In 10 
I 

~Ul,f, ,b'l""lfht"t/ y-J• wrdl,.f'l'• ltm'bl:'bw'b.e ig X=--ln x: 
ln 10 

U.1u"ff"""' h{rJ/, t:.m1ur'bp I; X {rl•/fr p'brultw'b l"'JU'f'f{rlJI', "'1'1-

Jil•/p "'"'u'i.nl''l-w~ru'b l"'J"'I'f'{JJI! 'l"''bw.J' h'b w1'b {p'bmltw'b l"'Jml'ft{rl -

..J'l!} X·p9 •u'b~tn/u M= -
1
-:=:::::: 0,434294 pwqrfwUfWUtft/•t_ntf fW-''lJw

ln 10 
Uf"'uri1LL"L Jf''l"9"'/' M frlpt/f! ltnt•fmJ I; ft'bwltw'b l"'l"'rf{rJJ''bbl'P9 

U1 wu'iJn f''/"'~JU'ilft'iJ lll {j gtf lU [i U ll ltJHf' 

lg x=M ln x: 

l:frJb ut1U 'bm1'bru_fr1Jtu'b Jbp_ {!'b'fnL'iib'b.e x =-: e, lnU(W lflll11Ut~IIU~l.J! 

A\ flt/r "'rurtnr:.IU1UI11Lfi11'"-'i'l! urtnu'bnr'l-"'~lU'b l"'l'urJ.{rlJ~.hrruJ' 

lge=M (lne=l)• 

fl'b UI~UI'b [II 'fUI r/t fl J'bb f'/! UIUI ll'i.rt 1''1-"''(UI'b'bb rr d" 'l_ tt 9"" IU 11/IIU/t:.tll 1 Itt t/111 d 

h<j, w1u"fbu' 

l 
In x=-l r- x, 

M '"' 
"l'urbrl 

-
1 ~2,3W.S85: 

M 
59 



'f fr "'" '1." L {iJ J, L 'b: flo,JL!'fr p'bw~w'b ln'l"'rfrfJ•f'ilhrfr r.m;_ tfJ'm"il 

::.wJ'mr 'l"J"'f"J'n'b ,tl,'i., ""'"''"./! ""ll"'·""'f/i,l,r (orf•'b"'lf1 urbu H. H . 
l3po!! WTE' iiH n 1{. A. CeMeH)I.Hes , Crrpano 1I fli1K rr o MaTeMaTHI\e, ¢n3-
~I aTrii J , 19fi7): 

'Jof•.'JIIL.J! y=f( x ) :p,tJ1gfr"''b "I"' Z'f"'a I; "I'M;' x0 "'rclh.ef• ::, , _ 

"''"'' "- Xo 1l·~"'l"'t'"L "!'"/; Zrl"''I"'!..J!"L"' 'ffrY"'·.J.! Yo=f(xoi' l:fdli 

X-f! LIUIUI~UI nrJ.t '1/'"'''"'t ''"',)' P"'.'J"'""'~"''b ( J'frk'iluLJtt I; ) 6 x wl'> /, 

t~. 48 

P"1 l9 

ISU 

et,.m'bfr x =x.j + .lx "'rclh,e, '"''I"' 'bUlb. 

y f/>m'bl/9/'"''b ft'"""''b'u "1'1.1; 6\' uttO r 

c'hm'bl/9fr"'JP ~Y ,t;/! !1wrm•ur.wJm•Lf• 1:, /;. 

wi1J"1l pm'b,uauu.f' 

2,y=-f( x0 + 1x)- f( x0 ) : 

U"' r, ,}' m t" '- J' 1r y=[( X) f/>m.'hlr 

9/r"''b lf" l 'i""f t" mG-eG'lfiruu\ X= Xo 'lb,1-

.[!'"" ( l1mJ' Xo llbUlnuf) , h[Jb "'1.-,, "1'"2-

''"'a I; Xo Jll"nf• "1"'1; Zl'l"'~"'t.J!m.'J' ( mltf!.'b
·'>"'J"' 1;, 'bm!. Xo 1/burmJ'} /.,_ b[Jb 

l!m :.'l y=O (1) 
~x->0 

lim [ f(x0+C. x) --f( x0 )Jcc=0: (2) 
.) X· • l) 

lim f(x0 +- ~x) = f(x0) 
LJ. x~ o 

lim f( x) = l (x0 ), (3) 
x-. x 0 

x0 = lim X : 

ultufr~.et' "'~/!'b'l- '"1"" tj>,,'b//!IP"'J/1 uw•~~ru~~L' 'l"''iJ/,L"' (, .,J·,.,r , hl'l'" 

x --Xo• P'"""''/"' ~1 t tf>u~t~.'lf1 wLf1 "'l'"""""'l ~n"'f"J. "' 5' ,J"f,t X '"l"l '"

Jh~m/1 lfrnfuwrb'h wb'l""fi'I'L 'i.'l"" x0 "'l"lf' .JN!' 

f;l'/ll""l'"'P"'IIw'b 'bll"'l'""lr"' fdt"''J'f' :f>m ~,/IHP"'ff• w"ue5"1 t,"'"'"' 

f/J•n 'bf! ""'""> 1/•muul ~;w'bu.!l"' ,j" t, "I' Xv -t ~X /1 x0 llf'ut!,1.,,.,j" 
y= f( X) f/>m'b/1.'1/'"'Jf• '11""[/>f.!lfr "l"f f• 'bww'bhl'fr "'"1/'P''t""f"t"' 'bl' 1'"'-

9"'/'a'"lt J'/,.J,fdt""tl' gw'bii"' !J"'J t '"1'""' tfr".J! f' C Lfdl, •~'l•"'t'h 12,xl-e 
pw'fwltw'bw~lutfr 'P".JJr l;r 

Ot•fw'Lu,/1 1, /1•"/"'!J" L!J L'u;• . "l' )' :.:.:;: X:! :pn , 'L~:J/!LU~ u'~'t(i"l ; ,.,.,,. /; Xu 1_wtfw -

JUI~UI'b ftbu•n< J , ''t'"e I 

~'t, · -, x;, y0 ~- ~ Y= (X r,+~x) !, ~y - - (x 0 : ~ x) ~ -x ~ ~ 2x 0~x +-~ x2, 

lim ~y ,== lim ( 2x0"" x - ~ ~ x = ) = 2X 11 lim ~ x -j- lim ~x · li m :lx -:--·0 
.:~, , ... u _., , _() .'.x- .11 .'.x~ IJ :.x II 

~X-['_ gw'b~u':J""' f.'{w'iw.l/'"' 'lf"',t/• ,\,, ,.,Lif.., (~./[ . .f9 , IU /, t• } • 

0 [' ft 'b w ~ 2 , IJ."f w [J n •·!J/,'ul' 1 "{' )'~-.Si ll X ij>, ,_<,,J/IJf•w'b w'bt~'h'l \ ,.,m f; X0 // "'' ' 

1(UJJW~W~ ~£ mn 1. J1 f•t"'.J.l, 

t~. 49, .., t~. 49 , p 

~wJ'w'bt!"'t a"-n•f '''"rbLfr I; "'"f'"9"'-9bl , "I' 1"'-r"'.JJ"''hlJmr t.fr•l 
~,.,,,,.,'i., "'"'rl'""f'"'iJ f/>m hffgf' u. m'bf!'iJ'I~ '""' t ,,j'[,'j, tl'p //l.mm ,j', nrurb 'l 

cuJ'b "1"'2t/mJ t" : 

llJ'b•nt.l.urJ. "'"f"'gmyb'b,e t.burLJ"'I [Jb,rb,fe, 

51 



fl'b,l,h,f 1r b~li f1 (x) It f~(X) ~ndillg[twlibp!i wG~liqll<um bfi 

x 0 ltLutntu, lllUJlll Gpmfig IF(x)=t1(x)+f2(x) qnufu•pr linLJUUJbu x0 
l1lmnn d' tuG J:l. Iii] fiwm :}>n • G lj gJtm };-: 

u"f"'.'I'"J!I' ·f~tn~,. "I' fl(X) "fz(X) rp,~~9P'"~'' l'~ IU~{!~'f
t:.ww /,~, w"f'" (:J) :,,,,UIIImpmfrllm'it t:.ptfw~ •/i•w //UII'"'l b~'.J! 'lf'bl' 

f;,L "'1""1/;,, •((x)=i 1(x) +-f2 (x) 'l'"'fmf'{.! u'~f!~?t,.,, rp."~fi!Jp"' f. 
fd•bnf'luf~ ut"fUI!J"'!I'JwJ I;: 

flrullw :.hmluu~.f! ~2b~.J!' "{' [ilhnphJ'~ ff'UI'i"'9P t .'!"''i'lf'"!JIU,) 

•Jht'2UI'/"r fil•jnof 'l""tm1.htf,~bf'P t:.~nJ'Uip: 

~"~ofht"'l uUit:.Jw~~hl'f' t:.tu,~mp1 ... ~~brr ofrUI• ~wrbtfr 1; Ul"f"'

!J"' yf, l 'iuuL. t:.bmL lUll fiJhn pbtf~b l'f!.' 

Ul ) b p lj n L lllU}~ (i qfimm ~ndi 4 g It w fibp 1\ lU pmtUI]- Jl J'IIJP: l\IU r (i q11w m 
~nL!l ltgJuu };; 

p) bplplL w!ir!i!]R<uut ~nLGltgJlwlibpJt T!ru!lnpqr rulirlir}fiwm 
;pn L G l1 g JHu l;, b!-!lJ fiut JlllllljHU p~ 'l J"tumt pljtj n'l q bmn uf q p n l_k: 

,1) bpb U=q:> ( x) ~" tdilJ!J!'ruG IIIUJ:l.!il]-fiwm ]; X=Xo qbumLJ' It f(u) 
:pndillHrmli "llrGf11lwu• ], u0== cp(x0) l1huH1u!', tull)_w f[ q; ( x)] l'wpq 

~Ill. G lHJ!Hu!i wlir. (i q !i attll h x0 lj bmnLU! 

fl.1u filhnrl,,n,h1,~ o'tm"''l"f'<Jb1,,[, 1/wrhtfr I; Ul"fUI!J"'·9 hl t:.b,t-1Uil 

[JLn ,,{;tJ'c, 
(il·f, n {' ",r 2: U.ubG. d' Jt Ullll(lptUlttuG :pndit;gllUl mG~Gqfiunn }; 

Jn• p tupw!i~JilLJ! l;l ,ul . ~ ur, npml.1r1 tujli npn21Jma ]; ~~ : 

lim .\ 2=x 0 , 
x~x 0 

l fm X~o=o 3 2= L I, 
,_ 3 

* u.J" :,,U['.'Jl'. ,{IU'b[IIUtfwu"u 21Uf'1U'lf"{•u/)- I; r. M. <P 11 X T e H r 0 Jl bu. • • O CIIOBbl 

.llaT CM3 TH'I C:C KOI'O illlil.1113il., T. I, <P113M3Tl'l13, 1968, '1./'1!"'-J, 

ti2 

ltm si n x -' sin (_:_)= V 2 , 
X->..':_ 4 2 

4 

X--+ i! 

ln(l + x) 1 I __!__I 
Orf'biUf. 6, lim - !lm - lu(l + x)=l lmln (l+x) ', 

X->0 X x- t.l X X-> 0 . 

1 

f!w'bf "L' li~r:.<J + x) x = e "- lnz :P"'-~'~.'lf!w'b ""~'l'.-;.,1 :,""" I; z:::;,.0.11wll""''• t.. , ~bmt..IU
pwp, brr Z== e, wuliU 

U Ul r, J' ut ~ n '- ,j' 2, l:[r! h y=f( X) f/>IIL ~ft.'!ftm~ ,<j,f!.~'lt;"'"' I; n 
1
,/1 { 

(a, b) tJ'f21U~UI.(.J'/1 (a<b) jlllf"".J!IU~1fjlllf1 f1/IU1111J', IIIU!IJI UIUIII,j' L~, 
"I' ~n1 !ilJglnnli mlleGqf:itum }; lliJ'l Ll ' hwllwJ~nul': 

. G{ilb ~m~lt9PUI~ ntm;•Jw<J I; /, X= a lfl"nmJ, L ,q,wJ· ,,fw~uull 
lim f(x)=J(a), Ul"fUI UIIIIIUJ' h~ , nr i(x)-c X=a '"iLIJIII.J \U!in(infimm 

x-+a+O o.: ·r 

k w2_jlg: f:[ilh lim f ! x)=f( b), "'"!'" JUumrf h~, "I' f(x) f/>m~/,9fr"'~ x-b·- 0 • 

X=b ,,bmm J' Ut!ieGqfiwm }; aw]njtg: 

li[i/b i(X) :p,,_~~.'JfUI~ Ul~f!~'ft;UIUI /; (a, b) tf/t<[wffU11.J!/t l"'-f'UI.J!tn ·J 

}_Jmp ~burn,J fL tfp2_1U~Uij.J!p qU11ftbf111Ltf' /:,UI,j'UIUJIIIIIIUiufuut~UI[lUif' ~n 2p,'J 
fL awptfty, lll"fUI UIUIIttf b~, "[' f(X) !i>nLfiljgjllll(i tu!i~(iq fiwm };- ~11uf1 
U'll2_wlpuJ}!IlL Ll' ~u"f Ia• bJ fimmtjm3-nLJ': 

t:{rlb P~l-"t' X=Xo ~bumuf y=i(x) :p,,_~//9P"'1/• t:.~n,J'w 1, 111 h'lfr 

f"'-~r Ul~f!~'l-t:.,,,,fr/1 "'~ u1 1U1,rUI'b~hrr.'l pM1,,_cz J'h~e. ,1 ur~.J!v "frlb 

X=x0 ~bur""' f/>m- ~1/.'lf•~n~ "I'"Zo/UI<} 11; ~UI,r 'l"l"'-fill'"- ~ l"'-~fr lim f(x) 
u~n/:,,j' lllh . x- Xo 

f!. ~IU,r lim f(x) =;bf(x0 ), bpp. x~x0 , 11UI,r,"t"''l"''b af,,1_, [rll,~"'-CZ 
X-+ Xo 

ofh 1.~ rlt· Ulrurwt:.Uit"""fi'l"'~ "'l 1L Cimf, ,t,.,/,f'l! 

Ul"f'" X=x0 ~hur,uf y=t(x) :p,,_~//9P"'~ ]uq•ln'l 
'lh"f.f!"'-'' ''"l'i"'-J I; :p,._~ti9P"'1P ]uquudi l1bU1: 

'l" 1'1Lfil JilL 'it ,,_ ~/;'i, . 

b X=Xa ~Ltn{!_ ml'l 



0 r /• 'b"' ~ 8 • 

1 
lim - = + o ··, 

x ~t . +O X 

I 
lim - = - "' • 

, ... 0 - 0 X 

~"2'" t 9"'-.1!1 "'"'l, "I' "'J'l ·'/>"• -,,~af•w'i.. m'I•e"''l ~ "'"' t x=FO ' !1"'"'~"'.7"'~ u'I'Jbl'[' 

'IL"II.!"'J ' 

='X , lim 2 x :.o. O. x --0 'lh"ll'""' fi'"·"'~o~"''I' "1'" 2•fmJ ~ t ( 'bit· 50)• 
,~ o-o 

X X 
0 l' /• •, "' 11 10, '/-[w•u•p~h'bl' I (X) = - :j>nL '1·~:J/•w'b, IJI'l' .\ < 0, - '·= - - 1, 

I X I I X I 
I i 111 f( x) • -· 

, - utO 

,.- lim _!_ =--= L x = O .,L-ull'"''' tpn.'blwf•w'J, "1'"24"'.} i~ ' U.J'"'l['"'"' ' ,f/,'1,1' 
x~ O+t : j X I 

~ UJIIInUI-

,lsrJ!.''I'I' • "I' f(x) __ ::: ..!.__ tpnL'b~ufow'b Jr-'14"'1 t x= O ~lsurnd ( 'I•It• ti l) • 
I X I 

1 

0 I' ~ .,, "' It I I , 

!J 
~-fa) 

;~-=:...--

u 

l,~. fi I 

Y •-~ -;i n- tpn• -,,~a~·u'I,, "l'C •t/"''"'P~·f'' l (p § 3 -fo o f•fo'1,,~ 
. X 

lJ m ~ ,f w ~., ,_ ,f .1: l;fi/1, f (x) .cp, •. 'b~sJlu/il utJ'i.UffivJl'b I;' "I' '1"

J'"f<'l"''b ,,~,!.<;. lim f(:\ )= f(x 0+0) f.t. , lim f(x) = f(x0-0) •Jhrp_.u•fnp 
u-x ....:... (\ . -+ :<u-0 

lliU r, I{IJib<jtf'f'f'l pt::J!j~,~~IUIJ' \ lm t(x) ... /= lim f( x ), ,,utJ' f (x) q,mbft.'J/Jutj/1 
- x-:~ 0 + 0 X4 X o --- ~ J 

"'!',//,.[![' X = Xo //£,,,,[ "f'"2.t/_utt) l__/; 1 tuUJUI X=Xo·b ~nt_1_t1Ltf !; \Unm

~~t(i ubn.ll }uqtl'tu!i 11bm. (U.,uu,bu, x=O ~burl!, Of•f•'btufl 10-nuf 'l-/T-

ti1 

urutr~t/.utt) lpnLb~SJlutJ/T ~ut.futr ~ut'b'l-Jluut'bmJ !; utn.utl/J'b ubn.Jl Juq.fw'b 

~bur} • 

IJ.1u Uf"'rUI'f(' utlpm.J ~.[!bbwf'llb<;..[! ~utur1_ut~nLJ utbf!b'ff.utur lpnLb~

sf•w'bh rl• ,f I· .[!•ub/J ~utur~mp J'IL'b'bb rl!' u.,,. ~utur~nLp JnL 'b'bbrl! ~ab.ut~br"i¥ 
1_bb fr/burbJ'bbrJl ab.n1_, nrnb.[! ~pbrf.b.[! utn.utb9 U1Ufut9riLJ9bbrJ1*r 

11-bnrb,{ 1, bp-b y=f(x) ~mGqgpwG wG-eGq.llwm I; nphk 
Ia, bl (a ~ x ~ h ) fiwmtlwchuf, WUJ.W ja, b] fiwmtfw~nuf qqmliq~ 

wn.fitlw<lr. 1fbq UlJiiUJpul• X=X 1 qbm, np ~nt.GqgpwJp wpdbj:!li wJq. 
q bmnuf qpwtf w pwpp libmh.JWI wiLGl_nLp-JwG-e' 

t(x 1)> 1(x), 
npulbl] x--e fiulmlfw«) r gwGqwgw~ m PP 2 !Jbul J;-, h qqmGq~ \OJLGqwqli 
ubiJ tUJGillpup X ~ IJbUl, "11 ~nLGqgpwJr wpdbpli UIJq. qbmmu qpw
tlwpU1pp f(X 2)::S; f(x) wiLGl_n•pjwG-e: 

:hm 'b~y/TutJ/T i ( x1 ) utr•lb.v'b .u'b1_.u'bbl ,._ b'b.f! y=f( x) :p,._ <;.~9/JutJ/T 

Ub~\Uqlllj(j mpdbJ! [a, b] ~UIUJ"UI~rll.,{1 Jlu~ fnLb~s/TutJ/T f(x 2 ) UlrJ-b$b 

wbt/_utbbl"'- b<j..[! lpnLb~.9/Jutj/J tJtnvpwqnLJfi wplfbj:! [a, b] f.uttn1_ut~nLJr 

u.,U [Jbn(tl.,{l! ~ut.futn.llurut~/1 ab.ut~brUJnLJ bb UIJUUJbu' 

a~x~b fiwmtfw~m.u mG-eliq.fiwm ~nLGqgpwG WJlJ fiwwtfw~nuf 

wn!iqwq_G \Cbq wGqwu fiwulinL\f };- M ub~wqnLJU wpdbj:!~G h. m ~lDj:!
pwqnLJli wpdbl!~li: 

u.,u pbnrb.fJl Jl.futUUJf! Ul~butn.nL ~brUJnt/. /TunLU UJruts.J.nLJ !; fr~, 
52-nL.fl 

'J." urn '1. n L pIn L <;., /hnL'blrs/TutJ/T Jb~ut,riLJb Ul rtlb.[!/J .futu/Jh 

fJbnrbJJl UJb'JnLJf! ~utrn'l !; ii./!2.

Jutr/Jur tLJl'i.Ll, bpb fm'b~yJlutJ/T 

utrJb.f!'i.brf! '1/Jurutr~t/.h'il a< x< b 
.fJllut~UIJ.[!nL,{I lJ.JuUJbu, or/Jbut~ 1 

bpb Jb'b.[! '1/Turutr~h'b$ y=x fnL'b~-
9/•ut'b O< X< l .f/J ltufJUIJ.[!rll.,r I UIUJUI 

'brut UlrJb.f!'i.brJl .rbl t~UI Jb~ut

'1"'-lc;.l! "- t~UI P".f!rUI'f"'-lc;.l!, l>r ".f!, 

.iJll_ut~UIJ.[!"'-,r t~UI X-/T nt_ P".f!rUI

'l"'Jb, nl_ !;l ,{b~UI'fnl.Jb utrJ-b$1 

!I 

/1 
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(!l~w flwJpW'fNLJ"h awfu ~bm, .pw"hp np J'b"h.g p"ht_"[pup X* ljbm I;[ 

x* 
'{hps"hb"h.g, t1qm"h'{p "hpw"hps aw[u ~b.,, opp"hwf - IJb"'f!· "hmJ"hutbu 

2 
qnJm-fiiJnL"h l_nL"hp dwJrw'l'"-l"b wl ~bm, "- f.bmbw"ibu ~1/'u )'=X lj>m."hlr 

.'JPWJP nl_ tfrn.gr•ut'f11LJ"h 1 nt_ Ia tfbdwqnLJ"h urpJ-b.g)1 
fiJ'bnpbJ' 21 1}-~gnL}! y=:f(xl !J?nLii4_gltwli wG~GqfLum}; Ia. bl 

fiwun\m~nuf h WJ'l fiwmt}_w~lt ~mjpbpnuf ~ftqndinuf }; mmppbp 

l' llt{b,/(bl/ lizmlilibp nd\bgn') wpdbJ!Gbp, WJ'l 'lbUJ.-
_J!nuC a h_ b q bmbp lt u~~h ,, qmlitlll 

wnliqwq_li x = c uh4. llbm, npmb'l !J?ndilt
/(h} g~wj~ wpdbJ!~ qwnlinuf k qpn' , 

u.,u pbnrbJ"b m"hp "fUIP'l_ br,~rUI-

Jrf,ltr,f(tr}] l_utrpwl[w"h ptfwum1 y=f{x) w"bf!"b'lf.wm 

tl(. 53 lj>IIL'i1119pw1p qputl/>p11f!, "l'f! tfput9"hiiLJ' I; 

M1[a,f(al] "- Mtib, f(b)l ~bmLrl!• "r 
mb'l f(a)<O [,_ f(b) > O {l,uttf f(a) > O "- f{b) < OJ. Ox IUILut"h9J'I! (,..,._ 

mmtl I; .un"b'{w'l'b Jb~ ~bmnLJ {"h~ . ,')3 )1 

Opf_t'hwlt• Spqw~ t- y= x3 -2 f/>nL'hltul_.w'h, Yx= I= -1. Yx-2=6• i L 2i -~wu•-
1.w~nLJ IIIJ'j, w'hf!_'b'l~"'"' b ~/z.,ltwpwp, "'J'l ~wmofw~nLof 'fRJRLFJ.fnL'h nL'h/_t ~lzm, 

ar , - -
npUJb-'1 y=xl-2 fi>nL'hltuf_.w'h 'lw"-'1'nLrf t- Q, l•pne, lzpp X= V 2, "'"l"' y= O ('~~~. a-1), 

il'Lnpbtf 3: 1\-pgnL_J! y=f(x) !J?nd\llglJUdi npn(nluu)- h luG~Ii'l-

fimm l; [a, b] fiuomqwonuf: bpb WJ'l fiwmollli~P ,)lliJI•lipn' tf l>•~~ lill-
gltwli ~li'lnLlinLU );- Ha)=A lL i( b)=B luli li w- 9 
qmuwp mpdb_J!Iibp, WUj_W ltliiul~u~li };l ll1G~ 
A h B ptl_bp~ u~~h Uj_Wpt}tw4.~w~ flo pptl~· 
qqmGt\r a-p u b-r u~2u utwrt}tw4.4m~ x=c 
UIJfiUj_~Ur l}bUl, np~ fiwUmp f(C)=p.: 

u.1u pbnpbtfp ptfwumf! "iwr'l"rb"h tm
uwpw'il'{mtl !; "b~. .55-p '{pw: S <[J.u l 7b "'J!m-tf 

.utfb"b Jp y=p. nuzp'l y=f(x) :f.nL"h/19P.uJp 
qpw:f.pl[f! f.wmrnJ' 1;: 

1-" U1 n 'l n L fil J n L 'iJ1 bzb"b.g, nr pbnpbJ 

2-[! f.w'b'l-puw"brtLtf I; UIJU pbnpbJp ,{.uu"bw

'{np '1-b"'J!f!• .put"hp nr bpb A-"h "- B-'h ,IL'bb'il 

U11Uppbr 'bzut'b'hbr, UI"[W np"[bu P. ~wpb[p I; 

qbrs"hb1 0-"b "- UIJ'f 1L"f.gnLJ p.=O-"h "iwr
tfrw11'1.wd lup'ilp A "- B pqbpp Jpt_"-1 

tits 

B-

,I 

fiJ' h n r b J 3-p r. b, "- w "h .g f!1 bpb y=f(x) ~nlli\tg!•wli wG
~Ii'lfimm k npLJ. tfp~wlpuHnLU h_ ~G'ln'Llinur );- ub~mqnLJG O'L t}tn_J!
pmqnlJG utpdb_J!libp, wupu WJ'J u~~w4.mJJ!"LI! mnlit}_wq_li l!bq mGqwl! 
UIJli ~Gqndinuf );- l•p t}tnJ!pmqnLJG h. l!b~wqnLJG wpdb_J!Iibplt tf~~h 

lllw pl}1w l1 tj lll~ gw [i l1 wgw~ w pd bJ!: 

l'rn.J!, 'IPtJm.J! f(x 1 \=M, f(x 2)=ro1 rl-pmwr~b"b.g [x 1 , x2l r..um

qwtJI!' ll.J'}- '1L"[.gmtf pb,pbJ' .'J-p f.rutfwa.uJ"h "hz'{wd f.wm'{wJ,LJ' 

.¥ 

B 

,Ll 
A I p -=/(C) 

B 

A 

D a c b x, Xz 

b~. 55 t~. 56 

y=f(x) lpm'il~si'IU'b f!"b'lm'bmJ' I; M "- m [J'I.brp Jpl"- "futpput~'{.ud 

yw'il~wswtJ P· wpJ-b.g1 PutJ9 jx 1, x 2 1 r.wm'{utdf! "iwr•i'w~'{wd I; 7p
mwr~'{nrz tfpt_w~wJJ!P 'bbpuf!, npmb'l f(x) :f.rn"hl19pw"b nrmz'{wd I; 

("h~. 56-mtf }: 

1-pym.g a, ~' 1, · · · Jp .gw"hp J p.uJwtf .u"but~ w"b<[bn tfrn.gp 

J'bdmfiiJn'-"b'ilbr f..u"h,puw"hnLd b'b JpiL"hnLJ"h X wrqnLtfb"bmp lj>nL"h~spw

"hbr iL aqmmtl b"b qpnJp' X-[! npbl; a uwf.tf.u"hp ~wJ' w"b'{bnnL/JJw"h 

aq,blpu: P"hmfilwqrb"h.g wn tfrntfrnfuw~ut"b"hbrp qrn1p aqurblf!• 1 p

mwr~bLn1 "hpw"hs f.wpwpbpmfJJm"b"hbrf!*1 

~ burut'fiUJNL,/ oqm'{b [NL b'iJ.g f, bmb JIUl uwf.J' utbmJ'"bb pp91 

Uwf.J'uJ"bnLJ' 11 f;pb 1_ f.wr.upbrmfJJm"h[! m"bp '{brlw<[nr 
a 

b qpnJP9 mwppbr uJUf.J'.u"b, .uJup"h.g"h' bfilb llml._ =A-=/=0, L_ t.bmbw
il 

" ,lz'IIEJw'lplz'he, np ~"'J'""'('wpnLJ 'l"''b""'l w'b1.1zpf +nl!l'f!_ a l(lronf_t npl.l; 

:r!wltwumLJ 'll'n 1/t 7wn'hnLJ1 
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P"'P• lim ~=_!_=f=O, "'"!"' ~ I._ a ..,"btJbn tfrnJ!php[! /lntrJ.mJ' l."b ,qdJ..
~ A 

Gnt.Jii ~mpq~ wlit}bpt ~nJ!pbp: 

0 [' fr 'j, U1 ~ 1, IJ.f'9nLj! a= X1 ~=Sin2X, n[IUib'l X->-0• (1 /, ? w'i..[l.[''l_ "'"/!['IT{'[!_ 

Jf'l.'i.nLJ'j, ~"'l''lf' b'i., l!"''j," np 

~ sin2x 
lim - = lim-- =2• 
x-+0 a x ... O X 

0 l' i' 'b wit 2, brp x-+0 x, sin3x, tg2x, 7ln(l +x ) .,-;,4.1Trj_ P"el'hl'e. 4.,-;,_ 

'lfruw'i.nLII b'i. Jf'l.'i.nLJ'j, J,wp'ff' .,'bqbpt P"l!l'ITl'' U.''l"'9"LJ9f!_ ltUIUIUI{'qnJ I; opf• 

'bwJ, 1-nLif ~"'"'"'{'""',} "'"l"'9"LJUf' 'j,,f.,'j,nL{J J"'''{" 

u Ul ~ .r Ul "b n L .r 2: bpb L bp~trL "'"'"-"n tfrnJ!phpp ~"'r"'pb-
Cl 

pn'-{riJnL"b[! a9mmJ' I; 'lP"JP• "'Jup"b,e"b' bfJb lim ~ =0 (pull lim ; = 
=oo), "'"!"' ~ ..,"btjbrz 'P"J!Pl! ~ntrJ.mJ' I; a. wlit}bpt ~nJ!pl, li~wut
tfwtl'p wtlbt~ pwpilp qwpq~ wlit}bpt ~nJ!P• pull a ..,"brJ.brz 'P".el'l! 

~ntrJ.mJ' I; ~ UIGtlbpt ~nJ!p~ liqwmtl'wtfp wt}bJ~ !:Jilli)p ~wpql1 mli-

t}bpt ~nJ!p: 

0 l' i' 'j, .,~, 3, IJ.f's"LI! a= X, p= xn, n> 1, X->- 0• ;1 .,'i..[hpt •i'"l!l'C ..,,fb-d• 

P"'l'al' ~"'l''li' w'i.rfiTpt "'"l!l' 1;, l!"''j, a w'bqbpt P"l!l'l!.• l!"''i.f• "l' 

xn 
lim-=-=llmx" - 1=0· 
x-+0 X X-+0 

u.,, 'lb"lf!nLJ a w'i.qbpi P"l!l'l! .u.[btf' awJ-p ~"'L"rl' ,';,,fbt·t ""'I'L' I;. l!"''i' ;~ 
w'i..Jbl'i P"l!l'l'_• 

Uw~J'..,"bnLJ' ,'J1 ~ ..,"btJbrt qrn,ep[! IJ"ltJ"'-.f I; atuliqbpt tpn~-
p~ liqwmtfrntl'p k-p'} qwpq~ w!it}bJlll_ titnJ!Jl• bph ~-"b /, a.k-"b ,ffrl."bmJ"b 

IJ"'P'II' ..,"brJ.brt qrn,erbr b"b, "'lup"b,e"b, bfJh lim :k =A~lOr 
0 l' f' 'j,.., J, 4, bfJh a=X. ~= X3 , "'"{"' lop[• X-+0 ~ Ul'i,fb:pi rf•"Cl'l!. a .u'b

•fbpi P"l!l'/' 'j,~.,..,,/.,Jp bppn{''l ft"'l''lf' w'i..[l.-trt ""'l!l' I;' l"u'i•/• "{' 

tiiS 

a x3 

lim_t_ = lim - = 1, 
x-0 a 3 x~o (x)3 

u U1 ~ J' LU "b n L .r 4: bpb 1_ bp~trL "'"'""rt r/JII.er"I'P '-UirUipb
ll 

l'"'{J J"'"bl! d.'lu,,,r t- J'b!Jfr, "'Jup"bJ!"b' !.fib liml_= 1 "'"I"' ~ /, 7. 

7. 

..,"b t/ b 1' l t/r "J! I'L I' I! ~~~ 1_ ""' J' b "b lim tfw pel b ~ 111 fitl b p ~ tlHI}! ph p* /, 'l pm J' 
b"b' ?:::::::~: 

()I' f' 'j,"' ~ 5, IJ.f'U"'-1! '1 X t. :~ =,~in X, npUib'l X · · 0• ~ t. ~ •u'b.[bpt •f'"l!-
plif'/!_ .r,.,,f"'t"lhc J.'b, 1.u.~•/• "l' 

sin x 
ltm-- = 1 
x-o X 

Opf''i. .,~, G: 'J.f's"'l! a= x, ~= ln(l + x), npUih'l x -.- 0. a £. ~ .,-;,1'-l't q•nc

l'"t'e 4.,J.,pJbc 1.-'b, , • .,-;," "l' 

In( I + x) 
lim ----
x-0 X 

fdo L rr I' b .r .1: bpb o:-li L ~-fi fiwtfmpdbJ! ut!itlbpt tpnJ!php bG, 
w UJ Ul (i Jllll (i !:1 :l -- ~ u llU PI' b Jl Ill p JilL I i ~ I' lU p a p lt w Jl q It lU G 4 b p t tp n J! p }; ' 
J!Wfi o:-li h J!lll!i ~-G: 

11 "fill 9 rr L J 9 I ''rn.e, 

lim ll-~=lim(1--~)= 1- limp_-=1-1=0: 
a. Cl a. 

fil'bnpb,f 2: bpb bpltn~_ wlit}bpt tpnl!pbp~ a-~ mwppbpnJ_
pjn~GE Gmfi'}~umGn~_tf k pwpap ~wpq~ wGqbpt tit"J!P• ~wG Cl-!i h 
.}!Wii ~-G, wu1w 1-G It ~-li fiwt.fwpdbJ! mliqbpt tpnJ!pbp bli: 

Cl - ~ 
11. "f Ul 9 n L J 91 G'JJ{Jm'fpb'JJ,e Jim -- =-:: 0, "'l'f 'fb"f.emJ' 

Opf•'bw~ 7, b'bfJ.u'll'b'i.l! a=X , ~=x+x\ "1'"'1.'1 X-+ 0• at.~ w'i.qiTpt 

P"l!t'bl'l'_ 4,,/,pJb:c b:'i., l!"''i.f' "l' 'i.pw'i.s ~-a=x3 u'"'l'Phl'nLfJ J"L'i.e_ 4 .,'i.'lf'u~~~

';,.,LJ I; P"'l'al' lt"'l"li' ,.,'bqbpt •i'"l!l' • pw'i. a-'b h ,,..,.-, ~- 'i. · /Jpnf!, 

~-a x3 

lim-= lim - = limx2""' 0, 
x-+0 a x-+0 X x-0 ---* U.Ju 'lb"lf!"LJ a-'b t. ;-.-'b 4.,t..,p. w'i.q.u'i.nLJ b'i. liw~wuwrwqnp w'i..[hpi_ 

P"i!l'"t'• 
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~-a x3 xJ 
11m --= lim ---= lim ---= 0· 
x-u ~ x ~ '> x+xJ x-u 1 +x 2 

x + 1 
0['f"bou~ 8, 11['{' X -+00 a=--

x2 

x+1 1 1 
Jhr /;~1 f'W~f "/! 'j,['..,'j,f/ a-~=--.---=- mUifi['U['nLfJJ"L~f!. r:. w'b'lfuw'bnuf 

X~ X X~ 

t P"'l'J.l' ~"'l''lf w'b.Jkt•f. f"l'l'• l!"''b a-~ It l'"'~ ~-~" 3.- f /, :i-/• t;"'l'"'PI.l'ufJ;w'b 

uwt;Jw'bf!. l;w.jwuu•[' t ,fk~f• 

:'\ + 1 

a x2 x+ 1 ( 1 ) 
lim-.-= lim---= lim--= lim 1 +- =1• 

f~ x ... oo} X• oo X X-+X. X 

X 

a 

pnrfilJ"'~l! l"'-~P uUJt.,r ... ~ b ... <iuJbpp_mfilJw~ l.P ~"lurnLJ'1 "'Uf"' ~-~ 1.. 

a-~ qbpnt.ftzJ"'l pJ' ... uurnq ftr"'r t.bur t. ... J'b,}' ... urblfr tb~, 
1 

0 I' f~ w ~ 9, 'J.fs"Ll! a=x, fi = x stn-, "l'"'"'l x ->0• 3. It ~ w~.Jkl'f. 
X 

13 1 
"'"l!l'lzl'l!. t;..,JlzJwmktf iL·"b, ew'bf "l' 'brw~fl - ·- = sin- t;"'l'"'l!"l'"'- fJJ"L~/!.• krp 

ll X 

;-. -+ 0 if J.qUJnLJ n~ .JI.t'lw.JIIl' uwt;J.,'bf, "i tl w'b.Jlzf!fnLfJJou~ ( uolzu o('p'bw~ 
4, § 3). 

~-2-Jbl ~2-Jw~ uwr:.Jw'b'bl.l'l!.' 

xL~-2x t 5 
I. lim , • Cllwm. 4• 

lim [2sln x-cos x+ctg x]: fllmm. 2• 

X-+l ) ·+1 
x- 2 

3. lim -=• "'wm. O, 
,. ... z t2 -r x 

Glunn, 
4x 3-2x 2+1 

5. llm---...:....-
x-. "" 3xl-5 

4 -, 
3 

1t 

x ... 2 

4. lim i '2 - -1-+~) 
x~co X X" 

4Tiwm . 2• 

\+ 1 
6. lim --, 

1 1- 2-t- ..• +n 
t1Jwm. 1, 7. lim • 

n. "' n2 x- GD X 

1 P -t-22 • 32+ ... + n2 

~wm- -
2 

• S. lim lltwon. 
1 -, 

n-"' 3 

8" L 9" L J, '1-['lz'bl! (k+ 1!3_ k3=3k2 -3k + 1 pw'i, ... J.IJr_ k =cO, l I 2, ... ' n 

r,.,.,, "'l'' 

7U 

J3 = 1; 
23-J3= 3. 12 + 3 . 1+1 ; 
3J-2J= J . 22 -t-3 · 2+ I; 

9. 

<J.n<JIM('Ufn<f LU~ /, J.1ufu >fwukpe_ , ~UUJLU'j,LU'j,j'\ 

lim 

(ntl)3 i(J2+2~ + . . . + n2) -t-3(l -2 f- .. . + n) -,- Co I) , 

n(n+l) 
(n -T- 1) 3 ~-=3(F+2~ -;. - .. . +n 2)+3 :2 +< n+ l) , 

F +2~+ ... .;. 11:? -·~ 
n(n+l)(2n+l) 

6 

x2+x-I :h2 -'!x- l 
lluom, ··:x ; , 10. ltm 4llwm. 0. 

li. - <D 2x-rb x- m x3 +4 

II. lim 
4x 3-2x 2+ x x2-4 x3--1 

·-- ~lwm. 12. I i Ill --, qlwm . 4• IS. lim---, 
X -+ ,1 3x1+2x 2 x- 2 X·-? x-1 X-+ \ 

1 x2+3x-10 
'11mm . -

8
- • 15. lim , 4llwUI, 11 

x - 2 3x 2- 5x-2 

16. lim 
2 

ftltum. - -, 
5 

17. 
u3 +4u 2-'-4u 

lim , 
u -- 2 (u + 2)(u-3) 

4llo"lll· O, 
y --2 y~-y-u 

(x + h) L -xJ 
IS. li Ill , •Qmm. 3x2, 19. lim[-

1
- - -

3
- . J· 4llwm. -1· 

20. 

21. 

23. 

25. 

1; ... IJ :l 

x" --- -1 
ll n1 --- - , 
x .. J x --- 1 

I. vJ;X - -1 
1111 ---- -- --- ' 

x- 0 X 

. y X~- p2-p 

1llwm. n 

4Jwm. - --2 • 

q 

x- i . 1- x 1-xJ 

(n-e 

22. lim .-l 2X-;=T -- 3 
x- -1 Y x~2 - { 2 

hm , lllwon. -, 
if -;--1 

2-'1 . lim-'-----
x- oyx3+q"-q p x-1 fx - 1 

m,r- m;-
llm Y .\ -• a 

x • a x-a 
1 f711um. 

26. limy 1+x+ •2- I 
x-U 

---, 
ma X 

2{2 
4Timm. ---• 

3 

fltwm. 
2 

3' 

2 
• ltwm. -· -

3 I 

f x 2-3 
27. lim 

x- + :oV :\J+J 

v x~ -!-- 1 
4llwm. I• 2S. 11111 • 4llwm. 1, l.l'l' X- • t oo, -1, 

x- "' x+1 

U['p X -.> -(X) I 29. l im ({x2 t- 1-y x2-l), 4lwm. o, 
X_.., CD 

30. lim x(yX'l-;1- x): ~won. 
X•'"' 2 ' 

31. l
. sin x 
1m---, 61wm. J, 32 

. sin4x 
. lim--- , lllwm. 4• 33. 

IIJwm. 

36 . 

x-o tgx x-0 X 

1 lim x 
X·• + O { • lllwon, y2, - , 3-'1. 

9 

l-2cosv 
:1m , 

v - ;.s ln(v-__::__ ) .I ;j 

1-l'OSX 

4Timon. l ' 3: 37. 

35. lim x ctg- x• 
x-o 

nz 
lim(I-z)lg-. 
z-1 2 

X:---+-:::01 

X 
s ln 2 - -

lim 3 
x-o x3 

4llwm. 1' 

2 
Gttum . -• 
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as. 

40. 

42. 

44. 

46. 

<IS. 

50. 

2arc sin x 2 
lim 1 ~won . -~ 39

. lim sin(a +x)-sin(a-x) 
4llwm . 2cosa • 

x- 0 3x 3 x -11 X 

lim 
:t ..... O 

tg x-sin x 
xJ 

1 
4llwm. 2' 

~won. 
e 

43. 

( 
2 \X 

41. lim 1+-,-). 
x- • 3 

ll m(--x-\ 
.- .. l + x ) 

"'wm . e~ , 

~qwm. -, 
e 

lim I+- 1 41lwm. e . ( 
l )n+fi 45. lim [n[ ln{n 1 1) - Inn] ) • 4l)wm . !1 

n--..x:. n 

3 sec x 
lim (l + cos x) , 

1t 

~ .... 2 

hm --- • . ( 2x+3 )x+l 
x- .. 2x+I 

lim• C•.J s - • I X )"' 
, _,.. \ m 

ll!uron. !1 

ln(l+ax ) 
i m --'---'---'-

1-o x 
X 

fllwm . :l r 

49. 
ctg'x 

li m(l t- 3tg2 x) 1 

x-o 
ll)uun. e JI 

51 . I .. ln(l +ea) 
1.. . • 411wm. 1, lipp 

a -. oo a 

sinax a a•-1 
lim---, ~lwm. -, 53 . lim-- (a ..> I) • 
x- o s ln ~x 1i x-• X 

Cllwm. + oo, lipp X-++x , 0, £pp X-+- 00 1 i')J, Jtm n l a +_1]. 
n- oo 

lllwm. Ina• 

56. lllwm. 1• 

flrn t bl ~ buot.l"'l fi>n'-'b~sfrw'blipfr fu'lJw'b 'tbuobpf!.. 

x-1 
y= , ll)wm. {/>nL'h~ofrw'b fu'li"uf 1;, bpp x= - 2; -1 ; 0; 2 : 

x( x+ 1)(x2-4) 

5S. 

2 
+ - · 
- 3r:' 

1 2 
y= tg -• "lwm. {/>nL'b~!lfrw'b P"l'i"'-J 1;, bpp X= 0 I. X= ± -

X ;t 

2 
± ----

(2n + 1) ,, ' 

I 

59 . 9-m'i.bl y=1 +2 X fi>n'-'bbf.wlfr fu'lJw'b ~buobpf!. I. ~"'""'-fib/ '"1'1 tf>n'-'b't

fJP"'Jfr 'll'"'f/>r~l!. ' 4l)nJm . fi>" '-"'~flr"'~' fu'l •fn ,_ J 1;, brt• x= O (y-+ + oo , bpp x -->- 0 + 0 

J -+ I bt•p X -+ 0-0)~ 

60. { buot.1 ... l w'i.qbp£ f"er ,fb~n._p 1n._'b'i.b1.[. (brp x-0) x2, f x( I -- x) , sin 3x , 

2xcosxV tg 2x ' xe
2
x Jb£ e."''"l'bl X u•'bibrl fnerl· ~ban ''"''"'" '- /"' ~"'l''lfr· fr'bi"lb"' 

~ .... t. x-[• 'i.~,...,.J,..,fp pwpJ.r t. uwJr ~"'l''IP w'i.qbrl "-'"I!Pbre.• 4Jwm. x-fr ,b.,. ·'fr"

'i.n ._1'h ~"'l''lfr w'bqbr£ fnl!l'bl' b'b' Sl n3 X I. xe2', x-fr ~ bm ~ wJbJwuowJ ptu{'.l[' 

~wr•fr w'•,.Jbrl tfnl!rbr b'b x z t. 2x co s xV tgzx : x-fr r. £·u· ~ w.fbJwuowl~ uwJI' ~wr

'1/r w'bqbrl tfnl!P I;' f x(1-x)• 

61 . tbri!"'PtJ"'l lu'b.fbrl fnn (brr x -• 0) Jbhn'-PI"'-'b'bbrfr Jbt 'l'""'"t 

1 
- tg:2x :.! . ' 

I 
y2x~+ x :l, ln(l -· x) , xJ+Jx•. lllwm. 2 - tg2x, x-3x2, Jn(l+x)' 

62. ~ wJ" 1l'/lit w1'b pw'bnuf , np bpp x -·' I 1-x t. 1-JY x w'bqlip£ fnrr ,fb,.n._ 

fl 1" '- ~' ~'"1'1!. •J•"f!l'" '- P l"''b J{,t.'b" '- J'b ~"'I''![• b~.. ll.r'lJ"I' •trw'bp. ~wJwpJ/;• /! b'b, 
1-x 

4lluun. lim -----a;~ ,- :) , ~liml.wpwp ' '"''"'~ w~·i"r £ "'"l!l',l'l!. ·'"""'"'-J"' '·wr'l'' b'b 
·' - I 1-- V X l' '1. l' 

P"'J!I f.w,fwpJ/;1' i b'b, 



'l-lOfl.lu ill 

§ 1. twpouwb wpwqnLpJnLbl! 

'flil'hwr~h'h.e "r"t- Ufp'h'f .fwr.filp IIL'f'f"''lPq zwrt<lnt.fe, orf.'hw~ , 
IIL'f'l"'aP'l "-"r 'hbmwU J!"'f'P zwrJ-rn.fe ~UJ/r '''"".'IP 2"'f'""ufe zwr

J-f.tf. 'll"''hnuf 1... wu'h: •l,b, .. u'htuln'/_ .rw, • .f'hJ. ~n'h~rbm i"'''"'"rJ.s " 

aJ.py , f:,bmw'l"'J"L,f "'Ji, fJUfWtnfJ(i['"'9i,/;i,.j!_ zwrJ-</n'l ~ \ fJI.urfr ml.u.en1_: 

&u,rt11_n'l ~hmp s t:.bnw•[nr'ILp1,,'he , r:.w;•[,,J ilrw , 1,/d; A-~0 u~qp'hm -

''"''4 'fPf'J!P.'l• ~IU/u•Jwu ~Lf.'hJ. tfw,fm'htu~J.y , "'J"f•il.eil' s-e ~Lf.'hf. t 
d w.f,,'iJu•~p fPnL'h~y/•u•' 

s=f(l)r (I) 

'1-J.ym.p t tltu.fw'hw~J. nrl.!; Ufwt:.p'h* M z mr•<~'/_,,1 
1/•me 'lm'hq, •.• r t-r• .V\0 "~'lp'hwiJm'h 'fP/'J!PY s r:,J;,~»1_nrnL

filtw'h 'If'"' • ftu~ nrld; r:.w l "f''l t+M Uf"'t:.p'h ~Lme 'fm'he~ 

tJm.l' t-r u11'lP'hwlfw'h 'frr.ei•:J s + ~ s """"'"-"f""-f"t"''h •frw 
'l'"il'f"'l M1 'fPI'J!"' ,/ (ill, . ,ji): li.1,Ufpun•J, lit <lw.fw'hw

,,,,rf,l "!l""r s t:.J.,,,,,,,,_{J1, 'he '""''"L"-s t. s ,rLJ,L

I"t"'"'" U.l'f '1-b''f.f'"'-J' mum,( L'h , "I' U! tlw,fm'hmf1,u.tf• 

Y."!/"' ,r S ,fLJ,ftlt"''he umcu.'/l'l I; ~ S ru-6. : 

'I ~s 
' /•m"'L'1J1i'h.p M r:,"'f'"'P''f"" l"t'" 'he . w l 'h J"L,t "'mlr" I; '''''"P 

~ v,., .. = -
. ~ ~ 

(2) 

* 1J.Jum li 7 , f~' i "LLu A '.bmu"l"'J" <•f , •/>n•/•nfuw~u,'bf• ~n'blotLm "'t" ILl'l' ~'b~ w 
~w~b~l' ~.n• .f~ U1wnn<f, f'b i_n•/ 'b2w~mll'!w,) t f~l!l!' "'"'fnfu w ~W~(! • 
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Uf.y_f•il "'f'U"f"'{Jt,.ile tf. ~"'f'"'l P"L"f' 'lb"f.ebr""-" -6.z'lf'"'"rb'h 
p'hm fJ"''lf' Ll t Uf"'t:.p'h :\t\ IJbwJ. mh'lwrJ.ufuJ tu'h "'f'"''f"L{J !"''he ' l:filb, 

orJ.iltu~· ""'r·fJ.'he M Jw.fm'htu~tu.fJry_nyp u~qpf.'h mb'l"'P"P"[bl t- 2"'Ln 

wrm'l , J.u~ 1_hrp_m.f ptum 'l'u'h'l"''l • "'"I"' .fJ.y_J.'h "'f'"''l"LfJJ•tL'iJe, w/1£!'4~ 
t:.utJLn t-, l_p ~mrn'l "'f'mwt:.w!mli [ ~hmf• 2"'f'J,fw'h J'wm'hur'hz•[tUu 

wnw'iJa'iJtu C. IULn~lll fJJttL'iJ'iJ/;f'{! £. tfh'f tl/t£Ln UftuLn/fbf'wsnL.f LnUI[ t_UJ('Jtfm'iJ t 
Uf"'l:,f,'h ilrm m'hhywu Jru~m~w'h mru''l"'f'l"'i, .fw,J.'h: Uf•y_J.'h wrw'lntfJJw'h 

o'l'h,nfiltw.fp "'!'I J.ullcu~u,'iJ "'f'"''l"'{J!,i,l' uu[hLI• -6.z'lrmnrbil "'l'mmt:.w!

mblnL r:.w,ftul' Ufhm.e t- M Jw.fw'hwll"',{Pl"Ye 'l_bf'9'hbl m'[bfp nt w'[b[p 

•/rn.er : IJhurJ. zmluiJ'w'h "'f'"''l"'fJJnL'hf! WILUJ1_bl lf'P1 t- p'hmfilw'lf'"L" 

UIJ'iJ UUJf,J'w'iJe, nrp'iJ d'fmm.f t- .fpp_p'iJ UI('W'JnLfJJnL'iJe , brp t.t~O t IJ.J'f 

Utur:..fw'iJ'iJ t-l t:.b'iJy w'h1_ru'hrnJ' b'iJ 2 Ul (' J .r UJ 'iJ IU (' UJ 'l nIp J n L 'iJ 

u•'[Ju'L Uf"'t:.p'h' 

li s 
v= lim- - ' 

~ t-0 t.t 
(3) 

IJ.J"Uff•un1_, unjw,) Ultuti{lli 2u•pdtflllG wpwqm.p jlnG ~nt1_m.f t- -6.w'hw

Uf"'f't:,P t. s ~»tl/• (, Jw,fw'hw~ft M w-6.J. r:.wrwpbrrn•fitw'h uwt:..fw'he, 

hrp J.u.f.u'hmiJI• wfie d'lurm.J' t- 'lf'"!P' 

( ,'J) r:.w•fwuw {"" {J JilL 'he 'lf'b'h,e Jw1_"'L"'-i, mbu,en'[r ofltu'hp n {' 

.ls=f( t+t.t )- f(t), 

v= lim f(t+t.t) - f(t), 
,\ t ~ o t.t 

(3') 

~b'iJy "'J'f t-[ ~[p'iJft w'iJr:.wl[wuW('Wl_tulp £UI(t<f.fw'iJ W[IUI'fntfJJnL'iJez 

ll.lu"fpuu1_, ,ff.'h,e mbu'hnuf h'h.e , "{' w'ht:.w1_•uuwrwtm•/r zwrJ.fw'h 

"'f'"''lnt {iJ J"''h r:.UJu~wyn'fm{JJm'he Of''J"'i,"'Ufb" ~w"f1_mJ t- uwt:..ftu'hp 

t:.wu~w9n'lmfJJw'h r:.hm: UJ.wt'h 1_hf'lft'hpu o't'hm {JJw.fp ~w{'blft t- uwt:.

Jw'hbl w'iJr:.w'/_tuUW('UJl_tutp £UI(t<f.fw'iJ lU('UI'J17L{JJnL'iJer 

(3' ) ptu'hwakpy r:.bmlwt.f t-' nr v-i, ~tu/u'[wJ tt- J w.r w'hw~p t. t 
tu-6.J.9 , "'ll ~"'"'"-"',) t- t-J. "'r""-l.!fts "- f(t) :f.nt 'hii.'Jf•"'tP p'hnttfJI•s· 

Q (' [t ~ w ~~ '/>uo~Jrl ~w •[•u""'('"' i "'P '"('""1"'9"'[ 2 "'f'JJw~ "'f'"''f" < f/JnL~(!_ 
9"'~~"'9"'~ t "l"'~"~ J.. 1= 2 ~~~~ "l"'~P~' ' liflli ,r; ..,-.,..,"l"'l'~P ~wfun• ,fl' J..,J..,~wltfa 

gt ~ 
s=- pm~an ,tiLnl/ 1 

2 
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g(t+ Llt)J 
s-f .:\s= ----'--

2 

:ls= g(t 2 +2t~t+.lt 2) 

2 

.ls 

.lt 

Ll t 2 
gt.lt+g-

2 

.lt 

§ 2. U.owbgJWL~ uwfiuwbnui~ 

Y=f(x) 

g( t2+2t!lt -klt2) 

2 

gt 2 g.ltJ 
- =gt.lt+-· 
2 2 

I 
gt +- -g.lt; 

2 

(I ) 

f/>rrL'h~yfrw'h: U.17- •~"frpw~"'l.f!P9 •[L/'.9ru•.J X ml''l'nJ'h'hmfr I"Lr"'.f!"''hi..Jmr 

wr<fb.[!p r.w,fmf' y=f(x) f/>m'b~sfru•'h 1n'hp "f'"2'u/lfr wrtlhJ!: 

'tfr .9m.[! X wrqm•fh'bwf! uuuuybl t , 1,t.t (.JpfL'i.J 11LI'hiJ t' 7-/'"'/lw'i.J 

'twJ' P'"9'"""'/lw'b) Ax w6.: ll1'1 'lb"i.[!nul y f/>nL'hiiSfrw'h 11uurw'bw "riLl; 
Ay w6.: 11.1""1/'"n{ 

"'l''l'n.Jb'burfr X wi,,JL.f!fr 'I''Uf.(!"LJ' /lm~th'btu'b.[!' )'=l(x), 
'"r'lmJ'L'burf• x+t.x mr<ll•.efr 'lb"l.f!"',r !1, _tl.'bw'b.f!' y .J. t.y= 

=f(Xi Ax), 'l•ut'bh'h.e f/.>m'b/1!/frwlf• t:.y w6.e' 

6. y=i( X +A X) ·- f( X): (2) 

t:.y _ f(x+<h) - f(x) 
- I 

~ X ~X (3) 
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'J.ur'bb'iJ.[! "'1'1 t:.wrwpLrnL{rllw'h uwt:.J'w'he, brp ~x-01 G[ilb "'17- uwt:.

J'w'he 'f"lmfr/lrtL'h nL'hfr, Ul"fUI w1'h w'htJ.w'hnLJ' b'h urrrfwJ- f(x) f/>nL'h~

!JPUIJfr wJ-m'h.91'"L !.. 'hzw'bw~rrLJ' b'h f'(x)-nq1 U.lu"'frunrf, euur uwt:.
,[ w'bJ' w'h 

f'(x)= lim .J.y 
6 x~o AX 

f'(x)= lim f(x+Ax )-f(x) 
1 

L.x~o Ax 
(4) 

l,bw!.wpwf'• mrf•ud Y=i(x) f/>m'hbfrwJfr w(}wligJIUJ f!Utn X wr

qm.J'b'hurfr ~nJ.tfrrLJ' ~ f/>m.'h~sfrwlfr Ay w-D.fr !.. wr'lnLJ'h'hurfr ~X w-D.fr r:, ... _ 

r~»pLI"" fillw'h uwt:.tfw'hf!, brp rfbrp_fr'hu 1/wJ'~»Jw~w'h at..nq a'lurnLJ' t 

'lr"IP 1 

t~wurb'h.[_!, nr f!'h'fi)UI'hiiLr 7-b"f.[_!nLJ' X-fr lnLrW.f!W'hlJnLr IUrJb.[_!fr 

/)w,J"wr f'(x)-f! rrL'hp nrnzw~p wrJb.[! 1 WJup'b.[!'b' wJ-w'hsJ~»Lf! 'hmJ'h"fbu 

X-fr fnL'h~sfrw tr 
i'(x) 'hzw'hw~J'w'h t:.hur J'frwufr'h wdw'h91"'LP ;t:.wJ'wr OlfllrUilfnrtJ

t/.nLJ' h'h fL. nLrfrz 'hzw'hw~nul'khrl orfr'hw~ 

' ' dy y I Y•· -1 

dx 

X=a ~hurm J' wdw'h9l"'LP ~n'h~rhur wrtlb.f!f! 'hzw'bw~rfnLJ' t' f'(a) ~wJ' 

y'lx ··· ar 
l( X) frrL'h~sfrwJfr wJ-w'h9J"'LP nrn'hJ'w'h qnrJ-n'lmfilJnL'hf! ~nl_qnLJ' 

I; "'1'1 fm'h~sfrwJfr mc'Jwligm.u ~wJ' q~~bpbligmu1 

0 I' p ~ w ~ 1, Sr•Jw~ I; y= x2 :f>n< ~bP"'~' '1-m~bl ~l'"' y' "'~"'-,91"'11!' 
1) ~IMJIUJIM~UI~ X ~,.,,LJ, 

2) X= 3 ~bmnL•f• 
{" < _. n L J, 1) U.r'f"<Jb~mp x wpJbep '~""te"LJ y= x2, pu~ "'l''f"<JI,~.,f. 

x ~~x wpJbep '1/t"ll!"LI/' Y-!- ~Y= (x+.lx)2• '1-m~l.~l! :f>nL~bP"'IP w&e.' 

U.~s~"l"1 uw~ Jw~p, 'f"'~"~e "''/ l"'l :f>nL ~bP"'IP "'~"'~91"'11!' 

y' = Iilii t!.y = l!m (2x + ~T)=2x. 
6 x~c Llx 6x ~o 

77 



lJ.j "'J""lbu, Y=Xl fnL'b~sJtwJf. wJw'j,SJ"'Il'. ~"'''"'J"'~"'"b ~b.,.nLJ r.w.j111 u 111 p (' 

y•=2Xt 

I 
or!_.-,..,~ 2, y = -, .,..,.-,1.1 y'-r.• 

X 

J. n L J n L J, '/>w.nltl"Y "'J'b"'.bu 1 Jt'bl"'.ltu 'bwJunr'l opf.'bw~nLJ, u.nw"bn 1 J lt"be' 

Y- -· - - ' 
X 

1 
Y+~y =-- ; 

x+~x 

I I x-x-~x 
~y=-- - - = ----

x+~x x x(x-t ~x) 

~ X 

x(x t ~x) 
1 

y ...:= hm-= ltm- = --· , . ~y . [ I ] i 
t. x~o ~x L» x->0 x(x+~x) x~ 

,. "Ul II 'l n L [il In L ~t 'iwfunr'l ..,wpwqpwf[.nLJ' t.uiUUJUIUI"h!J, nr 

b[Jh zwrrftJ.n'l ~hurJr s t.hnwtJ.nrmfiiJw~ ~wfum. J{! t rfwJ'w~wl/ft!J wr 

urwf.wlurtJ.mJ' I; S=f(t) pw~wd.Lnq, UI..,UI v wrw'tm{JJ'"~f! t "lwt.J.~ 
wpurwf.wJurtJ.nLJ I; f.burLJwl pw~waLLnq' 

!:J.s f(t+M) - t(t) 
V= llm -= llrn t 

to t-u!:J.t c, t--0 t.t 

wluP~o~!~' wpw'fttL{tiJttL~J!. f.wtJ.wuwp I; -6.w~w"fwpf\p wJuth!JJwlft'h '~ f!uw 

rfwJ' w~w"pt 

lfh'h,J! wJw'h9JwLJr qw'l_wqrwpJr'h f\w~'l[;.CJp'h.[!, ,J!~~wpiJbl'"f ;_ w1,rf

t[n'l J'wpJ'~p (~burp} wpwqnL{iJJttLhJ!., WJuft'h.J!'i.t' bl'b[;l"'i ,j' /, fu uJ 'h {t

Il Ul ~ Ul ~ .., ... m~hpw!JmJ''hbrJrst u.JJ-J' ltmuth.J! UJJ mh.'f!UJ d1 ,, l. UfUJ~UlU 

* brp ,fb'be wunL•I b'irl! cwJw'bsJ"'Ll!. £!.""' x - f.> ~..,,/ q:wJm~'.'lJ'"II' /'""' t .fm

,f,.,'irw~Jt:» I< "'Jl'll 1 "'"1."' '11'"' '""'~ Jb'bl! r.wu~w'bnLJ b'irl' 1 ''I' wifw~'9J"'il'. ~ ut2•jL· Lfw 

,/b~'l! "'l''I"LJb'ir,n b'ir.v :;..,,fwrnLJ X •/•nq•nfuw~w'bc l1wJ t .lw.!w"bw~l!. It w;1'ir, 

78 

/fwf'ftn(l\ /; r ~ r Ul l_ W q. W ~ W ~ J'b~~wpw~nLfiiJ"'-~(!1 '1-rw f.wJ'wp J'h'l 

liiJI/i.Jrs WllWl_ Ut~f.pwrlbzur ~L/r~Jr ~nr/r urrtJ.wtt ~hurnLJ' z n z ... '" n 'l" 
UIUf,J' W~lll tl(! t 

"'''!J"L.J!r m~h~.J! ,,,,, J._ ~r ... tJ.rw ... J'rwstJ.w<t Mo ~burt ''"rP 

'{('w tfl•p!J~b~,v M 1 ~bur It urw~b~.J! M0M1 f.wurn'lf! {~~. 58), IJ[ilb M 1 

t~. 58 

J1b.,f! l1nr/t tJ.rwJntJ. w~uwf.J'w'ilwt[tw~npb'il J'nurh~nLJ' I; M0 ~burp~, w111w 

.1\~ 0 ~ \ 1 f.wurn'lf! qpwqtnJ' I; M0 M!, M0 Mi 1.. wu~ urwpphp 'lPr.J!bpt 

l;[tlh l1nr/r qpwJn'i l w ~ ~., 9.., t} ~ n 'l J' Jr 9 M1 ~burp' M 0 ~b
urp~ w~uwf.J'w~wt[tw~nph~ J'nurb9J' ... ~ 'lhii!.J!"Lif f.wurn'll!. d.qurnLJ' I; 

'IP'"t/bl npn;w~/t M0T nL'l'lP 'lPP.J!f!• w111w M0T nL'lP'll!. 1/nl_qmJ' I; 

lf"PP M0 l[burmJ' 7n2u1tftn'l ('J.qurm_J' I; qpwtJ.bt» f.wu~w9"'l"LfiiJnL~J!. 

l/-6.zur•fl'mt/Jr uurn pl.. }t 

'1-ftmwp~b~.J! f(x) f[.m. 'blfsJrw~ It ~""P'lJr~wur~brJr nL'l'lw~~JnL~ 
'lh~wpurJw~ uJruurhJ'mJ' WJ'l f[.nL~~!JpwJJr~ f.wJ'w..,wurwu[uw~n'l y=f( X) 
~"PI! (~If. !i9)t X-p "I'Ll; wprfh.J!p 'fbii!.J!"LJ' fl>nL~If.'Jpw~ nL~p y=f(x) 
UtJ'J-h.J!(!I x-Jr k y-Jr WJ'f tuprfh.J!~brJr~ ~nr/r tJ.rw f.tuJ'tu..,UIUJlUU/utu

~ntJ' I; ~(x, y) ~buret X "'P'f"LJ'h~urJr~ .,.,~.J! !:J.x w-6.t ll.pqnLJ'h~urJr 
X +t:J. x ~~~r wprfb.J!Jr~ t.wJw..,wurwu{ttw~nLJ' I; f.m~~sJrwJJr y+!:J.y= 
=f(x+t:J.x) <rw-6.w<tJ> wprfb.J!I!.' 'iput~ f.wJ'w..,wmwu{uw~n'l ~hure ~LJr~Jr' 
M

1
(x ~ !:J.x, y + t.y): Sw~h~.J! M0M1 f.wurn'lf! lL 'f-nt/. ~zw~w~b~.J! f.w

"'"'lP ~w'l.J'u,t} w~~J"L~J!. OX wnw~9.J!P 'lrwliw~ nL'l'l_"LfiiJw~ f.hurt 

,,u.'lJ'b~.J! -~y__ f.wptufthpm{iiJnL~(!l 'il,. 59-Jrs w~J'Jri!.wliw~nrb~ b'lrw-
!:J.x 

/flU ,fJ~nLJ' h~.J!I II r 

(1) 

7!1 



bpb "'JJJ' D.x-e a.l.,fr qpnJfr· Ul"fUI Ml 'fbure 'tnrfr "-r"'Jnll 

'turl.'luttfrn{u4_fr, J'nurb'butlnt/ M0-fr'b: M0 M1 f.uturntJ£!. 't"iur~nt/_fr M0 'th~~~rfr 

2"'-rlf!. £. D.x-fr rfrnlfrrrfuJ'ut'b t.hur 'tlfrnlfrn{u4_fr If'. ut'b'tlm.'b£!.: fl[tlh D.x~O 

'lb"'.,entJ' <f' ut'b'tlrrL'bf!. a'lurnLJ' I; npkl; a. uutf.J'ut'bfr, "'"'"' Mo 'tburn4_ 

"'i.s'bn'l k "'P"Sfru'bhpfr utnut'bs,efr 'lr"''t"''b '"'l'l"'-fi'l"''b t.bur a. ut'b/11 ,._<;.. 

't"''lJ'"'l "''lP'lf!. 'tlfr'bfr npn'bblfr 2."2."'"-'"'1£!.1 'J-Jtj_utp tJ 'l"''bhl 'bput 

y ut'b'tJnL 'but Jfr'b 'f" p.Jur'tfr 9£!. \ 

f'(x)=tg a., (2) 

"'Jufr'b,e'b' f'(x) wbu1figJwl~ wpdbJ!~ wp

qnufbGmf! mtj_wc} wpdbJ!~ qbUJ}!IIl.U fim!Jw-

t~. 60 uwp }o f(x) ~ndi~g~wj ~ qpw~~ll11 filll-
tfwutmmwu~Jwli M 0(x, y) qhuunu 2"2tu

t}tnq~ h. OX mn.wGgJ!~ '}pwqwli mqqnLpjwli fibm qmcltftu1\ wfiqj '·"[j 

mwfiqbfiu~!i: 

Opp'bw~· '/-UI'bbl M< +· +). M 2( - 1,1) ~bu.l't"''J Y= X1 ~"l'P 2"2"'

.pn'lJ.. £1ben•£1Jw'b w'b~JnL'b'bbpp ..,..,'b,.b'bu'bbpf! ('b~. 60)• 

~ n L ~ n • ,(, § 2-p opp'bw~ 1-p ~p.tw'b ojpw .,,'bb'bl! y' ~cc 2x, _,.,,/,wp.up, 

lga2 c~~ y' I =--2• 

x--1 

U ut f. J'"' 'b n ._ J': b[ilh 

y=!(x) (1) 

f/>nL'i..'tsfrur'b X =Xo 'tbutntJ' rrt_'bp .uJut'b,tJJ"'l' utJup'b~'b' qnJm{rJj,uL'i.. m.bft 

t,b.,fLI"'l ,..,t,,r ... <;..£!.' 

ll 
D.y 

1
. f(x0 -i· L'.xl-f(x0 ) 

m-=tm , 
llx~o D. x llx-0 6.x 

(:2) 

"'"i"' utUnLJ' b'i..J!, nr X=Xo utpJbJ!fr 'lb"'J!"'-J' [J.n._'itlty/tut'b 'lll~bpb!i 

gbtll .. ~utJ' (np f.urJ'.upJbJ! I; '/putb) nL'i..fr mJ.u'b9J"'[I 

Ml 

b[Jb :f.nL'i..'tsfrur'b 7-frfi.bpb'i..shLI, I; "l'Lt- /a, b I r.wurtfiUofr J1..,,r 

(a, b) J'fr2."''t"'JJ!I• 1"'-P"'.e"''bll"'-(' 'tb,,._,r, "'"i"' ,,,._,r b'b, 

"I' "'J'b 'lll~bpb!igbJ!l }; [a. b I nwunjnH)nuf ,,,,r, r:,..,,fut"[IUututu/llut'but

P"'P• (a, b) tfll~w~wJ.I~nuf: 

il'bnphJ': bpb y=f(x) ~ndiqgJ1mG. IJ.Jl~bpblighiil t nplllo 
X=X0 qbmnuf. tuulm lUJI} qbmnuf WJU m[i~(il} fiwm k: 

l·r"-1!• b[iJb 

. L\y '( ) l1m --=1 x0 , 
llx~o t.x 

"'"'"' 

"rurb'l 1 <;.. 'U"'IP a'l.,n'l J"b.Jm.fill'"'b 1;, brp t.x~O: P ... 19 "'l'l •1L"i
J!"',r UIJU1hh'lfr9 f.burf.t.nLJ' 1;, np L\y-+01 hpp L\x-+0, np'b l;l 'bz.u'but

'ttnJ' I;, nl' f(xJ ~nL'blt9frur'b ur'bf!.'b'lt;..,ur I; x0 'tbur,,J' (urbu II 'ILfuft 

§ 9): 

u.J""'P"""' , .. 'l J' ut <;.. 't but b r n L J' ~ n L <;..Its fr tU <;.. ut Jut<;.. s-

J , L II I <;.. b <;.. IU l t fr 't '" r n 'I' t.ur't"''l"'ra !I 
b'lr"''t'"9"'-fill"'-'bf!. -6.frzur t_l;, "'lufr'i..J!'b' "'l"ii 

p~t~'bfr!J, nt• X=Xo 11/'.,,._,r y=f(x) :f.m'i..'tsfrur'b 

ut'bf!.'b'lf..u/llr 1;, 'Ibn_ t_fr t;butknLJ', nr "'J'l 

'tb.,,,,r "'J'b 'lfr~brl•'bsbLfr 1;. t(x) ~nL'i..'tsfrur'b 

x0 ltburrnJ' ~"'P"'l I; /, .u.!ur'b9l"'l t_nL'bb<;...,11 

'1-r..,<;.,,,r t.urJ'nqtfhl'tL t,..,,r..,r J!'b'butp'th'bJ! J'fr 

J!Ut'bfr opfr'btu't'bbp: 

0 [' /• ~. w ~ I, f(x) f!>nL'b~gpw'b [0,2] r,..,.,,,..,_ 

~"' ,( "l'"2ofw~ ~ r,b.,l.lwl ~bl'"l ('b~. 61}. 

f(x)=x, bpp O ~ x~ I, 
!(x)= 2x-l, bpp I <x~ :!, 

I 

t~. 61 

IJ.J'1 f/>n• 'b~gpw'b X = I ~burn• J 2 nL 'bp wJw'bgJw 1, fJb~nL'll. "'J'l ~1,., nL•f m~• 

f'_~"l~wu• (, 1•1'"1!• bl'l' tlx > O nL'bb'be' 

6-8 13 

f(l+~x) - 1(1) 
l !m 

lim [2(l + ~x)- l]-[2 . l - 1] 2Lix 
lim =2, 

f> <- 0 ~X llx~o tlx llx ... o C!x 

I t i ll 
t.x - o 

f ( I+ Llx)-f(l) 

~X 

(I -f- LI:K) - 1 C!x 
lim __.:.._ _ __,__ = I i m - = 1, 
t.x~O ~X t.x-0 tlx 

~~~·fuojwt} I; wJ\' pw'bpg , fib [•'I.luJ/•u[•'l. ~ :C.x - [• 

!~ I 



-~•:·w~'i!• jru't 'I"' 'J.2w~•w'tnL1f t , np X= I 't/ru,nuf :j>n< 'J.'tflf"''], w~w'J.,7J"'/ ~nL'J.p*• 

bpftpw~w•fonpi.'J. 'If'"'~' ~wofulll[w<nwufuw~wuf /; "'.1'], •/•ulllut[! 1 np rnpo/w .. <'tnpp> 

.X -=.c J /1 /;,nnt J ~nL'l.fo npntwltf• 2n2""""'1' 

x I 'tlrmn•.•f :f>n• "''t9P"'Jf w'l.e'J.'l~"'um•P Jn• 'l.e_ ~lrrnlm< .J I; 'l.p•u~'Pfl, "I' 

.ly= .lx, l.pp .l:r:.<O, 

:ly= 2:h, bl'r .lx > O, 

J, ~lr.nl•wr"'L'• lrp't•OL 'l'' "ll'nuf I;/ .ly -~0, bpp .lx ~0 , 

0 I' I·~. w It !!, Y=~ Vx :f>n L 'J.'taf.w'l. I nrf• 'll'"':f>rftt• "l"'"' 't"t•1w.t I; 'J.'t. 

-6:!-nuf, "1'"2""'',. '· w'l./!.~''l;,.,n I; w~•'twfa 1m•fonfuwl, ... 'l.f. rnl"l' wptllr(!~·lrrf. r,,.,,,,.,,., 
..,"'1''1/;'],(!, Wf''IJn(! UIJ'f f/>n• '1.//!J/nu'l. nL 'J.p" wJ-w'J.f/J"'J Xoc.-0 ftbonno ,(, 'If'"' ~.uJwp 

'lrn'l,b'l,p tf>n• 'b'taf•w .rfo wrJbl'e. X= 0 'tl.urnLo( b x ·- ~ 0 .;... :lx Ill""'",(, brp X =0 no.'l,b'l.jl 

Y'"O• brp x-.=0 -! .lx n•'l.lr'1.1.' _,·+.ly=jY:lx, ~lrrnJ,,.,,,,.,p, 

I i m 
,\ x··":lx 

3/ - I 
I . v .:h t· + 

I[T! - - = I[T! a/-
2 

-= C'C I 
,~ , ~o .l;~~ t.x-o J ax 

(~J"ui/"'no/ , X= 0 'tlrurnLtf f/>nL 'l.ftuf.wJf. 

wt.fo b "'!''In' ,fb'l.urp wb/o t.wpwpbpn<fJJw'b OIW~

,f,u'l.p J.IJLniiLI( ( m'J.ofbp~nLf/Jm'J., J.pf' .lx ->0 ('·· 

~,..,'bUI~n.._. ,/ ( 1 lltuf.J,,t;l ~,., ~/t} r ~bur111upu1p 1 '1./t
<nwft'to/n'l tf>nL'h'tfJf.w'l. x=O 'thutnLof 'Jrtf>lrpb'J.f/lr

/P ~1;. l~J'l 'thmn• J 'tnt•r 2n2wofrn'lt' Ox wnm'1.9 -

4'1• ~buo 'tu"t'fn,,fl; ...::._ w'b~Jn•'b, "'l"fr.,e'b' 
2 

(;['iJU[tll/ Ult}~»'iJ,IJJUiffr f!.<j"J-I;,wbnl.f' IIUI{:,,jiU<j.nLJfr9• urr4_.ut} y=f(x) 

[/>m. 'b~9fr"'Jfr mJw'bsJ"'lf!. 'fLn'bLL"'- r, ... ,fmr w'br.r.utlbzur t ~w.., ... rbl 

;.burb.Jwl 'l" rJ" 'l"'·fl J"''b'bL pf!. · 
1) X IUf''f"' ,fb'burf•'b ITIUI[ .lx Ul~ , t..wz·l"L [/>nL'b~sfriUJfr ~~~.~-6.wt} wr-

J L-.[!f!.' 

.ly 
* t:llfll UI,.Uiljl!fJWfll IJ UI ~ Ifiii'Juf,,'J, 11f 1U ; UI~I ~>fur,{ 1; , "f' 11[Jtu'fft D,v-

jJ ;n•'l.(!, "rr .lx- 0, J.,JLnf ''""~·n•J'], ..... r..rw'l.ft'l., ull.ltwfu IUJ~' pw'l.f!u, ph I·G~ ill .... l 
I; .l x-r a.,mnuf 'll'nJI" 

Y+~y=f(x - flx). 

fly=f(x+1x) --f(x), 

3) ft"''f,fbl ,y.,•;_~9frLUJfr ~»~fr h "'P'l"ulb'iJmfr IU~fr {:,,,f'lllf1/lf""

f" 1m 'i.e' 
l(x + ~ x )-t(x) 

~X 

4) 'l"''bbl urn I;,"'P"'Phprnfrlt"''b u,..l;.,f,..<;.f!. , hrp 1 x--+ O. 
, 

1
. fl y 

1
. f(x+ux)-f(x) 

y = JIO --= lnl I 

t.x- 0 flx t. x-·o Ll x 

lf'b'b.j! UIJUUib'l b. r. ... p_np'/- Uf"'P"''li'"':P'bbl""-,f ld·r"'"LL"L b'b.[! uon 
f!.'iJ'/-I;,.u'iJmp b'[UI'iJUI~f!. Jfr .j!~»'iJfr li11Uf'(IIU~IU'iJ :PIIL'j,~9fr~»'iJbrf• Ult}UJ'iJ9!"1l

<j.J. re r. ... z1" L "'- r. ... J "'r I 

/tJ'b,rbJ, y=x a :j_>nlliqgJlwJJl wt\·mGgJwl~· npUllirl n-~ uufpnq~ 
'}pwlludi p-rtl 1-;, tlwt!wump }; nx n- 1-Jl, tuJurGJ!li' brli y=x", nnqm 

y'=nx"- 1 

II. "I 111 9 , •. ! 9 , IJ, 'bb'bi! 

y=xn [/>m'b~9frw'b: 
1) I:[JL- x-e uur~»'biiLJ' I; .:lx .ut\, LUUfiU 

y _. ~ y =(x+ilx) " 

(I) 

:? ) ocl'"'Jbtn1 bJnLurn'bfr br~"''b'l-w.!f• p~»'bwal.fr9• 'l"''b,uJ' l•'b.j!. 

n 
ily=(x+~xt- X

11=xn+-
1
- X

11
--

16X -j--

+ n(n-1) . 
----'---..:...X''-2(.£l X )t + · · · -~ ( 1 X) 11

- X11 

1 . 2 ' ' 

",, ntn-1) " 
-=-=nxn-1 + - - - -xn--.l x + .. . + (L\ x)n-1, 
~X I • 2 

S., 
\ ,, 



y = lim- = ltm nxn-l 1· ------x:"-2tlx+·. ·+(t.x)n--l =nxn-1
, , t..y . l n(n-1) j 

L\x • 0 t. X L\x ~ 0 1 • 2 

0 {' /• 'j, "' ~ 1 , y =cX\ y'=5x5
-

1= 5X4
• 

Orf_.'i.w~ 2, y= x, y' = l·x1
-

1,y '= l• 'l.briP~'"'l''IJ"''j,l!'j, ... 'i.f_. "1."'1''1 

lrp~pw~_w •f.w~w'b l'"'!l"''"l'nLPJ" L'j,, x-f_. 9w'i.~w9w~ wpJbl!f. 'lb"li'" LJ J= .X ""l'IP 

2"2"'"-'"'11!. r.w•ff!.'j,~'bnul I; "'J'I n L'l'lP t;/un f.t, r.bonftwpw(', Ox wn.w'i.9l!P 'll'"'~"''j, 
"'·'f'("LP.tw'b t;/Tln ~LU'(ofn.,/ /; WJ'j,Uf.f•ur w'b~J"L~'' "{'" onw'i.'flJ'j,uf!_ r. w<fwuw{' /; l.r, 

t 2lr'i.l! , "I' (t) rw~•wJ.t..l!. J.rw.fwof. I; t..' ~'"""l'"'~"'Jr'i. , t< pw9wuw~w'i. n-/• 
"'lr"l.l!""'' ('/ow ~"'"1."'9"' 9'/r § 12-nLJ) • 

o r r "' "' ~ 3 , y '"""" i x · 
u.,u :t>nL'j,~9rw'j, 'j,b{'~WJW9'bb'b/! wuonf_.C.w'bp uobu{•ny' 

2 
Y= X ; 

-"'J'l 'llr"l.l!"'J f!_um ( 1) rw'i.wJ.I,r (r.w:.ff• .un'i.b-1"'' t;h'b9 'bnl' wp.fw~ 'lP'""'lnLPJnL'bf!.) 

.u.UI.W 'J, n l r/ b "11 J• \ 

I ? . 1 

y' ,=- X. 
. 2 

Y-1!. 'bhp~w1w9'i.L·'i.l! wuonf_. C. w'i..u1r'i. :t>n•'i.+9r"'JP mlruen.f' 

3 

3 
y · ~~-- x 

2 

- ~ - 1 
~ 

-2 

3 
= - -;-x 

3 

fJo L, r b J 1 . sin x-11 luthuligJlUJ~ cos x k, WJu~fi.J!fi' 

bpb y= sln x, WUJ.Ul y'=COS x: (II) 

fl. u/"' 9 n L 1 !JI X mpqnufb'burfr'b urw'h.e !J.x w~. ml'l 'lb"'J!"LJ 

I ) y+t.y=sin(x ~ - t.x); 

2) • x + !J.x ··· X x+t.x+x 
- Ll y=sln( x + !J. x) - s lnxc=2sln cos--'----'---

2 2 

.'1) 

=- ~111- ·cos x+- · ') . ~x ( !J.x) 
2 2 . 

2sln ~~- cos (x + ~)' 
~v 2 2 - - =----- - _ __ ,;__ _ _ _;__ 

!J.x 

. t.x 
s1n-

--2- cos ( .x .: ... ~- ~-)· 
!J. X . <) ' 

2 

!J.x 
Sill-

-/) y'= lim~=lim --2- · lim cos(.x+ ~x ). , 
L\.<•0 t.x L\x ~o !J.x L\x•O 2 

2 

tlx 
sin-

lim 2 
L 

L\x•o !J.x 

2 

y = 1m cos x+- =cos x' , ,. ( !J.x .) 
L\x -0 2 

•l,brrJ•'b r,,..,JmuiUpm{JI"'·'bf!. umms•JnLJ t w 1'b pm'hft r.ftJm'b tjpw. 

nf1 C()S X•f!. IU'iJf!.'iJ'fr.mm /f>nL'it~!/frm /;: 

fil' h n p /, J 2, COS X ~n·fi~gJHujjt m«\tUfigJrul~ -Si:l X J. , IUJ

u.Jdll!li' 

bph } =-=COS x . runpn y' = --s ln x: ( ill) 
II. "f m !J" L 1 !1' X W[''f"LJb'bmft'b urw'h.e !J.x w~1 wl'l 'lb"l.f!"uf 

y + !ly==cos( x + !J.x ); 

x +- tJ.x - x x + t.x+x 
!J.y=cos(x + t.x) -- cosx= - 2s in · si n · 

2 2 

'> t.x . ( !J.x ) :c-: -· _sln2 sJn x +T_ · 
8~ ,, 



t.x 
sin -

t. v 2 
- · =- # 
t.x t.x 

2 

t.x 

( 
t.x) ·sin x+-
2 

; 

' t:..y 
y =lim -=lim -

1\x-o t:..x t'. x ~ o 

sin-- . t. ) 
-~sin(x+~ = - lim 

t:.. v. 2 , t'.x- o 

2 

r.u•z t/.p um'bbLutJ. , "[' Sill X•f!. u•'b[!'b'f l\wur f/>m.'bltsf•w J;, tJ.Lr2'bw~UI'iJu,"fl"~ 
u ur 1u 'brn .f [,5,$' 

y'= - sin x: 

§ 7. ~wumwmnLll~, llwumwmnLll~ h :jlnLllli9~W!I• WflmWflfl!WL~ • qnL

UWfl~, WflmWr}.fl!WL~· ~ w\Jnpf'}.~ wowumwtllhfl[! 

fiJ'" fl r L J' .1 : .Z,uniUllllllllll r,,, l llt\udigpuu:~ ti wl[llllllll(' J; qpnj[l . 
UIJU jlliJ!Ii' 

bp b y=C, n pmb'l C=con st, uwpu y' =0: (IV ) 

u. "I Ul !J n L t -'1' y=C f/>m'bii!Jfr"''b x- ft.'l ''"''"""'.} "'t'bu,fruf• f/>rn'b~
sfrw 1;, "l'P wpclh.[!'bltp[!. x -f· f"'L"l' UI[' ''"J!'j,/;rf• ,,_/;UJ .f!'"'r r.w,fwuwr 

b'b C-f.: 

y=l(x)= C: 

X wrlfm.fh'bmfr'b ww5'.J! 6.x u1~ ( t. x=;--0) : 1~wbp "I' y f/>•n'bltyfrw'iJ "fwr.

"fw'brn.f !; C u•rclb$1!. wrlf"u.f!.'bu,fr pnl"P Ulrclbi!~'"rf. 'fb"fi!"uf, Ul"fiU 

ily=f( x + u x) -f (x )=0, 

t.v 
·- =0, 
;\ x 

, t:..v 0 y =lim-· =. 
llx- 0 f:.. X 

.f.Lt'2P5' u•r'fJ"L'b.[/h m.'bf, "fUifl[ hrltrwt_ullfrwllw'b .fb~'bwpw'bnL
frl 1"' 'b : y~=C :pIlL 'b~SP"' ,,, ·u·w:P fr!L'b I; 0 X Ull'lUI'b,'J.[!p'b 'l"L'f:UI r. l-... uuzfr

l[l!.' 'frwf/>fr~f• sw'b~m.'!wa llhurm .f Z"'lw'P"'l/!• w~'b r.wJur !; , r.w.f[!'blt'bnuJ' 

!; "'l'f "''l'lP r. t,w 1., r.t",l.wpu•r• 0:-; wnw'b,'/.f!P r.Lur ~w'l.f,,J' !; wJ'b

UfP"P tu'blum'b , "f'P y' urw'b,IL-;.,,1! i;.u,fw"u'l' !; 'lf"Jf• : 

fil' L "£''' .r 2 : .Z.nlUUllUml•di mpum•'}p[•~~ lpupbtl• }; '}nt.pu pb
p L1 •u•) ru Ggj wtlt Li 2wlijt!f, w J u ~ ll~ li' 

bpb y=C u(x). npmb'l C =ronst. ulllpu : . · ' =Ct~'(x ): (V) 

IJ. "I u1 !J n L 1 !J' 'l·u"nLLn•f ruJ'b"ILu , fr'bt"fhu k 'bwfr•nr'f [tJhnrb.f'b 

w "f"'!JmsL Lfru , ~"L 'bb'bw'b$. 

y =~ Cu( x ), 

t. y=Cu( x + t.x ) - Cu(x) =-=C f u( x+t.x )-u( x) j, 

t.y =C u( x + il x) - u(x), 
t:..x t. x 

o 1• t• ~. w t1 1 • 

UIJII/J ~IJ {' b' 

I 
v 3 . ! -. 

t X 

3 
: ·--= - 2.q l x ' 

fil- L " r " ,f .1, •l.bp ~ lU •lnp p tJ. ntl. 'll·~hr b light~ ;p n l . (ill g I• Ul r.b pi• 
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qnufwpft W~luGgJWI~ fimtlmnmp I. 
llupft qnufmr1rli*: 

Orf•'i,...,~, hrb.e 't"'J'"'rhtf.'bhl'f' 

y=u(x)+v(x) +w(x); y' -= t!'(x) +v '(x)-t-w'(x): (V) 

1 r:...,J'..,nnmnLfilJ"'<;, r:,..,,r..,r f/'"'-'b~.'IP"'!P 'bz..,'b"'liJ'"''i, J'h2_ X "'!''l'nJ'b'b

urf!. P"'9 h'b.e filn~z'bnrJ' )• 
tJ.r't"'-J'h'burfr X+!::, y "'rJb.efr r:,..,,r"'r nL'bh'bJ!' 

npurb'l tly-[!, tlu-'b, tlv-'b /.,_ t.w-'b y, u, V I. W f/Hn'bltSfr"''bhrJ•' X 

"'!''1"'- J'b'b~nfr D.x ..,&Jr'b r:,..,,r"'"i"'m"'u/u..,'iJn'l "'(.b{'<;, ls'b: 1,/,m/,..,pu•r• 

:1y .:ltt t.v t.w 
t.y=6u+t.v + +t.w, - =-+-+---- , 

t::.x t.x t.x t::.x 

t.y .:ltl t.v t.w 
y'=lim-=llm --+lim- +- lim-

"'' -0 6x ,\ X - >Ii ..'.x ax .o 6 X ' t'.x -·0 .:lx 

y'=u'(x) +v '(x)+w' (x): 

I 
Y=,Jx• :If - ., 

V X 

I 
I ) ---;r - 1 
-X ' 
3 

I I 
Y• l ')v3+--

.c ; _ _ , 3 xVx' 

fil' b n p b J' 4: bpqnL qp~bf1bligh1 /t !}ndill\J )Hu(ii.J£1[1 lupm :Uf}(ljlll( jt 
m<\wGgJmt~ fiunlmuwp 1-. Ulll.Ul):ftli ~~~dilJg)ltuJ!l lll <\mlig j lutll lL bpl]-

* Y= U(X)-·;(x) wpmm~wJurnLfiJ"L~'l~ r.ur<[wuwpw•t"P ~ y=u( .x ) +- (--1)•;(:)-f'!r 
L. .Y ' = [ i l( x) /-(-I) \ (x))' = Ll '(x) -!- [ -v( x)] ' = u ' (x)-- v ' (x)• 

1\~ 

pnp'} :J_>tll fil1gftwJp WfJmmqpJwdtG qm1fwpw<\ wn_w2Jtfi ~m.G~gflwJlt It 

L I' 11 pn pq Jt u1~ w fig J uq [1 w pmw'l pj tlil~, WJU ft!il!G' 
bpb y=uv, mnpu y'=u'v -t uv', (VII) 

IJ. "I"' 9 n L .( 9: 'J-..,mblnq "'t'b"ibu, J•'bt"ihu /, 'inufnnp'f [Jhnph,f'b 

IU"/.IU!JnLyhtfru 1 ~UinUI<;,UI<;,J!' 

y= uv, 

y+t.y=: (u+t.u)(v + .:l v), 

~y=(u+t.u)(v+ t.v)-uv=t.uv-+ u6v+ 6ut.v, 

t.v L'lu 6v /:J.v 
---·- =-v + u -+::.u-, 
6x t::.x t.x /:J.x 

, t.v t.u t.v _ 6v 
y = lim- = lim -v+lim u-+ ltmtlu-= 

,-. ,. _o t.x ,-.,_o t.x :.:<-•0 t.x t'.x - P t.x 

= ' I i rn - v + u I i m --- +I i m ~ t1 I i m - --( 
t.u) t:. v 2.v 

"' ' - O 6x ,-. , - e> t.x ,.. , _u "'' .a t.x 

( ,e-w'bfr "f' u-'iJ /.,_ V-'iJ ~UI~IIIJun} l_h'iJ /:J.x-Jr!J)1 

1-frm"'r11b'b,e- '"l ,ru~~~Jr 1_brlfr'b ,..,<;,,I'"J'l!.' 

t.v 
lim .:lu lim -1 

t..x->0 ,..,_ o t.x 

·fiLU'bJ. nr u(x)-e 'lfrf/lhph'bybffr f/lm'b~yf.UJ L "'"/."' "'J'b Ul<;l[!_<;,'fr:,UIUI b 
~hmi."'P"'r• li :tl t.u =01 P"'sfr 'lr"''bfrs~ 

t.v 
llm-=v'=f=oo1 

t. x .otlx 

[J.J""I.P"nq, 'IP"'"'l'~"-"'J w'b'l"'J'f!. t:.uu["'""'!' t" qpnJfr• It J'h'b.e •[brl
<;,"'~"'<;,"'"ibu uurUJ'bnL J' b'b.e' 

f f I f 

y =-ll V --;-- UV 1 

IJ."i"'9nL!f"'d- filhnplsJ'f• r:.JrJ'"''b rfr"' t:.F.zurmfil!"'J'p um"'.'JqmJ' t- yru'b

""'9"'J {Jqnq f/lriL'b~yfrUI'bhrfr "'r"'"''lr!"'LP 'lfrf/lbph'byJ'"''b 't"''bn'b£!. 1 

IJ.!u"/.bu, bfilb nL'iJb'i,,j! brb.e f/lnL'b~yfrUI'bbrfr y=UV\V UlrUIUI'ff'JIU

f/!_• UI"/.LU Ull_ J'LUU[!_ 'bl.p/fLUJUI!J'i,blnlf np"/.bu Ll-fr b VW-Jr Ul['lnUI'JrJUI[t 

''""'"'<;,"'-;,.[! 

y' = u'( vw)+u( vw)' =u'vw + u( v'w+vw')=u'vw+u v' w+uvw' 1 

U.Ju b'l"'<;,"'~""- lt"'rn'l b'b.e r:.wJ'"''i,J'"''i, P"''b"'.lJ... uurw'b"'l !J"''b~"''"'J 
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( qknuu/_nr) pqnq tf.n~'b~flf"u'bk rP '"rur'"'lrJUILP tutlm'hsJ'"LP t..tuJ'mp: 

l/.{11 t, bpb y=u1u2 · · ·tln, UII'/IU 

y' = u; U2· · · Un-Illn+UlU~ · · · lln-llln+ · · · +u1U2 · · · nn-IU~: 

0 p 1_. 'i. w ~ a~ bfll. y= x2s in x, w"lw 

y = Cx 2)'sin x+x 2(sin x)' =2x sin x t x2 cosx1 

or Jt 'i. w ~ 41 t;pt Y=Y -x-sin :- cos), wulw 

y' ~= ( {x )'sin X COS X +- f X(:-in X)' COS X f {xsin x(c nS x)' = 

1 _r- _r -
0" 

2
V x sin x co; x + r x cos x cos x+ r x sin x(-stn x)=c 

1 r- sin2· ~-
="' 2,,-sinxcosx + r x (cos 2 x-sin 2x) =~+ .x .os2x~ 

r X 4y X 

/d' k n p b J" fir llnmn pwqj1 (tUJUllll.~(l' [;plj IlL ~ntlll!!:Jllwfibp!t 

}llll[inpqll) wowGgJWl~ liw1lmnwp k ul1 ~nuwpwq\t, np!1 liWJU11Upwpe 
uqu(mt\ l1 n mn pw q ~ 1i111 JUlW ptu (1 r }JIUil.lllll n L uj11i };-, r u q li nufw p hE' 

ilWJlUUIJIWf!r L.. limumpr~ll mt\wllgJmlll WJIUlllii}JlJWlll L.. fiwuwpj1~~~ Ill 

liwJUllliJIIUPil wt\mllgJIUlll mpmwqpjwlll uuuppbpnLpjnLGE, lUJlljdil!ll' 

I I 

b b 
11 1 p y=-, Wtqlll Y 
v 

u v-uv 

v~ 
(VIII) 

11. "'IU 9 n ~ J yr l;pL l:,.Y-f!.• !:,.u-'i. b.. l:,.v-'b X mr'l"'.fh'burp ilx w-6.[."11 

t:.tudUII'fUJ&ntuu/utu'im'l. y, U /, V f/>m'ilfJypUJ'bbpf• wf.Lp'b /;';., W"f&U 

t:,.y = u+t:,.n II vtlu-ul:,.v 
---

v+!:,.v v v(v +!:,.v) 

v!:,.u--uAv t:,.u l:,.y 
!:,.u t:,.x --v l:,.x -u--

!:,.x 
t:,.x v(v+tlv) v( v+il v) 

ilu t:.v 
-v --- n--

1 t:,.y 6 x !:,.x 
y =lim =lim 

6 x·O Ax 6x->O v(v+!:,.v) 

~~~ 6v 
v lim-- u lim-
~x-u 6x c. x.ol:,.x 

- - ··-- 1 

vllm(v+!:,.v) 
6x-+O 

:JU 

y' 
u'v---- uv' 

xJ 
(} p ,, ~~ W I[ 5 I V=--= --} UIUfUI 

~ COS X 

, (xJ)'cos x-xJ(cos x)' 3x3 cos x ! ~ 3 odn • 

y o= cos2x cos'x 

u(xl 
v=--
~ c 

.mbu.f'/1 f/>m'b~ypUJ, n11ur/irf c f,WJIIIUI[IUirf!. t:.UJUUJUIUIIIL<j. t, Ul"/.lU lUJ'l 

Ipm'bJ19ptu'b '1Pfi>brL'byb[pu t:.Uir~ JJt'" o'lurw't"rJ-bl (VIII) pw'i.UJ.lbf!., 

"'ll 'b"fUJurUJ~Uit:.wp.!wp I; o'lur'"'fnpJ-Ll ( V) f'UI'btuabp' 

\'

1 =(-1-u)' =_!__U~ =-~~ . c . c c 

b[Jb y= 
COS X 

Orft'hw~ 6: -- I W"(W 

7 

(COS X) ~In X 
yl = ---. 

7 7 

1 
wu1w y~=-logae: (IX) 

X 

* :irn6.v = 0, 4!w'i.Jt "r v(x)-e ""lf"r"'hoblft t hi (lllnhwpwp, w'he'i...,r.w, 
6x ... o 

~m ... 'ir~s[ua b 
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u. Mf Ul !1" L J 9' /;fill. !ly-e X wr'lnLifh'banf. flx w-6.f.'b >.wJ"'Mf"'

UIIUUf.uw'bn'l y :pIlL 'iJ~sf.w Jf. w-6.'iJ I; I W"fUI 

y+!1 y=loga(x +llx); 

fly=log
3
(x+flx)-log3 x=loga x~flx loga(t + !!.:} 

= -loga 1+- : fly 1 ( flx) 
flx flx x 

wl,bpp_f.'b >.w4_u1 uwpmfilJw'b wp_ Jwuf. wpLnw t:.wJUIItL{tl J"L'bf!. pw'lJwUjWLn 

~bln4_ x-n4_ /._ pwJw'bbt""- x - f. 4_rw, ~umw'bw'b.[!' 
X 

fly 1 x ( flx) I ( !:.x) ~x -=---log3 1+- = - log .. 1+- : 
flx X i::. x X X X 

't ;_ w'bw~b<i.J.e i::.x JbJm{tiJm'be a.-n4_: IJ.~<i.Jf.,uJm I;' a. --. 0, hpp i::.x --. 0 I• 

X 

ur4_wJ X- f. 'fb"f.J!"LJ: ~bmLaupwp , 

llm(1 +a) "=e: 
a->0 

/•u// b[,Jb fTI'fUirf.filJf. 'bzw'bf. tnWff 'fm<i.J4_n'f_ utpmwr:.UIJLniiLfilJIIL<j./!_ a'fLnlll,{ 

I; e {t/4_f.<i.J , W"fUI UIJ'l Ulptnwf.WJLniiL{dJW<j. fll'fUlrf.fil"e a'fm111.J I; i o g .e -ft 

(L"'lwrf.fil.!w~w'b :p,_'b~sf."'Jf• w'be'iul->.wu"" filJ"'<;.. z'iwpt:.f.4_)r 'trw t:.w

JUip 4_bpp_<i.JU1/fw'bw"lb" umw'i11uJ' h'b.J!' 

I 

t:. v 1 -;; 1 
v'=l im-" = lim-loga(t+o. ) == - logae ' 
• t.x.O ~ X a -+ O X X 

' 1 1 v = - - ·--· : 
• x ln a 

'tzb'b.e wJu pw'bwJ.Lf. Jf. /Jwrbnp Jwu'bw4_"r 'lL"f.p· b[tlb 3=€', w"l"' 

ln a:-:: in e= L w 1uf.'il.e'il' 

htth Y=ln X, tuupu y'=_!__, 
X 

(X} 

'l-f.9"'.[! anr4_wJ I; Y=i( x ) pwr'l lpttL'i..l/9f.w'b , WJuf.'b.J!'b WJ'b"lJr 

""<i.J , np WJ'fl ~wrhLft I; 'bhr~UIJW9'iJ/;l 

y=F(u ), u= ~~ (xl 

1/wll" y=F[ r- (x)j Lnliu.en4_ ( Lnbu § 8 , 'fl • J}: y=F(u) wpmwt:.wJanm 

[t!Jw'b Jbp_ lJ +mfnptw~w<i.J<i.J w'i..tfw<i.JnLJ b<i.J tfhudiljjlU[ lll(lqnt tfb ft m: 

f1t'" Zb<;...J! p wp'f lpm.'b~yf.wJf. wJm<i.Js,fw'b ft w'i,,<i.Jp: 

fiJ>b,rbJ : bph u= cp (x) ~tn G ljgptufi nphh x l1hmn otl' tnGp 

U ~='f' (x) motu GgJWL• ]tulJ y= F(u) ~·ndi lJ g ]nuli u-r li. unJ'tuutrnuHuu
JuwG m pd h}.! ]1 q hut P-n t.tf m G]t y;, = F' ( 11) mt) wGg JW 1, w ut•u y=F[ cp ( X )t 
pwpq ~nt. GLJgJuuG tfmmGmG 2t]tu(l X ~bmn 1.. U lin LJlinlbu ntll!t m ~ mlig

JWJ· np~ 6wtlmutup k' 

Y x=F~ (u)cp'(x) , 

npmbq u-]• tpn}uwpbfi ulhrnJ! );- mb'lwflp~p U= <p(x): ltpfiUJm , 

WJU]lfi ~(i ' i'IUJlfl ~ndiljgpmj]l w~mGgput~ fiwtjmump );- WJ'} ~m-fiq

gpmJfl' ~urn tf]l~ · uliqjlliJ mpqm.ubGrnp IU~mGgjlulr h. ur~mfiliJIUI mp
qmuhlimp' ~urn x-11 wl)·wGgpuJp wpm mqpmnpG: 

11. "f Ul 9n I . J !J: X-f. npnz w~f. "'f'Jb.J!f. 'fh"f.J!IIL ,{ ~m.<i.Jk'bw<i.J.J!• 

U=f (X), y= F(u): 

ll.p'fttLJ/i <i.JLnf. x+t.x w-6.wJ wpJb.eJr r:.w.!wr' 

li.Ju"'f.untf, !:. x ut-6.f.'b t:.w.!utUfwLnwu{uut'bnLJ I; flu w-6. , "l'fr'b t:.ut

Jw"futurwufuut'i..IILJ I; ::. y w-6. , l!<;..'l npmJ, hpp i::.x --.0, W"f"' L'- u--+0 
[, ~y -· 0: 



t:J.v 
lim-·· =y~, 

6u -· o) t:J.u 

o'l"'''"Ln"- uwt.J'w~fo UUit.J'w~mJ'fo9· UIJU UIIL~f_t1L{riJnL~"9 (hpp t:J.u =;L=O) 
UUIU1~111.1f h~.e \ 

t:J.y ' -=vu+cx, 
t:J.u -

(I ) 

(2) t."'"-"'""'l""fiiJ"L~~ fot'"''/"'!Jfo I; ~"'J, !:J.u=O h ~uufwl'"~"'~ '1.-fo 

'fh"'./!"'-,r, ./!"'~" "r "'J~ "-"r"'J"-nL.r I; 0=0 ~"'J~nLf"J"'~, 1u=0 
'f/'-"f.f!"' ,{ 'tl!~'fnLLh~.e e~=Ot (2) t,,,,wuwpnL{iJ I"'~ pn l" r "'~'I"'J'~,/'rl! 

pwd-"'~k~.e t.x-fo "-r"'· 

t:J.y I t:J.u t:J.u 
-=yu-+ll-t 
t:J.x t:J.x t:J.x 

(3) 

!:J.u I 0 lim -=u,, lim 7.= : 
·\ ' o t;;x 6•-o 

(4) 

0 I'"., Ul ~ I, '1-/os•"l' ur,,..,,) I; y = sln(x~) !j>nL~1~9~"'"'' '~-"'"'""'/! y~-l'' 

S•fuul !j>,,_',hfow'b 'bbf'~WJU'9~'/;'i,/' "f'"lbu !j>nL~'t'l/o"'JP !j>n< '1.~9/o"' r.burb.;wl ~bf'"l• 

y= sin u, u=x2, 

J~=COS U, u~= 2x• 

u- /o "'""'"'t'""' ,lr.,,u'lrls l'"i 'brw "'!'"'"'' •u;mnLfJ J"' 'bl!., 1_/sr t"'"'~"'"'"'"l/;,, uonw'b,uf 

""'~'· 

0 rl• ~ .... ~ :!, S1_ ... .) I; )' =, (In x)J !j>nL'b~.'l""'"'' '1-m'bL·'b/! Y:-e· 
S1_w.) !j>nL'b~!l/o•u'b ~.J.f'~IU,fUI!J'i,/;'1,/! r,b..,/,J"'I 1/Lf'''l' 

U'-- 111 X' 

11 ~=- , 
X 

I 1 
y' = 3 u' - -=3(Jn x) 2-, 

X X X 

l;fd-h Y=l(x) ~~~L~~9fo"'~ "'J~"'fwf•~ 1;, "I' "'J~ ~"'l'htfo I; 'hhr-

1l"'l"'9~hl 

y=F-(u), L! = cp(v) . v='t'(x) 

urhu,en•J, "'"/"' y~ wJw~9J"'Lft "[lll~llt. df! ll"'"""I"J'nJ' I; 'bwfuup'f [ilbn 

phJ'J. t,"'l"P'f"'P"'P ~fot,unJ';..'b -6.w'bw"'"'l't,n,/t 

f.',ur "'"1"'9'"9"',} ltw~n'bfo m.'bb'b,e , 

y;=y~u;, 

U.J'I 'b "'- J~ {iJ Ln phJ'~ o'lm"' 'l" [")A l n t/ 11 ; •f! qm'iJ/, l, t,,.,,f., {', [[ 111 ~ /, 'bw'b .[! 

U ~=U~Vx 
U~-fo 111 pmwt."'J"""{rJJ'1L'iJf! w£'1"''1-f'hln'/ 'bwf"n/''1 t.w•Jwu•uprn{d-J"''iJ ,/l,l., 
UUJUI'iJtnd h'iJJ! 

Y~= F~( u )'.:<( v H~( X): 

0 I' f. 'b w /1 3, 81_w.) I; y= sin[(ln x)3J :p ... ~.119J .... ~.. <J.,~.L'b 1, y_; · f!.• St•1_,...) 

:p "L 'b~sfou•'u ~'/;I'll"' J"'!l'bh~.l! r,/; ,[, 1"'1 ~hf'"l 

y= sin u, 

Y(, =-...o COS u, v ~=-=-· 
- X 

1 
V1

o- y(,u v'V:=3(cos u)v2--, 
" ' • X 



§ 10. y=tg x, y=ctg x, y=ln I xi ~nLu~g~wbbp~ wilwbgtwtuhpf! 

tup•rupli' bpb y=1g x, wupu y'= _
1
_, 

cos" x 
u. "f 1U 9 n L J !Jl •f. lt'bfr nr 

sln x 
y=--, 

COS X 

(XI) 

UJ"fUI (!_UUJ ~IIUrtlputf[p ul(hu'byJ'w'i.J ~w'bn'bfr { urbu 'f[lll./11 Ill, ~ 7 -/• 

(VIII) pu,'i.JuulL.e) uu,u'b,nJ' b'i.JJ?_' 

y' 
(sin x')cos x-stn x(cos x)' 

co::.2 x 

cos x cos x-sin x( - • In xI 
cos~x 

cos2x+sin 2 x 
-

/tl' b n r L J' 2: ctg X ~nt GqgJtwJII wc\-wGgpuu~ tliU~WUlUr k 
1 

- ---fr, WJUJtGpG' 
sin 2 x 

bpb y=c lg x, w 111 w y'= __ 1_ 
sln2 x 

COS X 
v=--, 
" sin x 

, (co:- x)' ..; i,,x cosx(sinx)' 
Y = 

--<; in X sin X-COS X COS X 

sin~x 

-----=---: 
sin 2x 

r -
l;p I. y ,c t ~n x , uwlw 

- ) ' 1 1 v' - (" x =~ --.,-.,- -
cos 2 t' x ~v x ~:os- r x 

(XII) 

o l' [! ~ w ~ 2, I;[JI. y= ln ctg- x, wUfw 

1 1( 1) 1 2 
y'=~ctg x)' = ctg x - sin2 x _ = -cos xsin x = - sin2x' 

!I 

fil'hnphJ' 3: ln l xl ~ndi11 grwJr (Gl1. 63) w~wGgJwle liwqw-

1 
uwp k - -Jt, WJul&I~ G' 

X 

bpb y= In 1 xI· wu1w y' = -
1 

, (XIII) 
X 

u. "l Ul 9 n L! 9' Ul ) IJfilb x>O, "'"l"' I X I= X, lnl X l=ln X /,._ 'ff"' 

t.wJ'wp 

' 1 y =-: 
X 

p) b'ilfiiUI'frh'iiJ?. x<O, "'!'f 'fh"l.f!rtLJ' I x 1=-X: f:wt9 

ln I x l=ln(- x) 

{'il~wurb'b.[!, nr b[ilb x< O. IUUJW -x>OJ: y=ln(-x) f/nll"ii~srUI"ii 
'i.J hp~IUJUIB<;.,L'b.f! "r"lbu flUif'f f/>m"b~yfrUI, f!"b'fnL"bbl"'l 

I;,[ UIJUUJ.hu, 

rtL'ilfr 

7- 813 

y=ln u. U=-X: 

1 1 1 
y~=Yu • U~=--(-1)=-(-1)=- I 

ll -X X 

X-fr fiU19UIIliJ1/fU1"iJ wpt:fh.eilhrfr t.mJ'IU[I 'i.Jm_J"iJ"lbu urlitzfr 

' 1 y,=-
x 
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f.un/_wuwl'"'-fl /"' ile: l,lnnluupw I'• (XIII) pwilwa£.il '""lw9m9qw~ t X ==J ~ O 
,'Jw'b~w9Uic} wrlb.p.fr t:.w.fwpt (x=O 'l""f.em.f In I X I ~rnil~9/rw'b npn;
.J_wJ tb) 

'rfr9"'-.P. X £. y br~"'- l[rmfrnfuw~wililhpfr '"l'clb,e'b!.1,/!_ ,ffrJ'Jw'b9 
f.btn 1/w"{qwJ £'b nplrt t.wtf_wu1Up•nJ'n1_, "PI!. ufrJ'•JnLfr~ //b/'"1"'/ ft'bzu• 
'bw~l.il.p. "'J""fb,, 

F(x, y)=-=0: ( 1 ) 

bpb y=f(x) ~,_'bbfrtuil, "Pf!_ "P"21_tuJ t nplrt (a. b) J'frt""I'"J.l!-"'J' 

tuJil"ffrufr'b t, np 'hpw {1) t.u•qwutupJ'tu'b .!b2_ y-f• 1f 111f111, 1,1.'b f(x) tur

tntut.wJtnn'-Pl"'-'b/!_ tnb'l_UI'fl'blfru LUJ'f t.tutf_wutupmJ'c x-fr 'b~tutn.fw.f,, 
1_bpw~1_n,_J' t 'b,_J'hm{JJw'b, "'"'"' y=f(x) ~~~~il~yfrw'it (1) r.wqmum

pmJ'n'i_ "P"l"-"'l wGpwgwfilUJUl ~nLGqg}nu };; 

tft. 64 

f.wtJwuwp"'-'1[!. wilpwywt:..wJLn ~/,/'"1"1 nr 11 ;_ 1111J' { t:,/,"'t !"'I 
~wil f/>n,_'b//9/rw'itbpf!_ ( 'fJ• 64 £. 6:5). 

v = I/ a:i""=-x-~--
,.1 ,. " ' 

y=- ~~ a~- x~ 1 

f>pu,e, '"J'f tupclb.p.'hbpf!. (2) t:.w1_tu11wpJ'w'b ,fb!. 
UIIIUI'buuf bil,e 

'b "'-/ 'b ,_ [t! J "'-'b /!_ l 
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, I. 'i m 'II' b l"' .'1 

(2) 

(3 ) 

{4) 

t_,f. Ill fl 

(H J ,, (4 J '"r"'"'r:.w1mm p1, .. 'hilbre uurw9 tJb9fr'b (2 J "'""-'""'"rm .Ie y-f• 

'bll'"u"fwJ'p tnt.dhtm- f.w'bwulw/'t:.nqz Pw/9 "l w'bpw9wt:..w1ur alwq urf!_p

•Jun) w,f/;'b J'fr ~m'bl/.'!P"' IJwpbLfr t 'bbp~'"/'"9'bb-l P'"9'"r:,'"/w urbu.p.n1_, 

"'J "''~'.!J~'' ~wpf'lP { 'j,J.['~mJ'",'J'iJJ.l y=i( X) urUu.p.n1_*, npurb'f f(x)-l! 
llllti /'Pwf;w'b :jJ IlL 'iJfJ,'Jfrw t t 

l1Ju "f'IIJ ' orf•'bu.!,, 

t:.UI1_muwpnuf'bl.p,1_ tm[wJ ~m'bl/9/•w'bbp/.'. 1_L'b tuptn•ut.tu/urqmJ' urtup

l'tu~w~l ~,_ti1,'Jf"u'bbpn•J , w1ufr'b.p.'b '"1'1 t.u"[""'"'l'"'-'f'bbp/!_ t.'btuptu•[np 

1_{- L"'-J/,l )' -/• 'biJIULn.fw.f[!l 

'r fr m n 'l, ,_ {11 J n ,_ 'b 1: "Lzb'b.p., "I' trptuswt:..wltn f/>m'b~s/rtuJJ £. 

(( w~'P'" .'!mt.wJIII ~"' 'b!/.'1/'tu )) ~nbpJ'fr'b'bb p[!_ p'bn P" 2."'-J' b'b n l pb tf>,,_iJ~

!J/•tuJ/r f'~'"'lfil!• '"Jl ~'!'"' Ln[•J'tu'b /,,lw'bw~l'.: f),,_['tu-l'w'bll"'-P y=i(x) 
P"'9UI::,IIIJ111 rp,,iJ//[J/"" ~'"1'/;Lf, t ul.l'~"'l'"95J/,l Lr. "l'"ibu y-f(x)=O 
111 'b I'"' !1 111 ~'" J m f/>m. 'b /1.'1 /r •u 1 

!Jm J.'f I/ILU'iJ.J!• lUJ'iJn,_!:,/,,f, , UI~IJ!LU9LUf,IIIJUI tf>n,_'iJ/Jsfrtulfr tuJtu'iJ9JLUJ[!_ 

•tur'i.Ll"'- ljtu'bn'b[!_' wn.w'by '"/'1 :p,,_'b~sfrw'b ptuywt.tu/urft a/uur[mfubl"'-• 

mJufr'b.J!'b '"J'h wn.w'by y-f(x) urbu.p.nq 'bbplfwJw9'bblnu 

b'b[riwiJpli'b.J! tf>,_'b~9frtu'b tnpqtuJ t M•wkJ"'l t:..wt/_wumpm.J'nq' 

/;[Jb UIJUtnb'l y-/!_ X•/1 f/>m.'hiJs/rtu t, np[!_ npnztJmJ' t UIIIJ t:..tutJtuutu

r"' f1JnL'bntJI UI"/_UI 1_bp2_/r'hll 'bm.J'hnLP/IIl'iJ b 
lln iJ,,_JiJ"'PJw'b '' !"flit. .ftuubp'b IUdtu'bsbtn1_ [!.UIII x-fr, f!_'b'l"'-'bb

l""' np 'y' -f!_ x-fr f/>m'b~a/•tu 1;, P'"P'l f/>m'b~sfrtuJfr wJwils.ftu'b IJtu'bu'bfr 

t.w.f tuau,/'b lt '"ntu'bw'b,e' 

X y = - ---- : 
y 

* l;f.J£· f/>11L.,~IJ/uu'b 111(11/u•/1 {; y = f(X) "'"".(!/! ~W.,WUIU('nLJn1. 1 IU"f.UI lll'JnLif 

/;~,, "l' f/>nL ~~~,fm't. ml'1.wll t pu•!JmfiWJW m l.u1-m~ ~.,J pwgwfiw1m 1;: 



'lAJ"'urb'iJ~, np "'r}"''iJ9bln1_ t:,"',j'"'Uf"'ur"'ujuUJ'iJ y=V a" -X~ 
9"'t:.w!ur tfnL'iilwfrw'U, ~uurw'Um'U~ 'UnLJ'ii mp'l-J'IL'U~l!.' 

' X y =- -:--;-:, === v a"-x" 
X 

--: 

y 

1-purwp/Jb'ii~ x-fr9 ~mfr,JwJ- y "''UP"'9mt:.w!ur [/nn'ii~9P"'!P h.u Jb/1 

opp'ii"'f 

6y"y' -y' -2x=0, 

2x 
y'= -: 

6y5-[ 

'}- Jt urn 'l" L fil 1 n L 'ii 2: Pbp'l_wrt opfr'iimll'iibpfty t:.bmlutLJ L-, np 

UJ'iJp J'Ur:,IUJUI rp,L'iJ//9/tmtfr mcJm'iiytml/t\ W[11fm Jb'iimft ut'l_mq mrfb

~~t'U t:.mJm"imurmufutu'Un'l tu[rclb~l!. 'lur'iiii[nL l:,tuJurp "/_bur~ L- pJtu'Utul 

'iJUJk_ X-/t urp'l_lUr} tup<fb~p'iJ t:.tuJUJUf_UJUJIUUfulU'iJrr'l y [/>nL'iJfJ.'Jfrtut/1 lUr

cfb~f!.l 

§ 12. 3wb~wgw6 ~pwltwb gnLg~~n!l wum ~6wiJw1~b :PnLll~gllw!ll, 

gnLg~W!~b ~nLb~g~wl~• PW!l'l- gnLg~w!~U ~nL'U~g~w!~ w6wbg1rnLbhp~ 

/d' b n r b J' 1: X11 ~m.GljgpU1Jp womGgJWl~ fiw'-l_wump ];- nx 0
-

1
, 

npmbq n-1!. gwGqwgm.'J j1pwl1wG }a-pt[ k, lUJUllfiJ!G' 

(I') 

u. "/_ W 9 rr L J y: 'l-p9m~ x>J: l,nqtup/t{JJbln'L Ulfl'ilUJ :p,L'iJ~9fttu'iJ, 

l[tn'Ub'Utu'U~ 

ln y ---= n In x: 

Umtu9"-"'r} t:.tu'l_tuuUJptnfilt"''ii "r'J"L Jwul!. lUJur'U9b'U~ f!.UUJ x-Jt, r:,lU..rlU

r"t""-' nr Y-1!. x-fr :fnL'iil/9/tm L-' 

v' 1 
-·-=n-, 

, I 
y =yn -: 

y X X 

U.1uurb'l urb'l"''l-Pbln'L y::-...:X
0 mpJ-b~l!.• 'l_bpl_'Utulf"''Uwulbu uurm'iitnJ b'ii~ 

y' =nxn-t: 
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l,b2ut I; 9"LJ9 UIIU[J "I' "'!'1- p~n'iiurah.l!. -6.J•zur I; h. x<O t:.unhup, b[ilb 

Jfrm t'ii xn-f!. "" IUUUJ lit. 'Up*: 
fil' Ji n r b ..r 2, ax ~m. G l}g p lU J p wbw GgJ Wl~' n pmbq a>O. fiw'-l_ Ul-

u rn p 1- ax In a, rn Jllll G P- G' 

U. Uf ut y" L 19: (nq"'rPfd.fbtn'l_ y=ax t:.w'l_"'u"'rmPtrn'iif!. , uurm

'kmJ b'ii~' 

lny=xlna: 

1-Jt:P£-rb'ii9b'ii~ UurlUy•L"'J r,lU"-lUUWpnL{d"JIII-'iif!., '.mtfmt'"t""- Y-1!. x-Jt 

tfrn'ii1J9Pm· 

l , I -y =na, y'=y In a 
y 

y'=ax In a: 

l;fi!b a=e, IUUf_UJ in e=l L. ,lb'U~ uurUJ'iinLJ b'ii~ t:.burbt"'l puJ'UtuJ.Lf!.' 

(Xl V ') 

y=ex2 

:pru.'b~y{•w'b, UJ~' ~.b·r~"'J"'9tbt.p "l'"llru P"'l''l :pn,_ t~!Jf!w, ,f,L.}/r l"~ U J[•j_w'hluwl 

,.,r't"' J/rt,e:. 

P.mpq 901 g2_ll1Jp(j ~ndiljgptU //nf__'l_nLJ' I; IUJ'iJ [/>nL'iJ/fyptu'iJ, np/t 

k_' r:.p..r ~/!. 1 [,_' lUUutp-6.UJ'iJp 9m9/tll!. x-fr {j>nL'ii~9PUI'iJbr b'iJ, opfr'iilU~J 

(sin x)' 2
, xtex, xx, (In xy, f!.'ii'l-t:."''iii'"'Ufbu, 

y=[ u(x) lv(xl=:uv 

urbu~p UJJ'b'ii Jp [/>rn'U~.'Jfrur P"'P'l- !J"L!Jf__UtJf'iJ {j>tn'UI/9/t"' L-: 

* UJ'l pw'bwJ.ft_'b "'1''1/rt UJ"I_W!J"L91_/rl I; {lll 'llfup § 5} "'Jt '1/r"ll'f! ~wJwp, 

lrpp n-e ~ ... t'l["'w'brtLJ I; wJrnq~ •)pwljwli Pr1· u,JJ (I) pwtw.lk'b UIUJ_W[J"'-!1"-"'.} 

I; /!_'t.'f~w'br"-{1 'f/r"l_j!nLif (9w'b~w9w~ n ~wtJurwutnLt f11l! ~wtfwr}• 
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fiJo L n r b ,r .1: 

bpb y= u", wu1m y' = vuv- lu'+u"v' In U: 

U. "1. w y 11 '- 1 9' (n'fwrf•{tl.fb'ir,c y lpHL'irlf9frw'ir' 

In y= v In u: 

1 , 1 '+ , I - y =V - U V i l U, 
y u 

( ' 
' ll I ' y = Y v---rv In u ).-

u 

' '+ ,- 'I y =:v u" - 1 u u v n u: 

(X V) 

U.Ju"I.Jrun'i_, P"'f"l 9111 !Jl"'Jft'ir :p,_'b~yfru'lfr mqlllh,'JJW[f!_ fJwqrf'{mJ-

1; bp~IIL qnL.fwrLL/t'irbrfr.'l' wnwlfr'ir 'f'tL.futpblfr'ir umw9"-"'-'r L bftlb 

utJ-w'ir9blfru h'irft!ullf f'lfr· nr u~'ir x~v f/>11L'ir~9/•ur l;,ffrn~ v~'ir ;t; Ullll ur Ul

ur 11 L 'ir ( utJufr'ir.J!'i'' ,;. l.fiiL -u"·1, lpnt'irltyfrut'ir '1/'urr[fr "l'"lil" m 11 mffr ~ 111 ~ 
'j, UI:J Jt ,'ir f/>m'ir/i9frw), b{,/1/'nr'l r 'fiiL.rUirbffr'b' . utnmy'{nul 1;, t.pb fr'ir(Jw

lf{!_flllfr, np v-'ir x~fr !!f.,L'ii~9frw 1; , fru~ U=Const ( wJufr'irJ!'ir' b[J-b u' -'ir 

'1-frur'{Jr "1'"/.b-u 911 t 9 l__ ut J /r 'ir ipuL'ir~,'J/tw}: 

0 I' /• 'i· "'It 3 , bf!& Y '-~ (s ln x ) x ~, wu1w 

y' ~ x~( si n x) x2
- 1(sin ')' +(s in xf~(x 2 )' In sin x co 

U.Jw'iry[wl'irbpfr npn'irrfw'ir t:u11fwl' w!" "l.'urw'llm'ip"L.r ~frl'wn4_wJ

£'lw'irw~f!_ · n['/r~ 'EL"IJ!"'J 'irw/nl~'lur'irmJ' f.'j, [~ur t/ J Ulf ~ lp "L <;,:~,9 /r utJIJr 

l" 'f w {' Jr p ,f Jti~ urJw'iryJ"'LC• : !Iml'irnl'h'ir \ lffrpwtu[rruf I; lpm~tlf9frU1'ir/,-['/.!_ 
wow'ir9b-Lfr": l/.1" [;,lw'irw~fr ~frl'utnrn.f[!_ t:w~m[u 'irzw'i.utlfmlfr"rh'ir "l.wr

'lb9'ir"uf I; t:w; tfmtlbb-p[!_t 

* ~w rZ w,.. "'l'l"tf•"P {/>n L 'I.~ofrw'ir w 'i.,f.u'i.nuf L'i. gnL!J i w ~ wurnf• G. w'bwJf•'i. ltwJ 

Ul 11 111/.r.; UJCjiUI- 9" L ff ~ IUJ/.r"j, l 
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{/>nt 'b/1!,/""'.lf• u~tl.u'l•!f.l"'/1.!.' 

f. n t .). n '- ,{, ~"'fWf'JrflrfLI"'' ttm'irn• ,f L"'u1-~' 

1 
In y -- 2 ln (x ~ - I)+ 2!1: ( x-l )-:3 In( x r 4) --x , 

v' 2 I 
~ __ , ____ _ 
y X -, 1 L( X --I) 

3 
-- - -Jr 
x-H 

( x :- I)" ,r~t 2 I 3 l 
-
v' L I 
.I rx ;-4)3e-' x -+- 1 ' -2(x-ff - x .: 4- ' 

'1-fr m 11 '1_11 1 {J J" t 'ir : L =(In y)' mpuuut:wJ"'"'-Pl"''i'f!_• np[!_ .;w'i.r-
Y 

'l-frum'irm rf I; y=y(x) iprrL'ir119fr"'tf• p'irwll'u'ir l"'fwf'f•{il.fJr urJ-m'ir9JW[{!_ 

[!_IIIII X-fr, fJIIi__'{mtJ' I; tnqmpll(HfUdjtnfi lU(\lllfigJW l! 

y=f(x) (1) 

tp,,'i,~.'lfrm, "f'/! npu ;_ '{wJ- I; "1,/'1; (a, b ) (a<b) .fJrlmltwlJ!"L.r 

( urbu 'IL· I§ 6): '1-frsmJ! f( a)=c, f(h)=d : fl1,nzml1f,,-f"Jw'ir t:,urrw 1, 

t,f.-urwqm/tlL.I ~'l-frutwp~h'ir.p ru~n'l lpm'ir~9frm : 

'tfrmwl'~b'ir.p (a , b) J'/rl_UI~IUJ.pfr'ir Uf"'"''LIII'illl'l_ XI L. X ~ hpi[IIL mrur

pl.r utpclb.e'irb[ll U.~n'l_ f/>m'ir~9frutJfr uwt:,fm'irm_.Ffr9 t:burlwuf 1;, "f bfJli 

X 1<x~ L y1=f(x 1), y~,=f(x2 ), w"l'" y 1<y~: ~burl.r.wpwp , x1 L. x2 bp

lfnL urmppbp wpcl/;.p'irbpfr'ir t:rutfm"l.wurwu/_uw'iruL.f b'ir lpnt'ir~9frwJfr bp~"'

urwppbp' y1 It y 2 i utpclb-.j!'irbp: />pmt[w9fr I; iL t.w~m'lwral! , uttufr'ir.j!'ii' 

b[J/; Y 1<y~, y1=f(x1 ), fru~ y~=f(x 2 ), WUJUI w~n'l_ f/>m'ir~.'JfrwJfr uwt:

.fw'irm.Ffr9 t.l.mlrm.l 1; , nr xl<x ~ : u.,u..,_fruur[, x-fr mpd-h.j!'irbrfr '· y -ft 
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f.uufUJU[U/UJmu{u"'"U "'rJb.[!'itbrfo J'{lp_k f.U/UUIUJUJt/_uuf I; rpn[IIUJ'fwra. 

J}wrJ b.[! f.uuf IU llJUIUIIUu{uUI"iinL{d JnL"iit 

y -fo U/r"".[!"iihre '1-fomb L" "- , rUJ.bu U/ r'lnufb"iimfo U/ rr1 t..[!"iibr, fou't 

X. p U/ l'rJb.[!"kkrl!. \ n r"'L II f/>tiL"iilt9PUI /P lU rJb.l_!"iihr, UUIUI"iinuf L"ii.l_! x-e 

p "rUJ.bu Y·P f/>m"ii't9Pm' 

t~. 66 

X=<p(y): (2) 

y = l(x) f/>uL"ii't9P"'tP f.wJ"'r "'!'1-
f/>nL"ii't9P"'"ii 'tnzt{mJ I; fiwl1uupupo: 
ll't"iif.ut/"' 1;, nr h y=f(x) f/>nL"ii't9P"'"ii 

i z x=·r-( y) :p ,L"ii'tHP"' tP t."'J w r ""''t"'
'J-Uira. 1;: 'humL[nt{ f.utJUJ"iitfUJ"iJ J.kn'[_, 

ltiUrbLfo I; IUUJ•u9 uL,'JL·l, "r k "iit{un-[n'L 

!p nL"iiltyforu"ii '" 'itp r..wltm'fUJrdf!.: 

IJ. pIn II 'I_ n L p t n L "iJ 1: lln.UI"iJ{/ Ulll[IU,'/IIL9bf111. 'i.J;_b'i.J./_!1 nr bf>b 

Y=f(x) wfin'l (l1unf Gtj_wqn'l) ~nLuqg~wG wGeG'lfimm}; [a. b] litum
tj_wi)nu.f, eGIJ. npnu.f f(a)=C, ((b)=d, tUUjlU tiutl{tul}mpt\ :}>nLGqgflwli 
npn21Imi) k h mlieGqfimm k [c, d] 11tumtj_ut~)mtf: 

0 P fo ~wIt 1, 'J.[:,'J"'-1! rnp1wJ- I; Y =X 3 :pn .. ~¥rJ[ow~z IJ.J'l :pn .. ~~9fow~, np~ 

w-G.n'l I; -X><X< :· :o ,!{o£wflu'Jl!"LJ, IIL1•/• f.p ~~u~w•twf'J.l'• X =VY (~~. 67), 

t~. 67 t~. 68 

hlfiUinb"ii.[!, nr X=<p( y) "o...U"UIIJIUrd f/>JIL"ii'tsfow'it nrn"iit{nLJ I; y= 
=f( x) f.UJt/_UJUUirnLJf!. X·p "iJ'tiUinJuufp ['ILdJIU'i.J f.w'itiUUJIUrf.nt{t 

0 p {o t w 'L 2, '1-rfl"'·l! rnp1wJ- I; y = ex !pnL ~~~flf•w'b: fl.J'l :P"'-~~flfow'b w6.zr'l 

I; - O::, <X< + oo Jf>£w~LUJ[!IILJ: IJ.J~ IlL~" r.wf[LUlflllf'J.[!_' A= llJ y: ~UI~UJ'li.Uf'J. :pnL'IJ~. 

fl""'·'" "P"2.r"'~ "'rL'"LJfJ~ ~· o"' Y< +u:., ("'~· a8J· 

10! 

~Uij.[)IILJ II} utf.n'l /; 1 Ill_ l;l "iit{ut'[ll'fJ UIIIfUI Ult"ii "111[111'[ I; m"iib"Uutl Jp 

.f_!IU'zip f.IU'tlU'f"'rJ. f/>m 'it't9PUJ*: 

0 p fo ~ w ~ 3, y= x2 :p .. ._~~flfo""~ "P"21"'J- I; ~oo <x<··'-= Jfot"'~"'Jl!"'-J, 

U.J~ n l w-G.n'l 1;, n i ~1"''l"'l h. i nL~f r,"'~"''l"'Pal'' lJ{Jb rlb~l! 'lfornwp~b~l! 0 .·:::; X<+= 
Jfotw~wJl!l!.• w•'lw w 1urnb'l :p .. ._~~flfow~ wC.n'l I; h. ~•pw r.w~w'lwt•a :j>nL~~flr"'~ 

~~{o~f•' x= /"yr /•u~ ~co<x<O Jf>£w~wJl!"'-J :j>n'-~~91'"'~ ~1"''l"'l I; h. ~P"' r.w

Jwp r,...,~w'lUif'J. I; x= -J>' y :p .. ._t~9[ow'h (tft. 69): 

'J. p, n 'I" L fd t n L "ii 3: Gflb y=f(x) k X=cp(y) f/>nL"ii't9P"'"iibr 

T"P'""'""''l-"'ra. L"ii, "'Uf"' "iir"''it9 'fr"':Pfo't- ty 
"iibrl!. Jpk"iim t'it 'tnr'it 1;: r:"'t9 b[rJb f.ut'tut-

'1-"'ra. f/>nL"ii't9P"'!P "'l'Lf"LJb-"UUJf! Jb"ii.[! "iin- I 
rP9 'it;w"iiut'tl."ii.l_! X·ntj, pu't f/>nL"ii'typut"ii' 

y-n'i_ L. 'tutn.tiL9 b"ii.[! "iir"'"k9 'lr"'lf>P't'itbre 

J'pk"iimt"ii """f'lfo'itutmUJtfo'it upumbJnLJ1 

"'Uf"' 'ur'll.'it 'tumut'itw"U.[! br't"L mu'rPbr 

'lr"':Pfo't"iihr: 

~b;m I; mbu"iib[J "r IUJ'I 'fr"':PP't"iibrf!. ::; 

upJbmrfo't 'ttfo"iib"iJ UITI.ut2_p"iJ "llllr'fft"UutUIUIJfr'~~ t~. 69 

w"ll'ttw"ii 'tfou"r'l-P "ii'tut~nJ"utJp: 

Opfo~w~ 4, t~. 68-"'-J ~"""-"'-91wJ- &~ y=ex (~wrl X= lny) h. ~P"' r.w

~"''lwpJ.' y= ln X :j>n'-~¥rJfow~bpfo 'Jpw:j>H't•bf'l!. ' U.J'l :j>nL'b¥rJfow~bp£!. 'lfornwp~1bl 
/;fo'b opfo'hw~ 2-nL.ft 

llt"ii,Lf.kmk "'Uf"'ymyb"ii.[! Jp pb,rbJ, "rl!. pnLtl I; InUifpu 'lm'itbl 

y=f(x) f/>nL"ii'tyfowtf' IUdUJ'it9t'ull!.• pJUI"iJUJlntf f.ut'tiU'J-mrJ. f/>m'itlt9PUIJP 

utdw"iiuJU1ff!.l 

il'hnrbJ: bpb 

y=f(x) (1) 

X=y(y), (2) 

np~ qpmrurlt~nq y qbmnu.(' nLufl fl'(y) wowGgJwl, np~ wwppbp 
k qpnJPS• unqw fiwuwlllrumruuJuwG X qbumd y=f(x) ~ndiqgpwu 

* lf{o -~'f .. J /u, f!.'l.'l'f~J.'IJ/!1 np Junubfn1 -J~ J..,ufo'l., np J•f!. !..·fo :j.nL~~9"1M 

1;, .tl~e r.-u~w'bnLJ b~e y-f.o Jf.o..,pJJ.I! lt."'JunLJf!. x-fos• 
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I' u1li wl\ LL£!: 

f'(x) = __ I _ 
cp' ( y) 

(XVI) 

U./.'"'11"""/• /, 1,JfnL ,,,,,,f.,f1,,1, 1,a Ipm"ir119p,"i•brfr!J ,fl,fJI, ""h"~.'l

tm£1! -:,,/,••wr' t- J'klu! 1'""/w'i.,,J "'J'I- f/>m"itlf9pw'itf,1,p,'1 /,,,{/["'1''1/' 

m.)w~!IJ"'lP o/i"" X-p J, y-p f.wJ',,"i'uurwuf,w"i, '"l'rl/,.p'it/;pf• '1-''''I.J!."' ,r*: 
II."' Ill .'1 II I J .'!' •l,br.'l"i,L'it.f! i:.y m-6.c. UIJ'I ,,,, ''l.f!""r (:! )-/• f.u,lm

a,,,J~ 

tl X ::::. '-i- ( Y + ~ Y)- :? ( Y) t 

·f.w~Jr "f' t(y)-J! ,f,~nmn'it Ipm~l/,'JP"' 1;, "'"fLU ~X4=0r ll•t,b'it.f' f./;,. 

it. JUt[ 'itm.1'it "'fill"'-<;,£!' 

1?m~J• "/' ·~ ()') :p,,_<j,JJ.CJ/""<j' 

(.'1) f.mofw""'l"" frlJ"'~ br~"' 
fJ II IIIUI~IUI~.J> \ 

. I 

ilv 
-.. --=.·_ ::::::.=::-: (3 .~ 

w'ite~,,;;,,, (, ""'/"' :.x --"•0, ''1'1' ~y --• 0 : 
,/',,,,, ,)' m'i•:J"i,J,l'"' ,, ;;,r ,,~, .. ''1'1' .J \" - .• (). 

Vx=-- l . "'( 1 I"''' l X' =--=--, . x:, 
_, '/( . l 

"'J"J''it.J!.'it' "'""'!l"''it.J! XVI ,,,"bwi!l•f!' 

'J·t· m" 'I" ·I" J, I "it: o.,m.fbl'"' J.IUIJ"I •'J>m'i.J/.'1/•wJI· ,J,~_'J,}',"j, 
,}' wnf/i, fill,, l'f,rJ'.'I• \\" I l'm'i,,(!,/, {' ~"' /'/; Jl• ~ •· tn,.,.-,,, l , l""ll ,, . ( :?) 

;;,,,,,u,l"" friJ"''i' 1,/.JI"'· ''"'"!! ,,,},"i,!II'~.J' I!"'" X-/r, r:,,,r,l'/'1"'1 
~ - -£! x-f• .'f.,,'i.JI!Ii""' ,,,tn,"i,,'it.e l =i(,· ) · y~. "rml•?I•H 

* (i['[' 1(/,'J1p '! /'"''' J,'j,1, !'(X) J1,,1,{ y: • "'u/'" J•'J,,,,, 'h ut ,( /, •,,p , "!' uu\w'I'.'JJUIJf~ 

~~~~ : 4£· 1[,, /•t'!"' ,u~•*wfu •/•n•f•nf"''''t"'<r' •f'·f'.'l'/'"'1 ( \ · f'· f"''t '·rr '[/"" ,f f,',,r ·t ' (y). 

J11uJ \;- , IJJII[UJ , jf,"jl j J Jl'jllfnl 'j_IJI I ,f 1.~'-/ '• llf' 111~111°1J ,rf .f111f{' ~ IH , .. Ii'•f/111 nl
1
11 fft11/tt ,,,IJ,III,IIIII 

IJW.,,I ,,.,,/!. ,,WIJIIIIJin L rl { y~ ,n ~,l,wml,<j,.,. ' "I' e" ,, Y· l• , ,) Ill.,, :1 }, I " I .'/ .; J. Ul ,, 

, I' f. !/ n t.. ,I !} I; 111 I' •/ IU *}- (X. \ l l } I' "' "11 111 ,\ I, /• u• ~, ,{ 111 11 11 L ,/, "I b ur i' ( y- /r 
'i' , /u Ul r l, Cit IU I, 'I Ul 'I , /, I ! I :X ) l 

!06 

1/urmyw.) WJ"fJ"'-~.f'{! wiJ~IU""' 1/bl'"i"o/ u/wurlfbpwy•[uuf t· ''I'/II""-

J..wo[111/1/;'ia '1-frurmrlii.~J> y=l(x } :P~~L~df9p"'JP qpwi/>P'JC! /~~~;, 
1

7(;!,: ~:~ 
<_ < I < l x---(y) .<l.,L~I.,,.w(h •trw:Pf1'J~ 1; , npur 'l n I '1- I £! 
UIII. JU f11p{! UIU L -- ~ 'f' "fa , ( " \ 

'1-P"''"l'~"nuf I; l•t•r"- :p .. L~I,ypw. fr'''' Y-l! nr
"1 lw w ~.llwfu t/r 11 t/r 11 fu ,//"' ~ : '} p rn IU Jri/L~ .J! W !'1-

1 I 'I; H( X V l ltburu: U,JII l1buruuf [llfl IIJIIL J V\ I J I L I; 

~~~rfr ;n;_w•f"''lP 'L""l'f,,J w~IIJ"L~~hp£! oX IL 

oy wnw~y.j_!~hrfr ~ 'II'W'JW~I IIL'/_'1"'-I"J"L~~brfr 
>.bur ~zw~u.llb~J' • f.wJ'w"lwurwuJ11•u~wp.wp, 

'3.-n•J IL B-•,J: :uJw~yJwlfr LJ''Jr'"twtfrw!Jw~ 
~ z_ ... ~w~m fill'"~ J'wuJr~ § .1-f• mr'I-J"L~.J!~brfr 

f.pJ'..,~ •Jrw m'itb~.J!· 

{'( x)=lg o, (4) 

1t 

'L~. 70-py f.burLmJ' I;, "{' b[ilh a.< 
2 

' Ul"fUI 

1t 

0. >-- 1 w"{W 
2 

yw'it~wyw.) 'fb UJ.j!IILJ' 1g?=c1g 0., 11 rurb'[_P9 

lga.=-1-r (4 ) pw~waLpy urb'lw'l-rbtno/ 
tg ~ 

urtufiiJnL~~b{'(!J UuriU~III. J' b'i,.j!' 

., ) 1 
t(X =--: 

cr' ( Y) 

1r 
9= . -O.t 

§ 14 • .l.w4WflW(l~ tmwllliJnLllw~wlflwljwll :pnLlillgltwbli(l[! liq b(lwllg 

wbwllgnui[! 

.1) y=arc sin x :p, 'itli!Jfr"''it : 

'~'·f·"""r~b'it.J? 

x=~in y (1) 
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1;, 'hrUJ UJ1,Jb.p_'hhrl!. [y'hnuf h'h -l~x~ l t:.~au.rj~ad-1!.' IJ, u"'r x=sin y 
/f>nL'h~[JfUJ'iJ nL'hf /:,m/fiU'fiUf'(J.f!., "['/!. 'hzUJ'htuffnUf b'iJ IUJ111•fbu' 

\ o.~ '-':'.ti,U 
'i~. 71 

y=arc sin x:* 

l!.n lf>nL'h~[}fUJ'iJ npnztfwd- I; -l~x~ l r.~au.
tj tuJnuf , 'hp~n ~npclh.[!'hhpf!. l.'J'hnuf b'h 

7t' T:' 
- --~V~- r.UJu.tjUJJf!.: bit. 7 .1- nuf y = 

2 • :2 

z =arc sin x q,,_'ht19t•"'tL• qptuf/>p~f!. "imu.~b1,jmJ 
L {iJUJt/. qJntf: 

fil'hnrL,i 1: arcsinx flll.li~gl•mJr 

bp b y= arc sin x, wo1w y' 

1J.IIJ.w9"LJ!J I (1) r.~aqmumprn{t!J~a'h r.pJm'h tjpm qu.'hrnJ b'h.p_' 

x;=cosy~ 

£: u~n t:.<u~""flU 1,a lf>n• 'h~yptu JP UJJUJ'hgJ <u'h li'u'bn'hp 

r l l y,=-=--, 
x., cos y 

nLuur{t 

' 1 
Yx= V J ; 1 

-x 

IJ.pJmu.p[J UJRUJ l_ tfbf'[J''"'-" f; "flJIILU 

f/>nL'hlfypm'h "'l'clb.p_'hbr I; l!.'h'pn'hmJ 

f.hudLUJpm[' , COS y )-Q: 

0 p fr 'b w ~ 1, 

y= arc si n e', 

* "i t b'be, np b ,w'b/l.fnLhwi_wfnLPJnLhf•!J :,wJm'bfr y -.=afC Si n X f,w{_wu~.apnL
p JR L hf!. ( 1) f, w{LauwpnLp JWh tf/t WJl 'fp b [w J. /,.'b tr lJ.J'tmbq ( m{JW[ X-/• 'fbU(_.[!.nLif ) 

J -f!. 'btw'bw~nLJ t WJ'j, t.a'b~J<IL'b'bbpfr ptu'lrfnLfi'JnL'bf!., np[• ufr'bnLUf!. r. w{w•wp t 
x-fr• 
108 

1 1 I 1 ) ' 1 ' 2 · --;:-::=== -· = -2drc sin- - ---::c===-y c:.~ arc Sl fl ~ v( [ \ X X xy X~-- t 
1- -

x2 

2) y=arc cos x :P m 'h~yp~a'h: 

/•'iJt_ "fUU f.. tjhpf.. rtLd, '[/rlniUfffb'iJ.p_ 

X= COS y (2) 

lf>m'h~.'IP"''h b. ''"'""' 9h'h.[! 'hr~n 'f['IU:Pr'tl!. • nuzrz"L"" O y UJnUJ'hy.p_f!. 'lb"ir 

tJ.hr ( 'il~. 72)1 u.n q,,. 'h,19t,,.'h "r"z"-UJJ 1; I 
-oo<y< +oo ~n'htJ.hrl Jfr l "'~"'l./J"uil Q,;:;;y,;:;;'lt 
r.~nwtj~nJnuf X=COS y tp,L'h~yfrw'h 'hrfmqn'l. /; 

It nL'hp t:. m~IU'fiU['(jf!.J "{'/!. 'h z m'hm~nLif b'j} IUJU

"fb u \ 

y=arc cos x: 

U.tu f/>m'h~sfr<u'h nrn2.'JmJ I; -1~x~ 1 
r:.wu.rjUJJrn d l .'bm'h~[JfUJif ~nptlb.[!'hhrc L!J'hnLJ 

b'h 1t)-y ::>O t:.mmtjUJ<>f!.l t11. 72-nuf y =arccosx 
lf>nL'hlfBfLUJf qpmlpfr~l!. "fiUU1~br•f~aJ I; {Jmtj 

qJntj: 

fiJ' b n I' b J 21 arc COS X 

l 

' 1 
bpb y=arccosx , wu1m y =- V

1
- x / 

x~ =-s!n y : 

' 1 1 1 Yx=-- = ---=- 1 

x)r sin y }I 1-cos~y 

1 y:=:::o- I 

(1-x~ 

(XVIII) 
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sin y=V l - cos2y 1\uufwuwl'ntfr!Jw'b J'h2_ "'J'J'wrnfr UIRIII 't_ •JLr!l'l"''f 

t "illmu 'bzw'bl!, .pw'bfr n 1• y= arc cos x tf>•n'b11!JP"'JP wrJL.p'bhrl! Jl!!r 

'b111J' b'b O <~. y~r: r.wu,jwt}l! J, , t:.h .. L.wpu•t•• sin y ·: .Q, 

0 £' fr 'j, IU ~ 3, 

y= arc cos (tg x), 

y'=- f l-t g 2 x- (tg x)' = - -Vr=;:.l=tg::::;2=x=- _c_o_s~-x ' 

.1) y= <HC tg X tf>,,_'iJ~9frw'b : 

'I- fr ur "'I' Jib 'b .p 

x=tg y (3) 

tf>•n'b~sfrw'b /, ltwn"'- 9h'b.p 'brw 'll'"'lf>HI! ('b~. i .'J )r U.n tf>m 'bll!lf•w'b 

"l'nz1_wt} I; y ~fr P"l"l' "'rJh.p'bbrfr 1\wJ'wl'• P"'.'IP y=( ~ k -l- 1) ~2 ( k = 

- ~ 

=0, ±L :::: 2, . .. ) wrrfh,ethrfrsr -- ; <Y < -~- J'f, 2wl1wu"'"r x = t g y 

tf>n~.'b~9fr"''b 1116.n'l I; b. m'bfr 1\w/i"''lu'rd.e, "1'1! 'bzw'bw~u,i L'b "'1""1/;,' 

y =arctg X t IJ.Ju lf>~~~'b~9Pw'b nrnz•Jwt) I; -oo<~x< T OC ,/}• 2_"'~"'£ .[) "' ,) , 

1 y IT ______ z ----·--- :hn,_'iJ~9fr"'Jfr u•rJL.p'bbrL' 19'i,"J' h'b ---:2< 

1.~. 73 

~/, ,/,wpwr, 

' 110 

<Y< ; J'ftr"''J"'IJ>I!' .,_,,,. I.'J.,,,,r y= arc tg .x 

lf>m'b~yfrw !P 'II'"' lf>p~f! "!"'"''"' f'""'J {- {J '"'/ 
'lt}n '/ 1 

fiJ'/, nl'luJ' 3: arctg x ~ntlift911UIJI' 

m~wGgJtU(J:l. liunlmump I; 1 ~x/ WJll!diJdi ' 

1 
b"'b y=arC tg X, Ullli U I \." =-- - : ( :\ JX) 

~- · • · l-1-x ~ 

II. "I Ill 9 , '- I !I' ( 1) ·~ ""i ""·',I' Itt !" !'" 'b 

x~,===--: 
· cos'y 

. 1 2 
Yx=-;-= COS Y• 

Xy 

I"" ! .'I 
., 1 

cos·y=--q-=-,- .-.. -, 
sec·y 1 -,-tg y 

IUJ.Ifll.l 

, 1 
y = --: 

1 +x~ 

o,.f.~·JU'' '• 

I 
\' -l (Hc t g- x}J(arc lg x)' =~o 4(arct g :x)3 l-j- x2 ' 

.f ) ~ '" ' :1 rc c tg x :f.'" "~"1!11"" 'b : 

'1-Jw• w r'''' 'b J' 

x = ctg y ( 4) 

o<J.nt 'iJ//911 Ul'iJ I 
U,JU tf.n,_'iJ~9/11u'iJ nrnz_,jwt} I; Y·fr pn[n/1 111/'J/,.p'iJhf'fr 

P"'!IP y=k'!t ( k=O, ± L ± 2 •.. · ): :hn~.'blt.'IP"'JP '11' 111 lf>He 

'fb "l.P."' J' J 

"l..,"'''"r 
•Jwi} I; 'b/1, 74~uuJ': O<y<-:t J'frl"'~"'!.Pn'- J' 
X=Clg Y tf>u,_'b~.'IP"''b 'b1_w 1l"'l t b. n1.'bp 1\w

//w'lw/'df! , nrl! 'b ; w'bwt,,,_J' b'b' 

y=arcctg x• 
Z,Lurl•wpw1,, '"J" :f.m'b~9frw'b npnz1_UJ,} I; 

-oo< x< + oo ,fp2wl1w 1.emJ', ilrw "'l'Jb.e

'bl.rl! L!l'b,,_J' h'b O<y < ..: J'fr2·u~"'JJ!I!' 
/J'I,,rh.r 4, arc ctg x ~m.filJg)lwJ~ 

wchuGgJllllP- liwtl_wuwp }; - -
1
- .,, lUJU~Iil!li' 

I i <-<: • 

bpb v=arc ctrr x, UIUIIU v ' =-- - 1
-. (XX) 

; "' -, J 1 -j- X ~ 

lJ. "flU 9 n 1. J !I' ( .J) -p9 umw'bnuf L'b.p' 

:,LurL.UJpwr, 

!l 
2n 

. -------- ---------

---- -----~!------- 
' . .T•ctgy 
f y-.arc:tgr 

-----< JT 

~v --- ___ -:..~ ____ ___ •. ::.:-::.-: 

v ~= -.s ln2y=-- -
1--=- - --- -

• · cosc c2y 1 +ctg-' y 
Ill 



, 1 
Yx=---, 

1 + X2 

§ 15. U.ilwllguwll fi~ullw~wll l!wllwollt(l~ wrunLuwlt 

U.rJ-J' 'iJwfun r'f Uf.UI pwlfpwf/>'i.Jbpnuf 1.11 pUJwJqwtJ pn fn r (,pJ''i.Jw~w'i.J 
WJUI'iJsJ'w'iJ pw'ilwa/•Upf! k ~Ul'i.Jn'i.J'i.Jbrf! J'pwqnpb'i.J.[! Jp Ulfl!nLUUI~" J'h7_1 

IU 

y=const, y' =0: 

1 y=-, 
X 

y=sin .x, 

y=cos x, 

y=tg x, 

y=ctg x, 

y=arc sin x, 

y=arc cos x, 

y=arc tg x, 

y'=a.x <L-1, 

' 1 
Y=---=• 

2Vx 

, 1 
y=--1 

x· 

y'=cos x, 

y'=-s fn x, 

, 1 
y=--, 

COS 2 X 

' 1 Y=---vr=xa· 
' 1 y =- I 

.V1-x2 

1 
y'=----, 

l+x" 

, 1 
y=arcctgx, Y=---1 

1 +X~ 

y=a\, y' =a' In a, 

y=ex, 

{n'lwrffiiJ'w~w'il [/>m'il~sfw' 

y=Cu(x), 

y=u+v-w, 

y=uv, 

u 
y=-, 

v 

y=f(u), } 
u=<p(x), 

y=llv, 

y=ln x, ' 1 y=-: 
X 

y'=Cu'(x) 

y'=u'+v'-w', 

' '+ , y =U v uv I 

, u'v-uv' 
y=---

yZ 

( C=cnn sl ). 

b[ilb y=f(x ), X=~(y), np"'b'l f-e iL 9-'b t{mful:,w~w'fwpJ. t{niL'b~-

9fw'bbp U'i.J 1 UIUf.UI 

8- SlJ 

i'(x)=-
1
-, nr"'L'l y= f(x): 

Cfl'(y) 

X=<f(t), } 

y=~(t). 
(1) 
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"rurLrt t-~• l''b'lm'i,,,J' I; jT1 , T~J t:.rumrfUJ,jm,f Ufwrm'hrull'f"'l "'l'J/,J>· 

'irlirt t-Jr J'tLf'UI.J!UI'hl__J"Lf' mrJL./!Jr'b r:,,,JUIU[IUIIIUJU,IIUJ'briLJ' h'b .(-/r L ~ - -/· 

,,1,JI.,e'bl;r ( cp-'h /, ·~-'b h'bfrl ... ,_,,,,_,r L'b JJrwrJ!t ,p :p,_'bt19J,,'bl.l')' 

f;{r/1. X f, y "'1"1/i.p'b/irf! '1-P"''ih'b "l'Ufhu O xy ~""1''1-Jr'bruuuu/Jr'b t:.ru1r· 

frl,friJw'h rJr•u !lim/• II""I''IJr'bwm'hhr, "'Uf'u t·/r J"'l'u'.J.!w'htl"'l' "'I'J/;
.J>fo'h fft:,1111J'II1Uf1n1t1UIII,IIIu'iJJr t:,IUflfr/m {tJ jUJ"jl "['112_1J.Jf/Jr fffu11 : Gf'f' t-~1 rfrn• 

•/u•/,•Jm d J.· T 1-Jr.'/ J'Jr'bt_L. T., , UIJ'I IJI.m[! ;:;"'l'{rlrn{riJur'b •/i•tn 'I'Juuf I; 

, 1,1.1; ~"I'' ( I ) ::.w,fmum1und'h/;rl! 'l"l'l""i' l.'b '"J'f t1,r/• utu•ptu•l'hmptu
l!tuG fiulll\Uulllpnul'lihp, t-'b ~nt_1_uul' I; upuptml'bmp, Jru~ lt"i'/' "'f'"LIJ'f' 

( l) t:,"'''"'""'l'"' .J~,/,1''"1 1/"l.'i"'-J I; UJWpwtfbmpwqwG: 
h'kfrl"''ll'h'b,v, wJ'b,.;:;f,urL., "I' X=f(t) :f:.m'bii!IJ•w'b m'bJr t:.uriJm

'lwl'al!' t=<P(x): U.J'f 'lLuf.pmJ, "'~~·"-"'!"' I;, Y·f! x-J• :j.m'hltsJrw'b I;' 

(2) 

11./u"'Jr"'"'· ( f ) r:,,,,UIUUI['"' rl"'bl.l'l' Y·f! "1'"2."' ,)' /,'j, "I'Uf/;" x-Jr fm'hlr 

!/Jrw, L. UJunrJ' /,'iJ, "{' x-Jr y :p, .. 'b~sJrUJ'il "''"'"'')'I; .,,,,,,J"bmr"''t"''h 

II 

'1 tD 

Ul - ;:; 

21 

mlm.prr1_: X·/r,r/ y-Jr ur'irJJrt_mf[m"ir 1/wfuJm'b 

yc--=f(x) IU{'Uflllt:,IIIJUitiL{JJnL'h(! lllnUJ9'lnLIJ' I;· 

(I) t:.uuJtuururrruf'bl,rJr.'! t UfwrruJf,nrJr mr

"''"-1? ,J'ru'b bru"ir"' "/'u l't:," •/t 

''"rL·rJr "i'urmJ'!.-mrm~w'b "'!'"' ,}"l! 

1mt'hnrh'h ~/rl"""'l"' ,f I; JlrJ,"''bJrlt"'I"'-'J': 

l:filh Oxy r..wf•{riiiLfrlt"''h JLy_ zmr<lrJ, .. J 1;

"rl.!; 'h,tm {rlm~m~r 1/l"n [,_ Jbr1 :,,u!ur'bJr /,'b 

t1nnrltJr'biUIJIIIIJ/I'il IIJIIUJ'bsJ?'ilhrJ• t/['111 IU_(IJ 

,,,,,,, "ff'IIJ'J~.'IIIIII'hbrf• z•urJrfru'b 0f1h'h.J!"i1bf1f! 1 

X:=<p( t), l 
y=-= ~'(t),f 

(!') 

llf'U,/IIj 1· ';, .f 1111fm'irm~'iJ /;, IIIUjiJJ ( J' ) t:,,,,,,IJIUf""-J''iJ/sf'(! t:,,'iJ'JIIIIIU'jlllr.lf 

/,'iJ ;111f"'''"'f fthmjr t:, /,IIIUII[d/1 11fU1f1U1J'/;urf'Uiff111'iJ {:,UJI,UJUUJf'IILJ''iJf.f'f!l llt'f 

r:,,,,, II Ill , ..... J''b ,, ''''!/ ,, I',,, J!"b I",, t "'"' r ,,fbur ['/!I ~UUIUI'bUJ 'h.v t:.l.urw

'I<>J· r.,,,,,,,,l'""rl' y :-::: l(x) ,,,,r F( x, y)=U urbu,enr/t 'rjrmrur4b'ii.J!' 
opJr'bml[. "'.(""[/•,/• /rr'h•t/'1'· u 

b~•'f/'1" /1/"',~ LI pL·,.f- :. LmuuJ/,)1' h m~.ll,f"'~' "'"JC'/!.• "l'l'. 'hbm4wJ· I; J 
rwl,..\l"""1,tunfl' \ '

1
., "'P""I"' f'll""'l' ;nf'f"t''~""ll'u"t, :"'JHI1n'l fr~f.C,•wflfr"-fr9 (o'lf. '1/J

,{,J,Jf'" LfJ.t"' ..,,r t1, 1,/, ,,, 1 .. ,,~,,,,,.,,, 1 ) , 

f.", ,) n 1 ,f : •/,!•f':I'J,J.- ·,,.,. 1!""1"1/'~"""''I~J.,I'/' ,,,,mL,f'b WJ'bUf.Lu, /r~1_Uf_4-u fi"LJ!J 

I, "'/"'"'') "1,/J · ;' .} _ ," ,r , J,•j,fJ•u'/1'1, 1,,/ , "{' /• ~'l~5,,f/f, "l' pL-,1~ 'bL·mnLJ t" wJ'b ulw~fr-;, , 

J, j,,l' 111/1• ~""" n ' ,{ ( l ) ·.: ,, ,. ,,~'!}-1'1' : 1/J/i,:.,w.lm 1 . . "I' phu.[• ·~"L'f.'l"C,,..,~,u~ mL·qut•Jn•

Jnn•-f'.t"' ~IJ!. fJt/•..,11 ~ IUI,IIIIItupiUi_IUILII \'O .) WJJUIUIUinl .•l, UI[IW IJIILPJWJJ~' 
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'(Ju.'llfn<-f/ J"''j, nul/• '" '1'1/.-!1'"-fJ J"'''l' 

/1"'1"""' ~ "'.1'"''" r,/, ,.[,J"'l l'"''j,,;;.lw•J' 

(!_"b~~ln'l_ p/..-j,/1 UL 'l'l"''l/• .of ,/; '/"''''" furrL fl.t rlL b;_~ 

)! I ~ 
-- -: 

2 

' 

~ 1.[ '1. \ . ,.. / •/• ·,/, fl.fUr/"['"1. fiJ .fn L'itll /, [,;'/'/'.'/ IJ"'f' -:,Ltlr£wJ•WJI, Jw 1 w 11 w..,_' ,'f"'"'t.UI[JUiu UJW"' tH J' • t I' L- 1 

u1 w ~ w.rur•//• ~l.ml•JWL t•wC,,wJ.£n1' 

)! t c 
X -:: . .:.. \'

11
t , V ::::- \ ' - ·- , 

. . " 2 

~w•Jw"Wf'"L'ru£- ;,1!. : t. 

X 

'"'""'""'["" "l·a 'T'"'j,l;'j,l' t " " -- .- wp 
\0 

JbN!. lr. , 1.-, .,,L-'I"''Il'b'lll' Lt'~P"L''I ;; ,,,,,.,pJw~• 
;:, /; "'"''IJf- r,,.,4 wuwpn<.J l!. ; L-.,[, J"' [ J[,,.,j' 

1(L J, l/. .1'1 'l·b"ll'"'-'f ~uww't•w'i.4' 

1/m "l"'l'"'l'"Lf' ;; ,,,.,,nlu[rnLJ'j, 1; , npf!_ nL'i.[• M(U, )'0 ) 'I"''I"'fJ, /~'j,'l npnLJ Oy 

"'" u1'"tJl'l' tlwnw,(uLif I; "C'"f/;" U["'pwpntf• uf-J~mpf-w;f- "'""''j,f/1! 1 
, 

1/pnzb~'l' O C r.wan4w.)-f- ,(L,)nLfJJnL'hf!_• C ~b.nf- "'l"'9""1! 'i.2ur'i.w~b'i.~ X-•uJ, 
•;,rl"'"'b~./!1 "I' "'.1'1 ltLmf• Of''l"'j,"'"'l!.' )" ==0· Sb'l'"'lr"t"" 111 .1'1 wpJbl!'i.!.rr. ""''""l''P 

l',•;,,ai.f- ,fbi, ~n .. 'i./-.~,.,,.,1!' 

(; I' t ., ~ . .,,'I f• ,l, Sf'""'~ I; ll'~w'i.w'l{'~' npf- tlL- ~w•pu'hf! ft'"'l''lf-'uwm't,bp(• 

, ll'll'.''"'~t.-, .. ·,, I; 1r. 2.uo, w•/f-'1[!. r, "'''"'""'P I; r-1- ('i.~. 76), 
l:a·~w'hw'/•)/• "L'''I; 1\\(x, y) ltbmn•f '""'l'"''~ zwnw-f•in.J [,_ Ox wnw'h:JI!'"' 

4.,.,1,f,juu) ... ~.~ ,( "' '~•t• ~. 2 ,'i.ur~bue t-u•f• 1/.J'f 'lliuumLrf ll'~"' ·;,,,l ,>f- fl"'~'~"'9"''~ 11b'"f

t1,,,1,1pc;,wm"t11,- 1,1~ ( "l"'f''111{burpfr Jf.tn 9 n•/ ~Wf•mw~tuJm•Jb-;, :, bmhJ"'l 11/;l'ul' 

x= r cos t, 

y = r s in t, 



'J.pw'bl! l;l r.h'b9 2r~w~•wqJr "fwpwJbmpw~w~• r. w•fwuwpnLJ~,&p'b h'b, bfl& .(/;~,1' wl'l 

r.w1UJUWf'(JLJ'bhrro Ul['tnUI[!Ub~lf! t ')<'fW['UJif/;tn['f'_t WU[W ~UmW'iJUI'iJ[! 2f'i.W~tU1<f<~~l ·>UJ

.fwuwpno .(f!., npf!. U[wpnL~".uf[nL,! I; Jf,.uJ~' X L. Y• 
·flwuwftnL"f pwpiJ.pwo'bbLn1 u[wpw,fbmpw~m'b r.w1wuwpnLJ'hbpl'. L. qnLtfwpbf"'/ 

1fUI~WLJ ""'/!\ 

(1) 

X= a COS I• (2 ' ) 

Sli'l'"'ll'bln1 UIJtl WftlnUJr,UIJmnL£1 ;nL'h[~ (1} r.w1UJ

tllU[tJw'b Jbj_ L. {u,.nwpbf"1 w'br.pwdb~ur fJ.L.u~tfrn

fttnL£1 J"L'b'hhpf!_ , ftumUJ~tUJ'bf! 

)' = b Si ll(, (2 " ) 

r, w~"lf"'w'hnL,f /;'b /;tf•utuf u[wpunlwmpwftw~J r.u,1wttwpnLJ'hbpf!.• 

fl/tUf''fUif'W'iJb'iJ/! t UfWf'UJ.fbmpf< bpftf'W'z. w.frwftw'iJ ,II,WUtnf!_t 9-.tb'iJe bpftnL 2f'i.UJ

'iJw'/Jb·(l1 npn'b!l f[b'bmpn'br. 'l'"~"[nLJ I; f[nnp'lf~twm'i,bp[• uf[qp'bu,f[bmnLJ L. 2WtlUI-

1/•'l'bbp'b b'b' a tiL b ('bft. 71)r 1-!·.'I"L{! M(x, Y) ~""'"' e.'h~w.~ I; l;ffUftlll •fpw, """-

8-"it J/;,t 2r£w'bw'l.tf ftbuo 1;, np'ir nL'hfr 'hnL;'h wptt

.'1/'u£!.1 f~''l. np N\ f[liml!.' 013 2UJtLIU1'ff ~wqrfwc'l- w'b

ftJ nL'bf!. Ox wnw'b9l!f r,/;, ~'2w'bwltli'bl! l - n1r 9-<tw
'll'f.'l w'hJr£w"Lhu r,l;,/,nul 1;. 

"\=OP= a COS I (rim (2') r.w•/w,wp,LJ~, /;) 

CQ = b sin ! r 

(2") r.wqwrHupnLfJJw~• r, /,fw'b rfpw lrqpwf[w[J'hnLJ 

/i'bl!, np CQ = Y1 UljUfh[!'b' C!\\ nLtltl,'lf!. qnLqwr.lin. 

1; Ox wnw'hol!r"', 

~/;urhwpwp 1 (2) r.wrfwuwpnLJ'hlipf• Jaj_ l- ~ 

0 8 2Wt1UI1'ff L. Ulf'U[JfU~thrr UltiUI'iJ9f![1 ftw'/Jw.t 

w'bftJnL'b'b 1;, I w'bft;nL'h£!. r.w6wfu w'h1 w'bnLJ /;~, 'ii. 77 

l;FughGonp~~ mG~J n di: 

8 f ftt n f 'I' ll~~tn]H} ftni1nd I; w;'b ~"l'l!.• "l'l!. qttnJ I; 2r£w'bwq<tf 11'"' 

qm'iJ1n'/ ftamf!_l hpp WJ'f 2f'£w'bw'f[1Jf!. UIJI.UI'iJ9 uwr.afnL 'ff"f'1nLJ I; nL'['[f 1f'IUJn1 

('bft. 18). 1-ronLf! 'IL"r1"'1 2r£w'bw'lttr M "-""'£!. zwpJJw'b uftqpf'b r,,..Jl!.'bftbt l;p 

~nnr'l/•~•wm'hlrrr uftq p'h,.,ftlruof• a,, flrn 2a'hl! M ~am[• ~nnr1r'bwm'hlirl!. ,..1'h pm'hf•s 
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~limn, &rr ~ r£w~•w•d-"}l!. 

•11"11' 'i.2w'i.wftb'bl! a-n1' 

zwr.J1/;f I; ( UJ~IftJnL~In1r 9-t"f'""'[ 

M' i "Lbu bpL.nLJ I; 'bft, 18-[rr; 

x=OP = OB- PB, 

PB -= I'v\K = a ~in t• 

x= at-a sin t a(t-si n t) : 

y= MP=KB = CB-CK=a-a cos t c= ~(l-cos t)• 

x= a(t--sin t), ·\ 
' 0 ,; t ·.:;: :?1t, 

y= a(l - cos t), J 

r,"''b'lf"'w'bnLtf li'b [Jfftt"f''lf' U[W[•wrfbmpwftw'b r.w1wuwpnuf'bap£!.• 

2;-: .frnrfonfu·f" [fU M "-""'!!. 't'lttr offtt"f'lf .rlift ftwJUI[I£!.1 
-J."rir'j_, r,UI1UIII wp•uf'iJ/;f'f9 wpmwlm/;'iJ/! ( U[Uif'UIIf/;mpf'. 

'"''bJhj_wftw~• ftwfunLtff!. y -ro• 0 ,; t ~ It -".wm1wJ,,.J y=a(l-cos 1) 

r, .wftw'IUJ ri!l!.' 

il-Y 
!= arc cos--·- • 

a 

(3) 

L. umur'bw'bl! x-f· 

:J>nL'bftof•w'b nL'bf 

t-/• wpmwr.w1uwLflJnL'h£!. urb'lw'lrhtn1 (3) r.w1wumpnLJ~,/;l'f9 wr<wif•~•/• ,(/;j_, umtU

'b n LJ li'bl!' 

a-y ( a-y ) x=a arc cos-
3
- ·- -a sin arc cos -a-

a-y -' :x=a IHC cos---r 2ay-y 2, lrpp 0 ,;x,; :ta• 
• 
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( 
a-y ~ r--) 2r-:J- a arccos-a- -r 2ay-y2 , 

x -.- a(t · ~' ill 1) 

:p ... ~~~!Jf"ub .... 'bfr r,,~IM'[W('J.f'., P"'J!J WJ~' d· wp•uW~OUJm.fnLJ lnWl'[IW~W..,I :J>n Lb ~

of•w'bb[''' Jfrl"fl"11 'J.pw r.wJwp l;l y=f(x) lfn L'b~flfrw'b ;:/r UI('UIUir.WJiliO,nLJ lnUI('

('"'~W..,I !pnL'bbfrw'bbpfr ·'frt"!J""' 

'J. /• UJ "'In'- p ,/ n L ';, l, 8/r~J."fr'l/r opf•'bwft.J• •fpw r,blUJ I; r. wJ"'l•fbt, "I' 

"l'" Z 'lb"lW"·'f !pn&.b~flfrw'bkpf• /, ~npbpf• nLun,_.rhwufrl'"'-P ;w'b r,..,J"'l' "l"'l'wJbUJ 

('W~w'b ~w•fwuwpnuf'bbpf'. wo[bffl ~W('IfiU(' b';,, f!W'j, y-fr' X- /•!J ~w1f \-fr' y -frfl n._';,[; _ 

9"'~ w'bJf•£w~w'b ~wJ.un• •f['' 

11. u '"l' n fr 'I' lluonrn~q ~"i_o/nLII I; w;'b ft"l'f'.• "!'/! "'l''f"'-J I; r.L,..J,J"'l , 1..,_ 

l'"'''"'"r"''t"''b '"'""'""'l'"'-'r"brn1' 

x= a cos3 t, l 
I
O!S t ~ 2rr: 

Y= il !' !n3 t , 
(4) 

bp~"'- ~wo[wuwpuLJ'bbpfr l'"l"l' w'b'lw.!'b£t'f'. l'"'rJ. -

2 
l'w!J'bL·l'"f wumfol:w'b h '1"'-'fwplr[no[ 1 ft.uwou-

3 
'bm'iol' v,-fr /, _y-fr olfr£h L·'lw.t ~wJ.u null!' 

2 .. 2 

x:J + 1· 3 = a3 (cos 2t-+ Sif1" t), 

~+ 79 ~ 

, -., , y3 = a3 , (5) 
IJ1.11nph (onb, § 12, 'll• V) :J" '- J9 ~onpo[f•, np "'.1'1 ~"['';, nL'bf• 'b~. 79-nLif !J"'- .1!1 

;< 

UJ('o[w~ J.l../!.' U.J'I ~"l'l! ~"'l'klfr I; umw'bwl "l'"lb" - twn.wo/fr'l nLbbfl"'l 2l'£w'b,.-
4 

'lh-fr npl..l; ~lrmfr ~""'"''lfrJ-, bpp "'J'I u£w'bw7f ... ~ • ..,,..,..,!] ""''"t"'- 'll"l'""'-'' I; a 
:wn.wo/'1n1 "" "'Jl ulw~•w'IJ-fr 1rw.rn1 (I!.., 'I "l'"'-J ''"'l!l' ~p£w'bw'lfrh-c .!frtm ,,..,,._,, 

I; Jbh-fr 'bbl'"l.'.• 1.11bu 'b~. 79) 1; 

'J. fr on n 'In '- p J n L ~. 2, 'L2b'be, "I' ( 4) h (S) ~ "'''"'""'l"'u!'bL· l'l' npn:n._J 

h'11 ":. ,fb~ y = f(x) :J>n'-'bft.!Jf•w• 'l.pw'be nl'"2"'-J L·'b bl'~"L w~.I!~''I'"'UI !f>n'-'b~.'ffrw'bL· r 
-a~X !S a ~ .uono[wh-n&.JI trwh!J/' ,'J ,/L{f~l f'111[nL'I~nuf I; n~ f'WfJWUWf[W~I III('Jbp';,/.[' 1 

{•" IL ''J"'-"t!' n~ 'll'""t"''io wpJLe'l:bp, 

:; I':J-'1L.J! X -fr y /f>m.'b/1.'11"""" "'t"i"'J I; UJUI ru,f L111 [''"'' w'i., C..u,/w-

1' t.:{ IIL !:'b h ('II IL' 

ii 8 

x=cpl t). 1 < _ :::T.-t0 ~· t --
y=·~(t). I 

( 1 ) 

l:'b(clu"II,/'~'J!• {tf/, '".('! /f.>w.'b/1!]/•w'b'bLpJo ,'b/,'b .,,Jw'i'9J'"l'b/;l' f, "I' 

x=·.;:-(l) :p,.'blmf""~' ,,'bfr :. ... t1w,1wrar!' t c= C!>( x) . "!'/! 'i.,t1'hu1Lu ,.-,,/r 
111q 111 'b .'!.I mJ: 1/,l'l 'I'' "I J!"'· ,j' "f"' !"" ol'f. m /""'/'" ";, ". ,,.,.,, ""'!""· ,f'b L /""[ n !' 11£. • 

•["'1 Y cc:oc: f { .\} f/>u• 'i.,/1.'/P"' ~~ //"' /'/; t/• I; 'lf"nl•f "/'"//'" I' "'1''1 /f> nL'bi/.'JPill' 

t=<P( x), 

",. ,, ,,, , . ~. .r I· f'" ~·'n,' ,,,.,,"' .i '· .-,," ~ .-
l~w1.,1 •1''"~"t:Jf""J/• u.Jm~'.'I'J'"'~' 1/w"i,,"i,/• :,.,,l,J.w!"i' IJ"'"'""i,,'b.f'' 

~"''l""f.UJ{'d :f_,,,<j,ti:JfrmJI• wJm~'.'J'J'm'b ,{,,/,'b fJI;,,I,/.,lfr ".jrJIU'b '/!"" 
:.J • .,.,, ,, ,r ~. 

1 
<)) ., ( X)= --;--( ) .-

9t 1 

·TJ.rtf•"" '"l"""'.,"'!'·""'f"t"'·""r '""'l'"'lr1'1"'' (2 ) ~"'"-'"'""t'"t{JJ,..,' '''·r· 
u """ .-,_,, ,j' /, 'b J!. 

' ·~/( t) 
Vx-==---
. C¥'(t) 

~,,,{ 

' y; 
Yx=--_- : (XXI) 

Xr 

II.,,,,,J,fmd l'"'"i,uaf,l' '-~""ru~tfnpntftll"' 'b I; mmtf" 'lm'bl,l 11/ 111/"",{/,,,. 

f""'l"'"i' mLupn•/ "'f''Jm<} /f>,t'bfJ.'!/""lP Y~ ,,)w'b!ff"'/1!• 111
"

111'b9 '/ 111'b/,/"' 

y ·/•' X- Jr ,'} ,, 'b /, .'1 111 ,j "' ~11J'p 2"''/"' 'b //111/u ,/ w'i1 111 f""wr..w J """ {tl JilL 'b [! l 

(J l' f1 "11 111 // f : X-/1 y ;'ftn 1. ~,/f.1Tft"'~' mp•fuu)- I; ~L- mlJ.I u'l "l'"rw,ff,mttwl/u'*i, ~ w-

•/ Ill '' "'!'",_ ,/hL I'"''' 

'J.m'hf•[ 

~ ,,,( "'!' ; 

dr 
Ill~,.~. !/.I, , ll' . I) 

li X 

I. U f ,) U I ,{ : 

X 

\" 

I 1 1 

iJ 

a 
CO'· t, ) (0 ,-: t 

t, j < ::) : 
Si ll 

ra"nt)' ;~cost 

( ;1 cost)' - <!~in t 
- r t I I l I , 

n'r·11• rl' 

Wl 



x= a(t- sin t), 

Y==·a(l-cos I) 

9HJnf.r'lfr ~uJrfwJw~w'l. ~bmnuf 2"2wif!n'lfr w'I.~JnL'hwJfr'b 'l"I'Jw~/r!Jf!_ (O~t~2r.)• 
~ n L J n L J, l;n2w'f"'lf w~' ~JnL'I.u,Jfr'b 'l"I'Jw~/r!Jf!_ J"'-f'Wj!w'b'LJ"'-1' ftbu.,nJ 

::.w.J.wuwp ~ WJ'l ~lrmnL,f y~ wJ·w'b!JJ"'lf wpJbl'fr~•, "'J"f'~' l!'b ' 

y~ 

x~= a(l-cos t), 

a sin t 

a(l-cos t) 

I I 
2 sin ·-cos--. 2 2 

t 
2sin2- .. 

:d 

t ( rt I .) 
= ctg2=tg 2 - 2 • 

~/rurlr.wpwp, qfr~l"fr'lfr J"Lf'"'.f!"'~''LJ"Lf' ~burnLrf 2"2"'P"'lfr w'I.~J" '-~'"'Jf'J. '1:"/'t)w~ffl{!_ 

~w1wuwp ~ lg( ~ - +). npurb'l t-'1. "l"'l'wJburpfr' "'J'l ~burfr'l. ~ullfw"{_W
urwufuw'l.n'l wpcl/r/!'1. ~~ P"'Jfl 'l"' '1. 2 w~1w~nuf ~. np X umm'b!JI!/r 'l.~wur~fw,fp 2"2w-

Jt t 
rfrn'lfr fJirj!nLfJJw'l. w'I.~J" '- '1./!_ ~w.J.wuwp ~ --- 1-- rc.- /r lr. rt-f• rfJ•£lr. '1"'"'1"'1 

2 2 

U w[lbJ'wurpftw'tw'i.t 1u'itwlP'l/' 2_wur ftf.pwt~m{J[nL'i.t'itbpn,f t.w'i.t'ffr

Uf"LJ' b'i.t 9111 91.~»Jp'i.t lpnL'i.tft9pw'i.thf'p _!_( ex - e -x) h. _l ( e+e-X) urbu-
2 2 

JJP ftnJ'pp'i.twgfrw'i.tbpf!_' U.J" ftn.lpp'i.tw9pw'itbrf!_ 'Jpurwpft1_nuf b'i.t "r"'bu 

'i.tnp f/_JnL'i.tfJ9P"''i.tbp h. 'it2_w'itwt1mJ' b'i.t "'l"Ufbu' 

* frt'"l!• w'b~JnL'I.wJfr'!. 'l"l'Jw~/r!Jf!_ ~w.[uwwp ~ Ox w a w'l.ql!fr 'l.~wur.!,,/1' 

2"2"'f"'lfr a fJal!nLfJ J..,'l. ..,-,.~JIIU'b urw'l.'fb'l.ufr'br 1/Luurfr 

tga = tg(; --+) 
Jr. a= _:i- +• t-fr "'J'I. wpcll.l''i'bl'fr ~ wJmp 1 "1'"~'9 'lb"fl!"uf ( ; -+) -l'_ 

l!.'l.~w.t ~ 0-f· I. n-fr rlfri_lr.r 
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sh x 
2 

e+e-X 
X= 

2 

(l) 

( 1 ) {/_JuL'i.tiJBfrw'i.thpf•B wnw2J•'itf!_ UJ'it•fw'i.tuuf b'i.t fifl.UJbppnlw-
·~wu 11 j1!1nut, brltr"r'lr' rifl.u1bppnpu4wli l1nufl.li•nu: U.J'f lprn'i.tft-

Bfrw'i.tbf'lr utt'i.tm{_ifJwJ'p ftwrLLP I; uwt.tfw'i.tLL ltU bp/JnL lpnL'i.tft9fr"''i.tbp 

sh x ch x 
th x=-- J, cth x = --: 

ch x sh x 

th X 

( 1') 

~.Y 
-- ---- - ~- - --~ 

'I _y -th.x 

I 
l 

~~---J-----
ch~x- s h 2 x = l , 

ch(a + b)=ch a ch b+sh a sh b, 
sh (a + b)=shach b+chashb: 

.;; 

(2) 
(3) 

(3') 
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I• I"' J!. , 

ch(a -!-b) = 
e ~ +b + e-a-b 

•) ... 

4 

~wJ'w'iufm'h a/~n•[ 9"' 19 !; urptJm J 'bwl, ( :J' ) wn'i•l_m [J_tw'h Jtl""-
1_w 9frm fl JnL 'he I (( Z,fr "I[; l'P" [LU~w'h 1/>riL 'bll9frw'hb II)) IU'b ''"' 'hm J I! I' "'9U1Lnf' I'

tJmJ I; 'hltLU'bntf, nr sht j, cht /f>m.'hii!Jfrw'bbrf!. 

x~- y~= 1 

llfr"'bl'P"/1! u/wpw.!butpwllu''h .,/,,.[!'"[ 'hbpll'u!w.'l'h!t l"'· :,,,,J',ul' '"""]"' ,t 
b'iJ 'i11nJ'IJ 'fU{'f!.• p'bJ."ffruJ•'h Si[] t /, COSt fmw'hltJ"''iiw }_ ullfriU~w'iJ /f>m'blt-

9frw'hb r/! ' 

x 2+y~== l 

:'_I' pu•'hw'lfrd I! "f."'l"'"t/un f'"'~u;h urbu.f!" •/ 'hb {,/1'" JIU .9'hl; I"' :,.,11J'mp : 

l•rn.f!, 

Xo..-=COS t , Y=Sin t 
fluii,LUIIUif'nL.If'iJbf'fr.'J lllf'UILU.j!llliln'f t Uft1111111Jbmf'f! • Ultllll'j,lll d l;'iJ.p_' 

x~+y :! =cos~ l +s in::t 

x '!+Y~= 1 ( zr t w'bw'IJfr """["'""'!"" ,J'e J: 

~ mJ ,.,'iJJ'w ~~~~ J'L 'b -~liln l'l"'l '.u11jm um l'"' J'iJI, {'I!' 

:\ = Ch t. 
y=sh t 

t; w'b'ffr""''h"''f L'b "f"'ILI'I'"IP "l"'l'"'Jh.npmll'u'h .;,,/"'""'{"" ,J''IJI.-pf!: 
122 

f•I"'J'• '"J'f '.•u•f•uuwi""J'hLt'l! u1'h'fwJ wn w'h'lwJ .[!"'""''!"' uJ• 
,,, ,.ar"'9'hbtn•L '' t,,.,'h!.,,.,, '"'""lr'hf·y brltr"J"Jf!• ,,,,..,,.,, b'h.J'· 

i1w'iJp 1111 W~ I{UI!I/1 lllf'UIIU:,UIJUI/11 _. 

fJ! u<'hf! ( :! ) l""'i,utli•J• r,f,Fm'h •[rw t:,, .. 

1jm ""'!' I; 1-p, w "I'" 

J011 /l uw ~~ ;:,/, ~,!/ t:;puiL/'1' "1/' t..w,[wulll-

1"" ,} 'h I;: 
'"""""l'll/,'i,p x~ + y::= 1 r,,,Jwuw- -·-------~·; ;--------x 

I · ~ .. 
I 
I 

1"" ,]' m 'IJ/,:Iml i l'l"''b'"'ff•d[! ( 'h!t· 83 ) r 
x =:~.,cus t, y=si n l ~;,,I"'""' I"" J''i,/,1'1' .l!, t 

" f lll{'WJ'LurJ'/! fc/tjm"fLu '""'[wuwl' /; 

AO:'v\ 11/,'i,.,pnl.llultm'iJ m'hlttm'ht' ltwJ AO lv'l 
,1,/l"'"l'P ~ ,j',ltl•pltup 11/'~'bwul'"urpllf•'h , 

.J!III'iiJt np l =o~~: 

--- .... --· - -+- -- - .. - --- --- _,, 

IJ.nw'it!l UIIJI"'.'I"'!!J/• ~~ ;:. f,'j, J' · "I' .<, ,, .. 

"11'1'/'"Lr' 

x-=cht. 
y=s ll t 

~-~ . i 

\ 1 
-, l 
\ i 

\ l 
\ 

"I"'I'"'JI,nrml1w'h " ""/"'""'l"'uJ''hl,l'fr ,JI,p t 
fJ•Jw"'ibu fluuJuiiiUI{' I; AOM <r t..p"fb/'l"'liii~IU'h 
///' /'/; ufr flp~'hm"/IUutfriJfr'h : 

"fLUI"'"[Lmpf! 'hm J'i'"'L" 

uLII""'I'fr >> ( 'hl1. S.J ) ,j', .. 

Z.r"'"I'I"'JLUijiU'h lf>.JL'h119frw'hbrfr wJw'hsJLUl'h!irf!. "1"' 2''"' .r L'i. t:,J, _ 

I ' 1 (l11 X)==--, 
ch 2 x t 

) • 1 I (cth x =---, 
sh2x 

: X :'\ II) 

( s h x )' =~c h x, 

(ch x)' =sh x. 

nrn'iJ.I) p/uru J J;'i, t:, l,'iJy t.rulbppntwllw'b f/>m'hii.'IP"''i'l'l'f' ,,.,t:,J'IU'hm ,J'i,L_ 

!' fo!J· 



!I 

'i.,~. 83 

chx z 

.. 
;r 

'tr9nL.[! y=f(x) {j>m"b~9r~n"b [a, b] t:.wwtjwJrn.l '1/•fPblrb"b9bLf• 1;: 

[a, b j t:.ururtj~nJj. nphl; X ~bmm.! ur!'l f/>•n"b~9rwtr wJw"bytwll!. npnz
tjnLJ I; 

t. y 
h. w'/_~nu~npnLfl£~»dp: - h.wp~»fr bp•nf/JtiLh£!. 1 bpp tlX --+ 0 , J.'fmnLd /; npu

!J.x 

z~n~r f(x) flt/.r "- · t:.bmL~np~nr, f (x ) ~nJm'h,91~ntru rn~nn~b1,tj,J' 1; 

~n"btJ.br2. T".f.!l' JbJnLf!J~»Jp' 

t.y ' 
--=f ( X )+o:, 
t. x 

npurb'l CI ---> 0, bi'P !J.x---- Or 

lf.br2.r"b t:.~n1_~nu~npnL {tftw'i, pntnr w'b,l-~nJ"bbrc p ~n'fJwUf~»m~/,LntJ. 
!J. X- ntj, ~um~n'b~n"b.[!' 

(1) 

.P~n"bfr "I' f!."b'ft:.ln'hiiLI' 'lbUf.[!'lLJ f' (x)=f=O, UIUJin h.~nutnlnUJnL"b x-j. ,, 

fnfnfu~n~~n"b t. x~ O 'lbUf.f.!"LJ f'( x)!J. x-c t:. x- r ~,/1 mm.f~n.!p UIIIIU!!r"b 

~lnr'fr m"btJ.bl'2. tJ.rn.[_![' 1;: 0:6.x Ul['tnUI'fj'Jin["i., tt /J.x-r "i.,~lntndUidp 
wtJ.btr pwpJ.p ~lnl''fr w"btj/; ['2_ '"".[![' Jbarnf!JnLh /;, .[_!~»hj. "[' 
124 

I . at. X 
1m --=lim o:=O: 
~x~o !J.x ~ x->0 

u.JUUJJ.untj, lpm"b//9r~»tr /J. y ml..c ~lnt{'ftj~nJ- I; bp~nL 'fnLif~nrbtJ."bbpj.y, 

npn"b9rU WTL1n2.r"b 'lnufrnrbtr"b (brp f(x) =F O) ln£UUfbu ltnz_l/~nJ- ml..j. 

'I Ll" In " n r J w II ";., I;, n l'l!. 'I J "' ! " ";., I; 6. X -I· ~,,Ill Ullr IU J p: f { X) !::. X 

wpm~»'frtwl"b Ul"btf~n"bnLJ /;";., lpm ';,~9r~»tr •J-I•lfhp!/i,9f""l L. "bz~n~IIU''"''f 
b"b cly-utj ~~nJ dr(x )-ntj: 

U.tuUfJ.untJ., b[U Y=l( X) lprn"b~9f•~n"b y ~LtnnLJ tiL"br f' ( x) UIJ-ur"b9-

t~»L• ~»Uf~» f' (X) wJ-ur"bytrnLfr L. ml''l"'-Jb"bmj. ~X ~nl..j. mlru"u'f['!"'ll!. 

~"l!ftnd I; lpnL"blt9rwtJ. l)-}t~bpbG!:J rlul k "b z ~n"bw/1"' J {- dy ujt.!tfnl''"' 

dy=f'(x) Ll xz ( 2) 

y ' = (x)'=L 

f., t:.Lurf.~»Juup, cly=-dX= !J.x ft~»tf d x= !J. .x : {f.JuUffrurllf, X 1n '}., ~ w fu tft n

T n fu In ,,,u ";., " d X '1-" rp " r /; ";., 9 ,, Ul l l!. t:, In ,j' l!. ";., ,, ";., IlL J I; fr r t. X 

Ul-6. r t:. /, m: dx= Clx t:.~ntf~»uUIJ"lL{Jtrn'bl!. lt~nlri'Lr l;p 'lrmbl "bUll. npUfbu 

~n"b~~nju T"'rn/uln~ln"br 'lrfPbpb"b9rlnLr u~nh.JUI"buuf, "- 111£'1- 'fbUJJ.!"LIJ' 

.[_!"b"bUir~tJ.InJ- opj."b~n~c 911L£9 fttnU111 1 np 'J-UI tr h. w/flnUIILd lptn"b~9ill"tft 

'lrfPbrb"byJ.~ntr u~n h. ,f~n"bJ~n"bc: 8~n"b~ru9~nJ 'lbUf.f.!"'J ( 2) P'""bwaf,c 

~UI['III[ b"b,e 'f['bl UIJUUJbU \ 

dy=f' (x)dx z 

>' ) rl y 
1 ( X=-: 

dx 

t, /; ur ku• p ~n p , f'( X) w J- w "b 9 t ~n l £!. It w p b l r I; 'I r tn b l n p Uf " u 

:p n ._ ";., ~ 9 ,, Ul ! " '1 r :p b I' I; ";., 9 ,, IU l " ,, IU ";., ~ In ,, '" II '" n ,, IU ,, Ul ";., ,, 

'f" :p /, [' b h 9" W l" t:, W [' W f' /, [' n L [cl t n L "b z 

ll.htl-f1W'f1nll.hut"b.[_! (1) lnlfututh.~nttnlll [cltlnhf!., nrf!.• h.wztfr wn."bbtntJ. 

(2 ) -c· 'lrb"b.f.! w1uUfbu' 

(3} 

U.JuUfJ.untj, f/>nL"blt9J'w!r w-6.£!. f/>nL"bft9f""!r 'frf/>i.p/,"i.,yj.wlr9 urwlrpb['

tjnLJ I; Jj. JbJnLflt~n.fp, nrc c. x-r 'blt~nm.l~n.!p P"'ra r, ltwr'lr w"btJ.br2. 

•rn.f.!l' I;: t;pl. f'(x )=f=O, ~»Ufw a.!J. x-c p~npi\p ~~ni"Jr w"btJ.br!! ,,frn.f.!l' I; 
k !J.y-j. "b~wmJ'~nJp , J, 
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. iJ.y 0 '~X 
lim - ~ =I+ 11m -,---
t.x ~ 0 d y C.x ~ 0 f ( y ) C. X 

t.y~:dy 

7 • 
1+ lim -.--~= 1: 

t> :<-> O l (x) 

0 {' /• ~. m ft 1, <J.m'bl:.l y --= X2 lpnL'bftfJf."1Jf. d \' 'lJ•lfbl,f.~,!IJ""ll!. £ (1y u• ;; f'o 

1) x "- t.x ""'''"'J"'ftw'b "'l''tbl''bbpJ• '1bu11.,,L,f, 

:!) lrt'l' x 20, (j. x ~ O,l1 

( II l . J- II L. J t 

1) ~y= ( x ;-""xF -x2=::!dx+ (j. x ~ . 

d y = (x2)' (j.x c-= 2x (j. X: 

:!) LfJb x ~.- 20, (j.x 0,1, u"'l"' t!:. y 2 ° 20 ° 0,1 (0 , 1F 4, 01 , 

dy - 2 -20·0,1 - -4,00. 

(4) 

(j. y-:~ dy-n•f •J•nJumr/•~,L- t/w ufu"'/1!. ~wtj_uwwl' I; 0 101-f., l;wm 'll"'ll'Lf'nLJ WJ'I. ~m
rLtf• I; ~w.fwl'bl •i•"l'f' t!:. y=4,0 l-f ~ ... Jb,fuwmLfiJJu"fl' I. ..,'!,.,.L,Ll' 

l.! fi 

'l?~•'bwrftt/_"'.} fu~ud•t'l' w/(luunn L ftkl'"l"'/ 
,.1,., ... t1hr•J ... ~ 1; ~. t1 0 so;_,,_,r , 

Uumw•J"l' frw2t/.nL ,f"t,/.;p,'-tf fHJ""[n L rf L~ 

'bwb (-5} ~u•ojuwmpnLf/,rnL 'i.fa '"""'ll'in'l ;;b.,.J, _ 

,fUJ[ tfnmwif.n!' t.w•fu.JuwpnLfJJn'--;'/!9"' 

i1 x+""x ) .~ f(x) --i-- i'(x):h• (G) 

0 l' L• 'b"' It :2, b~'P"''ll'I.'I,r. f(x) =-- ~i nx, •uJ'I 

'IL''ll'""' i ' ( x) .c= CO SX • S<J.rwl 'lb"Jl!nLJ (6} J,._ 

muu/nfl ,:; ,,,WIIUI('nl fJJn L~lif ~f!.-;''1"'-'i.,[, 4£u,/l..fWL 

mL- ,./~ 1~' 

si r:( x 1 t!:.x) ~ ~: nx - 1· \osx ·ax. (7) 

It-·' 

o,.,.'b JU" .1, b£11. (7) l'"'~ .... . lf,.._,( /!_1"f"L~.L'bl' li .1) , ..l x=-= 1, IU<'fiU 't"""" -· 
~w~l.' ~L-tnLJwl ,f,UiunJnp f,u,if.uiUlUJIIII .. f./ Jill. ~•[!_" 

~in~ -~ cz, 

,( nm ,,,,"I' l)w•Ju•uwrn'-fJ Jn'-'i'l!." 

1 
!'g(.xf-t!:.x) ~ lgx+--o,-3x , 

cu ~- 0~ 

tg:x -:::: a. r 

r -- - - 1 
I x---r ""x ~ • .x -.· -r·= "" ·~· 

2) .X 

(~•L-" L 'hL·Ln•/ X= 1 1 .6.x_ = .J 11111 we;, IlL J £ 'b;~ ~I. ml•.tw/ ,{, m w•J "I' ; mif. UlliUIJ',, - -

jl 1nL 'be' 

:J,,_'b~.'IPwJfr 'l.f1 fPLI,L'ii.'Jpu.l(! 'l"''i.'bl"' fu'i.,l:f't'l'. ::,,,/'"""'1'""1"1' t 
uttlru'b!IJ "'fl'. 'l 111hb l'IL 'b 1 ,cm'b /• n [' •Jf•['2P 'b u [1111 'L,f ut ''imm/1L ln •/ '" 1"1"' -
J'b'b"'fr '1-frfPbrb'ilsfr"'L".J• lf""'"''bm'i.J' lpnL'bll!IP'"IP •J:J.fpLI,h'byf•wll'.' 4b
"'lunpmr1 ruJ~n'b,'ll"'l'ilhrf!'b .Jbr'"l' hl'n'l filnrliJ5,1Jpfr /, ptu'brud.iLhrfr 

,fbJ J''""f' "i"'t,"i"''bnLJ' I; frr ,ILdl!. "'"'"- 'fpfPLpb'h9 p"'L"'hrfr t.wJ.,.1~ .. 

1/.JUt'f_lil< 1 orf15tUI[I, 

tJ ll V b-p~nL 'l~~bpbligbt~ ~nLGl}g~mGhpjt qnul'tuplt 'll•!f>bpbli
gjnun~ fimt!mnUI p }; tu J 'l ~•ali ljg ~ mG b11 ~ qjt ~b pblig ~ mtliLJ' I• qn .Uw
pjdi' 

d(u+v)=du+dv: 

1l h \' bplptL flll~bpbligb-t~ ~nLfiqg j1w6bpjt wpuH111J)lJ\UJlt qlt~L

pblig !llul(~ n pn2tlnuf }; libmllJllll p.tUliw6.L.ntt' 

I''" I!J 

d( uv )=udv+vdu, 

1J.,l'"!f"'9b'b.[!, orf!'b,~, .Jbrp_f!'b p~n'bruM,f!t Gfilh y=U\', ""'1/W 

dy=y' dx = ( uv' +vu' )dx=uv' dx+vu'dx, 

v 'd x=dv , u'dx=du, 
ltiiJUJ/1 

dy= udv+vdu, 
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l.,uu!w'infu/bnl'b'ii "'"i"'!J"L!JtJ.nuf b'b iL JJ"'-" l"nhwdiLb/'".• 

.ew'iinrq.ft q.Jttf>brh'iisftwu!. "l'"Z"'l pw'bwal•f!.' 

u vdu--udv 
b[ilb y = -, W"fW dy 

v 

L(IL.Jb'b.e Jft .[!"'"''' orft'iiwfi.br q,,n'blfsftwtft 'fi•tf>brb'iisf"ulf!. r:.wz

"-"t"L tJ.brwpbrJ"'L' 

1 
0 l' L 'b w ~ 6, y=tg2x, dy= 2t gx-- dx: 

L' cos 2x 

-- 1 
Orfr'bwll 7, y={1tlnx, dY = 

2 
.
1 1 dx• 

" j" + llX X 

9--mbhh.(! f11Uf'lf tpuLhit!JPIIIJP q.Jttf>brh'iJsftwtft r:.wlfiJI(' W('mwr:.wJLnfiL

p J'n'b: '1-Jtgm .[! 
u=tp(x), l[wJ y = f[ 'f(x)]: y=f(u), 

el y f'( ) '( ·) -= u U tp X , 
dx 

P"'JS q;(x)dx=du, nLumft 
dy=f'( u )du: 

U.tu"iftunt/_, pwpq :pndiltgltmJJl 'llt:Jlbpblig{nut!i nt.G{t linLJii mbu-

1!~· ltfi~ qndibGwp utjlt 'lbun~ nuf, bph U ul12_mfiqjlUl mpqnLtfbGm!lc 
t11 Gbp wlilttulu 1}1m}lfilumllwli: ll.u lfbr"i wuu,}, qJl:pbphGg!twtJl mhuj!~ 
qwliJ\twiY i.l' rnJli pwll]1g' :pnLGqg[twJJl wpqm~hlimE: fiwGq{n1~uG;'-~ 
}; w!i q m]u t}lntp nluw q mfi, p- b n L p r2 wp qnLtfb!imll ~nl G q g r m. " 
tf>brb'i,sf•wtft "'l" ~wr!.nr r:.wutiJ"'.fJJ•nhl!_, "l' llntt/_nLJ I; q Jl~bpbGglnullt 
mbu}!Jl Jl!itlwp]nulimnLpjnt.li, lwJ'iinrb'i, 1/o'lmw't"l'd-'{P r:.hmwqwJmJ: 

l:2S 

0 l' f.r 'b w ~ 8: Sl"fw o\ I; yc.=sin{x :f>nL'b~9['"/"' 'J.m'bl.l dy-e• 
~ n L J,. L J, Sr•fwJ :j>nL~'/19f•w'b 'bl.l'~"'J "'9~'/;l"'f "l'"l"" l'"'l''l :f>uL'b~of•w' 

y o~ s inu, u=l' x, 

1 
d y == COS!.l~dx, 

~}"X 

y=f(x) 

t/>uLhiJgftw'it J, h[tWh r:.wJw"iwmwu[uw'imrz lf"L'l!. {'iii[. 86 }: 

y =f~ x ) lfnrft •{£"" t{Lry'bh'b.e M(x, y) llwJwJwltw'ii l[bm£!. 1 mw

'bh'ii.e wl'f JlhmmJ IJ"['{''iJ Z"Z""P"'l iL 'bzw'bwi1b'b.e o.-ntJ w{i. whliJnL'bf!. * • 

n l'l!. lfw'l.r,.r I; zn Z"''P"'ll!. Ox wnw'i.s.eft ?-rwlfw'b fiL'l_'l_IIL{iJ JWh r:.bm: 

U.'ii.i[w/u tjrn~Jtn/uwllw'ilph mwh.[! D.x wfi. "'J'f q.b"f.f!"L,r t/>nLhiJ!Jf•wh 

l[um~nhw t:.y=NMl w-6.[!.: y=f(x) 'L"I'P tJ.rw x+t:.x IL y+t:.y "'l'"h.e

'iikrfl"' l[r:.w.rw"iw"'wufuw'iift M1(x+L1x, y+t:.y) IJ'•mf!.t 

M NT bnwhlfJtiL hm !J 'tmhrnJ h'b.[!' 

NT=iV\ Ntga. , 

NT=f'(x)D.x, 

NT=dy: 

•lJ·nft'ii r:.w1_wuwrnL{iJJnLh£!. 'i•zw'Uwlt'nJ 1;, "l' f(x) ~nt.GqgJlwJJl' 
X h D.x rnpJbpflbpjdi titutfunqmmmuluwlinq qjt~bpbGgJlmJPc fim;!tuulUp 

l; mpttwo qhmnuf y=f(x) 4npp 2 n2wt}tn'l~ opq~Gwm~ wfi~li: 

9- 81 3 

~.~. 86 

:rt 
/;';,/! :l =fo - - ' 

2 

t~. 87 
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t//. 8().fr9 w'iufp'i""'i/; u t:..hUJfllluf 1;, np M 1T= ~y-dy : Cum 

M 1T 
ilwful[ft'iwuf W"f."'9"L,'J"'t}P NT- -0, ht'P ~x-0: 

Q"lhur.[! t l[wpM·t~ [rib Jftzm (:,y.l!. Jbt} t dy-p9: U.tu"lhul 

ilft. 87-nLJ ~y=M,N ~ dy=NL c'h•r "t" '"i 6y<dy: 

1tp
9

"L.J! y=f( x) f/>•nili[9frwil 'ffrfPITrhil9blfr I; upl•t [ a, b J t:..wUJ

t/_wttnLJ: £:<;,'1-t:,,.iJI'"'"lhu wuwtt1 f'(x) wttwilyJ"'lP wpJh.[!ilh{'£!. l[wfu

•[wtt hi~ x-fr91 "'!"Pil.[!'i,' f'(x) IU t} w iJ .CJ! w l c iJ n L! iJ "f. h IJ ft I' b iJ fr 9 
iJ h r I[ w! w 9 iJ n I. J t x-fr :p n L iJ ~ 9 ,, w: U.ttwi19blntf "'!'f q,, ilft!Jl•"'ill 

Jbil.[! ftuUJwilwil.[! "'!"Ufbu ~n:_t{wtt lpnL'blt.CJP"' ! P Ll'fll"'l"f wttwii ,CJ!"'l£!.' 

U.nw'tfril ,.J,'i.!JJ"'lf' ,t},iJ9JU1f£!. ftnt_t{uuf I; uftqpil,l["'~' lpm.illr 

9P"'!P !Jpqpnpf} l1wrql, ulc)wGgJwl ftwu' bptumpf} ull)mligJtU[ I: 5•zw· 

ilwl[t[mJ I; y" ft,,r f"(x) ufrJ'•fntntf. 

y" =( y')' =f'' (x): 

1/,JII"f.hul orfriiiU~t h[ilb y=x5, UJ"f.IU 

y'=5x4 ~ y"=(5x 4 )'=20x3
: 

brlfr"f'f ,t},.iJ9l"'LP ,..J,.,ilyJ"'l£!. lfnttf"' J' t bppn Pll lpupql
1 

w~mGgJml i[,.,J' bppn pi} w"wGgJull lL ilzwilwl1t[,,f I; y'" ~,.,,]' f'" (x)r 

Cil'ft:..wilrw"lbu, f(x) ~n .. Gqg~mJ P. n-pq qwpqr mbtuGgJmt ltnt

t/_m.J' I; (n - 1 )-f'l- ~"'l''IP ,.J,.,ilyJ"'LP wttwilyJ"'l£!. { ,.,n,.,'tfril l[wp'[/r ) lL 

ilzwiltu~t/_nLJ' t y(n) ltUJJ' f(n) (x) ufrJt/_ntn•J' 

y<n)=i y<n- I))'=W>(x): 

(U.ttwii.'IJ"'lP lf"'f'l£!. wnilt[nd t· tfr•u~w'ltthpfr J'h'i wtil pwilfr t:,,.,Jwp, 

n r w til t'frtffr wuUJfr-{;.wilfr 9"L9lP U1h7) I 
!lnrr"r'f• t:..fril'lhrnr'f k P"'rar 't"'f'lP ,,.J,.iJ91wlilhrc ilzwilwi[

"-"LJ' hi~ ilwlL f.nnJ'bwliwil [ilt[,.,ilzwililht'P o'lilnLfiiJu"fp' y lV 1 y V 1 

yVI ,.,., U.l""'.P"P 'fh"f.J!"LJ' wttwil9t"'LP ~"'f'll!. ~wrhtfr I; 'lfbl wn"'il9 

tfrwlfw'lJhpfr: Orfrilw/1, b[ilh y=X5 1 "'''i"' 
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y'=5x 4 ~ y" =20x3 ~ y'''=60x•, y 1v=vC 4l= l20x, yV=y <5l= l'20~ 

y(6)= y(7)= . . . =0: 

Orf'hw~ 1' Sr«fwJ- (; Y=' ekx(k =consl ) :pnL'h~fJ[• w'b, 9-ur'bbl 'brw 9 w~•~w
gwJ- n-r'J ~Wf'[f wJw'iJfJJWLf WfUIW~ WJUin Lf!JnL'iJ[It 

~ n L J n L J, y'=keb, y" = k2ekx, ... ,y(n) = knek x, 
0 f f 'b w ~ 2, J =Sii1X• 'lour'bhl y(n)-e, 

/,n L J n t. ,(, 

y ~ -slnx=s ln x--2-" ( .. ) 
' 2 ' 

y = - cosx = st n- x+ 3-,, r· .. ) 
\ 2 . 

. IV_ . ( r: \ y -- stnx =~ si n x+ 4 ~ )' 

y(n) =-, sln ( x + n ; } 

~,,J,,iJ,J,iJ a!.~nt[ wpmwJt/_nLJ hi~ p,iJ,J.iLhp lL Jfr J!"'ilfr 11LfP2. 

"'."'rr"'lfwil f/>nL<iii/9P"'ilbrfr 9 wili[w9w.t lfwr'ffr ,.,t},.,i~91 ,.,li~brfr t,,.,,r,.,r, 

f.i~[Jhr.'J"'lil fril-l!£!. lf"'rn'l t Cf 111ilht ,,,.iJ,.,at..hr' y=xk, y~cosx ~ y=ln x 
lpnL<illfflf•wilhl'P n-r'f lf"'r'lfr ,.,.J,.,iJ.'Il"'Lilbrfr t,,.,,r,.,r, 

8 willfw9w.t lfwr'ff• ,.,t},.,iJ9l"'lilhrfr 'fb"f.J!P 1r"' t.hzurnLPJ,.,J'p 
cil'ft:..wilrw9tfntJ bil § 7-fr 2 /., 3 phnphJ'ilhruLJ JIUUJ<ilwil~t[UitJ 

~wilnililhr£!.' <-

S tft"'L '1-h"l.f!"' J "'htzfr m.ilhil 

(li+v)(n)=u(n)+v(n), (Cu) (n)=C u(n) 

IUI[ilt:..w JUI j! UliJJUJ.L_b f{! l 

ll.l'UJ"'tthii.J! pwii"'J.IL ( wJu"lbu ~"l'/"'tt lmJpUJ1 g~ pwGmO.J1 ~), 

np£!. t.ilwpwt/_npfiiJnL<il I; 111"'tf111 t:, ,.,z ,[ht hpl[nL f/>•nillt9P"'ilbl'P u( x)v( x) 
"'f 111"''ffl"'LP n-r'f lfwrrtfr ,.,.J,.il9!"'l£!.' U.n p,.,iJ,J.h'h "'rUJwtthtnL 

t:,,.,r,.r ilwfr• Cf 111 ilhil.[! Jfr .f!"'ilfr ,.t},.,iJ9J"'lilhp1 frul[ "'tilnLt.bUJlL 

uwt.Jmilh'i:J! £!.il'ft:..wilml' ophil-1!, nl'£!. Ufp 111 ,.,ilfr 1; 9wi~l[,.,9 u,t} ,.,t}w'itgJ'"L£!. 

t:..wztfhl"L ,.,,.,r,.r· 

Y=UV. 

y'=u'v+uv' ~ 

Y" " + ' '+ ' ' =U v u v u v =uv"+u"v+ 2u'v'+uv", 



y'"=u'"v+u"v' +2u"v' +2u'v" +u'v"+uv'"= 

=u"'v+3u"v' +3u'v" +uv"', 
yiV=u1Vv+4u'"v' +6u"v" +4u'v"' +uvrv, 

U.J-UI'b!Jt"'l'iJf,r ljw'l.fh[IIL opf/f1J'/!_ l'fUir:,UfLO'b1_11Lif I; !JUI'bf[UI!JUIJ 

''"'r'fP UIJIU'hst"'L'b''~'" r:."'tl"'r· "f/!_ 't"'tlll'bm ti I; ~;.J,Lnltt:'L"'~J·, 
"'hLn.fl I; (u+v)n "'f"'"'r:,"'tmmfJtnL'bf!_ t[hplllJbl LtmLnn'bft hp~

.u'b'l-"'J'p pUI'iJUiafw1_ k ULnlll!JqUIJ t[L['['ILJIItf/[UI~I ,/b2_ U-P [, V-ft 

.uuLnpf:."''b"'!J"L[9bf/!_ tpnfulllpp'bb£1llJw'b.Cft"'tf1 4"'J"fP !J"cgpz_'bbpn1_, {!'iJ'f 

uprn.f 1_hrtntd-tn{cft"''b J-"'!f"''b'J-IllJ'bbpp ,Jb2 "flll{'!ll'bw~qu'l 'll"' "'""'P

f:.."''b'bhp[! (no=Vo) "''br:.J'"'Jh2Ln I; rfmfu"'pf'bbl u"ftwl :p,n'b~sfw'bhpn1_ 
("'t"f'"i'Jl'b (('lf" ~"'r'IP "'J-"''b9t"'L'bbpn1_»). 

, n(n-1) , ol ''+ (n) y(nl=(uv)<nl=u(nlv+nu<n-1) v + 1 . 2 u,n-~ v ... uv : 

{II L.). II L 1/1 

§ 23. Swpf!hp LIW!Jq.~ 'l~:PhphllgllwLllhp 

'1-fsnL.e nL'bb'b.fl y=f(x) f/>nL'b~sr"''b, npLnh'l X-[!_ Ul'b~mpt qm
tpnfulll~UI'b 1;: U.t'l- f/>nL'bfJ!JP"'tP '1-ffPbJ'h'bsf"'L[!, 

dy=f'(x)dx 

x-p "f"2 f/>nL'b~9P"' 1;, uur~"'t'b x-fs 't"'l'"'l I; ~"''""-"'J- Lf•'bht .f[1UIJ'b 
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f'(x) UlfLU12_p'b "'fLn""frPU• pu~ hp~f"f'l- "'fLn"''frPU ( dx) r:."'"i''l-P

""''bnL.f f X lll'b~UI/11 tpt~~fm fu wfJ,'bf Ill{./!_ h Ul'b/l"'P' I; Ill ['I- tpmpn fu lll

~UI'bp "'r"".flP9' -f."''bp "f dy-f!_ x-p f/>rn'b~BP"' 1;, "'"i"' J'b'b.fl rr"'-

1_nL'b.fl m'bb'b.fl funuLLnL "'l'l- f/>m'bfJ9P"'tP '1-rf/>hph'bsf"'LP .f"'up'b: 

3Jm"idt!1P"'tP 'lffPbph'byf•lll£P 'J~ff/>!,I,L'isyplll[f!_ ftnz_qm.f I; "'l'f f/>"''blt-

9P"'tf' bpll1111 pq 1J. t•~bpLiig [m•t ~"',J bp 4 pn fill 4 m pq r q \1 :j_JhpbG g r mJ h 
'iJ21ll'iJillfJ'Lmtf /; d\ -n .( 

d(dy)=d2y: 

9-Ln'bh'b.fl b pfff" f'l- '1-bf/> /, 1,l,'b,gp "'LP "'pLn "'r:,"' t Ln nL{J l"' 'bf!_: 1-f. f/> hrL'b 9P"'LP 

[!'b'fr:.w'bm r uwr:.J'Ill'btfut'b r:.~nJ'mJ.wt'b rn'bh'b.fl' 

flm'iJp np QX-f!_ ffU1fu1_UIJ t_l; X-/I!JJ U1UfU1 UIJ-Ill'iJ!Jb£fu dX-f!_ 'f"'f" I; 

phpqnL.f wJ-"''b9l"'lP 'b2"''bf•y 1 b tfb'b.fl UUIUI'brn.f b'b.fl' 

f:'b'f'IL'b1_"'J- ~~, 'ff•f/>h1,J.'btJ{'"'il' murnpf:."''b[! 'ff/;LP"• 'P"''J"''lJb1,/!_ P"'9 

fln'l'bf,l. "'l""ibu, opp'blll~, ( dx)~-rn tpnfuwpL'b 'll'bl dx 2
, '1-f"' Lntu~ 

r:,UIU~UI'blll£111 dx =rwlll::.::J[Uin: Pt"''b JllllfLUIIJ"' up'b, ( dxf1-p ""''""'r"'b 

'lf"L.r h'b dx 3 h "'tl'b: 

.'bm'blmr"'tP hppnprl IJ.Il~hpbGg]nul ''"'" bppnp!J. l1mpqj1 IJ.r
fbpbllgjmq J1nz_1_riL.r 1; 'bpw hr~r"f'l- 7 plphph'bgf•"'LP 'l-rfl>brli'b9p"'L[!' 

d"y=- :=d( d~y )=[ f"(x )dx 2 r dx=f" '( x)d x3: 

C'b'l-r:."''brlll"f""' n-p!J. 4mpqr qft:)_lhpb(igftwl ft_nl_t/_nL.r I; (n-1)-n 

~"'l''If' '1-PfPLph'by[uulf 'l-ffPhr!.'bsfmw' 

d11 y=d( dn-Iy)=[ f(n-ll(x )dxn-l ]' dx, 

d"y=f(n)( X )dxn, ( 1) 

OqUJ1_btnt/ urUipphp 't"'r'lP '1-rfl>brb'bsftwl'bbrfs, 9"''b~UI!JUIJ- ~"'r'lP 
wJ"''b!J["'£/!_ ~Ill pb[p /; 'bb f~"' ["'9'bLl n J'~Lu r:,"',J"' "flllUJUIUfulll'b ~Ill p

'fP '1-P f/> h ph'bsf"'t'bh r p r:,"' f"'Pb pnL{tJ ['IL 'b. 

f'(x )= dy' 
dx 

d2 
f"( X )=-Y-, ... ' 

dx~ 
(2) 

't p Ln n 'l n L [rl l n n L 'b: {1) b {2) r:.Uiqlllu<»ptn{tJ[tiL'b'bbp[! (n > 1 
'fbUf.J!nL.f) f:.2J"'l'PUJ b'b J'f"'t'b "'t'b '1-b"i.flP r:,"',J"'f' hpp X-[!_ r:,"''b

'1-P""''bnL.f I; "''b~"'fu rpntpnfuur~ur'b: f>pn.fl, '1-P!J"L.fl rn'bb'b.fl r:,/,LnbJ"'l 

flutp'f f/>nL'iJfJ!J/tlll'b' 

I:r.J 



(3) 

Ub'ii.[! mbuUI'ii,e, np bpltr"P'l- ~wr'l/t '1-ftfPbph'iiyftwL'ii nL'iift ft'ii

t/wpfrw'iim mbu.[!, Ul'iJ~UI~IJ UIJ'iJ f'UI'iJfrg U-'iJ Ul'iJ~Uipt tfrntfrn/IIUI~UI'iJ ~lfr'iJfr, 
pb x-ft [/>nL'ii~sfrUI. 

dy=f~(u)du: (4) 

t;
1
,/JP"l''l- '1-frfPI.ph'iiyfrUilf!. k r.UI2,,r'l- '1-frfPhpb'iiyfrUIL'iibpf!. UIJ'f r.Uim

~nLp1wJp orl-mtj_UIJ- th'iir 
f>pn.[!, (3)-fr k (4)-fr r.UIJwJ.UIJ'ii umUI'ii,d b'ii.[!' 

d?y=d(F~(u)du)r 

PUIJ9 UlJUurb'l du =~P'(x)dx ~Uifutj_wJ- I; x-[•y. IILUI.n[t UtnUI'iinLJ b'ii.[!' 

d2y = d(F~( u) )du+F~( u )d( d u) 

d 'ly=~.~ ~(u)lduf+F~(u)d~u, npmb'l d 2U=If"(x)(dx) ~ r 

t,wJUI'iiJw'ii J.bnt[ •tm'iit[m J b'ii d3y-f!_ I. tuJL'iir 

J..nLJ-nLI(, 

1 
dv=cos u • ~1- dx=cosudu• 

J 2~ X 

d2y= --sin u(dur t cos ud 2u= sin u(du)Z :- cos u u"(dx)
2
= 

§ 24. U.llpwgwllw!m :t>nLul}g~w\!tp~ ll UiWf1WUtmpw4wll mhu~ml 
UiJltl_w() :pnLlllJ9~wlll:i(l~ UlW[I(!t(l l!W(lq~ w6wllg!IULUh(l(! 

(5) 

1. Opft'iiUI~fr t[pUI ynLJ9 mUI'ii.[! w'iif''u.'JUir.wJm f/>n<.'ii~yfrUI
'ii b p [t mwppbp ~Uip'fp wJw'iJgJwl'iJ/;p 'fmbfiliiL filztu'iitu~{!_t 

'J-pgnL.[! X-/t y w'iJpwgwf.wJm f/>rnbfmpw'iJ npn;o_tJnuf /; t:.bm£JUI£ 

(1) 

134 

ll.Ju t>wt[wumpuL{JJw'ii fWL"P ut'ii'futJ'iibl''ii wJw'iiyh'ii.[! l! ' ' m X·/• 
t:.ftz"L""-• np Y-c X-/t [/>w 'iiiJgftw 1;. 

2x + 2y . 9r=o, 
a~ b~ dx 

dy b2 x 
-===·----: 
dx a2 y 

(2) 

•J.b/'2/t'ii t:.Uit[Uiuwrmfi/J,'iif!. 'iinrft.'J wJUI'ii,'fb'ii.[! f!."m x-ft (t.wzt[/t wn

'iiblntj_, np 'y'-[!_ X-fr [/>nL'iJ~y/1111 I;} 

dy 
d'~y d~ y-x ax 

·--==-= ---

(Fy 

dx '· 

d"y 
dx~ 

b2 X 
b~ y+x -a~ y 
a ~ Y ~ 

b 2( :l~Y 2+b~x') 

a4y3 

a "y~+b2x 2=a ~ b2, 

ttLum{t b/,/IP"P'l- wJw'iiyJwlf!. ~UiphLft I; 'iifipJJU1Jtu9'iiLl f.bmbJUI l mbu.[!nt/_ 

d~y b4 
--=---: 
dx~ a•yJ 

d3y 
.Z,bl'lfr'ii f.wtj_UIUUirtll PJnL'ii'ii wJUI'iiybLntJ {!_UUJ x-fr, bam'iib'ii D ---n k 

... '£- dx 3 '"' 

"'JL 'iir 

2, ll.JrfJ J!'ii'iiwp~b'iJ.[! "f IU r Ul J b m r U1 ~ U1 b ur h U .[! n "- ur [' "- 1U,. 
[/> n L 'iJ 'L9 fr IU 'iJ b r fr pwpJ.p ~IUI''IP wJUI'ii9JUILbbpf!. qm'iibl"L ftt'ii'l-frrf!.' 
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(dy) (dY\ lFy d dt rl d1 \ dt 

dx'= d,l dx = di dx Jctx' 
\dt dt; 

(5) 

Pt.U t.9 

(

<.ly dx ~(dy ) - dy 

~ dt )= dt dt dt ~.t 
dl ~X (c}Y )" 

d t I \ dt 

i__(. dx) 
dt ' dt . 

dx d~y dy d~x ----
dt dt~ dt dt~ 

(
dx )~ 
dt 

dt 
-=-t 
dx dx 

cit 

<:: b b II 'l (J) pw'iJUJJ.[,__j, Jbj'_, 
•l,br2.fob tuptnUif.WJUlnL{iftnLhU p/!_ tn 

1lW'fr ln 

dx d ~y dy d~x -----
d ~y d t d t ' d t d 1' 

dx
2 (~l;y 

~UI['Llfo /; UJWL f,/;Ln[,_JUil' UJ</_h-d• ~nJUJUJ~m tr~bu.[!f!_ 

d2y q;'(t) ·/'(t)-f(t)9"(t) 
~= 

dx 2 [q;'(t)jJ 
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Q p p 'it w /t• X-p y :j>nL'itil!Jpw'it m["/wJ /; "lwpwJhmpw~w'it 

x= acost, y=bs int• 

ulli"l/n4' 

dy 
<j.m'itbl - 1 

dx 

{nt..J.nLifl 

dx G 2x dy d 2y 
- = - a sin t; -=-- a cost· - = b cos t· - = - b sint· 
dt dl 2 'dt 'dt 2 ' 

dy bcos b 

dx - asint 
ctgt • 

a 

d2y f -asint)( - bs int) - (bcost)( ---acost) b --, 
dx 2 ( - asint )3 a 2 s in 3 t 

'1-foynt./_! f,t.U,f f!_b{ilt.Uy 2_t.U p<f</_ntl ,/ Ul ptf'iJfo Ulhyt.UJ S {..UihiUUJUI pf./!_ 1 

~UI/u</_UIJ t J-UIJUihU1/tfzy 1 UJpUJtuf.UJtm</_IILIJ' /; f,bUl[,_Jt.Ul puthUJJ.f,n{ 

s=f(t), (1) 

f•'btUJhu Ulf''l-b'b f,"'tUJ"iifo I; ( UJbu 'll· III. § 1) Ulr•J~nd UJ~nf.fo'b 

Jt.UpJ'bfo UJr"''f"LfiltnLhf!_ f,UJ</_UJuwr I; i..UJ'iJUI"JUirf,,_, UJdUI'bytwLJt'i•' f!_ULn 

J-UJ,f UlbUJ~" \ 

ds 
V=--: 

dt 
(2) 

'1-foyiiL.[_! npkl; t l'fUJf,fo'iJ ,/Uif'J'iJfo UJpWlf'tLfi!JtiLhf!_ f,UI"WUIUr l;p 

v-fo: G(Jb 2_UJ[IJ-IIL,ff!_ f.UJtJUJuUJrUitUI•fo t/;, IU"JUI t "JUit.foy !,bUJn w'botud 

M cftuJUJ'b"'~"'Jfoj>_n9nLJ "'P"''lmfltnLhf!_ ~tf,{u</_fo /.,__ ~uLnUihw !:J.v t.U-6.: 

M JUI,f Ulht.U~nLJ u~~ ~ li w jiW<JU19 nuf ~n t </_m.J I; Ul l'"''JnLfi!Jwb /:; v 

t.Ui..fo [,__ cJ"',f"''iJ"'~" t.Ui..fo f."'p"'pbpnLfiJttLhf!_' 

!:J.v a,,,,=-: 
l'• i' t 
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U.pwqwgnu.f~ uH\JWl Ullllli~G ~"i.'Jnuf I; "'l'"''f"L{JJ•uh ,..£.p h 

J,..JUJ"b"'~" "'-&." r. ... r'"Pbrnt.fJJ"'"b ,,..r,J,.."bf!., hpp J,...r ... "b ... l1r ,..£.!!. 

a qurm .r I; lf pn Jf 
t:,.y 

a= lim-, 
t.t~O t:,.t 

WJL LJbpUJ ,..,,..J-, "'J'"''f"'!J"LifJ!. ( ulllJ"'L UJ"'f,p"b) r.ullj"'""'l' I; "'l'"''l"L

fl J"'"b UIJ-,..'i,9J"'LP"b' J!.UUI J ... .r ,.."b ... itf' 

dv 
a=-: 

dt 

ds 
v=-, "'Uf"' 

dt 

a= ~t (dd: )= ~}- ' 
"'J"f"b.[!"b' lll...llllruqpc) zwpdt.fwG mtlWqwgnuf~ liwt\wuwr }; UWUUIU}Wpli~ 
bpll(lll{lf\- wc)wfigJwtldi' ~uu1 dwt.fwliwqp: bt"bLtn•/ (1) r,,.."-"'""'1'"'-

PJ"L"bpy. uur,.."bmJ b"b.[!' 
a=i"(t): 

0 I' 1- ~wIt· '/>ur~lil w'lwur l!.~l(l""l .!wt"f'i.[o v wpw'l:nL{J J"L~'l!. I. a W[IW

'l:W!JnLJe.. l.flli S C.w~w"f_W['r,[o ~w[unuft! l Jw,fw~w~i'JJ urpif.nuf I; r.E.uri.Jwl pw-

~w.lhn.J.' 

d~ 
v=-=g1-! -Vo• 

dt 

w
1

u pw~wJ.I•fo!J r.E.urhnul I;, np v0 = (Vlt= O· 
IJ,<tw~!Jiilnif. J[o w~'lwJ L.u, 'lur~nul li~e' 

(3\ 

'l,~wurli~l!• np r.w~w'l:wp.lf!.' bflb npL.I; 2wpJ,fw~ wpw'lwonuf r.wurnwurnL~ I; h r.w

•Jwu.up I; g-[o, wulw wpw'l:nLflJnL~f!. wprnwfowJrnif.nLJ I; (4) fow.J.wuwpnLflJwJp, 

[ou~ -G.w~wulwpr.e.' (3) r.w.J.wuwpnLfJJwJp, ''lwJJw~nif. 1 np (v)t-O=Vo h (s)t~O=So 
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Y -y1 ::__:k(x-x 1): 

&nz"''P"'IP r."'.r"'r (~n&u § 3) 

k = f'(x 1), 

't' 't.UIUIUJ'ItL U tiLUI' f,b 111 /,JUI[ urbii.[!J!.' tiL U ur p 2_ n 2_ JU ,I. 11 'fi' f, Ul ,/ J c c I. 

y-yt=f'(x 1)(x -x1): 

t~. 88 t~. 89 

13~ 



l 
kn=---: 

f'( X 1 ) 

~hmb.~np~nr, y=f(x) ~nrf. M(xl, yl) ,,bmm.J 'b n r ,r IU l" t, ~n-

1_w u 1n [' n LJ'b nLbp '>hmkJ"'l mbu.[![!_' 

0 r 1! 'b w ~ 1: g.,-;,bl y=x3 ~"l'f M(1 , 1) ~b, .. ur znzw•f"''lf Lt. 'bnrzl"'lf 4w

rj U1 UUI['1JL J'b b f'f!_l 
/, n L .1- n L zit ~w'bf! "I' y' = 3X 2 

1 wulw 2"2"''''"'1/' w~• ~Jn L 'bmJf!'ir 'f:"l',}w~/!f!l'_ 

4wzfwuwp I; (y ')x= I=3• 
~bml.t.wrwp, 2" 2wz/•"'lf 4wz/wuwf"1Lzlf!_ ~Lf!'b/!' 

(m b u ~~~. 89}• 

1 
v-- 1=-----l x-- 1), 
• 3 

1 4 
v=--x -:-- --• 3 . 3 

&nzuufrn'lp' 2. " 2"''rJw'b ~hmp !. O x wn~nh.CJ.[!P Jp2_"- f!_'hltwd- QM 
t.~nmt/_~ndp T br't"'['nL/JJnLbf!_ ~"l!/nut I; znzwt\1n'lll bpqwpm.p-JnLii: 
U.n t.wmqwd-fr Ufl'n lb~spm'b 0 X ~nn.~n'b9.[!P 1_rw, "'I"P'b.[!'b' Q P t.~nm-
1_~nd-f!_, ltnz.t/_nLJ I; blifl W(Il2WtPil'l· h'b[Jw ;_ n ;_ ~n•frn'lP hrll"'l'nL/JJnLhf!_ 

'bz ~n'bw~t/_tnJ I; ST-nt/: MR t.mmt/_~nd-p N ht'~"'l"n/JJnLbf!_ ~nt_t/_nuf I; 

linptfw1~ bpqwpm.ppnli, pu/1 Ox ~nn.~n'bs.f!/• t/r"' RM t.~nm.J.utd-p RP 
Uffn Jb~9p~nb ltnt .J.nLJ I; blip wfin ptfrut•t b'bfJ~n'bn ['J "'fP b['~"' ['nL{d JnLhf!_ 

'b z=biU~IILif I; T N-n 1_: 
y=f(x) ~npp !. M(x 1, y 

1
) ~hmp t.~nJ~np qm'bh'b.[! T, ST, N, 

SN Jbd-nL{JJ•n'b'bbl'l'' 

t~. 88-pg bl,b_mJ 1; , nr 

IJLUUlp 

un 

T=. / y2 + Y~ . =!22_~r yic+l j'' v 1 y; ~ yi 

lJ.lkmt.hUJk, "'l'f 'innJ'b b~"'['P9 Uf"'[''l 1;, "I' 

PR=IY 1tgo:I=1Y Sil· 
IILUU1" 

SN=Iylyll, 
----

N=J/ YI+(yly i)~- IYl v 1 +y?j: 

U.tu pm'b~nab.ht'f! Ul[llriW(hfhgp'b WJb b'bfd~n'f['"LPJ"'Jp, nt•.~Yl>o. 
yi>O: 

f."'J9 'hrou'h,c Uf"'t.ufwbt/_uuf b'b b~nk /!_'b'ft,"''bnL[' 'fb"f.[!ULJ: 

0 [' /• 'b w ~ 2 , <J.m'bbl 

x=acos t, y= bs int 1l) 

I;LfwLuf! 2" 2"''f"'lf k 'tmrzlu'Lf 4wzfw

""'l'"u l'bbl'l!. • 2"2"'"'"'1/• h L~tflw2 "2W
'f"'lf bplf"'f'"Lf•1JnL ~,'bbl'l!.• 'bnr''"'Lf h 

b'bflw'bnrrf wLfr brlt"'f'"LflJn L'b'bbrl!. 

('b~, 90) 1 
t~. 90 

~~ = -as in t·; d;i -beast; :~ ---;-ctgt; c:: >=~ =-+· 
<J.,~.L-'be M 2"2'"'fzlw'b ~brnf! ~""1''1/•'b wrn'blrl'l!.• 

a b 
x~ -~ (x)t~i-= -y 2' y ~=(Y)t~i-- t 2. 

l;n2_wtfJniJ/.r t:.w1_wnr~~pn L rrh t' 

y - }2=-7( X - fi). ~wJ bx + ay-aby" [= Oz 

tnrrfwtf! 4wzfwuwrnLJ'b I;' 

y - l2=f( x--;2). ~wJ (ax-by)t2-a 2 +bL-Q, 

b"bfl,.2" 2"''f"'lf Lt. b'bfllll'bnrJwlf! br~wrnLflJnL'b'bbrl!. ~Lf!'bli'b' 

Ul 



I b 

112v b 2 ~ 1-T--- ( ) ' I - - aZ~ b Z · - · b - - ~ - - ' ' 

1

- - \ J i 2 
a . 

§ 27. ~wnwqfut qb~mn(l~' [!Uln pubnwtflll wllluwu w6wllgtmL~ h(l~flW

~wtftw~wu uzwuw~nL~InLU[! 

Gbfltu'f('bb.j! ~tl f'P t.wqtu UIU ['IILJ'f!_ tn r"-"'J I; phhn.tu jpb ~nn (''1/.r

btutnbb ['""' 

r--=f(S) ( 1) 

9-rb'h.f! phb""'JP'h ~nnrq.Jt'btum'hbrfts 'l-b~"'r:nt"''hp'b "''h9'bbt"L P"''b"'

at..hrl!.· 
x=pcosO, Y=psin &: 

p-J.r :J.rnfu"'rb'h (1) P"''b"'at..brJts "'l"mb'l~ -~ mb'l:u'lrbt""- 'hr"' w1'm"'

t."' JLntiL{rJ Jt1Lhf!_ 8-nq, ~tiLbbbtub.j! \ 

142 

'!,~. 91 

dy 
cty era 

tgrp=- :o=: -, 

dx dx 
d6 

x=f( O)cosO, y=f(O) sin9: (2) 

(2) t:.:uqtuuwrnLJ"bbrl!. m•/t"'L ~nrf• "1."'1'"'
Jbml'"'~"''b t.u•qwuUJ('IILifbb(''iJ b'iJ, f!.b'f nrnLJ' 

"J.W l'"'J' b tn [' I; t."''b'lf"'"''b rn.J' 6 pldwtu Jph 

tubft[nLhf!. {'hff• 91 }z 

bflb ~ -""- 'hzw'hu.~b'h.f! t1nrft "rt..t 

M( p, B) ~hmuul' 2" 2"'P"'l.P t.. "'P"sru'iibrfr 

tun.tub9.J]P 'f['"'~"'b IIL'l.'l."L{rJJwh 

tub~~nt bf!_ 1 IU"J.IU ~tiLbhbtub.f} \ 

ct r; . r , 8 dSSin J-tpCOS 

tg~==------------
0 d 

___e_cos 9 p sin 8 
d8 

(3) 

bztu'i"ufl,·'h.[! tt-nq z •un.tuqf"l :fblftn"{'P "'-'l'l"Lflt"''h h 2"2"'P"'l.P 

~"''l.J'"'ct tu'blwu'bf!.: ll.t1'ht."'lw 1;, "l' p.=q;- fJ, 

tufl?-- taO 
tgp.= -"'-·-- ~~ l 

I + tg<ptg6 

Y.Jumb'l tg<p-p pnfuturL'h mlul"''ll'blnq 'hrw (3) UJ{'mwt.tujtnnL

{iiJn:hf!. b. ~"'m"'r"t""- J.b.tu:pn{um.f'JnLh'iibr, ~umtubtub.[!' 

(p' sin 0 + P cosO )cos8 -( p' cos 6 -p sln 6)sin6 ,o 
tgr-= 

(;/cos 0 -? si n D) cos~J + (p' sinO+pcostl)sinO p' 

pe=p ctgp. : (4) 

U.l'"'I.P"""' Z"'""'"P'l qhllm"l'P "'.t"''h9J"'L'b f!."tn pb.b""'JP'h tu'b

~l"''b t,"'"-"'""'1' I; 2"'""''/P'l qbl,mnrft br~"'f'"LfiiJ"''hl!., P"''l.J'"'"'."'mll"'ct 

urql"'l ~bUJnLJ' z tun.tuqf''l qbllmnl'f' !L 2. "2"'P"'l.P ~"''l.J'"'ct tuh~J"''h 
~n tntub'lb'i:un q: 

0 l' I·., w ~· 8"'-.19 """L• "l' r=eao L"'fwpf•PJw~w., ""ll'l''"Li-' znzw.P"'l!!. 
zwna11Jp'J 1b~mnpp r. bm r.u11no[n1-J t- r. w,.nwmnLj, w'I.~JWj, lnW~I 

~ n ,_ J n ,_ ,{, UuLfl'wLf• r.w1wuwp•1LJp9 'lmj,.,.,{ bj,l!· p'=aeaO , U.Jj,",_ r, b,..L., 

( 4} pwj,,.,J.£[• r. [,fwj, 1f'UI umwj,n,_,f b1'1!' 

p' 
ct gp.=-=a, wp•fj,l!j,' {.L=arc ctga= const· 

p 

lJ.mj,b l fi>nL 1'~9fw'l.bpp wt)wj,9JWLj,l.l'l!.• o'lm1b l" 1 wj,Jf•£ w"lb u wJwj,!JJWLP 

uwr.Jwj,n,_Jf9' 

1 
2. y= -· 

X 
"'tum. 

1 .~- 1 - ----• 3. y = y x • lllmm. 2. r -' 
x2 f x 

I 1 
4. Y=.r· -- ' 41\uom. - .r- ' 5. y=sin 2x• fllu•m. 2s!nx COS.\ • 6. y=2x2-x, 

f X 2X f X 

"'wm· 4x-1• 
flpnzbL ~"l'bl'f znzw•[•n'f..,,.l'f PbcJUij, wj,~J"'-j,j,bpf• lnW~''lbj,uj,bl'l!.· 

7. y=x3, w} bpp X= 1• tlJuun. 3, p) lJpp X=-1• lllw•a. 3 , llwmwpbl 'lt)w'lf'l'l!' 

I 1 
8. y=-1 w} bpp x= -• tlJwliJ . -4• p) lJpp JC=1• lllwm. -1• IJwuowpbl 'lt}w-

X 2 
- f"'T 

' 'f}l'l!• 9. y=f X, bpp X=2• tlJ tum. ---. 
4 

CJ.utj,l. l f/>"'- 'b bf.r,.'J.I. l' P ,.,,),',.9'/wl'l.lrp l! • · 

U3 



J. 
I 

I; 

' ,. 

10. y= ). 4+3x2- 6, ff!u11n. y'= 4x3+6xz 11. y= 6>.3-x2z· fftwm. y' ~cc l 8x 2-~X • 
xs x2 t>x• ~x xJ-x2+ 1 

y= ------x: fflmm• y'=-.---- - -I: 13. y= 12. a+ b a-b a + b a- b 
3x 2-2x x2 

lllmm. y' = ---- 14. y= 2ax3- -- + c• 
5 b 

5 
2x 

fflwm. y' + 6ax 2 --• 
b 

r - a · - 1 
16 . . Y= V 3x -h' X +-- ' 

2a 

~ 

3(x + lf(x-1) 

2x5 i 2 

Qjwm. 'llwm. v' = --- ' 26. f(l)= 
• (a+x)2 

= l + t 2 ' 

(s~ 2)(s...i. ~ ) 

( s + 3) 2 

xP 

(s+41 2 

27. f( s)= --• 1Qoum. f '(s) = 
s+3 

1Tlww. y' 
x•-2x 3-6x 2-2~+ 1 

(x 2- x-2) 2 ---, 

29. 

lllwm. y ' = S:i(2x2
- 3)• 

(x"' - -;,m )• 
31. Y=(x' + a2)S , fftwm. 

32. Y=Y x'+ a '• 

a-~x 

= 2-{ a--x 
2x 2 -1 

35. Y= x{ 1, x2' 
2x + 1 

"lw.... y· = ··V (x2, . x+ 1)2 ' 

38 . Y"""V x+V x+v x 

x( l+1V x+1v x·C 1+ 2/ X ) } 

40. y=2sin x+ cos3xz fftuma• 
a 

41w•. y ' = • 

33. y=(a + xl f a - x , fftmon . y'= 

1 
"ttum. V' = : 

" (1 -x) V l-x 2 

36. y= r x• , x :T . 

39· y= sin 2 X• IJim.,.. y' =s ln2x, 

y' = 2 cos x-3 sin 3xz 41. Y= lg(?.x + b)• 

' 1 . ll)uun. V =----, 
' 1-:- cos x 

sin x 
42. y 

l + cos x cos2(ax + b) 
43. y=5in 2x cos 3xz lllwm. y•=2 co& 2x cos3x- 3 sl u2 lls!n3x . 41. y=c tg 25x. 

l·U 

IJiuun. y' = - 10 ctg5x x cosec' 5x• 45 . y=t sint + cos l• 
46. y= sinJ t cos I· •Qtum. y' = sin 2 t(3cos2 t-si n't)• 

lllwm. y' = t r.os t, 
47. y = af co ~ 2~· 

a sin 2x 
.. UIUI. V' == - , { l 48. r=asinJ...:L, 

3 
1~wm. r ' . = a sin 2 ~ cos_!_, 

' 3 3 

49· 

flwm . 

· r cos 2x 
X X 

tg-+ ct g -
2 2 

y - ------
X 

X X 
y'=2a sin 3-cos-. 

2 2 

, 2(x cos x + sin x) 
fflwm . V = - : 

· x2 s in 2 x 
1 

51· y= -tg 2x: 
2 

X 
50· V= 3SI n4

-' 
J 2 

~lwm. y'= l g x sec 2 x: 

52. y= ln cosxz fflwm. y' = -tgx• 53. y= lntgxz fftwm . y'= 2:s ln2x• 54· y= insi n2xr 

fftwm . y '= 2ctg X• 
tgx-1 

55. y= --· m , . + 56 _ 1 Vl+ sin·x 
··oUJon. J =S il lY COSX • . V- n ---• 

" 1- sinx 
1 

IJIU:m. y' = --• 
CUS X 

58. y= si n(x + a)cos(x -t a) • 
cos( in x) 

fflwm . f'(x) , 
X 

sec x 
1 

•qiiiiD• y' = --· 
cosx ( 

1t X ) 57. y= ln tg 4 +2 , 
fflwm. Y' = cos2(x + a)• 

60. f(x) = tg( ln x)• 

59. f(x)= si n(ln x)• 
sec"(ln x) 

lflwm. f'( x)= ' 
X 

61. f(x) = sin(co; XI• fflmm. f'(x)=-sin x cos(cos X)• 
1 

62 . r= 3 tg3:p-tg'f + 'f• 

dr 
fftwm . - = tg•ca z 

d'f T 
63. f(x) = (x ctgx)2• fftwm. f'\X) = 2xctg x(c tgx- x co ~; cc 2 XI• 

64. y=i n (ax + b)• 
2x 

fftwm. y' 
(x 2+ 1)1n a 

67. y=log3(x 2- sin X) • 

4x 
lflwlll. y'=---

1-x4 

y ' ~=a / ( ax + b)• 
} ..L x 

66 . \'= In--, 
· 1-x 

lflmm. y' 

69. Y= in (x~ xl: 

3x'--2 

2x-cns x 

(x ~-si n x) ln3 

6.':> . y=log3(x2+ I ) • 
2 

qlwm . y'=---
1-x2 
1..:. x2 

68. y=ln- - . 
l-x2 

2x-.-l 
70. y= 

71. Y=X In X• fftwUl . y'= lnx+ 1, 

.'3 Jn 2 x I 
fflwm. y'=-- : 73. y= h(x + f l -; x' )• fftwuo. y'= -r-· - -. ' 

x v 1 -r- x• 

74. y=ln(ln X)• fflmm. y'= -
1
-, 75. f(x)=lnV·-1_-:-_x_, 

xlnx 1- x 
fftw"'· f ' (x)= 

_ f x2+ 1 - x 
=--, 16. f(x) = ln ·,r--· 

l-x3 r x2+ 1 -,- x 

'2 
fftw .. . f'(x)=- J/ 1 + x~ , 

lfloma . y' 77. Y=f a2+ xl-a In a+v~ ' 
X 

~~ . 
X 

78· y= 

. r~+ ' =ln(x+yx2 -a2)- r x a , I x ' +a~ 
"'uom. y = · xz 

COS X 
79. Y=- + 

2 sin2 x X 

1 X 1 +-
2 

In I[!' -
2 

: 'lu•ua. y'=---, 80. y 
., in 3x 

1 
81. ·¥=2tg3 x-;- 1n CO S Xz fftunn. y'=t g3x, 

83. y=e1"+ 5, 1flw111. y'=4e1X+ 5, 84. y=ax2 , 

10-813 

5in x l + si n2x 
----, lflw,.,. y '= --'---
2 cos ~ x 2cos3x 

82. y=e3 '• 4lwm . y'= ae3 1 z 

lllwm. 2xax•tna• 85 . y=7x 2 +2x, 

145 



~tum. y' - 2tx + l)7 x' +2x ln 7• 8G. y=c a• -x 2 , 

,-
jO ' 3 l X 
·~won . y =

2
-y x e , 

89 . 
dr aln 'J In a 

dO IJ 
e' -1 

4Tttum. y'=-2xc•'-x' Inc• 

lllwm . r'=a 0in a• 

-Cilwm. y '=c'{l -2x--x2)• 91. y=--· 
ex +- I 

llJwon . y ' 
te' -1- 1) 2 

X 

92 . )'= 

X 
ex 

=In--, 
1-t··e< 

I 
fllwm. y'=--• 

1 '-e' 
93. v=- e" -e it ( - a} il]mon . y '= 

" 2 
X 

=+( e a + e - :;- ) • 94 . )'= es in x, llJ•um. y '=esin<cos Xt 95 . )'=a tgnx, fllwon. y' =c 

= natgnx sc~ nx In a• 96 . y=ecosx sin X• llJwm. y'= ecosx(cos x- sln 2 X)• 
97 . y=e' In sin X• llJmm. y'= 2'(ctg x--:- ln s in x) • 98 . y=x"es inx, 
~~tum. y'= ltn- lesinx(n +· XCOS X)• 99. Y= -" ' • 4llwon . y'= xx(ln x -;- 1)• 

I I 

100. Y= X ' t llJwm. y'=x' ( 1--:.~llX )· 101. y= xln x, llJwon . y '= :-,:lnX -1 nx.2, 

X X 
102. y=e' , il]wm. y '=ex {1 --- ln x)x' • 

il]mm. y'=n( ~ )nx( l - In ~ } 104 . y=xs;n x, fllw•n . 

105. Y=(Sln x)<, il]wm . (sin x)'(ln s in x + xc tg X) • 

103 . y= (Yjn) 11
' • 

xsin x( sl: x -'· in xcosx)' 

106. Y={sln x)lgxr 
2eX 

llJwm. y '= ----X 
( 1 ...L ex)2 

j_.,x 
ll]won . y '=(sin x ) lgx(l+sec ~ x In sin x) • 107. y=tg }...: .ex • 

x----
1-e' 

108· y= sln f 1-2' , 

cos2 
! + ex 

(x t- 2)1(x+ 3)5 

- 161x2 +480x- 271 

= 60f (x- 1)3 Jl {x- 21 1 V (x - 3)10 ' 
1+ 3x' -2x1 

~wm. y' t 
(l - x2)J/2 

11 5. 
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fljwm. y' cos· r 1- 2• --'Y,__ __ 2' In 2, 
2f 1--2' 

41Jwm. y '= 

llwm . y' = 

114. 

~wm •. y'= 

117. y= (arcsln x)2, 

2x 
il]won . y' = l -t- (x'+J)2 ' 

120. y== arccos(x 2)· 

il]won . 

llJ•um . 

125. 

y ' 

v+a 
u= arct g--· 

1-av 

116. 
X 

y = arcs in -, 
a 

2x 
11 9. y = arct g--• 

l - x2 

- 2x 
fllwm. y' -

122. 

11 8. y = arctg(x 2+1 ) • 

2 
il)wm. y ' = --, 

1-t- X • 

arccos x 
121. y '= 

X 

xt l 
y=a rc sln f 

2 
• 

123. 
.r-- x y=x y a2- x ' _,_ a2arc sin- • 

a 

Va=x 
lllwm. y ' = - . t 

a-+ x 

du 1 
illwm. - =-- • 

dv 1-t v' 
X x2 + 1 

y ' - t 

x1 + x2 + I 
127 . y ~"' x arc sin X • lllwm. y ' = arcs in xt---

J- x2 

128 . f( x)= arccos( ln x)• ITltum. i' ( x) -=- --.--r=r =:===:==-
xy l - ln2x 

129. (x) = arcsi nf STilX. ITlmm . 
COS X 

f' (Xi=' --,1 r====;:= 
-y sin x- sin2x 

] 

Vl-cosx 0 130. y = arctg ( ~x<.ll). 
I _._ cos X 

y' = -• 131. y= earctg x, 
2 

flttum . 

illwm. y' = 
earctg x 2 

2 
ITltum . y'=· e'-t- e-X • 132 . y==a rctg 

~ "- e _. x 

. , arcs in x In x ') 
133. y= xarcsinx, lllwm. y'= xarCS in x + -- - - .;- , 

i x yl - x- , 
134. y= arcs in(sinx): 

lllwm. 

fllwm. 

137. 

, cos x J +I I 4 I V l! "'"nl''l'bbrnL•'• 

y = 1 cosx.1= 1 -I I[ 4 Ill l!"'"" l''l'i.brn u l, 

y ' 
4 a 1 . 

, 136. y ~, arct g -x + In V 
5 ~- 3cos x 

I 

4sin x 
135 . v ~~ a rctg----· 

" 3-t- 5cos x 
x-- a 2aJ 

_ _ _ , fllwm. y' = - -• 
xta x•- a• 

x2 3x2- l 
( 1 -~ x ')4 I 

y o~ ln --· ·- - -arctg X• lllwlll. v ' ccc - -. 138. y= - - -- + 
· 1-x• 3x3 

\ 1- x 2 
J X -1- 1 

+ In{ 1 +:< 2 1- awg X• 139. v= - In . r , 1- + . 3 y X"- X + 

:::n l x l" 

:o l_x2"+l i 

140. y ~.c ln 1+xf2 +x2 + 
1- xf 2 + x2 

141. 
x2n_ l 

y = arccos--• 
x2n + 1 

147 



dv 2a 
"'wm . __:___ = ----

dx 3(1 --y~) 
146 2 , .T T 

• X 'T} = a t dy vlltwm. d~ = - ~ , 
2 2 ~ 

dy 
"'u•m . 147. x·3 + l -= a3, 

dx 

"'mm . dy y 
- = - - · 
dx y-x 

149 . 

150. y=cos(x+y )• "lw•n . dy -
dx 

Ojouon. ~= _ _ 1_j-ys in(x~~ 
dx x :, in(X)'I 

y=a (l - cos t)• 
dy t 

lllww. - = ctg- , 
dx 2 

dy b 3a t 
fqwm. -= - -tg t. 155 . x=--

dx a 1+ t2 

148. 

si nlx+y) 

1-+-s in(x -r-- y)' 

41Jmm. 

154. x=acosJt, 

y? - 2xy + b2 = o. 

~- ay- x2 

dx y2-ax 

151. cos(xy)=x: 

Y=b si n3 t• 

3at 2 

Y= 1+ t2 ' 
dy 2! 

fqwm. - = --, 
dx 1- t2 

156. u=2Jn ctg s, d u 
V=tg s ,-ct g_ St 8nLJ9 lnW[ > lt[l - =tg2St 

dv 

fllwm. 
1 

-{3' 

158. x=2cos t, y=sint, 

-{3 "'wm. __ , 
6 

X=J. 

159. X=a(t- sin t), y=a(l - cos t l, brr t=; , Ywmwpb-1 'l~w'lfrre• lllwcn. }, 

161 . ~np{rqn'b{r 'b~wurt!w.!p II 

J n<.fi/ ,,.,'[, t!b£ Jw'bpn<-Jil l""'b n<.J{r 
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J 
•n[• a=c 60'', V0=50 ---, npn zb l z wl'J,fw ~• "L'['[" L{JJnL'bf!_, /,[•p' 1) 1=2 ~('q• 

•lrl1 
2) 1=7 ~(lq• frwmwrbL 'l'lw'l['rl!. ' "'wm. 1} tg:r,=<l,948, 'f,=43°30', 2 ) tg:r2= 
= - 1,012, 'f~+ 1 34 ,3° z 

9-m'bb1 r, bmb1w 1 tpn<-'b~9[zw'hbpfr 'lfrtf>bpb'b :1frwL'bbpl'_. 

162. y=(a3 -X2 J;' "'wm. dy=-10x(a2- x2 )4dxz 163. Y=V1 + x2 • 
xdx 1 

.lllwm. dy • 164. Y=-tg 3x-· t gx• 
V l -;- Xl - 3 ' 

4qu11n- dy = sec•xctx • 

xln x ln xdx 
165 . y= -- 7 ln(l - xl: "'mm. dy=--~, 

1- x (1 - ,,)· 
~wzz/b[ :j>nL'b~9{zw'bbp/_r w6[' /, 'lfrtf>bpb'b9frwtl!.· 

166 . y=2x3 - x brr x=L ~x=0,01 . 

167. S1u•~ I; y=xL-2x • <j.an'bhl !:J. y-c h dy-c bfl' 

liju11u. ~y=0,0302, dy=0,03, 
X= - L tlx=0,02, 4qwm. ~Y= 

:n: n 
-= 0,098808, d r - 0, 1' 168. S·fw~ I; Y= sln Xt <J.m~.LL dy-c brr X=-, ~X= -. . - 3 18 

"'wm . dy= ...::_=0 ,0873 , 1G9. J•,fw'bwLn>f , nl' sln6(F -{T 0, 866025, cos 60°= 
36 2 

- - 'fUl'z,b[ Si n60°3'-fr f. Sin60°18'-fr dnmw1nr tupJb/!'z,bp[!_ t lJ.p'fJnL'z,f!'z,/,ff!_ r.w ,fb-- 2 J 

.Jwznbl fU'[J"LtiU>'ffr Ulz/Jw['bbpfr r.b ut: jqWIO. Si !J60·'3' --:0,866461, S!n60°18'""0 ,868643· 
170. <j.an'bbl tg45"4'30"-l• .!nmw•f"r wpJb /!1!. ' %nm . 1,00262· 171. forlw'bwl"" · nr 

og,u200= 2, 30103. 'lm'bbl log,o200,2- fr .!rtznw1nr wpJb/!1!.' 4lwon. 2,30146· 
Swppbr ~wr'll• w~w'!.9JWL'bbp. 172. Y=3xJ-- 2x2+ 5x- -l· 9-m'i.bL y"- f!_• 

12 
42 5 

~uom. 18x - 4• 173. y = yXJ , <j..,~,IJL y'"-c: 41lwon. --x 
125 

lltwon. - --, - H-{J! 

'/ow'bbl y" '-e• flluun. 6sec 4x- 4sec2x• 

illwm . 2c tg x cosec ' x, 182 . f(x) = V sec2x, 

6 
fllwm. -- ----

(x + 1) 4 

181. y= ln s ln x• 

9-m'bbl f"(x)-e• 

111. Y=2fx. 

180. y= tgx. 

<J.u,'bbl y'"-e• 

"'won . f"( x)= 
4! 

=3[f(x)] L f( x)• 183 . 
xJ 

y===:--, 
· 1- x 

fiJlllm. 

187 . y=a1 • 

(1 - x)5 

185. Y= 
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(n - 1)' =ln(l -j-- x)• '/om'bbl y(n)-1!_, '!lwm. ( - ] )0-1 · , 

(l + x)n 

(n - 1)! 

X 

1- x 
189. y=--, 

1-- x 

- / 'llwm. Xo-ln X-,-

-:- ~n )-ncos( x t rt
2
n } 

\ 

194. bfilb Y= exstn x, "'"l"' 9"'·J9 
"'"'l• "l' y" - 2y ' + 2y=O, 195. y2=4ax• 

d 2y 4a 2 
'/om'bbl ---'b, f!Jwm . = --, 196. 

dx 2 y3 
·-d2y dJy 

b2x 2-i a2y2=a 2b"· '/om'bbl ---'b 1, - -r• 
b4 3b6x 

dx 2 dx 3 -

d2y r 2 
'j.,'j,/;l --'b, fiJwm,--, 

dx 2 y 3 

fllwm.-
2(5 + 8p2+ Jp4) d 2p 

'-C.......:--:--..:.-:......, 200. se;: c;:cosp= C• '/om'bbl ---'b 
p8 d 'f 2 

( 1-e'+Y)(e ' - eY) 

(e Y, 1)3 

2a 3xy 
f!Jwrrr. --, 

- IY 2- ax)3 

1 
Q]uuu. - ----

4a sin4t ;2 

203. x= a(t-

204. x= acos2t, 

"lw~n.-
3 cost 

a 2si n 5 ! 
d2n 

206. 8"LJ9 "'"'l• "l' -(shx)= shx; 
d 20+1 

dx 2n 

(;" 2 w 1• n 'l f f. 'b n l' J w l /t ~ w 4_ w u w l' n L J ~~ b l' 1!.' 

- (shx)=chx: dx 2n+t 

l; ~. p Ul 2 n 2 w •f , 'l " /,_ b 'j, p Ut ~. n r J w I " b r ~ w l' " .. p J n .. 'j, ~. /; I' [!_ 

207. "'"'l'fbl Y=X
2
- 3x2- x -L-5 ~"L'i' M(3 , 2) ~1,-,,,._J 2"2"'1"''1/• "- 'b,rJwlf.' 

~"'"-"'""'L'"'-J'bbl'l!.' "lwm. ?;"2"'tP"'L' Sx- y- 22=.0, 'bul'J'"L' x+ Sv- 19=0: 
208 . 'j..,'bbl x

2
+ y

2
= r

2 2l'~"'~"ur; J /., !\·1 (x,, y,) ~bmn..J 2"2'""'"'lf I, 'j,,('Jwl!.' 

~"'""'""'l'"'· J'i.tl.l'l!.• btp"'2"2"'1"''1/• t.. h'bi_Jw~"'l"''"Lf br~"'l"' .. p.r,._~.'bbrl!.• "lwm. 

?;"2"'tP"'l' XXt -i- YY, =r"; 'j,"l'''"'t' x,y- y,.x= O· 8r'-=l L ' I· sN'= I x, ,. 
I xt 

209. 8rtLJ9 "'"'l• "f' y2=4pX ''l"'f'"'l'"tf' :J"''b~w[Jw.} ~hnnLtf b'bjJ"'2"2"'T"'lf!. 
'1"''1"'P"1 ~/tu4_n<.t! 1;, f.'u~ b'bfJw'i.tnrJwl~' /;[ ~.,,,...,,..,._'j, I; I.. ~'"""'""'[' I; 2p-/•• 
IJwmwl'hl 'l""'tfl'f!_t 

x :: yz x2 y2 
210. '/om'kbl M(X1 , Y1) ~bm,._J w) -+-= 1 l;lf"l"f• p)·-:--- ~f"l/,l'l.'"lf 

a2 b2 a2 b2 
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R~J 
211. '/om'bbl Y= ~"l'/' {fl/un"f_ntp} 

4a2 .. x2 
rn .. J'bhl'l~ w.r'b 

y=2x. -- 3a• 
11hmnuf, "l'mb'l X= 2a, f!Jwm. 

21:!. o, .. 1u "'"'L, "l' 3y=5x---5x3 lt"l'r M ( L 

w'b9'1.nuf I; ll""l''Lfr'bwm~tbl'{.' "~ 'll''bw~b mn of ' 

x+ 2Y= 4a, 

( 
X )" ( y )' n 2 l.,l'l:· M( a, b) ~bmnLJ mwl'w.t zn-213. 8nL,IIJ "'"'l• "l' -;- -~- b = "1. 

y=a(1-cosfJ) flr~L"I"Ir b'bfilwznzwof"''lr• b~•filw

n 
~"'l'''"'LI'• Z"l"''P"'lr "- 'b"l'''"'LP bl'~"'l'',._p, .... 'b'bbl'~' "'J~' ~b,,._J, "l'r ~wtfu>p 8=2' 

m ST-a SN=d, T=a{2, N=a{2: 
··rwm. - ' ' - 3 -dasinJt muml'"r'lr• 221 " 'bb ST SN T t.. N Jb,t,._p_,, .. ~,'bbl'l!. x= 4acos t, Y-· -• ,.m l '· ' 

1 
' 2 N \4 · 2tl g l\ I m s -l4a~ tn 2 1 costj S = 14asin3t tp q, T= 4as in t, = asm ' f.w, wp t "'llliiO. T- ..., 1 N ., 

1 
41lwrn. y'= ----, 

cos·'x 

1 
223. y= arcsin-, 

X 
QJwm. y' 

224. y=arcsln(s in x)• 
COS X 

m y' --, .. ,won. = I I 
COS X 

X 
Cllwtn. y·=-· 

\xl 

2 
225. Y- .r ? b- 2 X 

fa- -

----, !26. Y=lx I• 
a + b cos x 

151 



X 1 
lflwm. y'=-- -=• 

lxl f 1- x' 

r-- b l a 2 _;_b~a -L- -, 2b, 

1/nurwr/_up 

231. z)nC.w'bwft[• mwmw'bJw'b tt[wpplrpnL DJnL'bf'.' T=~V I 1 T t:' " "l"'l'Pirf'nL-

fJJ"L'b{'_ r.w 2tflrJfw ufuwtft 1Pw ft'bi w'l'llr!JnLfJ.rn L'b lfnL'bb-~w' 1) C.nO.w'bw~p 
I lrpftw[tnLfJJw'b, 2) ~w'bpnLfJJ:u'b nLd[t ~~ u•[IW'[W!J./w'b iw1tJw'b JwJw'bwft fJn LJ[ 

"'""'~ 1 % ufuwL£'.1 lflwrn, 1) =:::: _2_ % 1 2) :::; _!._ cv 1 
2 2 "' 

232. Spwftmppuw~t oJm1w~ ~ w.r'b r,,,.,~nLfJ J"'JP 1 np 'bl'w ow'bftwrJw~ ftlrmp 

r,..,,fwp 2"2W'P"'lP T r.wm•fw~l'. "lw~ulw'bnL•I ~ r.wumwmnL'b b-ttftwpn LfJJnL~t 
U."["'!J"LfJ/r{ WJ'ft /rf't,b-{nt/ 
1) "'['W~m[tjouwJp 

mi"'I'P r.w1wuwttnul[•s, 

2 ) ftntt/t 

'tlllf'lu I V 

IJ.nup [cfL· nrb.!c: bpbf( x) ~nLGljgpm!i wG~Gqfirnm k [ll , ~] 
fiunnllw~nuf, qr:t>bpbGgbtll k UIJIJ fi mm~wbll rnplp GbrvrG ltbmbpnuf 
h. x=a 1n x.:::. h c)mJpbpnuf qmnGnttf ]; qpn (f(a)=!(h)=O), mntrn 

[:1, bj fiullin\wc))t Gbpunuf qnJn•pJmG nLGjt tunGtlmq_li ubq X=C 

qbm a<c<b, npmb'l l'(x) UlbmGgJtul~ qmn.Gnuf k q_pn. UIJultG:I!G' 

f'(c) = 0*: 
ll. "fIn 9 IJL J y: ·F,.~'itfr "l' l( x) f/>m'it~gf•m'il tn'itf!.'it'lt.u/Ln I; I a, hI 

t.mLnt/_IUUllLlr, IU"fiU "'l'it IU['f t.mLni{UIJnLJ nL'itp M Jbum'fnLJ'it IU[IJ-b.c 

iL m '1(-,".Cl'"''lmt'i' wrd-L.p: 
l;[ilb lv\=m, ""'i"' f ( x) f/>m.'itltsf.w'it r.m/ILn/ULnnL'it 1;, "'Juf.'b.c'it X-p 

P"l"l' "'l'J-b.g'itbrf. t.~n.!wr /IL'itp t.mult/IULnnLh mpd-b.c' f(xl = m: f:wJ9 

'"l'l 'l·kU[.pm.J' t.wLn'J•u6p gru'illt"'9"'u lthLnuLJ t'(x)=O, iL [ilbnpbJ'it 

UJUfU191JL9L[mJ 1;: 
t:CU[ilw'lrh'it.e, [c!b M=f= m: u.!'l 'lb"f.JJ"'.r "'l'l [iltfhrftg 'ln'itb Jb~f!. t.LU-

qwJUJ r t_l; 'll'" tP' 
flpn 2_ m~pnL{cfJ...,'b t.m.!mr b'it[iJ"''ll'b'it.c, np M>O k [/>nL'it~gpm'it Pl' 

Jbu"''l"L['i' "'l'J-b.c'it f!.h'fnL'iunJ /; X= C ~bLnnuf , wJup'it.JJ'it' t( C)=M: 

CuLn "£'"'· ,[ 'itltullnli 'it.JJ, "!' c- 'it t.mqutump t_l; nf_ a-f., nt /;[ b-/r, .JJLU'itp 

"£' cuw "i"'lJ"''bp t(a) -= 0, f( b) =O' .P"''itp "l' f{ c)-'i. f/>nL'it~ypLUJP 
JbUun:f'nJ'it w l'J-h.c'it I;, "'"i"' l ( c + i'l x ) -I ( c )~0 J•CUt u1bu i'l X >O, "'J'it-

"fbu /;[ ~x<O '1 bul.[!"LJ: 
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f(c+llx)--f(c) 
0 ~ , hrp 6x>O, 

LlX 
(I'} 

(I"} 

'l!w'bp np ['_UUJ {tlhnphJf, "f.WJJw'bp wJw'i'.'fJ"'ll'. X=-C IJbmnLJ '1"

J'IL{dJnLh 11Lhp 1 Ul"f.W U1h9hbl"" UIII;;Jw b p 1 hpp UX-->0
1 

,,UUJLUbiU'il.[!• 

lim 
Ax - 0 

,. f{c+llx)-f(c) -f'{ )- · 0 ,_ ,, <O 
1 1m ----'----'--'--;....._;_ - c ~ , "rP '"'x 1 

Ax-o ilx 

1~"'19 f'(c)~O J. f'{c):;>- 0 wn.'btnLfiJnL'h'hLrl'. r:.,UifwuditzLLfo h'b 

JpwJh LUJh 'lh"l..[!"d , h(tlb f'(c)=CJr l,hwl,upwr , j a, b I r:.IUUJt/_wJp 'hbr

unuf 'l"JnLf/JnLh nLhp (' ~hw , "l'P t:.wJwp f'(c) wJw'b9l"'ll'. t:.•ulfwuwl' 
I; 'll'"Jf•: 

U.Jw'i..9lwlP wpJwm'bLI'P Jwup'i1 [JbnphJ'b nLhp "l'"l''l hr~rw
t_wf"'~w'b Jb~'bwpu•hnL{tiJ'n'b. b(tlb J•npu•.[!mhtJnLp IJhmrnJ Z"Z"''P"'l 

IIL"',h9'"l Wh{'_h'J-t:.UIUJ ~"['£'. Ox UltJ.Uih9.JH!. t:.wrnrnJ I; a b b "'P"9P"'i.."r· 

f(a): 
=l(f>l 

o a c, 

t~. 92 
t~. 93 

nLhh9n'l IJhmbpnLJ, w"f.w "'J'f ~"f'P 1_rm hw'ht/_p 'fn'bh Jb~ C, a< c< 
< b urpu9fou nL'hb·9"'l ~hm, npwh'l znzwfn'll'. 'f."LCJWt:.hn. I; Ox UIIJ.LUh9-
.[!ph 1 

'J. p Ul n '[ 11L~fl J nL h 1: lJ."f.nL911L9t/_wJ flhn 1rbJ{! J'iJnLJ I; />['UIIIUI-

91'-, IL UIJh"f.pup 'fp/f>bph'b9hlfo f/>rn'b/J9pwJI• r:.ru,f,['' , l'l'. [a , b I t:.wur-

1_wJp JwJphpnLJ 'll'" lP 'f•unhnLJ, P'"J9 {'_h'/nL'bmJ I; f(a)=f(b) wr-
154 

/ 

Jb.e'hbl' ('b~. 92 }r lJ.1u 'lh"i.[!"LJ "'"i""9"LJ9l'. ~wmrupt/_rnJ I; l.foz ur "',mJh 

a hn "' 
'J. p m n 'l nL fl J nL 'b 21 G(tlb f(x/ f/>•nh~9P"'h "'Jh"f.pup'b 1;, "I' 

'bpw wJw'h9 J"'ll'. 'I"J'nfiJnLh nLh/• ja, b I t:.wm'l.wJp "l P"l"l' 'hbp.[!ph 

lJbwbrm.J, W"f.W fdlm['b·Jp "f.h'lnul'l'. IJU'f"'l I; tfo'bhl nt l.fozUJ (wr 

c .· 

ufo'b.e'b' [a, b l r:.wwlfwamJ ~""l'"'l I; ttfo'hbl 

LU Jh"f.P"P c ''"m' n rwL'l f' (X)-£'. 'fWnhw 'll'" }: 

U.J""i""' opp"',w/1, 

y=fi X) = 1-y X~ 

lpm 'b~9ptuh ('b~. 93} wh['_h'ft:.ww I; [-l, 11 
r:,"' 111 tjwanLJ J. 'lwn'bm.J I; 'll'" "'l'l t:.ww 1_wJ p 

Jwll'bf'nLJ , pwJ9 /, ""J'h"lbu "'Jw'b9J"'ll'.' 

C) 

f'(x)= -,) :~7-
o)l X 

. Jf>l"'~""f.[!P 'bhpumJ 'll'" t_p 'lurnhrnJ: '}-/''" "f.UIUI{;,UIILh LUJh 1;, "£' 

Jpr_tuiJ""J.[!P 'iJ/,l'umJ 'I"Jmftllrn'b ,,'bp X=O /"~"'' "l""b'l tuJ"''h9J"'ll! 

'f" JnL{tl l"' 'b i_rnb/• ( 'l"'nhrnJ I; "''iufbrr_}: 

t~. 94- 1nJ u1wwllhl'tJ"'J '1/'wf/>p~£'. Jluz LnWLP" I; l..u Jp /f>nLhlj

.9P'"lfo orp'budl, nrf• ruJ"'h9J""ll'. '1.1"' t_/• '1"'"-hiiLJ 10,21 t:."'wt/_urJmJ: 

U.J'l f/>nLh~9/•wJp t:.tu.ftul' l;l wL7 p i_rn'bL'b IJ.nufo (tlbnrhJp "f.u•r 

.JLU'b'bbl'l'.• .ew'bft "[' X -= l IJbwm.J lpm.h~.'JP"'h u'J"''b9J"'l t_rnhpt 

§ 2. flthnphli qhp~wtjnp wGUjlJl t.iwuJlb (lmqpwudJl phnJll.ilif!) 

{"' 'f l', 'b J /• {J b" l' b J l'.: bfl h f(x) ~nLGqg~ruG ruGeGqfiwm 
h ja, bj fi wunlru.)rllt.f l1 qjt~!JphGgb1[1 h WJ'l fiwunJm3~ p.n1nr, Gbp
.11J1G qbmbpnLt.f, wu1w j a, b j n•uullj•u,)r libpun•tf qqmGtJ~ qnhb t.fbq 

IUJGuiJluJl c llbm, a<c<J.J, np 

IJ, "i IU 9 IlL J !J 1 

f( b) - f( a)= !' (c)( b- - a): (I ) 

f(b) --f( ci)_ ftli"'.l'. 'bz w'b•uiJL'h.e Q UJUirLn1_, "'r 
b-a 

Q= f(b) --f(a) (2) 
b-a 
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F(x)=f(x) -f(a)-(x-a)Q 

w'bg'bmJ 1;· (a , f(a )) ~bmnt/_ . 

y - f(a)= Q(x- u), 

Y=f(a)+ Q(x--a): 

Pm19 F(x)= f( x )- !f(a l+Q(x-a )j: 
~burL.tuptup , X-ft j11Lf1<UJJ1Uhf_ jt1Lr mp cf b.efr /) tulftup 

F(x )-e /).ut/_.uu.ur /; y=i(x) ~"rP L y = f(a )+O(x -- a) 
Lwrf• JfoL'buLJh .upu!Jpu'b 111 'bbyn'lftl• -

mbpfo Op'J.p"U.uw'bhrfo urtuppb[,L{ift.u'itc: ·Y 
~bz, I; 'bt1.umbl, "r F(x) f{>m'b i,.-

!JPw'b .u'itc'it'l-l)wm 1; 1 a, b! l) ,.m1w 

J,.J , 'J.pf/>b[,b'byhlfo I; tu1'1 t.. .umt/_wd-p 

'bf,['utn.f L. l[tunhuLJ I; qpn /)wmt/_wJj1 

J.utr i.. rnL.f, ~»Jup'b.f!'b' F(a)= O, F(b )= 

=0: :,bml..up.up, F(x) q,,,'i.,f/9/•~»t/• 
h~tum.f.uJp ~/tp.un.b[p I; fi•"lLP {Jbn

pbtf I!' u.11 [ilhn rhJ fo I)UJJ .uaUJ (i, t.,UJ,_ 

t/_.uJp 'bhpurnJ 'I"JnLfiJJnLh nLhp uiJh

"fpujt X ~ C ~bur , n r 

F'(c) = Or 

F'( x )=f' ( x) -Q: 

F'( c)=f'( c)-Q=-=0, 

Q=f' (c): 

a 

Shtz.u'l-rhtnt/_ Q -p wlrrfb.f!l!. (2) /).ut/_wu.upnLfi!J~»h Jb r_, 

f(b )-f( a) =f'( c) 
b-a 
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C X {) 

(3) 

t{b) 

(1 ') 

, 1,urh'ZP9 .u'iufp2_tu"fbu l)b,Lnuf I; (1} p.u"U.uJ.Lc: U.tu"fpun•[, [Jbnl'bJ'iJ 

1D"fiU!JT1'-9'f.uJ 1;: 

L~»'fp.u'iidfo [Jhnph,fp br~r~»t.uf~nl1.u"k frJ~numl'. "f~»l''lbl"'- /)w-

- f(b) - f(a) 
.f.ur '1-P'fb'iJ.e 'iJ~. 9·'> -p'iJ: tli~nrf•y ,,<j,Jfr2'""if.u "flU£'? 1; , u p-~--

b-- a 
JbJm.fJJnLhh forh'bfo9 'ithr~UJjUJ.'}hlluf I; 'friU•1> !""' ;, b b wpu:;fw 'bl./"'i. 

,,_'i.,b9"'l A IL B ~b, brnt[ UJh.'J'iJ .-,l fUJi'/' rJ. fJb.e•n {JJ wh wh~Jwh ww'b

qh'b Lt f!.l 

O'tnLU ftnrz•ffo9, f' (c)-'i. 'J"[''' c mpu,'Jfru"U ,,'bbyn'[ l;bmuuf znzw
tfw'lfo [Jh.ern{JJ~»h tuh~J~»h mw'b'l /;'itu'b l;r lJ. Ju"iJ'u'"/ ' (1 ' ) l) .u,fwuUJ

pnL{rftw'ii fl.uJ hpUJh ;:,,UifUJpJb.e (1 ) J:.w•f•uuui[mLfilt m'b Lrl!rwt .u•f• ~nltw'iJ 

J•.fwumc ftUJttu'iimJ I; l)bw l.. !wL"'-J. h[Jh AB UJ'lb'lfr P"l"P lfbtnhpuuf 

'I"J"Lp 1,,_'b ,,'bfo 2. " 2"'f"'L ' "'"lw A L. B 11btnbl'fr ,ffrt h w!'l- .u'lb'lf' 

tft•~» fJ '[ tnhtjp C ljbtn , npmh'l 2 n z w •/• n 'If! q TIL'{ w ;:, /, n I; A /, B 
~bm!.-rc Jfr.uy'bntz L IU r fr 'it I 

U.J'i.,, ,_ l)btnf, , 'bzL'b.j! l)butl•t~»Lf!' ·f?w~J• "I' C mpcfL·.[!l!. pw•fwl'wl"''·,[ 

I; a<c < h "fUIJtfmhjth , UtUf Ui c-a < b-a, ftullf 

c - a ---= (J ( b - a ) , 

npmh'l Q-'b 0 -p L. 1-fr Jf.l_l• 'l m'b•fn'l rtpfd; {Jfrt[ I;, "' Jufo'b.e'b' 

i(b) - f(a )=(b- a )f'[ a+ 'J(b- a)J, O<fJ <:_ i: ( 1'') 

§ 3. {()olinJ1hLi hf14nL :j»nLlllJg~wuhfl~ wGlir r liwpwp li flnL~Jwll o wu~1; 
(4n2~~ (i)hnJll:iU(!) 

lln z fofr [Jbnph.fc : b i:t b f( x )-~ L.. '( (X) -e [a, b] fi wmtlmilrtL u 
wG~Gqfiww L.. lUJIJ. fiwunlm~ [1 GbpunLU qj1,PbpbGgbtJ1 ~ndi4g{nuGbp 

bG, ~Gq npnuf cr '(x)-p fiwm,lwllll Gbpu!1 "i u[1 qbmm.u q_pn ~r 

q.wnGnLu, WUJ.W Ia, b] fiwuul.w~!t GbpunLU' qq'l\Gtlr wJGUJ.llUll x=c, 
a< c<b qbw, np 

f(l1)- t(a) 

<ft b) - - 'f(a) 

f( (' ) 
- -: (I) 



Q 
i(b)-f(<J) 

'f(b)-?(a) 
(2) 

hzb'b.f!, n[' cp(b)-<p( il )=/=0, J!"''hp "[' f,UifjUJnUI/f 'JbUf.f!nt,j' y(b)-'1. 
lt_f.uuJwu"'l''ibr cp(a )-Jr, b. "'1'1 'lh"'.J!nLJ IJ·nufr {clhnrbJfr t,,..,r,..a,..1'b 

't'(x}-e 'l['n ~'lwrL'b"'l' f.uan'I_,..<Jfr 'bbl'u"'J', "l'f! f.w~Uiurnrl t- [clbnpbrlfr 
~"'! ,[ tu'b Jr'br 

'J Ul 'f.,f'b'b.f! f.hLnhJUI[ od Ulb'JUI~ :p nL 'iJ~,'JP tu'IJ' 

F(x)=f( x)-f(a) -Q[<f(x)-;>(a) Jr 

ll.LJ'k ... t,,..JLn 1;, nr F(a)=O !.. F(b)=O ('JIU r.LmLrnJ I; F(x) lpnL'kiJ-

9P"'JP L. Q (rl<[Jr uwf.J',..'bnrJ'bbl'P9) t 'tfJ,..mbln'l_, "[' F(x) lpm.'bfJ9JrLU'k 

I a, b I f.tuLntJw<lnL.r pwrf"'l'"'f'"L,j' I; /J.r,ufr [rlhnpb,f'Jr P"l"l' Uf.Wl,["''b'hhttft'b, 

b'f['"'""'9'i.m_,j' b'i.J!, "[' a-p /.r. b-p Jpj!_fL 'f"JnL[rlfrrL'iJ nL'iJp WJ'iJUfpup 

x=-=c (a<c<b) wrrfb.e, nr F'(c)=Or ~w19 F'(x)=f'(x)-V<fl'(x), 
t.bLnhUJp~»p, 

F'( c)=!' (c )-(J:/ (c) =0, 

Q= f'(c), 
cp'( c) 

Sb'lw'll'Lln'{ Q-Jr W[trlb.p[! (2) "-"''/_wuwpnL(rlfw'k ,fbi'., ~uLnUJ'i.w'b.e 
(1) f.wtjwuw rm[rlt•n'her 

'Jo Jr UJ" 'l nL [rl J m. 'b: /•'kt"ihu fJwl'"'l I; [rl'/_"'l ~»nwi'.Jr'k r:,"'l"'B-

.f!P91 ltrrzltJr [r!LnlrbJe l_f fJwrhLJr "'"i"'9"'!1ht' ~frt•runhln'l_ (ur'tl'"''bdJr 
f(b) - f(a) 

fclbrrpbJl! 't"UJ"l'""lfr f.wJwrfrlfr L. t,,lm"'rwrf• 'h~wUJ-
<t(b)-cr(a) 

Ju,Jp: /•!"'.[!• Jb'k.e "'!'f 'lf'UJ.J!rnJ (fJnUJrrl'.ufJe (b-a)-r"f ftp-6.wmhl"'-9 
f.bUJn) 1/"mw'kwJJr'k.e t.Lml•twl pw'btua!,e' 
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f(b) -- t(a) 

<r (b)-9(a) 

'I-Jr9nL.[! f( X) L. cp( X) lpnL'iJ~9P"'"'brc n r" I; ! a I b J t. ... m'l_wo ,._,j' 

P""'"'l'"'l'"ul b'b 'Inz.Jrfr (rlhn1rhJf, "iu'!,j''"'b'kht,fr'h b. 'll'" b'k 'l"'"~"n,[ 
"'1'1 f.wmrf~»<Jfr x=a LJbmmJ, "'!"P'k.e'h f(a)=O L ~ ( a )=O: 

f( X) 
-- ""'t""Pbf'nL(rJJrn'i.e n/"'2'/_"'J 1/; X=a qbmm ,t, P"'!!J tn'bfr 
9(X) 

LP"tffr'b nrnzUJ~f· frJ'UJULn x=Fa ... ,,d-h.e'hbrf• '1-b"'.J!nL.r: ~E.urL "'P"'f' : ~w-

rblfr I; 'l'kht wn f.wp~»phpm fcltm'h uwr..rw'kfr npn'i.Jw'b t.wr9f!• "n' 
X-+3: ll.!u LnPUf.P u ... r.J ... 'iJ'iJbrfr t,,z•fuufe nn'/_np~»{!ur[' fJu t_ t/_m.rl' I; 

0 
<r- mhu.efr ,..'b, 1rnznL[r!Jm'k~,brJr P"'9"''f»r 

0 

~in X ·,r < < < I b Jr I < opfr'i.UJI,, Jim - -- UUJ '> UIU(! $UUU1['f/ IJ 1 U!UiflflW [IUU 
x-;.0 X 

sinx r ,;, < 
t_/; 1 bf'f- X=O, f'Wf!J J'b'iJ.p mbubl hb.[! 1 n[t -- WfLnW'>tulm"LlUJWU 

X 

uUJf.J'w'k[! X ----> 0 '1-b"i.f!"'-,j' 't"l'nfltrn'b rn'bfr b. ""'"-"'"'"[' I; 1-fJt 

fil'huphJ (l.n"'.frmwlfr LJ ... 'bn'bf!): 'l'l~ gnL~ f(x} h Cf'(X) 

~ndiqgltwfibp~ nphh [a , b] fiwun}wt)nuf f'W~WpWjlOLtf };(l 11nzr ll 

fthnpbtfr nltuJtfwlllibprli l.t. x=a ltllmnotf IJWILlinu.f bll qpn, wptl•!'q~li' 

f' (x; 
f(a)=IJl( a)=O, WJCJ. l}bnwn uL bpb qnJnlf:l JnL!i ndij1 cp'(x) fimpwpb-

f( X) 
pnLf'tJWU uwntfmfi£!, bpp X->3, WUitu qnJnLpJBL!i nt.fi{l J.t. lim ---[!, 

x ~o :p(x) 

~Iii} n pn LU 

f(x) t'(x) 
lim--- = llrn --r 
x- a <f'(X) X-> a 'f

1

(X) 
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'' 
I 
l:j 

,. 
,·' 
,! 
,; 

' 

f (X) -- f (a) f' (0 

<p( x) - so (a) cp ' ( q 

llf'Ulb'l_ ~ -b [!bf,wtf I; a-p fL x-11 J'" l_fLt f:w19 {!UUJ "fWJJ'wbp f(a)= 
=<p(a)=O, ilzw'bwlf"LJ' I; 

G(Jb x-a, W"fUI "- ~~a, .pwhp "l' ~ -h "fWptpw~tJwtf I; x-p L. 

a-[• J'pl_IL: Cum "l''ILJ', b[rJb l im f'(x) =A WUJW lim f'(~) hnLJb-
X • a <fi'(x) ' ~ ~a cp' (n 

"ibu 'I"J"Lfdtm-b nLbp h f.wtJwuwp I; A-p: l1JuurlulP9 "iwl''l f;, "l' 

I . f( x) - - Ji f' (~) II · t'(~) 1· t'(x) A 
IITI --- m- -= iTI--= tm--= , 
x-a y( X) x-•a <f''(O ~~a cp '(~ ) x~ a:;; '(x) 

f(x) f' (x) 
lim --=tim -_._, 
x~a cp(x) x · ay '(x) 

'1-" U1 II 7 IlL fi1 JIlL h 1: flohnl'bJ'e "'"'l" nLhp L WJh '1-b"i.J!'ILJ', 

b(tlb f(x) ~mJ' cp(X) !ptiLhlj,gpmhhhi'l! n pnztJwr7 }_hb X= 3 ltf'UJtnJ' 

uutfJWJh 

l im t(x ) =O, l im:p (x)=O: 
x ... a 

l11u 'l-b"i.J!f'_ ilwfulfphm.J' ,e'b'bw[+fwr7 7-b"i.J!Ph pbl'blnL f.wJ'wp 

f (x) L. 9(x) :p,Lhl[gpwilbrl! h•ufunl'"Z/;h .f! x=a ftburnLJ' UtJhufbu, 

"I' c;.,1,w'b,e '" J '1 /1 b, nL J' 'f w "i. :.n 'b mi. f! b 7: r. w m: 'l·rw /:,wJ'wr 

pwt{wfJwh I; f!_h'ftiLhb[ 

f( a)= lim \( x)=O; ;-; (a)= lim<p(x)=O, 
x _,.a X-+il 

f (x) . 
,ewhp "['• wfJh;,w/ut /; , -- '•wrmpb{'nL{tftmb uwr.J'whf! 1 b('p X --->3 , 

<p( X) 

IJwfat/_wrT }_I; Ulf''1l".J! WJh pwbp9' !(x) L c.r(x ) /j>m.h~.'JPWhLre nrnz
t/_wJ- b'b X= a ~b1.11nul , [db n}_: 

'}- p 1.11 n 'I_ nL fd J nL h 2: f;ph f'( a)='f' (a)=O f, f'(x) nL <p'(x) 
•u<}wilgrw1'bLrl! pwt.J.mrwrnLJ' be;., w 1'b ulwJJ'wil'bbrf•il, "l'"hJ! J'/;5..[! 
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f' (x) 
'fl'bl b'i,.e plm1,LJ'uul f(x) "- <p(x) f>nLil~spwilbrf. •/rw, w"'.w, -,

<p (x) 
f.wf""l'bl'"' {tiJwh b~u11nJ'wJ'p ~p('wnbtnt/ {n"fpurw[p ~wbnh[! 1 ~'flUb.[! 

I i m _f'_( x_) =I i m _t_"_,_( x.....!..)_ 
x ->a q) (x) x~ a cp"(x) 

sin5x . (sin5x)' 5cos5x 5 
lim --= ltm ·· ---'--=lim - : 
x ~u 3x x~o (3x)' x--o 3 3 

. !n( I i x) 
It m ---'----'" 

. 1+ X 1 
ltm-- =-=1: 

x_,O X .. 0 1 1 

e-e- x-2x 
lim-----
x-o x-sinx 

ex-e - x 
=lim---

x- o slnx 

e<+e-x 
lim-.:__-: 
x-->0 COSX 

2 2: 

IJ.;umlil[ l',wp~ bttw.f bpbj! w'b~wJ ~frpwnbt J.""IP"'"'t/.' ~w'bn'bf!., l!w'bp "I' wnw£fr'b, 

bp~f'"l''l L. bpf'"L''l w.lw'b9J"'l'bbpfr r.wpwpbpnLfJJ"L'it'itbpf!. }; = 0 'lb"li!"Lif pbpnLtf b'b 

0 
- w'b,.pnznL£1 ;w'br 
0 

'}- p 1.11 n 'l nL {I l nL h 4: {n"i~urw[p 1/wbnh[! lfp{'mnbt[• I; "- WJh 

'fb"i.J!"LJ', b[Jb 

limf(xl=O "- lim9(x)=O: 
X -+ CD X -+ 00 
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limf (-
1 

)=0. lim tp(_!_)=Or 
z~o z , ... o z . 

sin J:_ kcosJ:_( _ _!_) 
X X X2 k 

lim --=lim =lim kcos-=k: 
l:: - CD 1 X-+ CD 1 X-+ CD X 

X 

§ 5. t(l~nL wlnlhfl~ liM uhbntpJnttJ\Jhfl~ llWf1Wp!if1nLpJwb uwfhtwb(!· 

(~ = mhuJ!~ wlJnf1nzntpJntlJllhf1~ pwgntU(!») 
00 

ll.J'ilnLt..burb, ,e'b'bwp"b'b,e X--73 (qwJ' x-+ao) 'f''U(.[! IIL,j' w'b'i.brt,nL

fl Jwc;, tl'tur"'l f (X) L. <p( X) b[,fJ"L lpuL'il'tgf.w'bb f'l' >.ml•wp.bpnLfiJ JW'b · 

u wt..J' w 'b p r.,," i' !J I! t 

flo b 11 p b J'r '}~gilL~ f(X) /,_ tp(X) ~ndtlJ9lllu lihp~ mfiefil}fiWm lL 
l}~~bpbfigbLI1 bli a qbm~ zp~wqwJ}!~ pnp1p x=f=a ltuatbpnuf, eliq 
npnuf <p' (x) w~wGgjtute q_pn i.~ I}Wn.linuf. WJlindibmL., l}~gnL}! 

llmf(x)=oo, limtp(x) = co 
x ... a x-+a 

f'( x) 
llm--=A 
x-+a <p'(x) 

. f(x) f'(x) 
ltm -=lim--- ·· =Ar 
x- a tp(x) x...atp '(x) (2) 

lJ. "f W 9 fl L J91 a qf11np 'fpU>wr't'i.ntf 2f2_W'twJ.enuf tJhrs'iJf.'iJ.e (l /,_ 

X br'tuL 'tburbl' "'!'b"'lw, "P a<x<a ('tw•f a ·<. x<aJ: f!uur ltnzf.r 
Ji-b n rb ,j'" ltnL 'b L 'b IIJ b.[!. 

f( x ) · f( J) _ f'( c) 
;(~)~tp( J)- tp'(c), (3) 

npurb'l d < c< x : (:1) t.uuJwuwl'"'.frJJw'b tlwfu J'wue. t!L.w 1fonptf•'il,e "'Ju"'bu, 

]-~ 
f(x)- f(1.)_= f(x) f(x) (4) 

Cf ( X) - tp( =< ) tf( X) J- tp(a) 
tp( x ) 

(3) 1.. (4) wn'b f..nt frJ !"' 'b'bbrr9 uurw'bm ,j' b'b,e , 

1-~ 
f'(c) f(x) f(x) --=-- . 
tp'(c) tp(x) I- tp(a) · 

<p(x) 

l- tp( a) 
f (X) _ f' (C) tp( X) 
----- t 

tp(x) tp' (c) 1 _ Ji:l ( 5) 

f(x) 

(1) "fWJ•lw'bfrs t.burL.mJ' 1;, np 'twJ'wlw't.u'b fn.er ; > O fil'ir 

t.ulllwr "wrbLf, I; a-'b e'ilurpbf a-f.'b WJ'il.e.u'b J'nur, np P"L"P x=c 
"burbpnuf', npurh'J a<c<a, urh'Jp ~nL'iJh'iJ.u 

I f~(c) - ·AI<z 
tf (c) 

f' (c) 
A- c<--< A+c 

tp'(c) . 
w'bl\wqwuwpm fiJ l"' 'her 

ilJ.J'hnLI\burl.. 'l"urwpl1h'b,e t.burL.Iwl 'tnurnpw'te.' 

I - tp(a) 
tp(x) 

l - ..!i:L t 

f(x) 

(6) 



CX-'iJ Uf.wf.Ltn1_ t:.wuurwumL'iJ WJ'i.J"f.bu, np W"f.wf.n1_qp (6) Ul'iJf.w1_muwp11L

p tnL'ilf!_ I X-[! ~J n urhgilhil.p_ a-p'il: .Pw'bfr n r f( X) --+00 iL tcr( X) --+00, hpp 

x-a, "'"f.'" 

1- cp( a) 

lim cp(x) 
x- a 

1
_ . f(a) 

i(x) 

IL, t:.huriLwpwp, ilwfrlw"f.hu f!_'ilurp"'J s<O fil1_fr f.w1fwl' )-f~'b: pun[wflw

'bwl_wp Jnm x-hrfr f.,uJwp f[nL'iJh'iJw'iJ.p_, 

~IUJ 

1- cp(a) 
cp(x) -
f(a) - 1 <""• 

1---
f(x) 

I - cp(a) 

1-c< <p(x) <I+e: (7) 

1-~ 
f(x) 

~"''l,/"'Uf."'ur~hln'/ {6) k ;(7) w'bf.wqwuwpmfilJ"'-'iJ'iJhpfr ;,,,,Jw"f.mmm"..: 

/uw'b w'i.J'Iw'f'ilhpf!_• uurw'iJ,,_,J h'i.J.[!, 

1 
__ crt o: )_ 

(A-s)(1-s) < _f:(_c) -~cp(~x.!_) < ( \ + s)( I + s) 
cp(c) 1-~ 

f( X) 

~wJ ( 5) f.wqwuwp"'-{tiJw'il f.pJ w'b 4.rlU' 

t( X) 
(A-s)(1-s)<--<(A+s)(I+~): 

cp(x) 

.Pw'bp np c•f!_- ~w.!mtwf[w'il P".f!P f{Jfl"- 1;, "n· ·: x-r iF"'"''ullw'bwl_•u ·fr 

Jnur I; a-p'iJ, UIUf.IU qhp2_p'iJ :w'i.Jf.wqUIUIU£'11'-filtm'iJ'iJ/;f'fr,'f t:./w,/lnUf ~-~ llJI 

f(x) 
llm--=A, 
x-->a 'w( x) . ' 

p'iJl_[!_ fL Uf.wf.w'i.Jp_4_nLJ l;p "'Uf."'9"'-9bl 1 

1/-purn'ln'-filJnL'b 1t h[ilh (1) Uf.IUJJ'w'i.Ju,_J' A=co, ~»Juft'b.[!'b" 
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. f'(x) 
hm-,-=co, 
x-+a cp (x) 

w"f.w (2) '.un/wuwrunfdtm'ilf!_ 1/"'bmJ' I; -6.p2ur iL u1J1I 'lbUf..[!IILif: />p".[!• 

'iJ IU pm 1"1 w [' ur w t:, 111 J ur m{d J "'- 'iJ /• 9 r:, h urlun J I;. 

lim cp' (x) =0: 
x~ a f'(x) 

lJ.t'l lfL"I.t!"'J ('IIUI U1Uf.U19"'-9"'c} (df,,,,!,Jfr 

lim _cp(x) =lim <p'(x) -=0, 
x-.n f(x) x-.- a i'(x) 

. 1( X) 
llm--=co : 
x- a cp(x) 

1f /r In II 'l n L fil J II L 'iJ 2t u.Uf.1U9nL9Wq 

ur1Upu•a1jm J I; "'t'il 'lh"f..[!/• 1/pw, hpp x~co, 

lim l(x)=co, lim cp(x)=co f, 
X->ao 

fil""r 1•J[!_ 
h[ilh 

j' (X) 
l!m- , -
x-. ... <f' (x) 

lim f(x) =lim l'(x), (8) 
x->aocp(x) x-aocp'(x) 

I 
U.utw9"'!9f!_ ~wurwpq,,_J I; X=-- tfrnplwpfr'il.lw'b -6.w'b"'Uf."'P'-n1_, 

z 
0 

p'ilt_U[hu "'!'I wp1_hl I; - urhu.[!p w'bf.wqwuwf""fil!"'-'iJ'bhpp '1/;Uf..f!"'-J' 
0 

t:.wJw'iJ1fw'iJ Uf."'JJw'iJ'iJhp,,_J { urhu § 4, 'fpurn'ln'-filJnL'iJ 4 ): 

Op/!'h:w~ 1: 

. e~ _ (eX)' ex 
lim -=lim--= llm- =co:, 
x- .. X X-> ao (x)' _x-;.aol f\'1:~'' 

11-J.urn'ln~LfilJnL'il 3, Wfr w'b'lwJ l;l 'b~wurh'il.e, nr2(2) LL~(8) 

pw'bwaf,bp[!_ frpw•Jwgfr h'iJ .lf,wJ'il w!'b ~'lhu;.enuf, h[ilh "'2 ~n'l.!fr uiU;,

.!w'ilf!_ (l/hpl_w1_np fJWif w'i.Jijbp2_) } 'fntn'-filtnL'iJ nL'ilfrt ~ "IUrflf[ l;£u;wutUit:.hl 1 

np iiwfu •;:.J'wufr uwt:.Jw'ilf!_ 'l"!"'-fil!"'-'b , ,,_'iJfr . wt'il d-IUJw'bwll, . ;hf'P ~= IU2_ 
J'wufr uw/:,1fw'iJ/!_ 'f11JnL{iJJIIL'iJ l_fll~lpl ~hph'iJ.{! opfl'iJWffl U'iJfilw'fpb'iJ.e Uf.W

f.w'iJ2_1_m ,/ I; 'fm'iJL l 

x+sinx llm , 
X-> X 
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,
1 

x+sinx 
'm ----'---x...... X 

lim ( 1+ SillX)=l: 
X-+ CD ' X 

f. t x+ sinx)' 
'"'19 ( x') 

l+cos x 
1 

urp x -+co, :.r aqmm ,r "rul; uw r:. ,r ... 'bp, "'lL U7111UJUI'b,fm .r t O-f• ,, 

2 - p dp2_1ll 

ax2+ b 2ax :t 
l :m --=, li m ·-- , _-, 
x .... .. cx 2-d :; .... .., 2c x c 

tgx co~~ x I cos~3x 1 '2 • 3co,;3xs in3x 
lim 

4 
--, ,_- . =··=i i l11 ~ - 3- - = lilll r. - .- --2- o..= l i lll 

3 X -> -t g ,) .,. x-- - - X->- 3COSX X -+ - 2COSX S!!IX 
:l 2 cos~3x 2 2 

co ;3x ::ill3 x 3s tn3x ( - I) (-- 1) ( - 1) 
== lim --lim - - = lim _ --. -- = 3- -. --~·= 3: 

x ... ~ cnsx x , .:!'... :: i n:>.. x -- ~ sin:( 1 I I 
2 2 2 

X I 
l i m - ,-= lim - c-eO: 
x-a:tei: x .... oc e.t 

xn nxn-1 n(n-1). • • 1 
llm - = lim - - = . · · · "'~ 11m = 0: 
X~ eeX X-+ CD eX X -CD eX 

'tu.fu"r'l 'lb"f.Qbpp'b b'b pbprJuuf u.'b"£'"2"LPJ•tL'b'bbpp "LPP2 'IL"/$1.-r, 

npn'b.Q uptfrJnLfo~ a/,nrJ qprJmtf b'b "'l""fbu. 

Ul) 0 • C01 p) 0° , q) 00°, 'f) 1"", b) C0- 00 fL npn'k9 p1fUIUIIIf! 

~UI~UI'j,IILd l; t:.bmftJUI[IIIdt 

lim[ f(x) · Cf(x) 1-c, 
x- a 

r}o,.. 0 • 00 u.f"'IP u.'bnpnzmPJnL'b b 
G(ilb npn'bblfo u.pu.u.t:.u.Jmm.PJm.'bc u.pmu.qpb'b.Q 

lim!f(:<)Cf(x)]=lim f(x) 
X•a x ... a 1 

Cf(X) 
1ti6 

limlf(x)Cf(x ) ]=l im Cf(x) 
:x - · a x -~-a 1 

i(x) 

lr• x 
l lm x"l nx = lim-' -=li m _ _ x _ _ 

0 
0 

x" 
lim - ==-0: 

:"<--i-0 x - ;. o 1 X ·? O ,, X - • O 0 

l lmf( x )=O, limCf(x) = O; 
X-+ tl 

lim[ f( x) j <r fx) 
x-> a 

~,..,r , fo'bt"fbu u.u,,_,f b'b , pu19bl 0° mbu.Qp u•hnpn zmfi/Jm.'bc : 

f:~"f"L ~ h l n 1. 

y=[f(x)] "<x> 

lny=Cf( x) · [lnf( x )]: 

Gpp x -+ a ~umu.'ku.'b.Q ("' 2.P9) 0. 00 u.bu.Qp u.'knrnznL{tltn•b t 

9-m'bi.Ln1. lim In y-c, t.bzm l; umu.'bu.l llmy-c: />1,-Q, l"'lwrpfltl•u-
x- a X-+a 

~ ... 'b :p,IL'blt9P"'JP "''bf!'b'lr:. ... ,,p!"''b 2'b"r"r1. lim lny=ln lim y, J.. bpb 
X -+ 3 X--i-3 

In lim y=b, "'"!"' ' u.~'bt:.u.JUJ !; , lim y =eb, bpb tfu.u'bu.1_npu."fbu, b= 
x ~ a x~a 

=+co ~ ... ,r -co, "'"fw , r:,,..,r,.."f"'m"'ufuu.'ku.pu.p, limy=+ oo ~,..,t o, 
0 r" ~ W ~ 6, "'w~w~j_-/nuf ~ 'lur~/zl JlnJ.X X, ~'it'JnL~Izln '[ y cc.cXX, qur11nLof "~c • 

x ~o 

lnllmy= llmln y= llmln(xx)~ lim(x In x) ; 

. lnx x 
llm(xlnx ) = l •m - = l •m--'·=-llm x= O, 
X -+0 X->0 1 X -+0 1 X -+ 0 

X X 3 
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~bmluupwp, lnllmy = O, "l""lr'l['9 !lmy==ec=L wJufo~•e'b' 

llmxx= l• 
x~o 

b'bf!w'l-rb'b.p, f!b f(x) f/.w'bllyfuu'b x=a ~bw'b l!.'b'l:'lr'J"'l nrbl; 

Jfrp_w~UJ!,J'.nLil nLhfr ~tbputn.J"'l Jfr'bt_fL (0 + 1 )-p'f ~"'P'ffr wJw'iJ9I"'l'iJbp: 

CJ.UJ'iJb'iJ.(! 11-/ro nt_ ptupap WUUl"{."''iJ" y= p;o (X) "'l'iJ"ffrufr pw'l_J'ut'iJ'fUJJ J 

nrfr "'rJb-1!1!. x=a ~bUJnLJ' r:.ull{wuwr Lfr'bfr "'1'1- ~bUJnLJ f(x) f/.tn'bl,-

9fr"'l" wpJbJ!fr'b, ""~ 'bpw Jfr'bt_L. n-{''1 't"'f"l" UJJw'b91"'l'bbrfr "'rJb-1!
'bbrl!. X=a ltbUJtn J' t:.uu[UJuwptj_mJ b'b "'1'1- ~bUJnuf f(x) f/.,L'b~yfr"'lfr 

""' J"' "l"'"'"'"f'"'"i' "'J"''b9t"' t'bhrfr '"rJ hc'ilhrViJ • "'l"f''b.t!'b 

P 11(a)=f(a), P' n(a) =!'(a), P" n(a)=f"(a), · · ·, p~n ) l il )=t<n>(a ): (I) 

f!'bw~w'b I; ""i"'""L• n r "'J'I-"Ifrufr P"''lJ'"''b'l-"'J'f!. npiLI; f'J'wumnt/_ 

<rJnmM /;» f(x) f/.m'b~yfrwlfr'b : 

U.n P"''l.J'"''b'l-""'f!. ~npn'bb'b.[! (x-a)-/r wumfr-6."''b'bbpnt/_ w'bnpnz 

'l" rJ "''tfrs'bb rn "- P"''lJ' Ulh'fUI J'" urb n.pn "-' 

P n( x)=Ca+ C1(x-a )+C2(x -a) 2+C3(x - a) 3+ · • · 
· · · +Cn(x-a)": (2) 

C1, C2, • • • , Cn "'i.nrnz qnpJw~froi.brl!. nrnzh'b.f. '"l'i.."ibu, nr (I) 
"i"'!J"''bi.brl!. P"''i"'r"'rtfb'b: 

1"'/""'"lbu 'l"''bb'b.[! jJ 0 ( X )-/r wJw'b9!"'l'bbpf!.• 

P' 0 (X)=C1 +2C 2(x-a)+3C3(x-a)2+ · · · --t- nC 0 (x-a)"- 1, J 
P~(x)=2C2 +3 · 2Ca(x - a) + · · · + n(n- l)C0 (x-a)"- 2, l 

• • • • • • • • • • • • • • • • • • • • • • • • • • I 

P~" ' (x)= n(n-1) · · · 2 · 1 · C11 :] 

(3) 

(!.!) /1 (3) t:.UJt/_UJIHUpmf'IIILhhbf'fr a1ufr1 k Ull_ Jwubpnuf X-/r pn

/uUJpb'iJ mh'l"''l-rbtntf a "'rJb.pf!. "- (1) ""'"-"'""'r•nfll"''b t:.f.J'UJ'b tfrw 

•frnfr•"'rJ''b{;Lntf P0 (a)-'b l(a)-ntj_, P' 11 (a)=i'(a) L. "'!l'b, uUJUJ'bmJ b'b.[!. 

f(a)=C0 • 

f'(a)=C 1, 

f''(a)=2 · 1(2, 

f'"(a)=3 · 2 · 1C3 , 

t<n>(a)=n(n-1 )(n-2) · · · 2 · 1(0 , 

168 

"l'"'b'lfr9 'fm'bm J b'b.[!• 

C0= f(a). C1=f'(a), C2==-
1
- 1''(a), 

I · 2 

----f'"~a). · · ·, Cn=-------\<n> (a): 
1·2·3 1· 2 · ·n 

9-mwJ Co, cl, c2' ... } Cn wpJb.J!i.Lrf!. mb'l"''l-r"L"'' (2) put

'i.wab.nuf, lt'"""''bw'b.[! "f'"'bblfr P"''l'fw'btl'uJf!.• 

Pn(x) ~=f(a)+~ f'(a)+ (x - aY f"(a) + (x-a)3 f'"(a)+. 
1 1·2 1·2·3 

. + (x-<t)" t<nl(a)z 
1 · 2 · · · n 

Rn(X)-nt/_ 'bzw'bw~b'b.[! mptj_wJ f(x) f/>nL'b~sfrwlfr iL ~wn.mswJ P0 (x) 
l'"''l.J'"''b'l-wJfr wpJb.[!'bhpfr mwppbpnLfillnL'bf!. ('b~. 96 ), 

Rn(X )=f( x)-P0 (x), 
n pmh 'lfr!l 

x-a (x-a)2 

f(x)=i(a)+-f'(a)+_: --f"(a)+ · 
II 2! 
(x a) 11 

· · + - i<n>(a)+Rn(x): 
n! 

(6) 

Rn( x)-1!. ~nt_t/_n•J I; U'GwgnpqwJ (tG wGqwu: x-fr "'l'b wpJb.[!'bhpfr t:.w

Jwp, npn'bs 'l-b"f.[!IILJ Rn(x) J'bwsnr'l-"'l"'b ut'b'l-"'"1!. <frnp.[! 1;, Pn(x) 
l'"''l.Jw'btpuJf!. "'"'Lfr" I; f(x) f/>nL'b~sfr"'lfr JnmUJt/_nr i.br~"'I"'9'"JI!.: 

IJ.I""lfruntj, (6) pw'bwab.l!. t:.'b"'r"'

t/_npnLfillnL'b I; "'"'Lfr" y=f(x) f/>nL'b~sfrw'b 
.Jrnfuwpfr'bbl y=P0 (X) pw'l_Jut'b'l-wJntj' 

Rn(X) J''b"'9"P'l-"'lfr'b w'b'lwJfr'b ""'""'""'r 

-&.zmn<fl I"'J p: 

llbr t:.b"'"''l"' "''b'lfrr'b I;' x - fr mwr-

pbp "'rJb.[!'bbpfr t:.wJwr 'l'b"'t:,"'"'"L 

Rn(X) JbJnLf'lnLhf!.: 

ll'bwsnr'l"'lfr'b "''b'I"'JI!. 'lrli'b.p 

(x-a)n+1 

(n+1)! Q(x) (7) 

!I 

0 a 
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whu.en " ' n rUf'JIL Q( X )-e n r n'iiiJn 'l n rid; :p,L 'u~ypw t-' IL ::..uJ WUJ.Wmwu

Juw'b 'll'"''b wrUJw'frl''b.[! (6) pw'bwat.l!. 

f(x)=f( a )+ x-af'(a)+ (x-a )~_!' ' (a)+ . . . 
1 2! 

( )n ( a )n - I 
. + x-a f<n J(n)+ x- . Q(x): (6') 

n! (n + ll! 

:l>J..euwq X-{r /.,_ a•p t.w.fwr Q(x) tpiiL'h~yj:UJ'h IIL'iJp rl[ln2_lU/{p IU[Ifff,.[!• 

w!'b 'hzw'bwftb'h.[! Cj-rrq: 

U.J'ilnLi'..liii,/L .e'h'hwr~b'b.[! t-J•y 1/w/,t/_wJ- ~bUJI.Jwl o<lru~"f"'~ :[.mit/1-

X-- t 
F(O= t( x )-t(t)--r' (t) 

1 
(x- 0 ~ f"(t)- . 

2! 

(x -t)n (x-t)n+l 
• • - - ( ( n) ( t) -- Q' 

n! (n+l)! 

(!-'it utwrrf>wiJ•/mJ- I; a-p t. X-p #f>21, ), nr"""l Q-'b IIL'ilf> (fi') wne'h

tmfdJw.fp nrrr;_r/nrt W['Jbl!e· J!IIUI "[""'' a-'ir ,,_ X- J! e'illflll'bnuf /,'iJ.[! 

nrUJI;u "f"Zw~f> fdrJ.br: 

CJ.,,'iJb'hv F'(t) ,..,Jrn'hylwLe· 

F'(t)=-f'(t) + f'(t) -- xI t f"(t)+ Q (x~-~ t) f"(t) -

-- (x~r~ f"'(t)+ ... - (x -- t)" - r t<" \ t) + 
2! (n - 1)! 

~- nlx - tf' · 'rr"+' \(t)- (x - I)" fCn+ ' l(t)+ (n+I)(x-tl"Q, 
1d n~ · (n+J)! 

(x-t)" ( \: -t)" 
F'(t)=----f(n +l) t) - - -Q: 

n! n! 

/;,1 w JUUJI'", a ( a <"':_;: t~ x, b l'l' a< x J, a> L;?.: x, h l'f' ;-; >x) u•t' "!II' "1, 

rn'hh9n'l IJ'-•mfr rlnur"'/lwJ.[!"'-'f 'lur~11J 111l l'"L"f' t l;hwL[""'f f-'(t) /?,,'irlt

!1/>m'h nr bp uu}w'ii,9J"'l' 

li.J'iJ,,'./,,f,, ';,t1,,,/!'i'"-' ' ''{' (( f( ) l'"''bm.ll'fr '-/r:l'mb •Jrm) 

F(x) = ' , H <-1)=(1: 

fh"rnfr i\1) :p,L'iJ~yf>UiJ/> 1,1rruu,lUJrf1, ltf.rm•<"tfr t- fJ·n[p fl'·"rbJ'e • ' 

1;./unL wpm!' , 'f"J 111 fJ JnL 'it m 'bf> a -/r /1 .\ - f> ,J'p p_ fL UJ.Wftpur4rfmr) m J'irnfi' -'' /• 

1 ;·() 

l=E wrd LJ' ' n rP 'lbUJ.J!""' F' (0- (), U.JuUJiilfP9 (8) wn'bt_m[J J•u'h "f.

.tw'h 'ir"' uUJw'bm.f h'h.e. 

1 E )n ( '")n ,x- - f<n +' l(O -~ x-; Q=O, 
n! n! 

u.,U Ul fUIUI{:,.UI JUIIII {J JilL 'iJ/! UJb'fw'frb tn1. (7) pw'bwafr" 

b'h.e. 

Uw WJUUJ.bu ~"1.•/wJ- .f'hwy"["l-wJp'h w'b'lw.fp t.w.fwf' lmqpwfid[t mbu~G 

Jo: •f.w'iJp n[' ~-'iJ 'fUJ'iJrjnuf /; X-p f, a-p .fp2_h 1 W"JUI wJ'iJ f/w['bff> t
'iJbr~WJIU9'iJ/,f t.bUf/.,_iwl urbu.enrf* 

~=a+ fJ( x-a), 

"['Uf!i'l 0-'b 0-/> /r 1-/> rfjrt_IL 'fUI'bqn'l fJ/>1_ 1;, wJuf>'b.J!'b' O<B<l. WJU 

'lbUJ.pmrl J'hw,9" l"fut Jf>'b w'b'l wr!f> pw'bwalr /!_ ~e'h'lrn 'bf> l;.bUJ/.,_Jwl UJbul!l!' 

( x- a)n+' 
R11 (X) = f(n+'l[ a -H(x-a) l: 

(n + 1)! 

l(x)=f(a)+x - af'(a) + (x- a)
2 

f"( a) + . 
1! 2! 

(x-a)n (x a)n+l . + t<nl(a)+ -- j(n+ 1l(a + 9(x-a)) (9) 
n! (n+l)! 

pw'bwat.l! ~"t•Jnuf t- l(x) f/>m'b~yf>wJf> t.wrlwr ~bJtnp[t rw!im6.l1.1 
Ofilb ~J.Jlnf'p pru'iJurtl.hiiLrf f!_btfmbb'iJ.[! a=O, WUJ_w urJb ~'ff'1.1> 

( 10) 

u-rhL1.[!nt/_, n['mbrf (J. 'jt f!'iJ/JIUJ t- 0-f> /,_ 1-f> tfp 2_ fL : fil'hunJ•/t pmbwaf,fr 

"' t II ,f w ,'j_,JII "-" [' m "".[! e L l'P /; .r~. W~ll/ur <;,, ,r "'b lf mlnn p b{i. r r lU fi w a !u 
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§ 7. e', sinx, cosx ~nLb~g~wblifl~ tlliflL"LOnq&JnLU(! 
(!UUl fi}-liJLnfl~ pwbwolt~ 

1. l(x)=e ~mGqg!1wJr •lhppn.chn.pJ•nG~: lJ·m'idi l"'L f(x) f/>,<'ilt1-

sfrwJp r..n<r_nr'l"'~wh wd-w'bgJwlhbt'f!. ' ~IJUliUhUih.J!· 

f(x)= e", 

f, ( l: x)=e, 
flO)= I, 

f'(O)=l. 

f(nl(O)= 1: 

Sb'lw7-rbLnt/. umulgt[Uid- wru•wr..IIIJUIII<{"J'ILhhU['I! § 6-J· (lO) pwhwdllllur 

lvn'iib'hwh,J!• 

IJ[Jb I X l:s; I , "'"~"'' tJ.Lr.'l'bLLnt/. n=8, ,,,,nwhwh.J! J'bw,'l"f"lwJph 

w'b7-wJ"fr q'bwt.,unwllwhf!.• 

R < _.!_3</ 10- s, 
s 9! '-

l:rp. X= I ftuwm'i•wh.J! l'whwJ./,, "fl! r..'bu'l"u'J"r"' ft1Jmh I; mmLJw 'l"''bbl, 

e Pt/.r ,r,,w,L"l' wrt!bo~!e· 

e= l+ I+_!_ + _!_+ ... _L_l · 
2! 3! I 8!' 

wwu'bn1,1uA1w'b '''"""I'"''L'b/,1,, .r r:.w z•L,,,['bbrl! 1/mmwrhlnt/. t[Ly mmn

'im r 7-<U,,Uib hp 2/i ("' 1.* 1 ""'' IU JhiiL t.lJLn/1 W {"fJ IlL h.f!f!. ltl N [till gbb [II" tf fr'il til. 

t. fr'u'l wwn'i' " r'lwllwh ~'P2• •tmhnuf [,'iJ,J! 

e=2, 718:27, 

') 

u/"wlf!. 1/r 'tbl'"''lw~'.'l "''' ~~- ltmJ' 0,0000 1 {J'Ifr'in 
~! 

"!' fr'iltuJf"'''h l;l Lf·'ilfr x-e' ,J'bw,qnr't"' .l/'5' w'illfUillf!' 

* (},Jf'U"fL·u ftt"'l''li:J'flU h 'i"L Jwf'UI.f/1'1, ujuUI[f'_ ~wz. 1nLrf~,IJ[r[• rfuufw.-,Uift. f[wpn'[ 

I; ~J~tu"i,u,ft.wJ!wpb'b 'lh[ruuzu''i,{j(;f R, 8 -[t~l (op[•'IJutft., /;{J/, '/nLJ"'['ULft'b/,p/_r {Jfr•/1'. >uufw

""'1' I; 10-f• , UIJ'f ufr'"'ll'. fl"'l""l I; ~ wu'bb[ 5 · l<J - .) rl&~nLfJJw'b) 1 

!72 

''riiJ!I J!Whp 11[1 e<l, W"fW e6' J"hJn<fdJIIL.hf!. f/>p.J!u:UJ'x": p""a7-b--:;. 

J!"'.r IIUir...rw'bwfw~ I; {wJh rftn.J!r I; e-pg, brp x>O, L. qrn.J!r I; 

1-pg, hl'P x<OJ: 
U"fwgu<gf,'j,J>, nr /•ht.Ufpufb l;l l~'bp X f/>p.J!uUIJ- fdpt/.f!. 1 

xn+l 
---~0. b['l' n~ooz 
(n+ I}! 

txi<N: 

x x1 J. 
·-·-\· n n+ l 

. lxl b o< <1 L.zw'b,u!1b'b.J! -=q. "'17- 7-b"'..J!"',r, 'b~wur L"t/.• "r q ' 
N 

n=N + I, N+2, N+3 l< wu'b 'lb"f.J!"uf ~"'f"'l h'b.J! 'tfbl 

xn+ 1 \ I x x x X X l-
(n+1)! = -1 . 2. 3 .... •-;. n+1 -

I x \ I x ~[ I x \ \ x 1 I x ! • • • . • \~1·1-x \< = -1 · 2 · 3 · . . . . N -11 . Nl n n + 1 

X x N-l qn- N+2 
. -- • q . q . . . . . q= , 

N-1 {n-1)! 

xn + l 
I~ ( x)=eQ' ~o, hi'P n ~ -·-· ' 

n (n+l)! 



puu/_w~wUwJ_w•fr WU'fw.lubr, J'b'b.[! ~Wpnt[ /,iJ.[! e'-e h.mz'{b[ lJWU~wswJ.· 
b.zmnLfJJwJ'p : 

2. f(x)=sin x l/>nLu~9P"'JP tJbrlnLr)nL[tiJnL'i.f!: CJ.ur'i./i'j,-6' 
f(x) = sfnX-/r howl"P'f"'~wu wJ.wu9J"'lubpf!· 

f(x) = sinx, 

f'{x)=c osx=s in( x+ ; } 

f(O)=O, 

!'(O)=L 

f"( x)= - sin x=sin ( x+2; } f"(O)=O, 

f'"(x) = - cosx=sln( x+3;} t'"(O) =- L 

. . . . . . . . . . . . . . . 

t<nl (x) = sin( x+n;} 

t<n+ 1l(x) = sin( x+(n+1J ; } 

• • • • • • • • e II • - ~ 

-;:n 
fC n> (O) =-s in - , 

2 

f (n+ 1l(S)=sin( ~ +(n+I)__:_), 
' 2 

Umws•Jw.t wpJb.[!'i.bpf! u.lntw'IP/;l"'L § 6- fr ( to) pw'i.waLLfr .lbl •· 

~uurwuw'b.[! eum U'w~Lnpb'i.fr p~n'i.UJJ.Lft f(X)=si nx /f>tn 'i.~9fr"'IP l[bp[m.-· 
JnLfJJnL'i.f!• 

x3 x5 
slnx=x-- + -- · 

3! 5! 

· · ·+- slnn-+ sin ~ t(n+l ) -: xn 1':: xn+l f" 1t ] 

nf 2 (n + l) ! 2 

'f!w'bf, "l' I sin[ ~+(n +- I) ; J /< L UJU[ILI ~/_:: !< 11 (x)=0 x-fr pn-· 

L"r u.~rdb.f!'hbrfr h.w,fwp: 

Umw!J•{wJ- pwuwJ.LI! ~frrwnb'it .j! sin 20"( ! t!l/ 1111111/_nrw"l.bu h.wz

t[b·lnL h.w,fwr: f.u'f'n'i.b'be n= 3, w 1ufr'b.p'b' uwh.,./.,iJ~n'/r w*'{b'i..[! t/_brtnL
tJ,nfJJw'b wnwyfru hplfnL w'i.'l'u zf'i.Lpn'{. 

Sin ~=s tn-~- - - - = 0,343: ··20~ · r: '1': l( rc )J 
9 9 3! 9 1 

..... . 

·CJ.f.wh.wmb'i..[! ltwmw['"'J u["wll! ' "PI! howtjwuwp I; J''i.w9"P'I"'JJ•u ut'h

·'fw.lfr'i.. 

\Ral=l ( ; J _14! sln(; -+ 2'1': )1 < ( ~ )'-~~o, 00062< 0, 001 : 

I .1. 1; c 0 001-n wJufr'bn'b sin20°=0, :.!42 i,bmlLwpwp u IIlLI[(! .,·".J!l' 1 .[!IUU J '-'-' ,._ 

0, 001-fr b.zmm f"l"',r/11 

t~. 97-,,l u't"l w.t b'b f(x)=sinx /f>m.'i.ltsftwJfr lL S1(X)=x, s2(x) = 

xa x3 xs P 'bub /r =x--, sa( x)= x-:..::-:-t- 1UIIW2_P'j, bpb.j! tfnmwt/_npnL JilL ·r 
31 3! 5! 

~~~~ b 
3. f(x)==(QSX :f. 11 L'itff!J /r 111 J /r "b (' L II L,} II L [rl J II L U (!1 CJ.mu l"'' 

x=O llburnul' l(x) =cosx /f>m'i.ltsf•wtfr h.wl"£''1"'~ 111 -;, wJw'b9J"'lubl'P 

-wpffb$-'i.bpf! j,_ mbrzu"ll'bl'"' U'w~l"l'bufr pw'hwal•fr Jbl , ~umwuwU.[! 

-f,buriLJwl 1_b Plm J tn p J"'·Uf!' 

.cosx=l-~ +~- - - · +xn cos(n~) + ( :~;, cos \-~+(n + 1)2-"l, 
2! 4! n! 2 . n . . 

. ., ' : • • • 
y 

J 
l 
I 
I 

' t 
' \ 

-z -f 

l;i < txl : 

1 z . \ J 
\ 
\ 
\ 
\ 
I 

1 I 
y=:c-6xJ \ 

t~. 97 

I 
I 
I 

f 
I 

I ·1 1 1 -r j Y=:C- 6.x +~.A.-

u=sin.x 

-UJumbrz l;l limR 11 ( X)=0 x-fr P"L"r "'l'dk.J!iJ!Jl'f' 't 1•Uf.J!" u l : 
11 ··"' CD 



·I 

''· 

!:· 

J· ·, 

Uu'"'-'l/;l fl.nLJ! plrnplrJp PL'"'1"'9f"'-PJna.'bl'. f,/;.,J,.J"'l f/>"'-'b~g[•w'i.bp[• r.w
Jwp, ]. y=X~-3x+2, (1, 2] r.wur1w~n._J, 2. y=xJ + 5x2-6x, [0, IJ r.w,.1w<tnu/, 

3. y=(x-l)(x-? l(x-3), [I, :l] r. wur1w~n..J , 4. y=-;in ~x . [0, .rtJ r.wm1wJn..J, 

5. f(x)=4x3+ x2-4x-1 lj>n .. 'b~9P'"'b ,._'j,[r I b. - 1 wpJwur'blrpf'.• <j..,'l,/;l f'(x ) 
w~w'b9J"'Lfr wpJwur['_ 1 npp Jwup'b funu4nLJ t' fl.ntfr plrnp/;J,._J, 

6. u ....... .,lrl, "L' Y=V x2-5x+ ti fj>n .. 'bbf-wJp "'l'Jwur'bbt'P Jf-£1· .,.,..,1, .. J t- ~'L''" 

w~w'b9JWLf wpJwurf!_ • 

7. U"'"'-'llrl fl.ntf- p!u.plrJp ppw1w9frn._p J"'-"'1!. Y=COs2x fj>,._-;,~9/r"'Jfr r.w.fwp' 

[- ; 1 + : J r. wur1wJnJ' 

s. y=l-f x" f!>n .. 'bbf-w'b 'll'" t- 'lw-.'bn .. J [-1, I] r.wur •fw~[r ~"'Jf'hpn._J, 

~wJn'l11rL "'J'j, pw'bn._J, np WJ'l fj>n._'b~9P"'JP w~w'b9J"'ll'. (-1, I) J{rfw~"'Jl!fr "l. 

Jp ftlrurna.J 'll'" ~p 'lwn.'bn._J, flw9wurplrl, p'r.l. "'- "'J""'b'l ~{rpw,./;Lf• 1.t' ~[J."LP 

plrnplrJI!., 

9, Y=Sinx fj>n .. 'b~9PWJ/r r. wJwp [x), x~] r.wur1w~n .. J ~UI'(>fbl !.'"?/''""'"" 
l''"'bwd.b.l'., film••· s!nx 2-slnx 1= (x1-x 1)cosc, x 1<c <: X2• 

10. U"'"'-'llrl {"''ll''"'bJp p.,'bwd.l..f- {rpw1"'9P"'-P J"'-"'1'. y=]x-x 2 :pn._ 'bbfrwJ[r 
r.wJwp' [0, I] r.w~n1w~n._J, 

II. flp ftlrurn .. J t- Y=xn ~npp 2"2"'1'"'11! 'l"'-'l"'>lrn. MI(O, o, '· M21,a, a11 1 't"

a 
~nlrpf'. J[rw9'ba'l L"'L'fr'b, "'w... C _ "'1'"9/r"'b .. ._-;,Jr9"'l ~lru .. ,..J, 

n~~/ 11 

12. fl"p ~,. ,.,._J t- Y=lnx ~"L'P 2"2"'1"''11!. 'l"'-'l"'r,Jr,. M1(l, 01 /, M2(e, 1) 
ftlr..,lrl'l!. Jpw9'bn'l L"'L'fr'b• 'lwm. C= C -I wpu9[•u'b ,._'j,/r9"'l ~Jrm,._J, 

0'1"'1"t"1 {w'll'"''bJp plrnplrJf-9 • '"''1"'9" '-9/;l r,Jr.,J.J'"L w'br.w1wuwpn'-fl J"'-'b-

13. e" ;:> l+x: 14. lntl + x) <: x, (x>U) : 15. b0 -.J0 <:nbn-1 (b-a), "t'l' b:::. a 
16. arctgx<x: 

17. <J.plrl ""2PP p•'b,J."-1!. f( X) =-= Xl, <f'( X) '-"-= X3 ~n'bb{•w'b'l'[• , ,,(,l' (1, 2j 
14 

C=-• 
9 

~w211r l r./s.,J..J"'l uwf, J w'r.'r.lrpf!.• 

llm x-1 e'-e- x 
I !l. x .... r---, lllwm . -, 

xn-] n 
19 . lim----, flltnm. 2 , 

, ... o si nx 

!lm tgx - x c"-1 
20. x .... ~ -~-- , Q)uun. 2, 21. Ifill ' 'llunn. - ~' 

x-sinx x ~ o co>x- 1 

lim sinx 
22. x .... o_ 1 y 1-cosx 

- y2--;- bpp X-+-0)• 23. 
In sin x 

Q)won. 
;J ' - b' 

24. lim--· - S 1 

x~O X 

I 76 

i\ x-a rc s inx I Sii !X -"' i ll i-1 
4iwm. In-, 25. li m -- · fllmu1. 2G . lim . , 

b x -- 0 si n3x G X -;. ii X-- il 

27. 
eY +- sln\·-1 <·' ''in x- X Clwm. cosa. lim ' - ' •lim rn. 'J: :?8. lim------, 

y,.Q ln(I + y) x-.o 3x:' ., .\5 

3x-1 :J ln x 41wm. -, :2 9. lim - --, ''lmu1. - , 30. li Ill---- (n[lmh'l 3 x .. ~ 2x ' 5 2 x ...... ~ , n 

IIJuun. o. 3 1. lim 

fllwon. -1· 33. lim _Y_, 
y-). + liD eay 

e• -~- e-x 
34. llm. ], 

x-->+• e• - e-x 

I I 
ln(l -<-J 

X _____ , 
111mm. 

orcc tgx 

Qjwm. 0, lrpp 

35 . 
ln sln :lx 

lim . 
x .... o lnsinx 

), 

a:::.O, 

411wm. 

x-L I 
ln-·-

:l2 . li m ___ x~ 
x-1 

ln-
x 

X - - N 

·X· , 

,, 3(). 

b1,,, a ~ 0 : 

lnt g7x 
i!m---, 
x-, ol ntg:.!x 

QjwUI . ], 37. 
ln(x-1)-x 

lim ' 11hum. 0: 
nx 

lim ( 1-x)tg -
2 

, Q)wm. 
2 

x-> 1 lt 
tg-

2x 
x .... J n' 

39. [ 
2 I ] lim - . ----- , qlw111. 

x-- 1 x•- - • x-1 2 [ 
I x -] 40. lim ---- • 

, .... , lnx lux 
4lwm. -1: 

1 
lim[-x __ I 1· 
x-•1 :x - 1 lnx 

41. lllli( '-CC9- Ig , )• 4iw•. 0, 42. 
:n 

:r----:;-

43. hmxctg2x. 
x~O 

1--x 
45. l!mx •liw ... . 

x .... r 

~lwon, I • 48. li111(1 
x .... .. 

n 
- - x 
2 

I ;o.2 
t)w ... -. 1]4. limx 2e 

2 x-.0 

-, 46. v-lim t 2 , Q)wm. ], 47. 
e t ... .. 

lnx 
q!Uim, ea, 49. lim (ctgx) 

x-;.0 

'fz 

~~IUIII. -, 
2 

Q)mUI. 00 ' 

I I , tgx 
lii11-) . 
x .... O\ X 

Q)wm. 
c 

50 . lim (COS.\ )• Q)wm. 
:t 

I• 51. lim -- , (
. s •ntr ) 

Qjwm. 
I 

g--=:=..1 
Ve x---..-

2 

52. lim 
X-+ 1 

1'2- 813 
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nx 1 2 
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·lllutm. -7(x-2)-( x- 2f -i-:J(x-2) 1
' (X-L)'• 

54. xs -: 2x•-x2 :-x--T- 1 P"''lJw'l.'lwll['_ tJkt'f" L.HZl <~+ 1)-/• uiUrnfrtOw'i,'blrptrtjr 

41)uuu. (x + 1 )L!- 2(x+ 11 1-3(x + 1 ) L~ ( x+ 1)5, 

- x -1 I u:-1) ~ I (x-1)3 3 (x - 114 1-"> " 
,qlmm. J/ x- 1+ -- · - - -- • - -!- -- ------ - • ---- - • - ;, 

. - 1 2 I · 2 4 I · 2 · 3 8 41 16 

7 

>< [l + O(x-- 1)] 
2 

1 0<0<1• 

56. lJ.rbL Uwftt"rb'irfr pw'bwHc y~ /1...,-x :f>nL'bft.9frw.rfr ~ wJwp l lrpp n ,2. 

-41 wm. Jl -+- x "~ l+-1-x---1- x~+- x
3 

1 0<0< 1~ 
y 2 c 5 

16( 1 :-67.) 2 

57. 
I 1 ' 

-x- - x2 

2 8 

1lnrnw1fnr ~"'""'""'P'np.1u1'b "fu"'tl'.• L·rp x=O~ 2 , 
I 

ll}unn. •Pn(>p t ~. 103-fr9 1 

"fwpi[U'pw'bfrt x-fr "i. J/;,) wpJfre'blrpfr '1/"'li'"Lif :,/;,f..l"'[ ,{nmwl/np ~ wtfwuwpn L

PJnL'b'b/;pfr ~"''t"LI'r. !. .,...,UI ~ Wmlrt "'J'l ~"' 1'"'""'L'"LPJnL'I.'b/;L'r ufuwte• 

58. 

61. 

x• .x • 
lnccsx---- - ' . - 2 I! 

x-l 
arc! F: (' :::x --~ . :) 

()2. 
e ~+e --:< - - - - :::: I 

2 

• :J 

X 

X~ 

-, 
2 'l 

x3 

60. arcsi nx :::x ..;- 6 

O'I'"'Jb·Ln 1f (iJoL.II"Pr pm'i1w.\11f1lf• ~ wz~JbL ~/;onl.J"'L ulpmw~wJmnLPJnL'b'hi¥pfr 
,lj ut ;; ,r UJ c;, 'i: r.L' L~ : 

'.'-·1. 

G i~. 

•t : u11 r:. 
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li rn I 

x' 
1 - x--

:2 

21t g.~ -- ~ , : -,: 1 -x3 
II ' 1' --- -

:-: . : I ~' ~ 

0 . 

1lltlllll . 1. 

t!J ntu: . 

Jn2(1 -;- .'l.)-sin 2x 
65 . l irn - ----' 

; .'.' 1-e-x'l 
"tu11n. 01 

~i~1~[ x- x21n( I++ l o7 . 
-1 

' I · L. 
J· m( - _., - ct g 'x ),fllmm.- .-- ' 
x -ll\ x- 1 :1 ,, 

'Hflf1.lu v 

F'iuiLfiiJwb urwrphfl br''"LJfiJ'bb·,.ft .j!WbUI~'-"~"'b ~"'lJf, IILUIILJbi.U

uftf'mf'Jmbp ph[~•fmJ I; "'J'f brlwLJ{_Ift Jb2 J~.Uub~.Uif.'J"'l qw•frnp•'-"11~ 
JhJm.fiJJ•ILbbhrft •~'/•2"- lpnLbltyftnbwl ft'-"fut/_wJrn[iiJ'ILb[! 'lurbb[tiLb --;iL 
ttL u nLJbwu /• !''{ ~.Ub (!I I; pb w J'f "'P 11 /t lp IlL b 't.'JP"b "'l ~"'P"fw JuL{il J ,;r; 
ft"'['bi/, I; "'l'ur'-""-'-"Jurbl a~b'-"i/•urft~n[•bb, "'!u/tb.[!b' Jb~ ~"'J Jft .J!::r:; 

pu•b'-"aL.bl'""-• LU"f'-" Jb'b.[! uurwbnLJ b'b,e "'!'f fP•ILblt.'lftnb"'l 11"'/"t/.'-"

d IIL{J J"' b[! ,{ '-" {J bJ ~.Uurft~w~~.Ub ~.Ubi.U lP'lP ,f/r 2_n ybb f'n t/ ,._ unufbw "ftl'bl"L 

f.il"'rwt/_nf'"' [JJ"Lb: 01,pil"'~' 'f"'ur"'I'~'IL[JJwb Jb2. "'r~ft {J"f'lJ!P 
hrf,, J[Jil munufbwuftrbLfw uurruy•[nLJ I; p'-"bwalt, "l'l! ur"'LP" I; 

ftlnf;_J!/' I-( f.fmu,-[nrriLfiiJ'-"b ''"'''"ILJ[! 7. pwra!'w.'JJ"'b wb~JitLbfty L. 

V0 u~'I.Ph"'f[u•b "'r"''f"LflJnLbfty' 

2 • 2 R= v0stn 7., 

g 

(g-il O'-"b["IL{JJwb ,,Jft "'rw'fw,9nufb 1;}: 

Uurwb"'l"'l '".'u p'-"il"'at,l!, Jhil.e f.il"'rw•frrruLfiJJ•ILh ,IL'i.Jh'UJ! 

"fUI/''l/,['1' , (dh pbt_ ufl~~t/t:·7.-/t 'fb"fJJIILJ R t.hrt'-"'-["['lll[d["Lbf! ~lftb/t wJb'b ... -

,}'bJ(! , /, nl' 'fL"i.[!"'-J'' wJhbw•ftn.erl! ' /•btutftuftb "/hut.[! I; Lftbhb "/'"!" 

J'"''b~,/,J.'/!.1 "l'"lbuq} 7. wb~JnLbf! JbJwy'bbLf,u Jbc}"'b"' t.bnw•J"f"'L
{tf JilL lJ(! ft Ul !lb: 

£1-jllniUf'~bb.j! "'!l orfbw~: ~U"fW''" (peccopa) ( ·t'ii'-".'J.J! I Ult[mu 

J,£1/tt ) t/_,nru f'b"f' UJ'-"UI'-"bJwb nLI1nLJbwu/t["IL{il!"'b t.burb."'bJ)n•/ 

uu,wyLl /,'iJ pt~~bwaf,, "!'/! !J"LJ!J I; UJ'-"Lftu , [i!h ftilt"'bu t· "'"'"""'"'f"u

~Z''"Lfi'Jwb 'lf't'J!P.'J y pbnft zb'l"'·'fl! ~'-"/u tfwu t J"',.lw'U,ultf'.'J· 

y=e-!' i{ Acoswt+Bsln wt ): 



k, A. B. ill J'hJmf.Jtrn'b'bbr£!. 1 npnh.f_! Jwu'bw~9"'- " b'b w/'1 pw~ 

'bura/,,uf, mt/_l'"L urwurwhn'l_urltw'b upuurL-Jp t:.wJwp m'bb'b lf"'fp'b 

"l'" 2 1u~f• wprl-L.[! {'bpw'b.[! ~w/utjwc} h'b 'l"Ufwllf wnwJ.'lurltur'bmf.Jtm'bf>9 • 

pfwp JbanLfrJJtrLhf,'J fr WJL'b, pwJ9 t_b'b pnrf1Nf11111ld rfutJ'whW~f (!h

{Jws.J!IILd) £. 'll'w t:.urJ'wr Jb[' ll"'l,j'P9 'fpurrJnLJ b'b "['Ufbu >.ruurnw

rnrrL'b'bbr: 

f:hptjwJ p ur'bwJ.I•p t:.p,J'w'b '/[IUJ t1wrl'LP I; Ufwl"lbl, fr!b t~p f>'bz~ 

UffUIJ wrtfb,/_!'bbrfr 'fb"f,/_!IIL'J'' y 2h'l_nLJ'f! f[rfiTt}w'but t-p Jbt)w,'Jdwh 

t:.hur, f•'bz"ib" I; '""'""-"'" wJh'bwJ'hJ 2b'lrfw'b JbJmf.JJnLh[!' ~wfrrtj_wJ 
rl-wrfUJ'buriiP.'I• t~p ph}__Uff"P wptlb.[!'bbpp 'fbUf.f_!ntJ' b'b '1/>mt/_uLJ' wl'f 

uutli'bwrfba 2L'l,J'bbrf!.• t-/• f>'bz "'frup wrrlb.[!'bbpp '1bUf.[!"'-" b'b uurws

tj_mJ' p/wp 2wrrf.fw'b Wdhhwdbc} UI(IUICJnLf/JnL'bhhpf!. b dp 2'"('./_! Ul.(l 

>.ur 1'9/;l" 

/d•tf_wr~wJ P"l"l' t:.ruf19hrl!. J'.,'buul b'b ((t:.bmwqrrrnbl f/>rn'b~!JfWJf 

rfrup.j![!» r.wu~wsu•f/Jwh Jl'l.' llfbt:.wJrn 1;, Ufwpqwpw'bbl WJ'l P"l"l' 

r:.ulr!J"{'f!.• t:.wztj_blnt/ f/>mhff!Jf'u,(/r wrtfb,/_!'bbp(! wnw'bJ.ph ~brnbpnLd 

(f>'bz"'bu rl'h'b.p run wrbL b'b.J! II 'llf"mJ) pwrfw~w'bf>'b ,_J-tf_wr 1;: 

IJrnJh qLfup hU[wrnut~h I; lpm'b~sJ•wJp t/_urp.[!f nLurnJ'bwuppm~ 

{rJ 1ru'b w~twtj_bl [!h'ft:.w'bnL£1 b'lw'bwfi.bpp >.wurnwrnnLd[!t 

llrtwpp'b qLf"P § fi-mJ' mptj_bl l;£1 ur-6.u'l £. 'brJwqn•L fm'b~sf>w

'bbrf• uwt:.JJU'brrule: IJ.!rl'f wJw'i'9!wLfr 'lw'lwfwl'l! ~/rrrJUnb'b.[! f/>m'bl/~ 
.'JfWJf m-6.d'w'b J, brf""llfmh 111 U111 rf'bwup[""f.JJw'b r.wJmp: 

/d' ,, n I' L If: I ) bp b [ (1 I b l n llllllll Ill~ n l tf Ill fflll (j 9 J Ull ll L (j bg n 'l f (X) 
:t-t1LGIJ!:Iilluli lllJil nlllmtJuH\m. tf 1ufinul' I;, lllUllll rq11u lll~lllligjlul~ [a, bj 
fi llllll tltut) n 1 tf I' Ul ~puulu lpu{i ~ lo, lliJU !1 Gl11i f'( X) ~0: 

2) bph t(x) :}ndilr!-lluu{i •ulieli'lnwm }; fa. t)] fiUitllllUicl-nuf h. 

'l p!j_Jb plil i!:l bt p 1.- (a. b) trp~''"l n•J J! llllr, [!lif} n pn uf f' ( x) >0 a< x<b 
i-iunfwp tlllljlll llllf} !j_JndiiJgjHu{i [a, bjlillluu[wt)ntlf udintlf };; 

lf. Uf "'!!" 1 J y : ~,,,, wu/"'!1"' !/l1'b.J' {rJbnpbJ'p JUtrwl.f>'b 

'f>/•9"'./! i( \ ) ·t_' Ia, h ] ;.,,,,,,c),,J' ,{,,")' t: x "'r'fn<JL'brnp'b 

j,x Ul6.£' II ~rl"l""l"t'·'b.J! :, t.,,/1.("'1 :..,,,,,.,,,,"[".1"'-'bl!' 

flx+..l .- ) i ( \ ) 
--·-- --: 
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( 1 ) 

II 

f ( x -:-- il x ) > f ( x ) 1 b r P il x >O 

f(x+,hl<f(x). bpp t:.x<O: 

l; 1.J1 1 ll 7 b "f.l~ , 11l 1; L 

f(x+ 6x)- f(x) >O 
.J.x 

1 
f(x+~x)- \ tx) 

0 llll ;;::::: ' 
u x-O tJ.x 

(2) 

IUJUf>h.jJb f' ( x) ?-0, fr'bt UfW.;,Whl_t/md /;(1 Ul"fUI!JIIL!Jbl: (b[Jb Lfr'bb[' 

f' (x)<J), U1UfU1 t:.x-fr purt/_w~ru'bwzwrp 1f11.f_!(l Ul['tfb,/_!'bbrf> r.wJwr (1) 

""'l""P'•ruufrltm'bp lnfr'bbr pwyuruurllw'b, "l'l! t:.m~wurrr. J I; (2) wn'bzuL
{rl.(ruhl' }: 

U.tdJ' ~w"'"'9"'!Jb'b.[! fi!LnrLJp br~l'nl"f Jurul!. : '1-p,'Jm.f_! f'(x)>O 
(a, h) Jppw~UIJ.[!ph u/mrnl/whn'l_ X-p P"l"l' wptlb.[!'bbpp r.wJwp: 

1
1-frurwp/fbh.(! r 3, b l r.luurrf_wJp'b UfWUJf(w'bn'l_ X[ L_ x2 x1<x2 sw'b

//ur!JmJ Lp~nL wrri-L.[!'bbr: 

f.',,, tj_l.ppwrJu/1 w-6.bpp {wqpm'brl-p [JbnrbJp rn'bb'b.[!, 

Sf1rjwJ Ufwt.fw'bfr r.wJwJ.w;'b f'(~l >0, t.brnL.wpwp, f(x 2) -f(x
1
) > 0, 

Jrr1/f '1-"' 'b2w'bu1~rruf 1;, "I' f(x)-l! ru6.rr'l f/>rn'bi/9P'" /;t 

Z,wJw'bJm'b {rlbn[1bJ urb'lfr rrL'bp 'btj_wqn'l_ ('lf>fPbph'bsLLf>) f/>rrLh~
sf•wtJ• r.w.rw,., '"Jh I;' 

bp li f( X)-~ ru[UH(III u k I a, b j fi Ulll\l[lllffll uf, WUllll lllJ!} 1-iunnt[ IU-

1)111 J' f'(x) c~ ;O: bp-b f'(:<)<O (a, b) tJ'jl~udtlllJI!nLtf, Uiutrn [a. b] 
limunj.u.\nuf f(x) ~ndili!J!HuG (it[UiqrHtf k: (Nwr~b, 1uJuurb'l l;l h'b

fr!wlff1"''r !t'b.f!. "r f/>m'blmf>w'b w'be'b·z-t:.wm I; [a, b) r.wmtf_wt}p P"L"f1 

y 

:r; 0 ;;c 

~ 1') 

),I! ' ,f_l ._') 

l >l 



qburi'J"II ,/ /, (a, :; )-•nJ "'Jb'bmpb.p 'lfrfPI•ph'bsbtf, 1;:) 
'}- p UJ II '[ nt {J! Ill . 'iJ1 IJ."f"'911L9"'c) {iJ bn l'bJ''iJ Ul purUit,IU JUllll J' /; 

t.burb!"'l bl,/ll'"'l"''P"''t"''b T"'uurc: hfJb (a, b} t."'ur'fwc),n.f f(x) f/> 111 'blt

.'J/>"''ii "'6.mJ' 1;, w"fm "'J'l- t.wur</.wc)f, [IIL['"'J!"''blJ"'l' qhurm.f y=f(x) 
""''" 2"2"'''"''ll! Ox wnw'bg.pfr t:.bur ,,wq.fnLJ I; cr u IlL l' w'bqtm'b (qw.f 
mnw'bJ.fr'b l/burhp11L,/ t.urfrqn'bwllw'b 1;). mJ'l- w'bqJ•u'b urw'b'lb'bul! pw!Jm

uwflw'b l_/;, f'( X) = lg<( ~f) ('bq. 

!J8, "' } : t;{Jb f(x) f/>nL'bqyfrw'b [a, b J 
r:::;;;1;:; c) IlL ,~ r t ""' 'l, ,~ • 1; , "' "'Ul 
~-.... ··· ··~ ' 

2"2"''P"'lP '{t/b.pnLPJw'b w'btl!"'tl! 
p•n{J I; (1/w,/ wnm'bJ.Jr'b ftbwb-

l""'l ""I'P'l"'b"'q""'b 1;). "'!'1-

"''bqt"''b ur"''b'fb'buc '1-l'"'qw'b 1_/; 
('bq. 98 p): ·h,,J'iJ ~Ln•/ Jb~'bw-

pw'b</.ru.f I; 'b"'b (Jb,rhJfr brltr"r'l

J'wue: lil'bnpb.fc PIIL!l I; u""t/>u 

cuw mc)"''b9J"'lP 'bzw'iift 'f"""/;l 

lpnL 'bqyfrwl Jr wl..J Ulh qw.f 'b</.""L-

J'm'b JUiuJt'b: 

0 p p 'b w ~~ flrn2b1 Y- =:'1: 4 f/>nL~'~{]P"'.r/• w6tfut'b /, 'b,[.,'l'fw~• ,f[• j_w ll'".ll'Lrr._, 

t ·n L ~ n L 1!1 U,~w'ho,fUI[f!_ r.unJutiiUI[' t 

y' c 4 _x 3, 

x:>O 'lb"'.f!"LJ nL'bb-'bl? y ':>O-:j.nt.'b~uf_.w'b ut 6n, ,! 1; , x<:O 'lb-"ll!"uf ,,•;,1;~, _1, y ' < O 
f/>nL 'bbf_...,'b 'bqw'[nLJ t {~•ft, 99} , 

§ 3. !bnLllltg~wlll:i(lft UWf!ufninul[! IL ti~\Jfuinul[! 

f!'w.puJt.f,t..fJr ,wt:.J'w'b,LJ'c: f(x) q,,L'bqsfrw'b x 1 ~/,,,,f 

IIL'bf• tl\u}!u [Hfnnf (maxim urn), bfJf. x1 t1t.,, J f( x) q,,,.'i.l19frw tfr , r

Jb.ee ,fhc) 1;, ,ew'b 'i.tl'"' "'I'Jb.J''bbrl!. "1'''1; ,f/>r_wllw!.J! fr fl"l"l' ,,;,,~;,,IILJ'. 

"rt ct'l'tr't'nJ 1; x1 t1b"'l!.' ll.u t1I.1 ... 1 """"<>, f( x 1 q,,L'i.ttJ.9t,,t ;=x1 

Jlbu,n.f ,L'bfr UliiP-ullllill d', t.{df• I: (x 1 +~x ) (f(xJ _,1mtf1,,,.,,,)- :::,x-h1,Jr 

( 'J-rwllut'b /, pt.n,'!"'"wll'u'i.t } t:.w.f ,.,f'• "l"''i'.f! pw,'J"'f'J.wt1 ,(/,.hnfdl'"'fV 

P"''fw/lw'bw[tu•Jr •/"'.{![' /,'i_,"r-) . 

*brp fi J..,, IU.(U tiiU ~ tfru'j,,H_ tf[!_ c~/.,_llllf/;flll(lrl.. ,{ b~ "' ,J IIII[hn. i { X) ,y,IIL'jJ/J.'J!IUICjl .\ l 

f(&lllnLJ nt.'up rfmpr:l11f111.r , /;FJh f/w['btf. t 'f"' ~'b/ )>'] ~ !.- mf• Ul.f'butf•u/t ( 11 ,~), { 1<::;<:': ) 
:r£ut~WjJ_), ,nl' UIJ'l: ~ r t "'llu' .f ·i)l!' xl- /'!1 llllll[lf' !,.L, l'"l"[' ltkm L-,,,,_,, ~nk'lf' ,._~,, 

f (X) < , ( .\ J) ltl~ -~ Ull/ UIUUI[InLf-1 JilL ~If!.: 

i s!; 

(- 'bl1. 100-m.J', X " = X 1 ftbmnui' llt.'bf, .fwJ'IIfr,J',,i, 

1/' ,. 'it /t J' II L ,/ ,. II Ul r:. ,/ Ul 'iJ II L 1J' £!. 1 

f ( x) f/>llt'bf/9P"''i' x :-::- X~ ftLmm ,J' m'bfr 

tfll i!I"Jn• tl' (minimum). l,fd/, 

f tx2 -f - ..lx) > f( x ~) 

!J"''bft"'.'l"") 6x-hl'f'• f•'bl_ufl;u 'll"""w'i,, 

ut {11"fL11 I; l pw!Jtullml/m'b "'1"1 f,.p'iJ/, J•/• 

,11, "'.f!"' J, 11 I', '~• .J' ,.,, !1, 1• a, t1 ,rho,. -

[dJtu.fp pu~tjmlfm'bm;uiiJr •/•IIJ!f' l,'i, 

( tt,. 100) : 

Orfr'b"'tl, :;.· ,- x• q,~~,tlt9f""'b, lll'l! 

'fflln Ulf'fttfh l I; 'bw{u II f''f "fUIJI Ullf f'"' f/> ft 

r 
l --
1
71\ .rl 
·I I \ l l 

j '. l"'"]l -:+--LJ __ .)__-J.>.· ~~ 
UJ c.; J-'i J:.~· :&J 0 :z; 

l,~ . 100 

''''l'rl/l_tf ( ,/,, tt,. 9!1 ) x -= 0 lth.,-,ru.f 

,,'iJf, ,J'fr'bfrJ' ,,f, .pw'bf• "I' y = O, ''I'P x=0 /, y>O x- Jr "'ll "'rtl-b,e'bb rl• 

'J/i "/ J-"IL ,/1 

IT w.puJt.fm tfJ• J, tfJ,'bf,Jm.fJr utut:..fw'bm.J'bhpfr //"' 11/"'"9"' {JJw.fp 

"I""'J! 1; , 2,,11.,,p1,t ,1m1,atb1 r:.L,J,l"'l t.w'b,1m,fw'b,e'bbrfr aJru" 

1. ~Uiullfwom ,J' "I"'Z""'c) q,,,_'bq,'!Jrw'b ll"'l'"'l I; t.wu'bl'l .fw.pufr

J' 111 .i'f; [, .rJr'bJrtfnuf/t .fJrwJ'b 'IP"fUirlt1."'1 t:.mm•/wc)Jr 'b b run L J' "f"'r-

''""''''1110 x-fr "'J''n'J!~'"rfr '1.-b"f./!'
11 

J': 
2. !!Ufb"'.J' I; ,furwdht, "I' q,,,'bqsfr•uJfr ,fw,euJr.f,nJf!. b .fJr'bf•-

1J'm ,//!. t.w'b'lfruw'bm.J' l,'b, t:.w.fmU[wulluufuw'bwpwp, 'bput w.fL'bw.fhc) b 

w 1f/,'bu11/m.J!p w 1,Jb.p'i.thrt! 'lf"nwpft•/"'1. r:.u,uajwc)nuf . .fw,euJr.f,n.fJr ltf,-

111111 J' f/> 111 'bltyftw'i, m'bJr-~~wJ"b'bw.fb,}~~mi'Jh.J! .fJtwJ'b w1h wp<fb.p'bbr/• 

r:,,,(l,j'
111

, 11 , {riJuttlp, npn'b.[! utJ'b 111_'bJr '. 1(w.f!ufrtlw . .fJr qbmJr'b p LU </. m

IJ 
111 

'iJ l_ 111 ~ 1/1 ,j' 11 m l"'l"l' t11,nb{'"'-J' 1 Jruq .fJ,'bJr•fnL.fJr qhmmJ'' wJ'b'i.tw-

1f11•.JH' wp 11L.J! 1fJrmJ'b "'l'b ,_,I,,J{;.J-''i'l'l'f' r:.u,J'b,j,.,,,_plw.fp , "l'"'b.J! IUJ'b 

m'bfr 1J'ft'bJr1f 111 1J'fr J1J, 111 fr'i1 I' w t/ w t1 , 'iJ tu 1_ w tf• ,( n m P"l"l' qburLrnuJ': 

U.tu"f/;u, 'bt,. 101-,,_,r "fiU""'I'r'fmd I; [a, b 1 r:.wm</.tuJnui' "1"'2.1/ 111 0 

q,,L'bltyfrw, "/'/!. 

PWJ.Cf :f.nL'bltYi"-''d' .!'fr'bt .. f,uft! x::...:xl ftL"''" ,J' J'{,J I; X = XJ t,l,n,uf 

q,,_~1 /! .'!frwlfr J'"'./'"(!1' 111 ,(/, _,1: "' '---= J t11;u,,,f f/>m'i.tf!.'J/>"'tf• "'l'd-h.['£!. ,fbo I; 

'1-P"'wl''t'/"'l r:.u11,,jw0 11L,/ q,,, ~'1/.'!Pm/Jr !Jw'b/Jmywd ,}'"'J'"J"f"' tf/'9 ' 
18 '· 



:b,n'bli9P"'!P J,...[!upJnLif'bbrc L_ JJ,'i..pJmJ'bbrL' · ,..'iJqw'b 1111f L'b 

kvumpbtfnufGbp* ~wJ f/>u<'b~9P"'JP k~umpbtfwt wpdbJ!Gbp: 

:hm'b~9P"'JP /;.l_!uurrhJ~nl "'I'Jb.[!'bbrc :t. [a. b] r:,,"''/"'d•nJ 'br,u'b9 
'l"'uwtJnrmfiJ"<'b[' "1'"2 l.""'""' p'bnrnznuf L'b f/>m'b~9f•wJf• ""''P"
/uur {rl J'IL 'be' ~Uifu tjwJ w 'b~w/u tfrn t/•npr w~w'bp •frn •/m /•~tn{tl JIlL 'bp 9' 

0 

Uurnrl' 9 ,,J9 ~urrtJr /;.l_!""'rLJ"'l : wrtlh.l_!'ilbrf nrn'bJw'b JL{rl•"fL'' 

y fi'hnrtbJ -1 (/;.l_!uurrb-

J ~-L~ J p q n J n L {tl J w 'b ru 'b /)I' m

Jhzur UfwJJ,'iJe): b{'}b y=f(x) 
q~!)>bpbGgbtl• !)>ndiqg~tuG X=X 1 

l1bumLU OLGj1 tftullulnfm.tf l1wtf 

tf~ G Info Ltl', tutqm G pUI wCI UlG 9J lU[ fi 

\Ujl} l1bmn•tf 'l'unfinLU}; q_pn, WJ

u~GFG f'(x 1 J=0: 

u. "'Ul g n '19' flruzw~pm fiJw'b 

l)w.!wr• b'b[Jw'lrb'b./_! "I' X=X 1 /1h-

'i,~. 101 urm.J fj>ut'b~gJ•w'b n<'bfr Jru.[!u/,fm.J': 

U.t'l 7L"f.l_!mJ pw9 ,..rawt1 '"rJh.[!ntJ 

pmt/_w~w'bUIJ.UIT •frn.J!r !::.X( ~x7'-0) wi.Lrp t;.w.fwl' urh'fp n<hp 

184 

f(x1+t.x)-f(x1 ) 

t:.x 

''I"" f(x)-c x == xl ~bumuf ,,'bp wtfw'b91"'1• WUf_UI wl Jwup uwr:.

.r "'~'L' ltmfu </wt't J./; "'l'b pw'bp9, {J h !::. X -c J•'b 1_ Ufbu /; a'l"'"' J 'll'" tf• 

( ,r~'"'l'"' 'lf"'~w'b ~w.l P"'!J"'""''t"''b ): 

~~~~~t .'f '''"" clX - >0 rf'bmlll" f""YIUIIWf1w'b 1 UIUf_IU 

/ •uft hfrlh- ~X->l) , rl''bwlntJ '1rw~w'b, "'"!"' I'( X )- :=;:0: 

·f!,u'bp "I' f'( X 1 )- L' "I'" ;wl[p {rl f"/ I;, n l'f! ltrufnqwd t_l; D. X-p 

llfrrt!ft iJ.IJillf.[m luzw'bw~fi9J WUjUI rfbr~pb "r'JIIL w'br:.uJI/utlnUrmfr/Jm.b

'bbll[! t..mJ'wurb'l/;fp l'b rJ'pwJ'b w1'b '1-bu/.J!'ILJ, hjrl/; 

f'(x 1)=0: 

:,wJ'm'bJw'b df,,, fohnt•hrl'b wutw!J'".'J'/"<J' I; f/>m'bllyfrwtp Jp'bp

,f,, ,f/• '1'"'/.J!P r:,,.,fwr: 

/J.u/rugrn9wJ {iJ/;,1,/,lf.'i.. /) urJ'wu/ururmufum'bmJ I; r:.buri<Jtul wlu!'b

t,UI.(III hrltl'"'l."'T"'Itw~• fwuurf!. /,fr/1, rfw.vufuFnuffr /, Jfr'bful"nt.Jp lth

whl"'uf t(x) f/>m'b~9Pw'b n<'iif• wdw'ii.'lt"'l' wuiur "' l 'f t1L,hf''IL,j' y=f(x) 

IJ"!'P Z"Z""P'"lf!. •t•nqwr:.IIIL I; Ox wnw'b.'l.[!/•'ii: l•f"'.J'• w(':1 pw'bf9• "f 

f'( x,l = tg'-? = r), "r"'"'L 9-'b zuzw•P"'l"'' ,, Ox UIILUI'b!I.J!'"' ,,wqJII,q 

w'bffttr<'iib ~ 1 l)liU,f.m.J I;, "/' cp=CJ ('bit• 100): 

I 

1-p'b {JL,/'/,fJ•y w'bJP'l_w~w'bn!'b'b p/111uJ' t t:,bUJb

•fw'bJ>' hr;} l; X tup~u• tl'b!im]; 'l~m•uplplnq l"l[np tup

dbvf•bpl• fiwtl'tup f(x) !)>ndiqgjmdl ndi11 tubwGgjtut, 

tuu!w tujft lJUIJllHJ I; nLGbliwl l;_~umpbJ'nLtf(tl'wpur

tl'n uf lllll tf tl'[•LijHl'nt tl') tl' r l11J li lll J G Ill pd b }!U bp r '1 bttt

~·H tl'. ll)111U 9 li lU Ulll (l lU thu [i 9J lllll~ '}lll II [i IH tf •• cum: 

.l,m4tu 'I tu pfi bqpw ll utgnLp-JIILUE U l1 (ID l};. 11 ~ ('II [ll p 

tupdb~Gbpr qbur~nLtf, npnftg fitut.fmr• tuthuGg.Jml~ 

qmnfinnf }; q_pn. mGnifllJUlll(i qnJHLf<lJllLti ndi\1 
tftu_J!u ~tl'nttf qwtl' tf~(i j1tl'nttl': U.t""lbu, 'bit - 100-,,r 

UJWurllhr·fwJ I; f/>n<'b~9/•m, nr/> urdwh!JJWJf!_ X=X.1 

f/hurm ,j' 'fWIL'iJIILJ' I; '{fll ( znzwfn'ff!_ !)ur[r'{llhWfjUJ'iJ 

1;), pwJ9 u't'f ~hurm.J f/>n<'ii~ypw'b J_m.'bp nl_ rfw.v

ufrdn<d, "l. Jfr'bfrdn<d: zipzur •uJ'fUfbu Y=X 3 [/>nr'lt~-

X=O ~burn<d n<'bp wJw'b9t"'l• "l'f! r:.wtJwuwr I; lf.P"tP' 

( y' ) x ~ o=( 3x~}x=o=0, 

f'WJ9 "'J'1 ~bUJnul [/>n<'b~ypw'b t_u<'bp "l. Jw.f_!upJ'mJ, nt_ Jp'bf,fuLJ, 

l•r".JJ• "f.[!w'b l;l X lth"'l!. Jnur Lfr'bp 0 ~burp'b, Jp2UJ 

x:J<O. hrp x< O, 

x3>0, brp x >Or 
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l/1;<;,.[! m.uuuf'itwufo!rh,'Jfr'it.f! rulit '1-b"f.[!/!_ 1 hpp q,,_'j,fl9frw'it npl•l; 

r:.wurt/wJfr P"l"f' ~burbl'uuf nL'itfr wdwit,'Jl"'L' /•itt"'frufrit I; 'l"rd-'b wJh 

llbUib[wLd, "f'Uib'l wJwit9l'Ulf!_ 'l"lnLfcll'"-"' }_tn'itfrt Orfritm~itbrfr tfrm 

9"'19 ~UIW'it.[!, nr "'1'1-"lfrufr ~liUI"I'mJ' ~wrn'l I; Lfritbl ~wd dw.f!ufrdnul 

l[wd J'fr'itfrJ'nLd, P"'l9 ~"'{''"! I; "- ufritbl nt__ J'b~f!_J n}_ l;l ,fliiLU/!_1 

0 ['" ~"' ft 1, Y= \X\ :j>n'bft9'-'"'~ x ·-ocO ~limnLJ i_nL'b/_t ..,J ... ~'IIJ"'l ('-"J'l ~L

mnuf ft"l'l!. ~nL~/_t "l'"2w~/_t 2"2"'"-'"'l), P"'./9 "'J'l ftl.mnuf "'l'1."'J :j>nL~ft9ft"''b "'~•/• 
.rf_t~/_tJnLJ, y=O, lirp x. = O, "'J~ J·wJ..,'b..,ft, l.pp 'll'"Jft9 ,_,"'l'l'"l' J"Ll'"'l!"'~'.'.rn'- l' 
ftlsmfr r,..,J..,[' nL~/i~l! \ y>O (~·~· 103), 

0 [' /_t ~ '-" ~ 2, y=(l-X) !pnL~ftll/_t"''i. X= 0 /l/imnuf ~nL~/_t ..,J..,'l,9J"'l• .(!'U~/_t 

( -})+ --+ 
"l' y' = - . J-X ·X 'l"'"~nL J f; ..,1,.j/ipi_n LfiJ"'-~ X=0 ~/ionnLJ, P"'J9 "'J'l 

lllionnuf !pnL~ft9/t•u'b nL1o/_t ,f..,(!u/_tofnLJ, i(O)=l, f(x) <I 'll'"J/t9 "'"'l'P/il' X ftl.ml.

l'"d (~~ - 104). 

0 l' /_t ~"' ft .1, Y=V X-!pnL~h/•m~ X=O lrl.

uonu! ..,J..,~9J"'l i"L~/_t (y' -+« , l.rp X-•0): l~.r'l 

ftl.uH>Lof :j>nL~ft.'!/t"'~ i_nL'b/_t nz_ tl'-"l'ufoJnuf, "l 

Jf_t~/_tJnLJ, f(O i=O, f(x)<O. lirp x<:O ; f(x)>O, L-l'l' 

X>O (~ft. 105): 

l11u Uffrunq, q, IIL<j,Jf9frwit ~wrn 'f I; 

10.1 m'itbitwl 1;-J!uUipbJ'uLJ' J'frwJ'i. hpl[uL '1-L"f_

.J'nLd. ftwd w1it ~b~r~b["'Ld, "I'UI/;'1_ wJw'it-

9l"'l/! 'l"lnL{JluL'it nL'itf1 It r:.wqwuwp I; 'llrnlfr• ~wd w1it ~b-mb-p,,f, 

"f'Uib'l wdw'it,'Jl"'lf! 'l"J11LfiJlnL'it }__nL'itfr: 
't"ut~r~b'it.[! , "[' b[<lb npL.I; lth~r~md wd-wh9J"'[/! 'f"J"'{cflm_'it }_tn'it,. 

( P"'l9 'l"l"<F'lnL'it nL'itp itpwit ,r,,., 'l~r~'itt/n'l llb-wl•pmJ'), "'"'"' wl'l

"b~r~,uf tuJwit9l"'l/! fu '1.'{" L d /;t 

1 X 

loft. 10-1 

llpqrnd b'it~r~fr 

'lwn'ittnd I; qpn ltwtf Juq'[IILd 1;, ""}_'i_nuf 

ljp[1Ut[tlltu lttuG tu pd Uf,! G bp: 

I8G 

---~ 
X 

r,ft. 105 

"l"'<j,9 r:.wJ'wp wJwit9l"'Ll!. 

l.it lfprm[tltmllmfi qbmbp ~·uJ' 

't,m{un/''1/'.'J r:.LwLrnd L "{' n}_ wJ'bit tfJt ll/tfrurftlfw~wit "'1"//,,pfr 

'1-/, 11/.J'""j' lpm'iAt9f"-"'j' m'itfr dm.[!u/tdm.J' ~wd J'f•'itftdmdr f~"'J,'f fo[rlb 

"'l" t1,.,,r w.('u It/'"'"' ,f lpur'itll,'ff•m'it r:.wu'i111r ,j' f. tfut.f!ufrJ'm J'ft ~wd J'f•

'itf.,J'm .J'f,, '""!"' "'l'l- ltl,~r~'b m'it"'mtJ'w'it ltrfrwfdtmllmb 1;: 'Jot'"' r:.wJ'ml' 

f/>m'b~[J/'"'ti' !;.J'""'I'L,/',,J'itl,l'l! 'i"'r,;,Lfr" "-"'l"i"'J' 1.~, r:.hwl't"'lltl'r"f· 

,1,,'!1111_1}' L'b f"'l"f' ltrfnnfrltmltw'it /il"nbp/!• fruit "'l<j,,l:,/;u,/,, mnw'itJ.frit 

,.. um 1Jitw"/'t'l'["q l"'l'm.J'wh}__J"' I' "rfrmfrlt'"'l'""' ltum , u/wi"J'nJ' hit "'1'1-

ft/;11111,_,}' fuJr'itft :tJIIIhftfJf;w!ft tJ'UI.J'IIillluuJ' ff1111J' J'f>'itfllfuuf , fJWd l;l tfr 

tf. it f• n l J'w J!'-'f"i'u: ,{, n }_ J' fr'itfr,f m ,{: 

i;J'ftwfdJwl1ut'i, t1h~r~LrmJ' lpnL'it~.'lr"'tfr "'um ,{<;, ,,,rl"ll {rl t"'·itl! 1\bit-

'i "' ,f I; r:.L mltJ"'l {dliltJ' I',f'j,/,1'/' tf!llm 
(II- L " [' /, J' ;! (I; J! II "' {' L ,r "'- ,f !• 'l II J II L [cl l Ul .., f' w ,, w I' ru r 

"I Ul t ,j' IU .., .., /; r ): 'l·htn L I' f( ,., ) :pn dllj H tHu(i ruG p li t} I) tum r. xl q p llln r
t1u :l1uli 4bmli ['liqqp4niJ. nph]; ,q,~mlltuJl1 1luf l1 LJ!'~I ; pbligblr ]; lllJil 

t.ft: ~wl[U!Jllll l'ilJII(l ljbmupntU (l•~ugj : , <[Ill\![; , X1 4 hmjl.g): bpJ; lliJ'l 
4bumt! t\Ul~lrg HI~ mGgGhtru wSwG~JUIII~ li ,lln!ip t[llt]unuJ]; UlJJIIIU[lg 

ti]: [ 1; l1! j1, tUUJUl X=Xl q bmnuf ~Jill [i J1 S r w[i II dij1 d'tu pu jl.tfll'- If; hJ11 

bpiJ x 1 J1Lmnt[ .'nu]u[1g w~ ruGgfibt]nt wuudigJUIJ[~ li~u&fi~ 1]m)t111LI1' Ji 

,_q~ r111. lt[lg UJlJIIUJjt. mullll ~nt__Gllg[Hnfi tliJI} ~buunt.f ndi[1 lfjl.fijl.Jfnt__U: 

.. IJ,1uu1frunq, 

w"f_W x
1 

"bmmd lpnL'it"9/•wit nL'itfr tf[1Gptfll 1..U: f;uur npnLJ' "f_bUI.[! I; 

'j,ffwUifr rn'itbitwl 1 nr w} /fwd p) UfUildwitithpf!_ Ufbiii.J! I; Ulb'l_f1 nL'itbitwit 

xl-frit pw'[w"witwtwf J'nw x-fr P"l"P wpJ-b-.[!itbrfr t:.wJ'wr, IUJufr'it.[!it' 

x
1 

ltrft~r~ft"wltw'b "b~r~fr npLI; pwqw"witUJ}__Uitfr •/tn.[!p 2N_"'~"'J.f!fr P"l"l' 

lfbUI/;('IILdJ 
f!_<j,lfnL'ithit.J!, nr wd-w'it9J"'f/!_ it;_witf!_ ll. "'w 9 n L J 9' Ut,qpfrs 

''"'P"",f I; "f_[JnLufr9 J'fr'itnLufr, 

P"l"f' x-brfr :..wJwr nL'itbit.[!' 

wJufr'it.[!it' X 1 "hurfr'it pwt{w"w'itwz_wf J',,., 

f'(x)>O, 
f'(x) < O, 

f(x)-- i(x
1

) ~r~wpphpnL{cfJwit it~mu,fwtfp "frpumhl'"/ (w'fpwitJ-fr 

flbn rb,f /!_' ~u~r~w'itw'it.[! 
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f(x) -f(x1) = f'(E)(x- x1), 

"rUib'f ~-t x-fr "- X1-fr J'frp_"- l!.t~wd- ~bm 1;: 

1) '1-fr9nL~ x<x 1; wn '1-b"'~"uf 

( 1) 

(2) 

(1) 1.. (2} u.nt}_nL(r/Jt1Ltthpf!. 9"'!9 bt utu•Jfru 1 "I' X 
1
-fr'b pu.'fw

~u.tu.}_tup ,r,UI x-fr P"L"l' u.rJb~'ubrfr t,,..,J'mr fP•nt~9fru•tfr "'rrlhJ!

tbrl!. t/rn~f' bt, JJ"'t X 1 lthmtnJ' f/_Jmt~yfrwJfr mr<fhJJf!.t ~bUJ/tmf'"'l'' 
X) ~bUIIIL,j' /Ptnt~yfrwb nLtfr J'w~ufrJ'uuf: 

tJ' u.t J..J..n t/_ "'Uf'"9"'-9t/_tnJ' /; {r/f.n ['/iJ'fr U ('//['" f''f J' UIUf!. J'frtfr 
J'nLJ'fr pwlfu.rwr uJwt•fw'ufr J'wupt 1 

t~. 106-[! u.lltu.nuL f lthl'Uf."'[ J'/;fitmpwbrntl I; (rllurrb,)' 2-fr 

frJ' UIUUI£!.1 

'1-f'9"L~ X=X1 l[humuf m_'uLt.p f'(x 1)=0 [, x1 fthmfrb pwt/_w~mtw
}_wtfr J'nm P"L"I' x -l·rfr t.u.J'u•r mb•Lf• mtLt t.hmbt"'L mbC.tutj_utuiii[IIIL
fcl JtiLt<uL-rl!.' 

r 
~~- 106 
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f'(x)> O, hrr x<x 1 , 

f' 1 x)<O, Lpp x> x 1: 

lln '1-h"fl'lll .r. ''t'f-'- x<x 1, t1nrfr 

zuzu"f" "IL' Ox wu.ntyJJfr t:.hm ''""l,r,,r 

I; tut<f' mblfl"'·b' !p/l!_'itft9frw'it wf.m ,j' L-, 
fo uil [; f'P X > X• znzwtfru ttl!. U X "'" wt;1-

JJfr '.f.m f[u"l'J',,_,f /; f"" (rl wb~J"Lh '· 

lprJLh!/9J'"''i' 'itt[w'iuul 1;: l/pp X=X
1

' 

f/>m 'it/19/•wh w6.uLJ'fry w'ity'itwJ' I; 'it'fu,z

J'wb, wtufr'itJ!'it' m.tfr J'w~ufrJ'mJ': 

(; {rl /; X ~ ~LmtnJ' nL 'itL'it~ f'( X~) =- () 

u x-fr f!"l"f' wrd-b~Lbpfr ':wJwp, npnLp pwt/_wf(wLwzwtfl Jnut bL x2 

ftbmftt, Ulb'ffr nLtbt 

f'(x) <O, brp x<x~, 

f'l x) > O, brp x>x2 

wt'.wt[wuu.rmFituL'utbrf!.J Ul"f.IUJ hrp x<x2 ~~~rfr znz""'""ll! Ox Ulllutby

~fr '.UUI ~tu'{J'uuf I; pnL{tl wblflrtLb' lpuLtlf9frwt btjwtltiLJ' 1; 1 /tu~ /'l'f' 

x> x2 't"l'fr 2"2wtfr"'ll!. Ox UJILIIJt,'J.p/• t.bUI lfw'fJ'/11 ,j' I; UIIL[' wt~JIILt~ 

lp11Lt~9[•wt utf.m.J' I;: lJrp X=X? lpm.t~9/"''b b•[wtlbl"'9 m'u9'u,,{ I; 

u.f.J'u.b 1 UIJufr'u~t' mb[t J'fr'u[,J'uLJ't 

U(rlb X=XJ ,,~.UIIIL,j' lntbt~ f'(x ,1 )-=0 " x-fr P"L"r wrrlb~'uhrf· 
'.uufw/'' n1rnt~ ptut[wl/wbu.}_u.p J'nut bt XJ-[,t, mUrLfr mtht 

f'(x) >o• hrp x<x1 , 

f'txJ>O· hpp x> x3 

wh'.wt/_wUWJIIIL(r/JnLhhhf'f!. 1 W"f.UI lpuLh/f9frwh ~wf.uuf I; frh}_Uf.f.u X< XJ 

'}-hUf..pm.J', "'Jt"f.bu /;[ X > X:s 'J-b"f.JJ"LJ't 1.,hUJbU1f11up 1 /i JIJ' X= XJ f/_Jm'it!j

yfrw'it t_nL'itfr n}_ J'ut~ufr,fuul', "l J'fr'itftJ'm.J': l.,b'it.lf wnutf•uft '1/;Uf.JJ utf11Jp 

nL'itfr y=x3 f/_JnLtltyfrwlfr '.uufu.l'' br;• X = 0: 
f>r"JJ' wd-u.'ity!wll!.' y = 3x·' , t.bmltutpwl', 

( y') x ·~ o=--=0, 

( y')x ,_o> O, 

(y')x>o> O, 

/tu~ lfUI 'itzu.'ittulrnLJ' I;' n r I hrp x=O, f/_Jtn'itl,yfru.'it }_IlL 'itfr , t ,f,~ufrJ'uuf T 

"l J'fr'itfuf,,_,r { Uthu tJbrl!. 'it~. 102): 

§ 4. U.nw2~b wowbgjWL~ O!llinLJitjWUJ! fl~:Jil:;pl:ibghL~ ~nLb4g~Wj~ tiWI!

u;ninLU~ It U~bjltinul~ nl!JnLUbtuu!lflnLpjW\J ututtiwb 

'{;rufunr'l- Uf.Wf'"''ll'wf/_Jfr '.frJ'w'it t/.1''" ll"'l'blft I; J..l..w~bl'ulLl y= 
=f(x ) 'ff•fPhrb'ityhlfr f/_JnL'it~yfru.tfr J'wJJufrJ'rnJ'£!. 1.. rff,'itfrJ',nJ'l!. '.bww

'f"UI!il"L t.wJ'u.r t.hUII..!wl ~u.tn'it£!.. 

1. fl•uthttL,j' h'it.[! !p m 'itf(yfrw !fr wnu.2fr'it wctwty !ut[f!., w !ufr'it.pV' 

f'(x) -£!1 
~. 1·rn'ittiLJ' b'itJJ x "'l''f"LJ'b'iJUifr ~rfrwfr~m~w'it tu1rdhJJ'ithrl!.' "1'1' 

'.rurftu[•' 
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w) uuuu r_f'b wow'h !JJW ll! f.w1.u l.'W ,,,, y'hm J L 'h .e 'l I"' Jl• k 'I ur'hm ,f 

L'h.[! uurwyt[wo r (X) = 0 f.wrj.uu .. ['J w'b frr"'''"''"" IU , • .r "'"''"""''£!' 
1-' ) 'lm'hnrJ b'h.f! x -fr "'J'h "'f'rfb,e'hbp[!J "l'n'hy 'lh"i.e"'J f' (x) 

wJru'l.,'JJ"'ll! '"'l'''" ,j' /;: 

.'J. [J,_,,_,i''bwuJ•f"ILJ h'is,e .. r},.,'iJ!JJ"'Lfr 'hzw'he ~rfru•fr't"''t"''i' t,Lmfry 

.l.ufu IL wr_: ·l'w'hfr nr 'trf•mfrit"'~"h ''""'"rl• JfrplL rudur'h .'Jt"'Lfr 'bzw'hr· 
,f'iJ,uf I; f.wumwmrrL'h, w"i"'• orp'hru ,'f, x

2 
t1Lmfrg d.rufu h mr_ wJ-w'"u

.9Jwlfr 'i.zw'b'iJ "' um.J'bwufrpblm, ;""J'"f' ( 'hit· 106 ), pwt/_wf/wh /; nprrzbl 

wJ-.u'hgt•uLf• 'bz.u'he a IL ~ itburLrn"f (xl< o.< x", x~< B<x a , "r"'b'l Xr-l! 

/, X3-[! dnur111ff"' lft'frurfrl1wft"''h ft l rnliph b'h) : 

L ~u·zt[ .. uf "'"".e f( x) :pIll 'ii\yfr•uJfr wpdh,ee '"r'lnLJb'hmfr l"'I'"'

.J!UihlJ"'-1' 'trfrurfrllwllw'b urfrdb,efr ~wJw111 
f),l""fflllnlj , m'hh'h,e f.'h"'f'""f"r 'lb"[,eh['/r ;,t,urf•J"'l ~>frdr,fwmf.!t 

"i"'"''t"f'l! · 

I ' (x) uu) w'b!JJ"' £It 'b2 w'b~rbp~ X l ~f'r"'i'~w~ut'b 

I 
~~·wm[ w'b,'J~'/; Jf.u Z,p[,.n[•f[w~w'b ~um[• p'bnLJfl 1!. 

I I x < x 1 X=X : ~ > Xl 
I 

I 
f' (x 1) = 0 i 

I I + I - /lwlwf.rfnuf/t ~Lm 

''""'"'"""'I I; 
' ! 

I f'(x 1) =-- 0 I 

I /lf.'b[,.fnuf/t ~/;., - ftwJ fu'f•["'I ( I 
" '' 

I 

I 
f ' (x 1) ,., 0 I 

I 
!l~w "i Jwcuf.JnLJ , "1 -

' ~u11f '"'!'/"'! I; I + Jf.~tf.tlnLJ {:J>nL'j,~flf.w'b wO.nd I;} 
I I 

l i l ' (x 1) ,o 
I 

~!}~w "i Jwcuf.Jnd, "i Jf.'bf.r!nLrf 
- I ~.u.r fu ""-"'I I; 

- {:J>nL'hh/rw'b 'b<[w'[nLif 1;} 

'bwlntf Jw~~~J,f,, dp /,. ,fJ.r't,f"'"'-'1/!.• 

~ u t.. J., L J : 1) fJ.u,'t,nt..•f 1/it,e w"wlf,.it uu)u,'b9JWLC' 

y' =x'-4x-T 3• 

/J)Iw'b!JJ'"l~' wtf~~'"'l'tl' w'bf!.'j,'lt,won /;. '/,2 w'i.u,~nuf /; "'Jl ~pf.mf.~w~w'i. ~/;.,l.p ~~..,'1., 
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3) ~/;"'"''l""'l.'bl! ~l'r"'r~w~w~• 
'i.l.re :P/tl!ul.'bl) 'b~. 107 -f. 4_pw• 

!I 
~b"'"''l""'£-~,1! X 1= I wuw £/t'b ~J•r

.,f.~wftw~• (1/;"'/!. ' .Pw1•f. "I' y' . (x-1 )· 
(x-3) , wu1w LJ'l' X < I nL'ir/;'b/' y' '"" 
""" (- ). (-)> 0 ,_ /;PI, X> I nL'bb'be y' = 

( t )·(- ) < 0• 
/1Lp£,f~. x 1·= I wpJLl'f• 4rwJ"4 .u'Ir:r 

'bblr" (J.w[ur ,'f wt) IU~IU~'ff,fWJl!_ 'b~w~•f!_ 

tf!nfuna..J t "f.[Jn&..ufr!J ,(/_r~ua..ufr: ~/i1.n£wpUIJI 1 

bpp X = I fj>nL'i.~[J/tw'i. nL'i.f. JmJ!"[•,fnu! , 

"'J"' I;' 
7 

(y )x: d . ·3' 
~t"''"'l"u'b'bl~ x 2 c.·. 3 L·r~l"'l''l ~pf.mf.~w 

ltw'lr ~/;"'/!.· 

Ll'l' x< .'3 •n'bL~.l' y ' --= ( ; ) - (-)< 0: 

"rr x > :l ,,_'I.u'i. p y' -- (+) ( · ) ::::-.0, 

::c '!.zw'bwl,nuf 1; , x ~-" J wpJ£1!'" ' w 't•:,-· 

'!.~. 107 

'bulr" w~w'boJ'"ll!. 'bzw ?•J'. qruf.un of I, 

1fJr~"' u/r ,'J "llJ"Lufr : ~hurf,upw[' , L·J'l' :~ 3, 
:p .... ~.tmf.w'b nL ~•f. Jf.'l•f!Jnuf , "'J'b I;' 

(Y)x =, 3~ 1 ' 

IJwmwrtJ.w~ ,S L- urutqnmna..fJ.Iw~t ~ /•-· 

,fw'b 4_pw ~wn. n<,'f/;'bl' !pnL'Ir~[Jr"'Jr r,pw

:J>Hl!. ('i.~. 107), 

Opf.'irwc ~ 2, ~£- ,..,.,,ur/;l (x --l)fx' :j>nL'ir~[Jf.w'b, 'b~wmf. ,,_'j,/;'j,.,L"4 ,fwl'-

u[ .. fnLJf!_ f.t ''""'"''nLJf!_, 

f. n L ~ n L J , 1) 'l•m'bnL•f b'be wn.wff.'b w.}w'bgJ"'LI!.' 

2) '/-u.'lru LJ b'bl! W["I"LJ/;'b.,f. ~r/"nf.~w~w'b WJ'J&c'bbpf!_. w} 'l"''buLJ /;'bl!' 

"'J~' ~burbpf!_. npurb'l w.}w'b[JJWLf!. 'lwn.'bnLJ I; 'll'" • 

y ' 
5x- 2 

3Vx 

2 
0, 

p) '!"''j,nLJ b'bj! WJ'b ~J.urbpf!_, npm/;'1 W~W'b[JJW[f!_ fu'l4.nLJ /; (m•[JW[ '1/;"f.f!"LJ 

,., ... 'bnLJ I; w'i.4_bpfn Lfl J"L 'j,). lJ.~'i.~wJ"' I;' IUJ'I"'.ruf.'b ~Lf.'i.f. Xz =0 ~/;"'!!.' ('!.zb'bl!' 

np X:=0 '1/;"f.l!"uf •tf•mwp~'["'l :J>nL'b~.'Jf.w'b npnz4_w~ /; f.t w'i.f!_'b'lr,"'"' /;)' 

ll.JL ~pf.wHw~w'b ~/;urbp 1~w'ir, 
3} ~burw'lnurb'bl! umw[J<[w~ ~pf.urfr~w~w'i. ~/;.,/;l'f. {''bnLJfl !!.• ~/;.,.,'1,.,/;'bl! 

'2 
X 1 =-~/;"'/!.' 'l.,~wwL·ln4, np 

5 
( y ') 2 < 0, 

x<s 
(y') 2 >0. 

x> s 
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2 
l.'ll'"'~ws'iw.rf L~'l!r "l' l.rp X= S:J>nL'bt'Jfow'b rJL'bp Jfr'bp,fn Lrfr lJ'p'bp,fnLrfJ. ~t,,, L,( 

:f_>nL'/1~9fWJf W['cfb/!/!. r.w1W11U1fl I; 

'i.,~ 108 

~bmru'lnrnL'bt! X ·· 0 bl'~l'"l''l: : lll'f•rnfrqwqw~r 

ltLurf!. : tltwrnbtn1 1 "f' 

L'lrw~ur11'b .. ut ""'" ' " ·" "rr x =0 /f>" L'b11-
9J.w'b nL'b/r .!wruJ..f,LJ, f!.'b'l: "i'"•'' 
(Y!t= '.•)=O• ~bmull[llur.fn'l /f>n<.'b~,'Jf•w,!f' 
'll"":[>frlll'. Ufwrnlt/;l''fur,} I; 'b~. 108-uuf : 

§ 5. ~JnL\Jltg~W!~ UW~ulninui~ lJ. U~\J~unul~ ftlitnwqntnnul[! 

lip~[lnflf}. wbw\JgtWL~ oq\JnLj3!WUp 

'~frym.e f/>m'blmfrUIJfr UIJUI!JJU1ff! 'JUinbnuf I; '/['"' Lrp x=Xl U•J

uf.'b.e'b' f' (XI )= 0: r:UI!JP IUJ'f• 'IP.'I'" .e I"(") hr~l'"f'f UI(}Uib,C)JU'Ll! 'l"
J'"PJ"'b ,.'bJ. iL Ulb[!b'ft,UIUI I; XI 1/hrnfr npftl; Zf2"'~UIJ.J!""l: "·n ''""'
.J!"' J f•r""iu'!Jfr I; t.hrnfLJ"'l filhnphJ'e: 

fl'h,, 1,L.r: 'l-pgtn. p f'(x
1
)=0: UJ 'l rtbuu~nuf x ::..--: x! qbmnuf 

:pnt.Gl19llll•li nt f:Jl tfu•v a llll'nt_t.f. bp·b f'( xi)<O, h upG.~unuf. hpb 

f"( x1)>0, 
II. Uf w y", J .9' ·,,,i, !J"LJ!J ut.u'b.p pbnr,hJp .uu.u2fr'b J.uuez '~fr-

.'I"'·P 
f" ( xi) =D f,. f"(x 1 1 < O, 

·f.,.,'bp "I'' f'.llln UfUIJdUibp, f"(x l·c utbf!b'l t.utln I; x=~l ~hmf• 
"I'J,t- 2/'lUIIlwJJ!'" ,f, U1UftU• ut~'bt,,!rn 1;, 1/'lrn'b¥./r X=X1 1/hrnf'. 2f l "'

UfW""' '1. Ul Jb UJP"P ''"'./![' t,UIIn"UIJ I n rl• pn l n I' llhrnb rnuf f" (X) br·~r" l"f 
mJU1b!fJU1f{! ~·LJ.~tp f'IU!JUIUUI~Uibt 

'/{ut'bp np f" ( x)-e umU1 2p'b tuJ.uh!JJUIJP .uJ.u'byJ"'l'b I;' f ' l X)= 
=(t'(x))', .uulu' ( f (x))' < 0 UfU1JJ"''bfry t.brnl.t..mJ 1;, np (f'(x)-e 'ii•j•u

'1"..,/ I; X=X1 l1hrn'b [!h7-'fflln'l f.wrn¥..uJmJ (§ 2, 'fl• V) : f.UIJ!J f'(x 1)= 
= 0. t.buthwputf'• WJ'l t..urn¥.UIJnuf, "r'P x< xl mbbb.[! f'(xJ>O. fru~ 
j,N' x> xl mblibJ! f'(x) <O. IUJU fr'b.[!b f(x) wJw'byJ"'ll! X= Xl ~hrnn¥. 
o.u'i,y'bL-lP" "uzw'be tfrnfumJ I; UflJ"'-uP.'I Jp'bm u 1 pu~ 'fUI 'bz.u'bw~nLJ 1;, 

"l' XI ll•rn•nJ f(x) f/>m'b119frw'b mbp Jw.pu/t.fnuf: fil'hnphJp Ul""'lP'b 

.r UJrl b Ul Uf U1 !Jill !/ "UJ Q 1;: 

19:.! 

1.UIJUI'bJUI'bnrh'b "'Uf"'!J"'Y'i"LJ I; pbnrbJfr b1,llr"r'f J"'ul!· UIJb I;' 

Lpb f"(xi)>O, UIUfw f"(x)>O x1 ~hrne Zf2.U1UfU1u.n'l npLI; r.wm¥.wap 

pntnr ~hrnhpuuf, P"'J9 wJ'f 'fhUf.[!"LJ UIJ'f t.UirntJ..uJ,LJ f" (x)=(!'( x))'>O 
IL , t.hrnLUipUir• f'(x)-e .uf.nLJ 1;: ·~.ubp nr f'(xl)=O, WUfUI• 'bz.ubUI

~nr d 1;, nr f'(x)-e Xl 1/hrnn¥. Ulb!JbU[pu bz_Utbf! t/tn/IIIILd I; dpbnLUp!J 

UflJ'IL up ' w JU pb.[!b f( X} f/> m 'b/19/•wb X=X1 ~hrn111 J nLbp J'[•'bpJ1nJ: 

Gfilb ltrf.rnfrltUIIJ"'b l1bu.mJ f'' (x1)=Q• "'UfUI "'J'f ~brn 11t~f ll"'f"'l 1; 
[pbhl ~wJ tfw.[!upJ,LJ , ~UIJ tfJ,'bfrJ'mJ ~.uJ' nt_ Jw.[!uJ1tf,LJ, nt_ 

Jp'bpJ,Lift 

u•J'f 1fhUf.[!nLd f.hrn tii'[NinntPJnLbf! Ufhrn.[! I; ~IUinUI('f.·[ UJRUJ2_pb 

b'l.u'b.ulfn'{ ( u.bu § 4, 'll• V }t 
{;I,Jffnp•J. UIJw'byJUIJP ottbnLPJ"''fp /;.[!urnpLJ,,_,f'bbpp t.brn.uqnrnnL

fiJJwb ufuhdUib ~Uifbfp I; Ulf'lnUi t,UIJinb[ t.h rnfLJUI[ W'[JIILUUI~ntd. 

i ' ( x 1) I f" (x 1) 

I 
ll['f"'pqw~w'b ~hurp 

p'bnLJ£1 /!. 

0 -- lJwr.uJr.!IILJp ~/;ur 

0 + lJ /• 'b f,!" uf p ~bur 

() 0 f).'br. w J"' I; 

0 [' /• ~.wIt 1, ~bmw'l""'/;l 

Y= 2sinx+co~2x 

tJ>nL'b~yf•ur'b, 'bltwmfr nL'bL'bwl"'' rfwl!ufrJ,LJf!. lr. Jp'bf1 Jnufl!.t 

I. 11 L J- n L rf I ~w~r/r "f' /f>11 L 'iJ~sf.rw'iJ "[W['f/;pw~w'b /; 2:rt ''fW['pl.['uL£1 Jwrfp I 

"'"l,.. p•u1ur*w'b I; wJ'b nLuu u f'bwufol'/;l [0, 2n) r. wrn1w.l-nuf 1 

1) 'J.m'bnuf b'bl ! wJw'byJWlf!.' 

y '= 2cosx- 2sin2x= 2( cosx-2sinxcosx) =2cosx( l-2s!nx) , 

2) 'J.ur'bn L.f /;~1 ['. W[I'JIILifl.'iJurp ~['pmfr~w~w'iJ wrcfbr.'iJI.['/!.\ 

2cosx( l-2sinx)=0, 

3) 'J.ur'b,LJ b'b/'. bltlll'"l''l: wJw'by JW[f!. • 

y" = -2sinx-4cos2x. 

4) ~ l.rnw'l" urHrr. J" Lf'Wj!w'b i..J"L[' ~['prnJrltw~w'b ~l.mfr p'bnLJ£1 f! • 
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2 

3 
-=-~-=-: 

2 2 2 

(y" ) = - 2. 1-t 4. 1=2>0, 
r. 

X= -
1111,2 

(y) .. =2 .J-1=1· 
x-2-

I I 
(y") =-2.--4. -=-3<0· 

51t 2 2 

(y) 

, _ 6-

=2· 
51t 

X=-
6 

I . I 3 
- -r-- = -· 

2 2 2 

y=2S ini .. lOS2X 

v,. 109 

(y " ) = -2(-1)-4(-1)=6>0· 
:I=~ 

2 

(y) =2(-1)-1..,.-3. 
:a:-~ 

2 

fn'-'llbfowJ/! 'll'"'!/>P ~1!. "l"'",/l/,l''fu•.} I; 'j,~. 109-nLif 1 

lJ.Jilmt..bmiL1 9"'-19 mwii.J! orpilw~ilkrp t/.rw~ "I' k[iJk nrL.!; X=X 1 

~bmnLJ' milbii.J! f'(xl)=O, J.. f''(xl)=O, W"fW wn ~lunnd f(x) q,,,_iJ~

srwil ~wrn'l t- milhilwl ~wJ' J'w.J!upJ'mJ'I ~wJ' J'pilpJ'mJ', ~wJ' z_milhilw 

nt_ J'w.J!upJ'nLJ'J nt_ J'pilpJ'nLJ'/ 

y= l-x4 

fln'-'bbf.,u'll 1 'll~wuop nL'IIIr'!J'"L"1 tfiU[!IlpJn,_Jl!. £. Jp'!Jp,fn,_J/!.1 

{ n L ~ n L J, 1) '1-m'lln,_J lr'bl! ~l'P"'P~'"~'"'b ~lrurlipf!.. y'=-4XJ 1 -4x3=0 

2) flpnznLtf lr'bl! lrl'~l'"l''1 w~"'-,BI'"LP 'liz"''~~!!. x=O ~lruonLJ. 

x"=-12x 2
1 (y " )x-o=O• 

~lrur£.1Upwp 1 m1J"'l '11r"ti!"'-J lrp~('"l''1 UI~W'II{IJ'"LP Jfop_nfl'"' t_~ ~wplr[p "t"'l''llrl 

+pfourHw~w'll ~lrurp p'llnLJPI!.• 

3) t,ppuop ~IU~UI'b ~lrznp p'lln,_1p'll nLUIIL,f'IIUiuftplr'lll! wn.w fp'll II'lw'IIUI~n1 ( urlru 

§ 4, 'IL· V). 

(Y),,_o= I' 

'Jo1urwp~1w~ fnL 'llbfowJ/! qpwfHI!. "t'"'"~/sp1w~ I; 'b~, 110-nLJ, 

!I 
v 1 

0 

y=l-r' 

0 

1,~ . 110 1.~. 111 

J," 

Op ['llw ~ 3, l,~"''"P n,_'lllr'llwln1 Jwl!ufoJnLtff!. £. ,fp'llpJn,,fl!. t;/,.nw'l""'"l 

)'=X& 
fnL 'bbfow'll' 

( n L ~ n L ,( 1 bp~('"l''1 ls'lw'llw~u1 yuo'llnLJ lr'!JI!• 

1) y'=6xS, y'=6X5=Q, X=0• 2) y"= 30x4, (y")x-O=:(), 

~lrml.wpwp, /sp~('"l''1 lr'lw'llw~f!. "fWUOJUujuw'll ~} '"'"LP"' 'JopJirln1 wnwfp'll lr'lw'llw

+Jr'~~, IIUIJU'!JnLJ /s'!JI', 
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t~ . 112 

Y= (x-1 )3 

y' = 3(x- 1)2, 3(x-1 ) 2 ~ = 0 , x=1 , 

Y"=6t x-1 ), (y" )x= 1= 0, 

lJ.Juutfwnq , kp~pnp'f kqw'bw~[! UfWmwujuw'b ~_{. 

mwlfru 1 

lJ.nw£fr'b kqw'bw~nq•[m'bnuf b'bl!• 

(y ')x<I>O, (y' )x> J>O, 

~bmhwpwp , kpp X=l ~fiL'iJ~gfrw'b i_ nL'bfr nl 

Jw l! ufr•lnLJ 1 n L 'f[,'bfrJn .,f ('b~ . 112} 1 

'1-ps"L.[! y=f(x) :f>rn'i.~spw'i. w'i.l!'i.'ft.wm I; I tl, b] t.wurr/_uHJtndt 

U.n 'fbll[.l_!fiLd urrrf_wcJ t.wurrj_wJIILif :pnL'iJ~spw'iJ t.utu'iJnLd I; wJk'iJw

,//,J wl'Jk.[!p ( urbu § 10, Cfl • II): bi.pw'frhLnL b'i..[! , "l' f(x) tp,L'i.IJ-

9Pw'i. urprj_wJ. t.wmr/_wcJr~Ld m'i.p rj_br2w'J"r prj_r~r/_ 1/l'Purp~w~tn'i. 

~burbr: bpb wJ'b'iJw,/bcJ wrcfh./_!f!. t.wu'iJfiLd I; [a, b] t.wm1JwcJp 'iJI.f'

UfiLd, WU[W w~'i. t.w1ur 1; , "P W!'f wpcfb.[!l! ~[p'hp :[>rn'i.~spw[p dw.l_!up

,f,LJ''i.bpp9 J£11£! (bpb ~w J'p .[!w'i.p dw.[!updnLd ), WJ'h I;' wJ'b'i.wJbJ 

dw.[!updr~Ld[!: Pw!9 ~wrnrz I; U[Wm~t.bl , "[' wJb'i.wJ'bt} wl'rfb.[!l! 

:p,L'b~9pw'i. l!.'i.'I"L'i.p t.wurrj_wJp Jw!rbrrs Jb~rnJ: 

brj_ WJUUfku , :p,L'j.ff9pw'i. [a , b l t.wurr/_wcJnLd Pf' wJ'b'i.wJbcJ UJr

Jb./_!p'iJ t.wu'iJfiLd I; ~Wd WJ'f t.wurr/_wcJp cJw!r"rrs ,/b~tiLd, ~UJd UlJ'1 
t.wurrj_wJp w!'i.Ufpup 'i.bp.[!p'i. ~bmtnJ·, "['£!. dw.[!updt~Ldp ~bur /;t 

tiiLJ'iJf!. ~UJ('b[p I; wubl L._ :pnL'iJ~spwfp wJb'iJwtpn.l_!(' wpcfb./_!p 

dwup'i.. w!'i. t.wu'i.nLd I; ~ui,/ mrJ!wl t.wmr/_wJp Jw!rbrrs Jb~,L,r, ~w,/ 

wl'i.Ufpupli.b{'.[!p'i. ~bm,LJ, "£'£!. t.w'i.'fpuw'i.nuf I; Jp'i.pJtndp ~bm: 

tw/zmr'IP9 t.bmL..nLd I; t.bmL..!wl ~w'i.n'i.l!• b[tlb Ufwt.w'i.2.JnLd I; 

'fur'iJU[ UJ'iJf!.'iJ'ft.Wm :p,L'iJ~spwJp wJ'b'iJw,/bc} Wfrcfh./_!f!. [a, b] t.~mr/_wcJmd 1 

w Uf w Uf bur.[! I; • 

1) qur'i.bl :p,L'b~9PwJp P"l"l' dw.[!upJ,uf'i.bl'l!. t.wmrj_wJmJ, 

2) "l'"2bl :p,L'i.llsPwJp wpJb.J!i.b1,l!. t.wmr/_wJ.p Jw!rbrmJ', wr 

up'i..[!'b' t.w ;_ rJbL f(a)-i. "- f (b)-i., 
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3) :p,L'i.~sfun!p rj_b['[!. umwsrf_wJ P"l"l' wpJb.l_!'i.kl'PS f!'i.ml'bl 
wJk'i.wJkJ.l!. rf_br2p'i.u l;l ~[p'hp :f>rn'i.ltsi'w!r wJk'i.wJbJ wpcfk.[!l!. t.wm
rj_wJnLd: 

~wJw'i.Jw'i. aL..,J w'i.t.pwcfb;_m 

T".J!l' W[tcfb.[!l! "['" 2blpu : 

(y" )x=-1 = - 6 < 0• 

( 15 
y) 3 = -' (y)X= - 3 = - 15 , X=2 8 

lJ.J""tfrunq , f - 3 , ~ J ~ wmqw.}nLJ 'J/rmwp4•fn'l ~nL~~~
gfrwJfr w.!k'bw.!k.} wpJkl' 'b t' 

(Y)x= -l = 5, 

( Y)x= -3 =-15, 

o----~-15 

t~. 113 
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§ 7. :bntb~g~wbl:ip~ UWI!U~unul~ h u~b~unLU~ ml:iunLJilJWb 4~pwnnLU(! 
Jull'l~flbl:ip Lnu)l:iLnL ll4wmuwup 

Tfw.[!upJnufp £.. J'f'i.pJ',,_J'p urbun'-fJiw"iJ o'l'iimfJiwJp l"uh/_trLJ' h"iJ 

•r~r-twtfrn'-fJiw"iJ, Jbfuw"Upltwlfr £. "'rrz zwur fu'ii'lrr'iibr: '1-pur'-"r~b'ii.[! 

'-"1'1 fu'ii'lrr'iibrrs ·'r J!'-"'iir"l!' 
lo "iJ'I "r 1. 4nrr'ln'iip "iJ~wurJ'wJ'p <p w"Uiuw'ii ,_,,..,, [Jb.[!tj_wd t:.rw-

flnfJrs -raw~t/_wd Vo u~qp'iiw~w"U wrw'ln'-fillnL'ii ,,_'iibsn'I 'l'ii'lr (JnpJ.[!p 

(1wmwr~"'-fillw'ii Jb'l.) R=OA ('ii~. 114) t:.bnwtJnr"'-fJim'iif! nrnztj_,,_J!; 

R= v6s!n2tp 
g 

pw"iJwCiJ..nt{ (g-"iJ qw"iJrn'-fJiw"iJ nu/p wrW'fW9m_J'fJ !;)t flrnzbt Cjl w"iJ//JnL

fl(!, nrr 'lb"i./!"'-J R t:.bnwl/_nrm PI"'-'iii! ~Lr'iir IUJ'£'it.ut!bd[! mrtJwd Vo 

U~lfphw~Uih WrUI'flll fillwh 'fb"f.J!IILJ't 
{ n ,_,} n ,_ J 1 R Jbdn'-fllm'it[! <p tfrntfrnfuw~'-"'it w'itluw"U q.,,_"iJ~srw'it 

!I 

4vbs In2c:p 
g 

'It 
J__l 0-< rD .<- t:,,..,_,,lwJ.nLJ IILUnLJ-.. ~ . ' 2 .,_ 

'itwurrb'it./! w 1'1 q.,,_"U~9rw 1r J WJ!
upJ',,_Jl!: 

dR 2v3cos2cp ~vocos2<p 

( 
d

2

R ) " =- 4v5 <O: 
d<p" f=;r g 

~bur£wpwr, <p = _::_ wrtfb.[!p 'lb"'.J!"'-J' R (JnptJ!r t:.bnun{nrmfJinL'ii[! 
4 

nLhp J''-".[!"pJ'm_J, 

(R) _ v6 
lt- I 

~= 4 g 
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U.luu/punl/_, '1'-"'iil/_md J'-"J!"pJnLJ[! t:.b'its R-r nrn'ii:/_n'I w:fb"iJwJbJ 
,.rJ-bJ!'it b 

/u h 'f" r 2: f•'itt"f.fUf l_LUt/tubr "f.b'-".[! !; UILU[ 'flw"iJp'it, nr urrt/_'-"q 

V J'-"4'-"LP 'lb"'J!"'J 'itr'-" S Lrr4_ J'-"~brb"'-lfJl! tr'iir u•J'h'it'-"J'bJl!, 

L, ,_ J., ,_ J', t2-it-~ht""- r-n4_ 'llw'iif, t:.rJ' J!r Z"'"'-""-r'Il! £.. h-nt/_' 
'IL"''itr P"'rCirm fJ 1'"-'itl!, ''"' 'itb"iJ'-""iJJ!. 

'fl'-"'itp nr 'fl'-""iJp Jwl/_wll! urrl/_wJ {;, '-""!.'" url/_lwl r-p 'lb"'.J!"'-J' 
h JbJm{i lnLh(! II rn ;t/_trllf !; 

V=nr'h 

h-r '-"1" wrmwt:.'-"1'-""'-fill"'-'ii[! mb'Iw'lrbtnt/_ S-r t:.wJ'wr pw"Uwaltp Jbl~ 
umw"iJn,_J' hfl.[!• 

S=2r.r2+21tr-·_v_, t1wJ 
r.r· 

S= 2( 1rr2+~ J' 
u.1umb'I v-'ii mrtJ-J flrtJ t;, u.I""'P"""-' S-1! J'b"iJJ! 'itbr~'-"l"'srb

sr'iiJ! "1'"1."" r Jb~ w'it~wfu tfrntfrnfuw~w'itp q.,,_'j,~!!f'-"1 
9-m'itb'iiJ! wn q.,,_iJ~9r-1r wJb'iiwtfrnJ!r -rt~b.f!l! O<r<oo Jr-

1-~wi./!"'-J. 

dS =2(2rrr- :!__), 
dr r~ 

v 21tf--= 0, 
r2 

-- = 2 21t -1- -( d
2S) ( 2v) 

dr' r= r, . r3 r-

~hmb..wpwr, r=r] ~b,_,,,_J s /f>m'it~spw'it nt_hp J'p'iipJ',,_J, t~wmb
l""' "r llm"i=oo £._ limS=oo, wlur'ii.[!'it, "r r-[! 'lr"IP ~wJ' w"UtJbrtnL-

r-0 r .. co 

fi11w"iJ Ci'furbfpu S J'w~br£mlfilf! w"iJuwt:.J'LU'itnrb"iJ wbnLJ {;, Jb"iJ.[! lfWffU 

/,'j,.[! w1"iJ b'f.rUI~UI9n'-filwh, nr f = f 1 ~burut_J s q.,,_"iJ~!/fUI"iJ nL"iJf 
"'n .[!I' Ul 'In L J 'iJ w r J- h.[!' 
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3 /-v f=v -1 Ul"fUI 
21t 

V-
h=~=2 ~=2r: 

7:f ~ 2rc 

IJ.!u"ffrunq, "f'"fbuqfr urpqwJ V JUJt/_UJlfr '1-b"f.J!"LJ' 'flUJ'bfr S Lrfr1_ J'UJ

~bplL"LJ{J[! Lfr'br UJJ'b'bUJfn.erf!.• 'flUJ'br P"'rar,Lfiltrn'bf! "fb"'.e 1; ~UJ
t/_UJuUJr Lr'hr 'hr"' "'r"'.r Ul'fJf.'b: 

§ 8. !bnLb~g~WJ~ fihmw~tnmnL~JnLll[! fiHJLn[l~ pwuwoll~ oq.llnLftJwtip' 
b~wm~ nLllbbwtn!l UWJ!U~LinLU(! ll li~b~tinu.i(! 

V 'flfr1P § .'5-rnJ' 'b/JUJurt/_bl /;p, np bftlb X=a ftburtnJ' nL'bb'b.j! 

f'(a)=-=0 b.. f"(a)=Q• UJ"fUI UIJ'I- ~burnul ~UJf'"'l I; Lr'bbl J'UJ.eufrJ'nul 

~wJ' J}'bfrJ'nLJ', ~UJJ' l;l nl_ J'UJ.euftJ'rnJ', nl_ J'fr'bpJ'mJ'r f.'b'l npnuf 

J'UJur'bw'b2qhl 1;, np ~UJf'9/r l"'-<JJ'w'b ~UJJ'UJp UIJ'J- '1-L"f.e•nJ' "fbur.e 

I; ~burUJqnurnLftltrn'b[! urm'bbl 1LIIlUJ2_/r'b L'lUJ'biU~n1_, UJtufr'b.e'b' x=a 
~burp9 J.wfr! b.. m2_ wn1L12_p'b ILIJUJ'b9!UJLfr 'b2UJ'b/r nLunLJ''bwufrpnL{JJm'b 

bUJ'bUJ "fU1p~nq: 

ll.trfJ' J'b'b.j! 9"LJ9 uriLI'b.j!, np Ul!'f '1-h"f.J!"LJ' ~burmqnurnL{JJnL'bf! 

~mrbLr I; mm'bbl 'fl· VI-r § 8-,J' wpmm<Jm<J fil'b!l"f'r pm'bUJM'-fr 

o'l'bm_p 1mJ' p: 

~UJt/_UJ~UJ'butl_•u•fr f!'b'1t.m'bpmptm'b ~tuJ'ILif' b'b{JILI'If'b'b.e, np nl_ 

J' r"'t'b f"(x ), UJut.. f(x) :p/IL'b~9rm1r 'bb1,UJn1UJL J'f.'bt"- n-r'l- ~UJr'lfr 
UJJw'botml'bbf'{! x=a ftburnLJ' 'J-UIIl.'brnJ' h'b qpnt 

(1) 

f(n+IJ (a) + Or 

U.1'b,L~burb.., L'bpUJ'I-rb'b.e, "f' x=a ~burfr 2rlm~UIJ.J!"LJ' f(x)-f!. 
nL'bfr 'iJbpwn.JUI[ J'p'iJl_fL (n + 1 )-p'J- ~ILif''fP UJ'iJf!'iJ'f~UJm ILIJUJ'iJ9JUI['iJbpt 

CJ.1,b'h.e fd'bunpr pUJ'bUJJ.bf! f(x) :p,n'b~9rwtfr ~wJ'UJp, "L2"''ff'"L

frltnL'b '1-UJrJ.'bbl""- (1) ~mt/_UJuiLirrnPt•n'b'bbrr "-r"'· 

f(x)=f(a)+ (x-a)n+l fln+t >(~). 
(n + 1 )! 

npurh'l E-'b a-fr b. X-/r J'p2_k UJUif'PILI~</_UJJ Pfr1 l;r 
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(2) 

f 'flUJ'iJfr "f' f(n+I )(X)•f!. UJ'iJ{!'iJ'f~UJur /; a ~but{t 2('2_UI~UIJ.j!nLJ' /.,_ 

(n+l>(a)=f=0, "'"f"' ~qur'bqfr "'J'b"ffrufr h P".J!f' '1-rm~m'b Pfrtj, np lx-a;<h 
m'b~mt/_ILIUILipnt Pt w'bf! P"'1Uif'"'f'"'l 9UJ'b~UI9UIJ x-fr '1-b"f.e"'J'' f(n+IJ( x)=f= 
=fOr C'b'f nptnJ', b[Jh f<n+ll(a) > O, m"f"' "- (a-h, a+h) J'frlm~UIJ.J!/r 
J'JnLu P"l"f' ~hurbpmJ' f<n +ll(x)> Or t·ph fCn+I J(a)<O, "'"f"' mn J'fr2_ILI

~wt.efr P"l"f' 1/hurbrmJ'' f<n+ 1l(x)<Or 
(2) pUI'bUJd./,'b UI[IUIUI'ff1b'b.e ~burbJUil urbu.en{ 

( x-a )n+I 
f(x)-f(aj = fCn+ll(E) (2') 

(n+1 )! 
b .e'b'hUJr~b'b.e UliLif'Pbr J'Utu'b"'"-"r '1-b"f.ebrr 

11. If. Ul 2 /r 'iJ 'J- b "f .j!l n -{! ~b'iJur I; t 

ILl) '1-fronL.p f< +ll(a)<Or U.n 'lb"f.J!"'J' hur'bqfr (a-- h, a +h) 
J'frlUJ~UIJ.J! 1 "l'fr P"l"f' ~burbpnLJ' (n+ 1 )-p'f UJJ"''b9JU1lf! p1L19 mum~"'r;, 
/;t G{Jb X-[! UIJ'f J'p2_ILI~UIJ.J!/r ~bur 1;, UIUfUI ~-'b 'bnLJ'il"fbu qur'bqnLJ' 1; 

(a-h)-/r b (a+h)-/r J'frl"- L, ~burb"'P"'f'• f(n+l l(q<Or .PUJ'bfr "f' 

(n+I)-f!. 'l"LJ'f P/r1 I;, "'UfUJ (x-a)n+ 1>0, bl'P x=fa, IL mn "f"'m

-6.UJnnq (2'} pUJ'biLIJ.bfr "'2_ J'UJuf! P"'9UJUUI~w'b /; 1 

~burt."'PUJI'' X=f=a 'fb"f.J!nLJ' (a-h, a+h) J'fr2 m~mt.efr P"l"l' ~b
urbpm.J' nL'bh'b.j!• 

f(x)-f(a)<O, 

fru~ 'fUJ 'b2UJ'bUt~mJ' 1;, "[' bl'P X=a lpm'b~9fr"''b tn'bfr J'm.eufrJ'nLJ't 

p) 'tfr9"L.J! fn+ 1(a)>Or ll.n 'lbuund h-fr P"'1m~UJ'bUJl_m•fr 'P".J!l' 

Utprfb.efr 'lb"f.J!'nJ' (a-h, a+h) J'p2_ILI~"'J.J!fr P"l"f' x ~burbpnLJ' 
f(n+ll(O>Or ~burJ,UJP"'[' (2') pUJ'bmaltfr U12_ J'"'uf! IJlfr'bfr 'lf'm~m'b, 
"'!uf.'b.e'b' bpp x + a 'b21_UIJ J'frltu~UIJ.j!/t P"l"f' ~hurb[rnLJ' 

f(x)-f(a) > O, 

fru~ 'fUJ 'iJ2UJ'iJUJ/f1111f 1;, "f' X=a Jfburnuf !pm'iJ~9/rUI'j, nL'bJ. J'f'bfrJ'nLJ't 

l; I'~ I' n I' '1 'I b "'.j!t n-[! '/'ILJ'f /;t 

11.1'1- '1-b"I.J''ILJ' (n+ 1 )-[! l[b'bur I; /, (x-a)n+l J'bJnL{JJnL'b'b 
1
n'bfr 

urmi'Phr 'b;w'b'bbr, "n' x<2 b bl'P x~ur 

G{Jb h-[! .uUJyml'J."'/{ J'hJ,LfJJmJ'p pru1_w~UtltUJl_mp 'P".J!l' 1;, UIU[UJ 

(a-h, a+h) J'h"'~'u!.J!fr P"L"r J1burbrm_J' (n+1 )-1''1 ILIJw'b
91

mlf! 

"fUt~UJUI'i#m_ J' /; a Jfburnuf m'iJb9mJ 'iJ2"''iJf!: ~burhUJpUJ['I f(x) -f(a) 
"'"'rP"l'"'PJnL'b'b m'bf! UIUI['P'·r 'b2m'b'bbr, brp x<a b bf'p x>ar 

(:UJJ!! 'l:UJ 'b2w'bUJ~nLJ' I;, "[' X=a ~burnLJ' l~"' nl_ J'm.eufrJ'nLJ', "1 
J' fr'iJ /r J' Ill J' I 

~,l,wwh'b.e, "I' bl'P 'l"LJ'f n-r ~u:'f"'i' f <n+IJ( a)>O, ILI"fUI f(x)< 
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<f(aJx<a r..w.fwr "- f(x)>f(a) x>a r..w.fwpz 
f•u~ b[ilb 'l"LJ't n-r r..w.rw1, f \n+ 1l(a)<O, w"iw f(x) > f( a), hpp x < a 

L. f{x)<t(a), bpp x > az 
UurwswJ- wr'fJ"L'b.j!'ilbrl!. ~wrLLf> t- .l.L.w~br"ibl f,b.,f,twl /Lbr"f.l 

b[ilb X=3 ~bur:IL.f zn'ilb'b.J! 

f(a) -= f"(n) = ... =i(n)(a)=O 

L_ wnw2_p'il 'lP" t'fwr.l.ntl fl n+l ) (a) wJ-w'bsJ"'ll!. 'l, L J 'I ~ Ul r 't" wJ-w'b-

9!WL 1;, WUfW i:1 ~burnLJ 

f(x)-l!. nL'ilp .fw.J!uf•JnL.f, h[tlL f(ntll(a)<O, 
f(x)-l!. nL'bp ,/ p 'is p J' n L .f, h[tiL f\ r. +ll(a)>Oz 

""~ b[ilb wnwlf>'b 'lP" awr.l."'l f (n+ 1l(a) wJw'bsJWLl!. ~ L 'b UJ 

~Uir'f.ll wJ-UI'b9JWl 1;, tu"f.W f/>nL'hftsr"''"" x=a ~~iUJIIL,/ l_nL'bp nl_ ,/UJ.j!-

u[>.fnLJJ nl_ .f[>'hp.fnL.ft U.n 'fbUJ.J!"L.f 

f(x)-l!. "'f.nL.f 1;, b[ilb ttn+ 11(a) > 0, 

f(x)-l!. 'iJ,[wqnuf 1;, b[ilb f(:Hl) (a)<O: 

0 l' J. ~ w It• ~""""'i""'kl f(xl = X4 -- 4x3 + 6x 2-4x+ 1 :pnL~~uJ.w'l•' ~~"'"'" 
,.L~Is~wln1. Jw[!uJ.JnLJ/!. h Jp~J.oluufr.• 

~, L ~, L ,f, 9-ur~b~l! :pnL~~y[•wJJ. ~pJ.mHw~w~ wpJb~c,~kp[! 

f'(x 1=4x3-12x2+ 12x- 4=4(x 1- 3x.~ + 3x-1 )• 

4( x3-3x2+3x-1)=0 ~w1.w""'l'"u1J.s umw~n._ J b~c 
X=1 

Jftw~ ~l'P"'Hw~w~ ~burr. ( l!w~J. "l' m1.Jwl ~UI•[wuwpnul~ nL~J. Jfowl~ Jlsll J.rw

~w~ wpJwur) • 
flLUnul~wuJ.pb~e X= 1 ~rJ.urHwllw~ ~bmp p'I"'LJfJI!.• 

i"(x)=12x 2-24x+ 12 ~ 0, 

f" ' (x)=24x- 24 = 0, 

f1V(x)=24 > 0, 

kt'P X=] 

lfUI~~UJ~~W~ x-p 'J/;"/_{!" LJ 0 

§ 9. 4njl~ nLnnLg~4nL~~tlnL\J1! I.L qnqwqnjlnLp!nL\J(!: 

t; 1'211 w\J 4 hm hI' 

flLum.f'bwuppb'ii.J! r.."'rfilmflJ"''b <Jrw y=f(x) ~"rl!.J np[! l:,w'b'l-f>

uw'bnL.f I; f(x) .f[>wpJ-b.j! 'Jpf/>bpb'iJsblf f/>nL'h~!JfWJf 'f:rwf/>p~z 
u W f, ,/ W 'iJ II L ,/ 1z U'b'b.j! UIUIIL,/ b'iJ.j!1 nr ~~~rl!. (a, b) Jf2_w~UJ~-

20:2 

o#!nLJ 2_rl</_wJ- I; flULmgpltnLpjWUfl 
qbtqp qbp, bfilb ~nrfr P"L"r t,b

urbr'h {!<j.~UIJ- b'h UIJ'J Jfrlw~WJ.j!IIL,/ 

5..r"' sw'b~wswJ- z"2"''P"'lfrs '"""rl!"- 1 

lJ'iJ<j..f! UIUIIL,/ U'is.[!, nr ~~~rl!. 

(b, C) Jfrlw~WJ.J!IIL,/ 2rl'i"'J- I; flLRIIL
gpljnLpjruUp qbutr G.bpl!!L· b[ilb t1nrfr 

P"L"r ~burlirl!. l!.'b~"'J- b'b "'J'l- Jfr

l"'~WJ.J!"L.r '""rUI sw'iJ~wswJ- 2_112_UJ

fn 'lr s 4b r"-z 

!I 

b 

t~. 115 

'-lnrf!.J np{! zn<JwJ- I; IILRIIL!Jfr~ntfiJJw.fp ~ 'Jb"ffr </_Up1 ~w'it'I_UJ'isU'is.[! 

mnnLgplj, fru~ b[ilb 2rl4"'J- I; nLnnL9,.~mfiiJ"'.rP '1-b"i/r 'bbr.f!"-' qnqwqnp; 
t~, 115-m_.f !JIILJ!J I; urr4wq ~~~rl nr'h IILRIIL9fr~ I; (a,--b) Jh_UJ-

~UIJ.j!IIL,/ L_ 'f"'fw</_nr' ( b, C) .fh_w~UIJ.J!IILifl -

'-lnrfr nLnnLsfr~nLfi/Jw'h nL'f'f"LfiiJnL'b[! t,"''b'l-fruw'h11L,/ ' 1; '""r"' .l.L.fr 

~wp"-nr p'hnL[ilwqfrp: UnLJ'h "iwrw'trwtf.l!. 'h1,.r<JwJ- 1; "'J'b"lfrufr f.wur

ftw'bfrzbrfr /)uJUurwurJw'iJ{!, f!.UUJ npn'is9 ~wrblfr /; 1 ntUnL.f'iJwuppbln1. 

y= f(X) f/>nL'b~9,.w'b, 'J"'.,bl urwrpbr Jfrlw~"'J.f!bpnLJ 'ispw 'tr"'f/>Mfr 

nL niiLBfr~nL[il 1w'b nL'f 'fnLfi'Jw'h J"' ufr'b 1 

U."i"'9"L!Jb'b.f! r..b.,t.J"'l [Jbnrb.fl!.: 

fiJ' b n r b J 1: bpb (a, b) tf~~wl}wJI!~ pntnp ljbmbpnLU f1 x) 
~ndiqg pwJ p b}ll}pnpq w3wGgJWlJ! pmgwuwljmG };-, WJUPG.I!G' f"(x)<O, 
WU{W y=f(x) ljnpG. U1Jij- U~2uJljWJ.I!OLU 2P~qw3- }; mnnLg~ljnLpJWUp 
qbll{~ qbp (ljnpG l1LnnLgpl) k): 

U. "i w 9 n L J 91 (a , b) Jfrl"'~WJ.f!"LJ 'l_bp9'bb'b.[! ~wJ'w1w~"''b X= 

=Xo ~bur {'b~. 115) "- X=X 0 "'Pu.'lfru'b nL'isbsn'l ~burrtLJ urw'bb'b.j! 

~npp 211 2"'P"'ff!.1 fil'hnrb.f{! ffW"f.W!JIIL.'/'ffr, b[ilb J'b'j..j! /)wuurUiurb'is.[!, nr 

(a, b) Jf'2"'~wJ.J!"LJ ~nrfr P"Lnr ~b.,br'b l!.'b~"'J- b'h wn Z"Z"'P"'lPB 

'bbr.f!"-• "'Jufr'b-D'b, nr y=f(x) ~nrfr sw'b~UiswJ ~burfr or'l-fr'bwur x-Jt 

.fpl•<iJnLJ'h wpJ-b.f!fr '1-b"iJ!"L.r P".f!r I; znzw.frn'lfr y ur'l-fr'bUJurfr9' 

~w.f 

'lnrfr ""'<JwuwpnLJi. nL'hJr f,b.,L.Jwl urbu.[!l!.' y=f( X): 
/>u~ X=Xo ~burnL.f ltnrfr znzwfn'lfr l:,w'l_wuwrnLJ'b trL'hfr 

urbu.j![!l 

( 1 ) 

(2) 

(1) L_ (2) r..w'l_wuUJrnL.f'bbrfr.'l t:,b.,J..mJ 1;, nr ~nrfr IL znzw1'n'lfr 

Or'Jf>'bwur'hbrfr urwrpbrnLfiiJnL'b{! x-fr JfrL_5..nLJ<j. UlpJU.f!fr '1-b"f..j!IIL,/ f.w

'/_OUUIIIr I; 
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•' 

·j'' ';' 

I, 

y-y=f(x)-f(x 0)- f' (xoHx-xo)' 

f( x)- f(xo) urtupph1rnLfiJJ"''b 'b~tuur.!"'Jp ~pptunhtnt/_ ("''ll'"''bJp 

ptu'btuJ.kc, ~uurtu'btu'b.[!• 

y -y=f'(c)(x-x0)-f' (x0)(x- Xo) 

(n1rurb'l c-'b c'k~"'J I; x0-p "- x-p .!Jry_L), ~"'.r 

y-y=[f'(c)-f'{x0)j(x- Xo) 1 

~tuntuft1nup P"'~"''lJbpn,_J h'l"'J tupuru,r..tuturn'-{"J"''b 'b~tuurJ"',fP 'bnppy 

~Pl'"'n.b'b.f! ("''lr"''b.fjr [iJirnrh.!c- "'J'I- 'lb"f.J!"L.r 

y-y=f"(c1)(c-x0)(x-x0 ) (3) 

( npurh'l_ c1-'b c'b~tuJ I; x 0-p iL X- p .!Jry_IL}: 

'Ltufu J!'b'btup~b'b.f! "'J'b 'lh"f.J!£!• brp x>x0z U.n '1-h"f.J!"L.r xo< 

< cl< c< x . .[!"''b" n r 

x-x0>0, c-x0>0 
"- .[!"''bp "l' • P"'9P 'fl'"''bjry, £!" 111 "i"'lJ"''bp 

f" ( c1) <0, 

"'"f."' (3) {:.,tu,JtuutupnL{iJJnL'bpy r..burfunJ 1;, np y-y<O: 
-fl'b'btuf'''b'b.f! "'tcf.! "'J'b 1 b"f.J!£!' brp x < x 0z U.J'I- '1-b"f.J!"L.r x<c< 

<c
1
<x

0 
iL x-x0< 0 , c-x0<0, P"'J9 .[!"''bp np £!" 111 Uf."'JJ"''bp 

f"(c
1
)< 0, "'"f."' (3) r..tuqtuutu('"'-f'JnL'kpy r..burb.uLJ 1;, nt• 

y-y<Oz 

U.l""f.P"""-' Jh'b.f! "'"1."'9"'-ShsJr'kJ!, nr ltnr/r ytu'bll"'9"'J ''bur c'k~"'J 
I; ''"l'P z n z tutfrn'lP9 'bh r.f!"- \ p'b l_ Uf.pup'b l;l tJr'bh'b X "- Xo tup<lb.[!'bbrc 

y 

'l,ft. 116 tft. 117 

204 

(a, h) Jpy_tu~IUJ.[!"LI'l l•uq '1-"' 1;, 'bztu'btu~nLJ L nr ~nr'b IILI1NL!Jf~ 1;: 

fd'bnpbJ'b "'Uf."'!J"L!Jt/_"'q I;: 
l,tuJtu'bJtu'iJ d.fwq IU"f.IU!JIIL!Jt/_nLJ /; {:.,bu.JLJIU[ flbnpbJf!.l 

{d> b n r b ,f 1': bpb (b. c) u~~wqwn~~ pntnp qbmb,md f(x) 
~m.Gq gJlWJ~ bpqpnpq. ut~wfigJwl~ qpmqmfi k, tuju~G~G f"(xl>O, 
\UU}\U y=f(x) qnpfi lUJ'} U~~wqwJI~nLU 2P~tjm~ ],- nLnnLg~qnLpJWU[!

q.bulJl Gbp~L. (qnp~ qnqm~np k): 

'}>pur n 'l n L [iJ J n L 'bt (1} k (1') [iJbnpbJ'bbpp pn'{tu'b'l"'llnL{iJJnL'k£!_ 

~"'r"Lr I; Jb~'btuptu'bbl hr~rtul."'P"rb'b: 'tpur"'r~b'b.f! y=f(x) ~"!'£! • 
"['{!_ (a, b) Jpy_tu~tuj.[!nL,/ IILILIIL!Jp~nL{iJjtu,/p zrtt/_tuJ /; 'fb"f.p 'iJbp.[!/._ 

('b~. 116 }: f'( X} tuJtu'b9J"'l£! r..tut[tuutup I; X tupuypu'b 1n'bfryn'l_ ~burnLJ 

2"2"'P"'lP a_ [iJlr.[!nL{iJJtu'b tu'b~Jtu'b urtu'b'lb'bup'b, "'l"f'b.[!'b f'(x)=tgo.:: 
flLuurp f"(x)= [tgo-)' ,: b[iJb f"(x)< O (a, b) .lrt"'~"'JJ!P P"l"l' x-brJr 

{:.,IU,/IU(IJ IUU[IU 'flU 'b z_tu'btu~n<,/ 1;, If[' tga_-'b 'iJt/_tu'l_nLJ I; X-p tu-6.Jtu'iJ 

r..bur .!Jrtuup'b: br~r"'l"''P"rb'b tu~'btunnL I; "'J'b ptuuur£!_1 "I' b[iJb tgo.:- 'b 

'iJILIUI[nl_,/ I; X-p tu-6.Jtu'iJ {:,bur, IUUf.IU {:.,tu,/IU"f.IUIIliUULUtu'iJ ftnr'iJ NLILIIL!Jf~ 

/;t U.1u 1ptuuurp tu'btulpurplf "'Uf."'!J"LJ!J'b l;l [iJbnpbJ 1-'b l;t 

'L.!tu'b J.knt[ brlll'"'l"'P"l'b'b Jlr~'btuptu'b,JnL,/ I; "- [iJhnpbJ 1' -£!_ 

('b~. 117 }t 

0 l' /r '!. w ft 1, '/-m'!.hl y=2- x2 ~wqwuwpnLJnq UfpqwJ- ftnpf_. nLJWLOfoftn L

£1 JW'j, [,_ '1"'/wqnpnL£1 JW'j, Jf_.£wftwJI! /;l'l!' 

~ n L .)- n L J , bpftf'"l''l wJ-w'l.f!JWLf!.' 

y"= -2< 0 

X-f_. f'"f!'f' wpJke'!.hpf_. ~ W.fW('I ~/; m/,_W('W(' ftnp'J, w,fl.~m Lf'/;/! 2f'£4wJ- I; IJ LII.n LOr

ftn<P Jw•fp 'l/;"lfo qhpt.. ('!.ft. 118) : 

0~(' f_. 'j, w ft 2, ftnpf!. m.Jw.l- I; ~hmt..Jwl ~ w.JwuwpnL,fnq' 

y"=e">O 

x- f_. ('"[."(' wpJ/; /!'J,/;pf_. ~ WdW(', WUf.W ftnp'!. w,fi.'J,nLf'k/! 1f111fW.fnf' 1;, WJUr'j,e'j,' 2f!.f' £

•fwJ- I; nLnnLof_.ftnLf/Jw•fp 'lhutf_. '!.hpe t.. ('!. It• 119)• 

0 l' f_. '!. w ft 3 1 'tnp£!. "l'"24"L'I I; Umt..Jwl ~wqwuwpnL ,fnq' 

y=x' • 

y"=6x, 

ur::l '" y"<O, hpp x<O t.. y" >O, hpp x>O, ~hmt..wpwp, kpp x<O' ft npe 2r£4wJ- I; 

n.•.t!CIL!Jf_.ftn L£1 JWJ(' 'l""f." qbp 1 f_.uft 1.·('(' X>0' 11 Lt<IIL9/rft11L£1 JwJp 'l/;"f./r 'j,/;('/![,_ 

('!.ft. 120), 
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y I 

'{,~. 118 'i~. 119 'i~. 120 

U"' 1\ J"' ~ n L J __ 2: U.~l!.~'ll\"'ur ~nrJ. m.nnL9P~ J"'ul!. 'l"'t"''inrJr!/ 

P"'J-"'~"'l 1/b~nl!. ~n t 1_nLJ I; l1n rP 2P~tfwli q bm: 
120, 121, 122 t~"'r~br,nJ O, A J. B f~burbrl!. 2rl,r"'~ IJb

urbr ~.~, 

y !! 

I) a a 

tv) .£') 

u.~~"UJJUI 1;, llf 2f2_,/UJ~ ~bUinLJ znzwtp11'JJ!.1 bpb UJ~~ 'fiiJntfJ-JnLSJ 

IlL~" I 1\ UJ llr n L ,/ I; ~nf{!.1 .[!"'~" nr UlJ'l ~burp Jp ~n'[.fnt.f ~nr~ f!~~UJJ-

1; 2"2"'T"'LP9 ~br-l!"-• pu~ JJnLu ~n'LJmJ' ~r"'~P9 tJ.birL.: 

U.JJ-1f 1\UJUUJIUurb~.j! /fnr{t uri{J"'l ~burl! 2ft,/"'~ ,,~.IU 1\UJ~'ffouiU

~IU~IIL P"'"-"'ru'r "lwJJ"'~~bpf!.: 

{j> b n f b J 2: l).~gnt.p qnpe npn2~nuf). y=f(X) nrut}_ruurupnLUn~! 
bpb f"(a)=O ltwtf f"(a )-G qnJnLpJndi. indi~ lL X=a rupdbpnt}_ wGg
li.bt~u f"(x) w~wligJWlJ~ t}tnJunLtf k fi2wG~, WUJ.W qnp~ X= a wpug~
uefi nLfibgniJ. qbute 2(l~tfwli qbm k: 

U."l"'D"LJD' 1) 1p9 nLJ! f"{x)<O, brp, x<a h f"(:x)>O. 
brp x> a: 
~106 

li.J'f '1-b"i-i!'"-J, brp x<a ~"fl!. ZrP1."'a I; IILnm 9pJ,nL{JJ"'Jp '1-h"lf. 

"Lr IL 11LniiL9p~,L!lJJ"'Jp '1-hUfJ• ~br-i!"-' brp x>a: ~b~niL"'P"'f• ~~~rt• 
X=a "'PueJ.u~ m~b9"'L A ltf•~nf!. 2r2.J"'~ 11bur /;: 

2) bpb f"(x)>O, brp x<b !.. f"(x) < O, bff' x> b, "'"lu' brp 

x < b ''" rl!. 2r2.1"'J- I; "'n"L9P~"Lp J"',; p 'I-bUff' ~L r-l!"-, pu~ b rP 

x>b mnm9J.~mp1"'.rP '~-b"~J. tJbr"-' ~bur!..wp"'r• ''"rP x=b wpu9pu~ 
IIL~h9"'L B J,Lurl!. 2r2.J"'~ ftbur I; ( ~nl:;u ~~. 122 }: 

!I !J . 8 

0 J: 0 ,. 

/!) 

'i~. 122 

0 p p 'j, W ~ 41 l}.m'iJb[ y= e- >2 ~npf• ('1-wnLuJt ~np) ufofw'b ~f.mbp(!_ h n['nlb [ 

n<.nnL9p~n<f' JW'b /, 'ln'lwif.npnLp JW'j, dp fw~WJ{!bp/!.1 

{n .._ ~ n r.. ,(, 1) '/>m'bnul b'b{! wnwlfo'b h. br~rnr'l w~w'boJwl'bbrc' 

y" = 2e-x2(2x2- l)r 

2) TJ.n·U1£f-'b f< bp~pnp'l W~W'j,flJW['bbp/!_ 'lnJ"'-E'J'OL~1 n1..~1b'b wJIJ'bnr..pb[!l lJ.em-

'bnuf b'b{! X-fr WJ'j, wpJbe'bbp/!_1 npn'bfl 'fbuunr..J y"= o• •; 

2e-•2(2x2- 1)= 0, 

I I 
X l=- v:r ' Xa= v:r ' 

I 
hpp x<- f

2 
nr..'bb'bl! y"> O, 

I 
hpp X>----- nr..'bb'bl! y" <::0; 

v' 2 
lrp~pnp•f wJw'b9JW[f!. X 1 ~bmn1_ w'b9~'blf"' 'btw'b/!. .Jmfu nr..J I; 1 aml..wpwp 1 bl'r 

1 
X1= - f 

2 
~npfr 1rw wnftw I; u£Jw'b ~bm, npfr ~nnp'lf-'bwm'bbp'b b'b' 

(-¥12' e-~} 
~07 



~lnnluuptup 1 lspp x2= -yr 'bn<J"~~"ll.u 't_npp 11'111 ft•u 21'£Jtu'b 't_Js.,. 'bpu• ft_nnp

'lf'btutn'blsp'b J.'b' (;'I 1 e-~). U.ulsbj> 1 /sp't_pnf''f 2['j'lftub 't_lstnj. 'f"J"<fiJnLbf! 

pfunuf ~ tubtfp£tu"lbu 't_npj.' Oy tuniUb9l'P:0'bfttu~nJtudp uj.Jistnpp't_nL£1JnLbp91 
f.1j l' 4} 'l,tufunl''IP9 r,Js.,lr.nd ~I "I' 

1 
lspp y 

2 
<:X <:+ oo 1 ft_npf!. 'l"'ltu1nr ~. 

5) U.ntulJ.'h tuJ-tu'b9JtutJ.' y'=-2xe-x
2 tup~ntut.tuJ"'"LfJJnL'bj.9 f,/s.,t..nL,f ~. "l' 

y•>O, 1srr1x<: O tu1uJ.'bl''b' :p .. <'h't_9 ptu'h tuC.n<J L 

y,• < 0, kpp X> 0, IUJupb j>b' :f>nL 'b't_9ptub b1tu'fnLJ 1;
1 

y•=o, &rr x= O, 

U.1'1 't_lsmnLJ :f>n<'hft9J.tu'b nL'hft ,ftueup•fnul , '"Jb ~' y=l• 

y 

'tftutntup•ftuJ- ;. /;.,tu'l""''" ·/ 'J·"'i. r,f,ltu'u 1 r = r,•,zm ~ 't_•unn L9 J.1 ft_npp 'l:l'w:f>J.la!. 
('b't_. 123)• 

0 p p ~~ IU 't_ 5o <J.,'b£-l 

't_npp 2l'f•lw'u 't_btnlrl't'" 

:.!08 

y"= 12x2 , 

~lstnlr.tuptu[' 1 't_npf!_ i_IILbp 2f'£tftub 't_/s~n/sp ("~~'t• 124)t 
I 

-3-
0 ['" b IU It 61 <J.~nblsJ y= (x-1) 't_npp 2f'fJtub 't_J.~nJ.pf!l 

I -
y '=-(x-1) 3, 

3 

2 5 
y"=--(x-1) 3• 

9 

2) 1Jp't_pnp'] tuJ-tu'b9J1Ulf!. ni_ Jp ~nbq '[['" i_f ']tunbnLJ 1 ptuJ9 ~Jspp X=l IUJ~' 

'f"JnL£1 JilL b i_IILbp (y " =±CO)t 

y 

• 
u~x1 

~!_}___ 
{} 

t't_. 124 

3) ~ls"'tu'l""'b'bl' x=l tupJirl'l!.• 

y">O, bpp x<:L 't"l'l!. 'l"'fiU.fnp 1; 

~Js.,lr.wpwp 1 (J ,0 't_btnf!. 2f'f•lw'b 't_b., ~~ 

'l,'t_tu~nb'bl' 1 "I' y ' = x , lr['p X= l, IUJuJ.'bl''b' IUJ'] 't_ls.,nuf 't_np'u nL 'bf nL'l'l"'Jf"t 

2"2U1tf!nq ('b't_. 125) I 
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§ 10. U.u~U111mnmllh[1 

&-~»ur '-"'~"'P' '-"'r'l t- Lfr'iwuf r.hur,..q_nurhl y=f(x) ltnrfr J.ke, 

'bz"''b"'~"',r t-, k r,,..,rw"f."'ur"'u/u"''b lprJL'b~9P"'JP fnfnfuJ,..'iJ p'bnLJfll! 

.IJ.nrfr ""'"'"'""'~"'., IJ.burfr wpusfrufr l[wJ or'l-fr'bwurfr ""'" "fr"'cl,..,!,..'iJw~ 
"'P"9P"P [.,_ or7-ft'bwurfr IU., u IU r., IU., IU ·fr IU ~ IU ~, w., ( P"'9"'Pa"'~ 

wpcfh,ent/) 'fb"f..j!lll.Jt r.-u'f npnLJ ~"'pl.._nr JJUu'iJJUt/_np 'fb"f..j! t- r.IU'iJ'fp

UJU'iJ.m_J "'!'b, bpp r.burwq_nur1_rr'l IJ.nre ,..-u,,..r,,r,..'b,..fw" Jnurh'brruf t" 
nrt...t- nL'f'l_P\ 'iJrw fmfrnfliiU~IU'iJ ~bw'iJ JU'iJ1_hr2<rL{t/JnL'iJ r.hnJU'iJWLfru'~)l 

lj,..r,,!,..'iJaLifl .\ nL'fP'lf! 1/ntt/_nLJ t- ~npp mulHfUJ.mnm, h(tlh 

.'fnrfr M '""'"""'"'~"''it lthurfr 0 r.bn ... 1_nrmfiJ·IL'i.t'i.t "'J'l- ""l'lP9 a'lurnLJ t
'lf" JP, b l'P M ~hure r.hn ... 'bnLJ t- JU'i.ttj_b nnL{tl JnL'il ('b'f. 126 iL 127 }t 

1,bur"''t"'J"'" Jh'b,e l[tn1Uppbph'i.t,e nul'l whflq ( "'Jup'b,e'b' or'l-fr'bJUur

'i.thrfr JUn.JU'bs,e/t'i.t 'f"L'fiUr.fm} [.,_ pbl! (wJup'i.t,e'i.t' Op'ffr'bwur'i.thrfr WnJU'iJs

.J!fr'iJ nt I[IIL'f"''-bn} JUufrJ"f.urnur'bhpt 

t~. 126 

!I 

0 

t~. 128 

t~. 127 

1. nL'l'L"'afr'f "'""""~-
ur n ur 'it b pt IJ.ufrJ Uf.Uln urJ• ,,..r,,r w-

'bnLJfr9 r.burhnLJ t-, nr h[tlb 

llm f(x)=oo, f1,..,f lim f(x)=oo 11w.r 
x-a+ o ~n-0 

limf(x)=oo, "'"i"' x=a nL'lfr'll! 

J: y=f(x) 'fnrfr "'"PJ"iurnur'b t-, k 

r.mff"''f"'pJ.{!, h[tlh X=a nL'ffr'f'iJ wufrJ"f

urnur t", "'"'"' urb'lfr nL'ilfr 'trtJwd
r.,..1_wuw prrL{tl J nLhhU fP9 Jb~(!l 

1,bmkJUpwr, IILtf'l"'aP't wufrJ"l

urnur'bbrfr npn'i.tJ,..'iJ r.wJwr "f.bur,e t" 

* Ubte wurnJ btl!, "l' M -frn•f.nfuw~wt ~but£!. ~"l'P •/rw1n-f 2wrJ1_nL,( !; 
w'iJ1_b-r£nLfJ J"L 'iJ 1 lt[Jb WJ'f ~/iutp ~/in.wt[n('nLfJ JnL ';,£!. ~nn(''fp~•w~n'iJ/if'fo uhp'iJwfl/,"'f9 

wtuw~Jwtnrbt wC.nL<f !;, 

Mo 

'lur'bht WJ'i~Uf.frufr x=a "'rJh,e'ilhr, npn'i.ts Jnurb'i.t"'LP" y=f(x) :[>nL'i.:-

9P"'"' a'lurnLJ t- w'btj_b f'l.nLfiiJ"''in IJ.J'l- 'lb "f.J!"L,r X== a nL'lP'll! ~lfr fr 
nLtf'lwafr'l wufrJ"lurnurt 

0 
('f.., IU ~ 1t y=~s ~n(''iJ nL'iJf x=5 nL'['[wJ.fo'f tuU"I'"f"'""'f!.t l!w'iJp "f." 

x-
y-+oo, lrrp x-+5 (t~. 128), tlr 

0 l' p-;, w ~ 2, y= tgx ~nrt nLt[o wtuw'.Jw~r flt[nt[ nL'['[wd./!'1 u•ufoJ"l"'""' l'• 

n 
~w•f--, 

2 

~ 3~ 5n 
x=±2• x= :t:2' x=±2' ... 

y 

t~. 129 

3.: '-.-.... _ 

2' 

X 1- ~ ';,L X Q nL'['[wJ.L'/: wufoJ"l"'""'£!.• l!w'iJf "f." 
0 l' fo t w ~ 31 y=e 'l"l' u nL l' = L-

1 

lim C X = CC ('iJ~. 130) I 

x-+0 n. fi1' b .j! IU U " , "f. Ul n 1/J 'iJ b pt 

"'"PJ"iurnur, npfr '-"'"-"'""'f"LJ'b m.'i.tfr 



bpb ~-n1_ 'k2a~'k~»~b'bl!- ~nuful"'mnmp [Jbl!-.f"''b 

"'"-"''k9l!-P 'b~UJur.f~n.fp, "'"'"' ~NMP-pg qm'bnL.r b'bl!-. 

NM= MP I 

roscp 

y 

t~. 131 

'ft~»hp np cp-b t;UJum~»mnLb UJbi•Jmb l- { r .1 1t "l '!. "f'f!. ">UJ"LUJUUJ[I }_t- 2 -p ), 

Ul"fUI b~np~np'f r;UJt/_UJUUJpnL{JJ~»b r:.w.rUJaUIJb 

(2') 
X-++ ·7J 

NM=!QM-QNI=/y-yj=\f(x)-(kx+b)l, 

/,_ (2} r;~»t[~»u~»pnL{JJnLhf!. f!.b'fnLbnuf t- t;hmkJ"'l mbul!-1!.' 

lim [f(x)-kx-b]=Ot t3) 
x~+ "' 

. [ f( X) b -] 11m x ---k-- =0: 
X-> + CO X X 

212 

"'P~»bp "P X-+ +oo
1 

~»"{"' "'bm.[!_ t- mb'lp nLbbbUJ t;ILur"-J"'l t;UJ1_~»u~»pnL

fJJnLbf!.' 

. rf(x) b"' lim .---k--- =0: 
x_,. +co X X 

k= lim~: (4) 
~ -++"' X 

b= II m l f ( x ) - k x J: (5) 
x~+"' 

lJ.JuUff1un1_
1 

b[Jb y=\o;: -! -b nLifP'lb UJupdU[mnur t-, WU[UI k-'b k b-'b 
npnh1_rtLd h'b (4} L {5) p~»bUJJ.kbpn1_: 1.,w~w'fwpaf!., h[Jb 'l"JnLflJ•ILh 

nLbbb (4} L. (:5) uwr:..fw'b'bbpf!. 1 w"{UJ mb'fp n<hp (3) t;UJ1_UJuU1p11L{JJn<bf!. 

k y=kx+b "''lP'll!. wupdU[mnm b b[Jb (4) ~UJd {5} uwr:..fw'b'bhppg 

pb~fiL'[ .fh~/!. qnJn<fJJmb }_mbp 1 w"{w ~npb UJU/•dU[UlnUl }_nLhpt 

"il["'urh'i•.[!_J n[' .fhh.[!_ nLUHL.fbwupp11<{JJ"Lhf!. IJ~»mUJphgph.[!_ b~. 131-p 

~~UJUldUJdp, bpp x-++oo, P"'l9 P"lnl' 'fUIU1n'fnLPJ"Lb'iibl'b Pl'"'""'9P 

h'b k X-+-00 'fbUf.[!.P t;"'.f"'[" 

Q l'!.' 'b w ~ 4 , 9-on'bb l 

y 
X 

wufrJ Uf.Uin m~,/; f'l!.• 

y- t-oo , bpp x--0, 

y -+--Cf.. l , bpp X-+- +0• 

~bon l.wpW[' 
1 

X= Q n L'lf"If'. r.w'b'lf.uw'bnLJ /; 

•n4JWL ~npf.r IIL'l.'lru J. [•-'1 u.~ufulut•nnUJJ!.I 
2) /lp,."bb'bl! [Jbl! wur"''l"'""''bbpe, . 

k= lim ..J_= lim 
x_,. ± oo X JC-+ ::=co 

= llm ll .l- 2-_-1 1=1 
I 'j ' X X 

k 1, 

y 

t~. 132 



§ 11.n~nlitll~-g~wlllip~ fi!imwqnUJntpJwiJ h "r•t· .,,.,, ,, ,~. I , 
cUI').IWuRLfl UI[Wfl[! ., •· • . 't r' •" " f' ! •JW :llll9UWIJ 

2) fPnLhlfsfrwJI• fr~~lJwil lthmhrl!.• 

.1} fPm.hlf.9frwJfr w-6.,/w'U b. 'ilrjwtl'fw'U dfttw~wJ.f!hrl!.• 

4) dw.f!ufrJudfr h Jfr'UfrJndfr llit.nhrl!.• /thl_Ufbu hwh fPnLh~yfrwJft 

dw.f!ufrJwl IL Jfr'UfrJwl wprfl•.[!'ilhrl!.• 

ti ) 'il'wfPfr~/• urn.myfrlinL[JJwh /r 'l"'lwt/.npurfltw'il JfrtwltutJ.f!brl!.• 

zrtJ'w'U ~btnht'/!.• 

6} fPrn'itlJ.9frwJfr 'lrwfPJrlffr wuJrrf"{tnnur'hht'l!.' 

ITwtnwp'{wJ f)burwqnurm-friJwh I)Jr,fw'b 4_pw 1/wn.ms'{tnd f" fPm.h~

!lfr"'Jfr 'trwfPfrlt { hppbJiJ hUfwtnw~tUt:,tUl'dwp t" nLUnLdhwufrpnLJlJwh/!. 

'l 11L'f/!.h[iJwy 'fJ-hl llflwfPfr~fr utUtp['b['/!. ) : 

'1- fr rn n 'l n Lp l n L h lt l:filb f)htnruqutnt/.n'l y=f(x) fPnLh~sfrw'U 
'l n L 1 't L wlufrh.f!h wl'i'"ffrufr'U L np "'l''f"ufh'Utnfr 'Uzwilfr tfrn•fr,frwL

f'JtUh 'fL"f.[!'ILd fPnLh~9frwJfr wlrdh.[!/!. l_[• rfrntfrnfr,t/.nLd, wJufril.f!h bfilh 

f( - x) = f( x ), 

w"fw prUIJw~wil t" fPmil~yfrur'b t:,htnwqntnbl /.._ ilrw 'trwfPfrlu! lt""""9hl 

lpnLh~,gfrwJfr ff[fll2_dWh urfrrnLJfilfril I'(IUtnftru'itnq Wf''fiiLdhhtnfr 'frlllftwh 

wpJb.[!ilhrfr f)wJ wr: U.r'lmtfli'Uurfr pwswuwl,wil wrtlb.[!ilhrfr f)wJwr 

fPruhffsfrwJfr 'frwfPfr///!. f[WfltiL94nLd I; WJh pwhfr {)fr,/wh '{rw, 11[' '/.IILJ'f 

:p,Lilft,gftwtfr 'll'wfPfr'tl!. ufrJh~nrfrll t" ot•'ffr'hmtnhhJ'fr wn.w'Us.f!fr 'Uftwtn

JwJp: 

0 ['" 'j, W ~ 1, y=x ~ :j>nL'I,~9fw'l. 'f"LJ 'f l;, ew'l.f "[' (-x)2= x2 (ur/iu 'j,Jf• ii)' 

Opf•1,.ull 2 , y= cosx :pnL'I.IL9["u1, 'l"LJ'f t , wu1•f "l' cos(-x)= cosx (u.bu 

'1.~ . 16 ) • 

'1-Jrtnn'lnLf/Jn Lh 2: ll[l h y = f(x) fPtnhl[,g/tw'b fthbur f", w!ufr'b.f!CU' 

WJh"ffrufrh 1;, 11[' W[''fiiLtfhhtnfr hzwh(! tfrnfuhtfru fPuLh~sfrwh tfrn/llnLd t
hzwh/!.1 wl"f''i'.[!h , h[rlh 

f( -x ) = - f( x). 

IUUfW IUJ'f fPnLhfJ,gfrmh pw4_w~wh t- {)burwqnurhl Wf''f11Ldhhtnfr 'frwftwh 

wrrlh.f!'iihrfr f) wJ"wr : lfhilur Ep11Lh~9frwJfr 'ff'rufPfr'tl! ufrdhtnr/tft f" ftnnr

'J:frhwmilhpfr ufJI[phw~htnJr hl[wurJwtf/v 

Opf'l.w~ 3, y=xJ {/>nLhlt9Pw'l. ~b'l.u, t, /!wh [• "l' (-x)3 . . , -xJ (u.bu 'u~. 7) 
Opf'l.wll 4, y =si nx :puL'I.~9fw'l. ~/;'!,"' t , ew'l.f "l' san(-X) = - -si n x 

(<nbu '1.~. 15 )• 

'}frIll n 'l n L pIn L iJ 3: 'f.w'bfr "r fPnL'bftsfrwtfr nrnz f)rutn~nt

{tlJnLil'hhl'fr frJw'bwl/!. JlnLJL f" tnwLfr" t:,htnhnLJlJnLh ru'Uhl 'ilrru tUJI 
f)wtn~nLf/JnL'b'ilhrfr Jwufr'b, w"fw hrpbJ'b 'bUfwtnrull"'f)wrJwp t" f)h~nw

'l II flliiL{rfJ w'iJ r:.w 2_11 [l'fiU~W'iJIILfil Jill 'iJ'iJ /!hill rb [1 h[hh[ II" Ill r4_wd- fP IILh~sfrw Jfr 
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~,'iJ~plu.n wn.w'i.J.'k~nt:,tuLn~nLfJJ"L'kbhpfr9t IJ.Ju"lhu, oppbw~, h[Jb Jb'i.J! 

"/"'f'lf.bl b'iJJ!, np Lnptfwd- /flrn'i.//9Pwh <»b[!b'Jt:,'uLn (- fL 'fp/flhpb'i.9b[p, [, 

'fLnbl h'k.e w J'l lprnb~9P<» JP J w.eufr,J mJfr k Jfr'kfrJ nLJp ~h~.~~brl!• <»"/<» 

'Jpw'k,f fru~ Jb'i.J! "rnzhL h'i.J! L. lpUL'ir~9P"'JP tu-6.Jw'k m . 'k1_wl[_Jw'k 
111ppnLJ{tf'kb P£!1 

X 

Y= l+ x2 
!j>nL'hhJ.w'b b. ~wnnLgbl 'bpw 'lrw!j>f•~f!.' 

~nL~nLJ, .1) thnL'b~gfw;f 'f"JnLfJ;w'b "'tpnLJf/'b I; - ":D<:X<:+ oo •'f•~w
~"'J~/!.' ll."-"ff.wUfbu "-2 /;'b~, np x<:O 'f/;"{ J! nLJ nL'bb'b{! ' Y<:O, fu~ X.>O '1/;Uf{!nLJ 
nL'bb'be' y:::, O, 

:!) thnL'h~gpw'b wdb'bnLrbl! w'bl!.~''f r. w., J;, 

3} ~b"'w'ln"'/;'b{! !j>nL "-hfw'b i!.""' Jwf!uf,Jnuf[, b. df•"-f•lnLJp. 

J_y2 

Y' = (l+x2)2 -0 

bpp x<-1 nL'hb'be y' <: O, 

bpp X:::0. -1 nL'bb'bl! y ' :::, Q, 

Ymtn =( y )X= -1 = -0,5, 

/;l'P X<: l nL'bb'bp y':::, O, 

bpp X:::O. J nL 'b/;'b{! y ' <:0, 

Ym ax =(y ) x= I~0,5, 

4 ) /Jpn2b'bl! !j>nL'b~gfw;f w >.rfw'b b. ~•4.w'lJw'b rlf~w~wJI!/;l'l'• 

lrpp. - :::O <X < -1 nL'bb'be y' < O !j>rrL'hhfw'b "-1w'lnuf I;, 

ill'[' - J <X <:} nL 'b/;'b~ y ' >0 !j>nL "-hfw'b w6nuf /;
1 

bpp l <:x<:+oo nL'b/;'bl! )' ' < 0 !j>nL'b~!J/•w"h "-1w'fnLJ 1;. 

.'>) flrn 2b'bl! ~npf• nL,wLgf~nLfJ Jw'b b. 'f"'lw4.urnLp ;w'b Jpf.w~w;~bre. b. 
uf_Jw'b ~/;,/;l'l!.· 

y" 

21G 

2x(x 2-3) 

(l + x2)3 0 

l;w4.wuwpnLfJJnL'bpg umw'bnLJ /;'b~. 

XJ = -{3, X~=0, XJ = J 3, 

f/LunLJ'bwuppb[n•f l' Y" -e. npu{bu X -L !j>nL 'b~gf•w I '[ln'bnLJ /;'bj!, 

brt• -u~<x<:-f'3 

brr -{3<:x < 0 

brr 0<: x<: v 3 

bpp { 3<:x < + :::o 

y">O. ~nre. 'f"'f'»4.nr 1;, 

y" < O, ~np'b nu•.nLgf~ I;, 

y":::, O, ftnre. 'ln'l"''i"r 1;. 

v-·o-J/ 3 ~nnr'/l'~JUJ1n'bbpn4. ~bur/!_ 2r£.!w'b ~/;In 1;, ,6f2ur ~JnLJ'h ~burL.wpwp , X=-- f 3, • 4 

J.L.n4. (0 , 0) L. ( /3. ;~) ~bu.bre. 2r£•fw'b ~burbp b'b, 

6) flrn 2h 'b{! ~nrf "'"t"Uf"'nm'bbrt!.• 

brt• x-++ co y_.o, 

brr x -.. - :..:o Y -.0. 

J I; ,fLw~ flh·e w u[.,fut"'n"'l!.' ;burLwpwp , y= O nL'lP'Il!. r. w'b'lfuw'bnL l' 

t~. 133 

4ax-3x] 4a-3x 
y ' 

r 3 2 3~1x(2a-X) 2 3f' {2ax 2- x ) v 

X-p ni Jfr 4.bp£w4.nr 

~bmw'lnon4.n'l ~npp 'fpw-
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~""'"''l"u.l.'i.e w~w'i.sJ"'l" uwr..tw'i.wJf.'i. wrJI.e'i.l.l'l!.• "rp x-----0 /, brp 

X-+ +0• 
4a-3x 

lim v-v = - CD, 
x... - 0 3 x (2a-x)• 

4a-3x 
ltm d V , 

x-. +D 3v x (2a-x)" 
+ o.o 

bpp x < O itnL'i.b'i.w'i..l! y' < O, "rr x:::.O ~nL'i.b'i.w'i..l! v' > O• 
~/;u,!.wpwf' 1 /;l'E' X= 0 f/-nL'i.~sf_.w'i. nL'i.f• .//_.~•/_.•;,.._,(, :J,nL'i.~s/•wJ/• wrJbp~• WJ'f 

'tb.,nLJ r. w1wuwr ~ 'll'"Jf.• 

lJ.JJ,f nLunLJ'i.wnf_.rl.'i.,!! fl-nL'i.~sf_.w'i. x2=2a ~rf_.mf_.'tw~w~' ~bmnu!, brp 

X_.2a W~W'j,!JJ"'lf! 'i.nLJ'j,L'f/;U .l'lurnuf ~ w'i.1brlnLPJw'j,, r"'J9 m1JW[ 'f/;L'f[!"LJ 

x-f_. "'J'j, l'"l"l' wrJbe'i.l.rf_. r.wJwr, nrn'i. p ''""' ,.., 2a -f_.~· (2a ~""'"9 f.'i.iul!.u wf, 
"'J'i.L'fl.u ~l Awju 'l"''i.-/n'l), w~w'i.9J"'ll!. pw9wuw~w'i. ~. ~/;m!.wrwr 1 "'J'l ~btttnLJ 
fl-nL'i.'L!lf.w'i. i"L'i.f_. "i ,fweuf_.•lnLJ, "i ri[r'bf_.Jnuf, x2=2a ~/,.,.,L,/ 1 f.'i.iL'f/;u ~ .... ~ 

~/;.,f_. Jnurw~WJIJ"LJ1 fl-nL'i.'tsf_.w'i. 'i.1w'lnLJ ~. "'J'l 'tbmnLJ 'tnr'b nL'bf_. nul'l"'.lf'l 

'L""'" p'i.nLJPI!.· 'J.f_.urwr~"L"'' wnwl/•'b W~W~'IIJ"'l" wrmw'.WJLnnLpJnL'i.f!., ..,~ ... -
urnLJ /;'i.e, np 

4a 
brp x<-- , "'"~"' y'>O, 

3 

4} ftw.,wr1w~ nLunL,!'i.wuf_.tmLPJw'i. r.f_..tw'b 1rw nmw'i.nu! L'be lf>nL'i-~sf.wJ[• 

wti.J,..'b £. 'i.1w'IJ,..';. ,ff_.lw'LwJl!/;l'l!.• 

18 

'lnLJ ~· 

5) flrn 2nd b~•e ~nrf_. 

sf_.~nLfiJw'i. J. 'l"'l"'1"l'"LPJ"'~' 

~"'Jebpf! t. 2rl•fw'b ~""'"l'l!.· 
lll'~l'"l''l w~w'bSJ"'ll!.' 

-8a 2 

y" 4 5 
' i 3 

9x' (2J - x) 

nLILnL-

"l,~. 184 "i Jf_. ~bmnu( 'll'" if. 'fWn.'i.nu!, 
lJ.J'bnLwri!.'bwJ'bf.1 'I" J''LP J"L'j, nL 'i,b'j, 

npn'i.snL·J I.r'Ll'"l''l w~w'b9 J..,ll!. fu'l1nLJ ~- 'll'"''j,l' 

X 1 =-~ 0 t. x2= 2a itlturl.r'i. b'b, 

nLUnLJ'bwuf_.r!.'i.e "r~l'"l''f W~W'j,!JJW[" 'i.2w'j,'i. "-'J'l ~b.,!.rf.s J"L{' .. IJW'iliJIIL{'" 

.Jnmw~WJIJ"LJ. 
/;l'E' x<.O nL'i.l.'i.,r y" < Q, ~"l'l!. 2rl1w~ (- nLn.nLs~~nLPJw•lp 1!.rt., 

l.rp x > 0 nL'i.!.'ite y"<.0, ~"l'l! 2l'l1w~ ~ nLnnLs/_.~nLpJw•fp 11.rt.• 

t2w'i.w~nL<f ~ x=O wpusf_.u'i. nL'i./,9"'1 ~"""[!_ 2l'lJ..,'j, ~l.ur ~} r,..,'i.'lf.uw'i.nL•I• 

brp x <. 2a nL'i.£~'1! y" < 0, ~"l'l! 2l'N"'~ ~ nLnnLsf_.~nLpJwJp 1!.rt., !.rp 

X>2a n L'j,/,'j,p y">0- ~"l'l!. 2fl1w~ ~ n< n. nL!J/_.~nLPJwJl' 'j,/,l'l!J.' "f,2w'i.w~nLJ ~' 
lt"l'f. •frw ?"'~"["'! (2a, 0) ~""'l!. 2l'l'lw'i. ~/,.,'j, f;, 

6) flt'"2!.'i.e ~nrf_. wuf.•'L'f"'"u''i.!.rl!.• 

~ --
y ar 2ax 2-x3 v2a 

k ""-= lim - = lim Y -lim --1=-1, 
x- j oo X x- :i tX1 X x- ±co X . 

= lim l V 2ax2-x3+ x J= 
X_,. ± GO 

x=cp(1),} 
y=·?(t), 

(1) 

Uf1UrwJhurrw11,u'b r:.u,t[IUuwr"uf'bbrnt{• ll/'1 '1/s"I.J!"LJ ~nri' t:.bUJw'l_nUJnL

PtnL'bf! f1 /I"'"'"S"LJ[' ~wurwrt{mJ t" t:.wJw'bJw'b 3./..nt/_, p'bJ."lbu wl'l 

wrt/bl t- y=f(x) t:.wt[wuwrm Jnt{ UJr'/wJ ~nri' r:.wJ'wr• 

l.,w ztJnLJ b'iJ.p 

dy ~'(t) 
-=-- l3) 
dx ~'(t) 



mJm'hst"'lf!.l CJ•ur'hnuf b'h.[! Uf"'l'"'J'hurrft t=tl, t2' ... , tk mpJ-b.[!'hbr/!.J 

npn'h9 t.mJ'mr <p'(t) ~wJ' f(t) mJw'hstml'hhrfts 'fn'hh J'b~l!. 'l"'n'hnLJ' I; I[£'" 

~wJ' fucl'JnLJ' /;t ( t-p Wl'fUfpup wpclh.[!'hbpf! J'h'h.[! ftm'ht/_w'hb'h.[! 'trftur{r

~w~m'h mpclb.[!'hbp) : (t1, t2), (t2, t;,), ... , (tk-11 tk) J'p2_w~w!.f!brfts J"L

I'"'I!w'hu•npnuf, t.hurhwpmp, IL (XI ' x ~)· (x2, x3), ... (Xk- II xk) ( npurh'l 

Xi=~ • (ti)) J'p2_m~"'l.f!brfts J"Lf"u.f!w'humrmJ' euu• (3) pw'h"'J."-ft npn-

dy 
znuf b'h.[! --p 'hzw'he, 'll'"''hnt/_ pull "l"'2nLJ' h'h.[! lu-6.Jm'h L_ 'htj_mcr 

dx 

J'w'h urpf'"LJ{J'hhpe: 1-w t.'hw[•w•/n[""{JJ'IL'h I; urmtftu 'hw"

"'"'I'"'J'hurpp tl' t2, ... , tk urpclb.j!'hb['P'h f.wJ'urUfmurwupJm'hnrl 

p'hmt/Je: llt'hnLt.burL_ t.wzt/_nLJ' b'h.[!• 

d~y ·~/' ( t l<p'(t) - q/'(t) ·~' ( t ) 
--= I 

dx~ [<p'(t)p 
(4) 

lltu p.w'iJwJ.hp f.pJ' w'iJ t/_pur n ['" ztnJ' [;'iJ.[! ~~~ f'P JIIL["u.f!w'h1.Jm [' ~bumuf 

mnmsft'tnL{J 1ur'h nL'f'fm{JJ"'-'hf': 

11 upJ' "fUIItur'iJbf'/!. n f'lt 2/; fitL r.mJ' Ul f' 'f ur'iJh'iJ.f! t-p IU J'iJUfpup ur('cfb.[!

'iJbf'l npn'hs J.'furhtftu ~urJ' x-e llmJ' Y-e J.qurnLJ' b'h ur'htfbr2."' Ptur'h lr 

t-p mt'hUfpup mpc/L.[!'hbp, npn'h9 J.'furhlftu 1,' X·f!. 1 L_' Y-e J.'furnLJ' L'h u•'h

tj_bplm/Jtm'ht llt'hnL r.bur L_ f.burur'lnurm/Jtm'itl'. ~ururut[rh'h.[! un•/nlrudlur'il 

brlw'hmftnt/_r 

f!JmpwJ'burrrur~m'h urbu,f!nt/_ UIJrt/tu.J ''"r"r·r t.hurmL[_nlltlllPJur'h e'h

{Jur9.[!'1LJ' bpb_w'iJ hftn'f J"p zusf1.f! UlllUI'iJJ.'iJurf.wur'tnL{JJm'it'iJbp "fUI(''f.IU

p ur'hb'h.[! orft'hurft'hbrft •fpmt 

x= acos3 t, 

y=astn 3 t, 

-'w4_wuwpnLJ'bbpn-f m-fwJ- ~"l'l!.• 

(I,) 

( n L J n L J, X 1... y J/;J-nL{J J"L"'b~,£['1! "P" 24_wJ- b'b 1- /• P"l"f' wpJ/;l,'bbpj> ,.,_ 

''"'P' PwJ9 pw'bj> "r cos3f-"'b t... si n3t-'b 2lt "l"'rrbrnLfiJnL'b uL~'/;9"'1 "l"'Prk

pw~w'b fJ>nL'b~.'Jf>w"'bkp /;"'b, pw4_w~w'b I; t "l"'P"'Jb.,pj> fnfn[unLfl JnL"'bp 'lt"'"'l'~/;l 

0-hJ Jj>'j,~J... 2.1t uw-'Jw'b"'b/;pnuf, e_um npnLJ X- j> •J.n4mfuJw'b "'"('"LJF'f!. ~["'j," 

[-a, a] ,,.,.,,WJ-f!_. y-[• 4_mq•nJu•fw"'b onfJpnLJfiJf!. "'bn LJ"'b"f.bu ~lf>'bf· [-a, a] r.wUI-

4_wJ-f', ~/;.,.J...wpwp 1 '1/>mwp~-fn'l ~np"'b wuj>J"l"'""''j,/r[' ~ nL'bj>, 1/..l"'b"L-'/;.,J..., 'l"''bnLJ 

/;'j,l!· 
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dx l - = -3acos2 t sin t dt , 

dy 
- =3asin 2 t cos t• 
dt 

(2') 

d_y = 3asln 2 t cos t (3') 
~-----=-tgt• 

dx -3acos 2 t sin t 

t-/• 1_.nq•nJu•fw"'b x-f> 1_.nfnJuJw"'b 
I y "' "l"'lb" X " 

y- j> 1_1 nfn[,Jw"'b 91__/> [y =i (x)\ :j>nL~•~-
UIL•rn LJF'f -'wJW"[WWWU[uw"'b ~ "'J"'"l"'"'"'"Juw~·r x 9 j>w.rf> 1•""-"•[uJw"'b 

u•i-£'"LJ{Jl!. u•f•pnL.fF'f!. '!JlUI"'z,f!_ p"'bn L,({J[!_ 

O< t<n/2 a>x>O o< y<a - t4_ IUI[nLif I; 

.. 2<t < r: O> x>-a a>y > O + lJ.O.nLJ /; 

n < t<3<-I2 -a < x<O O> y> -a - "t-4_w'[nLJ /; 

3n!2 · t<2Jt O< x<a -a<y<O + 1/.0.uuf /; 

lJ.
1
unLuwH•9 t;/;.,.L.nuf 1; , np (1') r. w•[,uwpnL•f"'b/;pf!. "l'"2"LJ /;~, Y f(x) 

utkuef• /rp~n L W~'f!.'j,'lt;wu• :J)IIL"'z,~!Ji"''"J,/;['• /;['(' 0 ~ [ ~7., W"[W y;::, O (wku "''J.fnLuUIHI 

wn.wi_f.'b bp/J"L "'"'lbrl!.)• bpp TC ~ t ~ 2n, "'"["' y ~ O (mbu "''lJnLuwH• •J'•rtf•"'b 

kp~nL "'"'1/;l'l!.)• (3') pw'bwJ.L.f>a -'/;.,./,nL•f I;. 

dy 
lim-··· =-= • ,. , 

1 .... 2.. dx 
2 

~~ o-:. 0, 
dt t ~ Jt 

d2y 

dx2 3a cos4tstn t 

U,JUIIf/s'Jt!J -'/smJ...nLJ 1;, 

d2y 
- > 0, Esrr O< t<n, ~"PI!. 7"'1""1"1' 1;, 
dx 2 



3al 
X= --, 

1+13 
3at2 

Y= --la> O) 
1+ 13 (1 " ) 

~ .... fwu.upnul'bapn~ onp~w.t ~np[!_ ('}hljwpmjl mh[l!t) : 

( n L,). n L ,/, lJp~nL ~nL'bbf.wi.lspi. l;l nl'nz~w.t Iii. I- f pnlnl' wpJbei.a['p 
·~.uJ.up , pu•af. 1.-=-1 wpJb~f.g, £!.""' npnLJ, 

t~ . .135 

dx dy 
f1..,'J,lr'J..I! --'1.. b. - ·--'1.., 

dl dl 

dx 

dt 

dy 

d! 

dy 

3al 
l i m X= lim ---=+ ex:: , 

1-+-1-o 1--1-o 1--t-!3 

3at 2 

lim Y= lim ---=--<X:>; 
1-+-1-0 1·-+ - 1-0 l +t3 

lim x= -=· l im Y=+ul• 
1-+-1+0 1- -1+0 

x- o. y-+0, lspp 1-+---cc., , 

6a( +-tl) 
11 -i-- 13Jl 

3al(2-1 3) 
I 

(l + t3) 2 

1 
13= V2 I 

(1"), (2") b. (3 " ) pw'bwJ.b.bpf. 'f•lw'b ~('• ~.,.,,f,.LJ "i.e "''lJ"Luw~ . 
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(2" ) 

(3") 

1-/> fnfnJuJw'b x-f. fnfnJu•f.u'b v-f.' np"Lbu x-f. 
u•f.pnLJfJ {!_ ~wtfw"l.wanw ufuw'h ~w.!.u"'_.uonwuJuw'b -;;;:-f. 

y-f +•+•f-J-> \dy 
[y= f(x)l ~nL'I..~-
9/>"'J/> fnfnJu•f.u'u on{•pnLJfJI!. onf.pn LJ£1[!_ 

'l.. zw'te· p'bnLJfill' 

- = < t<:: -1 O<x < +oo O> y>- co 
I 

- 'l.,~w'lnuf I; 

-1<t < 0 -cx·< x< O + w > y> O -- l,J,UIIJfll.J I; 

o< l< l1V2 O<:: x<aV4 O<.v<aV2 + l/,& .. , .r 1; 

1 V 2< t< V2 aV4> x> aV2 nV2<y < aV4 - 'L~w'l"' ,f 1: 

V2< t< +<D aV~bx">O aV4 > y>0 + U,.,;n, J I; 

(8"} pw'bwJ.b.f.s yon'bnLJ Iii. I!• 

G~ \ _() = 0. 

(;:~) 
~b.nb.wpwp, ~nnp'lf.'bww'bbpf• "~'ll''bw!lb"'/! ~"/'{!_ r..uonnuf I; bp~nL .u'b'f"'''' 

Ox ,.,,.,.,i.9 e f.i. 'lnupu;£,. znz w~"''f[• r.bon I, Oy ..,,.,.,i.sef.i. 'l"''l"':;J.,. ~"l"'~'"'IF 
r,J.u,, 

lJ.J'bnLr.J.onb. , 

dv 
-·- = = · lip[• 
dx 

t~ . 136 

1 ar sr-
I = V2 (x= av 4, y= av 2 • 

l/,J'f ~J.onn uf ~npf. z n2nnf.n'/'J.. " L'/'fwJ.f..'/ 1;, 

(~ ~ )=o. bl'J' 1= V2 (x=- aV2. y= aV4)• 

lJ.J'J ~b<nnLJ ~np{• 2"2 "'~"''1£!. 
f;, :,bww'lnu,b'b.f? wuf.•!Uf.onnm{• 

~"'l'UI'. 

r, up[• 'I" ~ • ..,~,.,i, 

'I"JnLfJ 1 .u'b 

k l"lrn .!_ ' '' lim 3al~(l + 13) '~ -I.. 
' = 3 ( 1 3 x-> + :... X 1->-1·-0 31 +I I 

b= lim { y-k.x)= 

m 
~- 1+ 

= lim [ 3al(l + I) ]= lim ~ ~~~p = -a • 
. x--1 - 0 1+13 1-.-1 -0 

l l.npl. .,;Jn<. n.J• ,.,,I,Jwmnm'b /;, /spp X-,.f <..YJ • ~aonb.wpwp. Y= -x-a nL'IL''II! ., L' ' L' ' 

l,Jw'b J.b.,.,f 'l"''bnLJ lsi./!• 

k = lim _1_=-1. 
x- - • X 

b= lim (y-kx)= - a• 
x ... - .. 



lJ.Ju"lfrunq, 'luo'bqw~ nL 'If 'II!. r, w'b'lfruw'bn._,f I; wuf•J"f.uonm /,. ~npp wJ'b 'Jn<-
'lf r.wJ wp, bpp X-+-cx:J • 

IJwmwpqw~ r.kuow'lnmn•£1 Jw1• r.pJw'b <fp.u ~wn.n<-gn<-J b'be ~"1'1!. ('!.~. 136) 1 

If npfr r.bmw'lnmn<-£1 Jw'b r.km ~w"l<f.w~ Jp l'w'bfr r.wpgbp lf'LU9"'-9P i ~l'l!.'b
'bwp~qk'b VJJJ 'ltfunuf (§ 19 clfnpp k'l.u~fr ~kmkp/!.IJ}• 

<f.m'bkl /j>n•'b~9frw'bkpp l;l'umpkJnuf'bkpe.• I. y=x2-2x+3: jQwm. Ymin=2, 
x3 7 

kpp X=I• 2. Y= 3 - 2x2 t3x + I• 4lwm. Ymax= 3- , kpp X= l. Ymt n= I. kpp 

X= 3• 3. Y= X3-9x2 +-I5x+ 3• flluun. Ymax = ID , kpp X= I. Ym tn= - 22, kpp X"'" 5' 
Ll. Y= -x4+ 2x2

• lllwm . Ym ax= 1, kpp X= ±L Ymtn -=·o O, bpp x=O • :'). y=x4- 8x2..f·2• 
fllwm . Ymax= 2, kpp X;...-: 0, Ymtn =- I4, kpp X= ± 2• 6 . y= 3x5-I25x3+ 21 60x. fllwm. 

2 

Uwl'u{ufnLJ' kp,. X=-4 {, x=3, Jfr'bp ofn._J, kpp X=-3 /,. X=4· 7. y=2-(x-1)3 ' 
I 

2 
fllwm . Ymax = 2, kpp X= 1• ~. y= 3-2(x+I) • lllwm. !l~w "i ,fweufr•'" '- ''• "i 

x2- -3x+ 2 
Jf•'bfoJn<-ofo 9. Y • fllwm. 

x2+ 3x-t 2 

X=-{2. 10. Y= (x- 2)(3-x)' 
. x2 11. y = 

( 1t n) n 14. Y=Sin2x--x, \ -·-~X~- ' 41lwrn. Uwl'ufrJn.J, kpp x=-, Jfr'I.L,fn.J, 
~ 2 6 l' 

1t 3 
y = eX SillX• fllwm. Uf·"'I!Jn .. J' kpp X-=2ko.- -, .tweupJnLJ' kpp X= 2kr: + - r; , 

4 4 
17. y=x4- 2x2+ 2· fllwm. Uweu/rofn._J , kpp x=OI kp~nL lfp'bfrJn.J' kpp X=-I /,. 

I 
kpp X= I: IS. Y= (x-2)3(2x + I)• fllwm. Ymtn::..:-8 ~ 24 , kpp x=-• 1~. y = x+ 

8 
I 

+-· fllwm . Ul_.'bfoJn ._ .rl kpp x=L Jw eu[ufn._JI kpp X= -1 · 20. y= x2(a-x)2• 
X 

a4 a 
"'wrn • Yma x -=16 ~ kpp X=2 I Y min=--= 0, 21. Y= 

a2 b2 
=-+--•41lwm. 

x a-x 

22. 
5 

jJ)wlll. Yma x= -• bpp . 4 
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T 

kpp 

3Jt 
,fn<JI Lpp X='2 ' 29. y = 2x+ a,ctgx• jJiwm. l•eumpkJnuf'bkp i~"'"'' 30. Y= 

= 6i;;xc.os2x, fllwm. Uf•'bf,Jn <lf 1 kpp x=-~ 1 bp~n'- .rwl'ufrJn..,f 1 L·pp x=a rccos 
2 v=r /,. bpp X .. arccos( - vr~~} 31. y= arcsin(s inx)l fllwon. Uweupofnuf 

Jt 7: 

kpp X=(4m+l) -2- ~ Jfr'bfufuu( l Lpp X= (4m+3)2' 

'1•ul1obl if.> nL'b~gf•wJf• w·fb'bwJb~ /,. wJb'bwfnl'l' wpJbe'bbp/!. '1. 2 </.w~ r. wm•fw~-

1,bpn<J. a2. y -=- 3x4+ 6x2 - I, ( -2 ~ x ~ 2 )• "'•um• TUb'bw.fL-~ wpJb e e.' y=2 1 bpp 

x J 
X= ±L wofL'bwif•"l'l'l'.' y= - :!51 Lt'P x~±2 · 3:~. y= 3-2x2-f-3x+L (- 1 :._ x -<;;.5)· 

23 13 
41lwm. a,,f1. 1,wJ£~ wpJbl'l!.' Y=-3 , kpl' X= 51 wJb'bwfne p wpJ&ee.' Y=-J - , l.p[• 

x-1 3 
X= -1: :-''1. Y =--(0 ~ x "': 4), qlw .... jJ.,/b'bwJb.t wpJbl' l!.' y .,~ -·- bpi' , x ·= 4 

· x+1 5 

wJb'bwifoncp wpJbn.' Y= - I I bpp x,_ o, 3l'). y ~~ s in2x -x (-~- <- X ~ ~ )· 

1t 
bpr x,. 2 , 

;J(), a ~n'/J n<-'1.£9"'/ {' Wnw~n < uf• f/frflb'lJw flbpflf9 9"''b~w'bnLJ b'b 

"f.•umpwumbl qbph[o9 pwg r.'bwpw<fnpfr'b i."'</.• Jb~ ~w<fwl n._'b/;9"'1 wph' flbpflfr 

m'b~Jn'-'b'bbpfrg r. wqwuwp {'Wnw~u<ufr'bbp ~mpb[n</. b. flbp£1'1. w;'b"'-r,/;.,1,. ~wlbln<f 

UIJ'b"llru, np wnwf ws<flr1. wphr ~n,bpe.• ,..,i."lrufr'b "lb""l' I; Lfr"'l! ~'"!'''"" {'UI -

il 
n.. w~nLu n t- ~n'IJ/!. 1 Cl)w m. -, 

6 

:~7, TJ."lw9" '- !lbl 1 np mp•fw~ 2P£w'bp'b '1./;p'f~IU~ P"l"l' r.'bwpwqnp "'-'l'lw1•

/(JnL'i.'bbpf•g wJb'b:uofb.t of:u~bpbu'b nL'bp j'UinW~nLup'b , 8n<J!f lnUI( 'bw/, I np {'UinU..

~nLup'b 1;, np~• n L'bp wdb'b:uJb~ "f:Uf'W'fP~I!.• 

3S. 8" '- JIJ mw[ 1 np m1.J"'l 2P£w'bp'b 'iibpy~.u~ P"l"l' r..uqwuwpwupn< '!. 

b ... w'b~J" '- 'b'bbpj.fJ u,.f/;'1. wof{; ~ ul "'I'""IP~'b n L 'bfr r.wof WU UI[< tu ~n'IJ b u m'bi[JnL'b/!., 

39, <f.m'bl.[ :uofL'bwofb~ .fu.~ bpbu'b nL'b£-9"'1 "'-'l'l"''b~J"'-'1. /.-,..u 1•~J"'-"' • npp 

225 
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'i..hpe'i..wJ.p'fl'_ "'r1 w.} h r, wu•1 .... ~.., 1;. lllwm. 

h 
r.w-/wuwp I; ----, 

v2 
4{). '/ow'i.t. 1 wJL~ouufJ.,) Jw-/wl nL'i.k9"'1 nL'ff'f 'fltu'i.p pwpJ.p .. L£1 J"L 'I,['_ 1 "f'e 

2R 
1/wl'klp I; 'i.kp'f.lh[ R 2wn.wq'ln.J 'l'i.'fp'i.o ~lwm. {iwpJ.pnLfJJnL"bl' Swojwuwp I; i J I 

<Jl. '/om'i.hl wJlt'i.w.fh,} ~n'IJ'i.wJp'i. 1fw~kplrn<,fP nL'i.k!l'"l "' 'IP'l 'll"'.,'P 

pwpJ.pn<£1J"''i..C 1 "['/.!. ~wpbfp I; 'i..hp'f.lbl m-/J"'l R 2'""-w-/fr'L'I. .,,_'j,f.f/"'1 'f~''lf'i., jqtum . 

PwpJ.pon{J J"L 'i.e r.w-/ wuwp I; R {2, 
<12• '/ow'i.f.l "'VJ'"/ R 2u"'"'V'l"'' 'f'i..'ff•'i.. "'l'"'''"fJwJ mofb~owofnl'/' ilw.jw/ 

nL'i..bgn'[ nL'fP'l 1/n'i..fo pwf'J.pn•f'JnL'i..['_o lllmm• {lwpJ.p•nfiJ"• -'i..e r.wqwu•up I; 4R 
(~n'i..p .}w-/W[l'_ r.wqwuwp I; 'l'i..'lj. .}auf-tP ~p~'i..w"'mmp~p'i..)r 

<13· f}olt'fkl'1"•wre. "l'C ''lb"'i! I; nL'ht.~.w wunur~nLuf_. .; ... .,w~ [,_ P"'fl pbp ... 'i..l 

L'flr"'l! I; 'i..lrpup9 w'i..w'lwulwmhp /o'i..i"lP"P"'i.. "lb"'l' I; i/•~•k'i. .12 LP"'l' "'"'l'"'l"L

p J"L 'j, ,L ~.IJ,'f"'l uk'lkr•fnLwpp i uofuhpl'_ 1 "'l'"t/;"'fP hpkuw"' ..,.,,.( .w'i.. r.wJwp "1_"'

r, ..,'i..£-/1• ..,Jk't.ruep i l' ... ~ .... ~nLp J"'J p ou'i..w'l• 
4ltunn. p..,pJ.pnL{JJ.,.'i..c' 0,2 J, r.pJefo ~"'IJc' 0,4 ,r ("'J"F"I''i..' r.pJ/'P "-"'l''c 

L'fh"l! I; 2 ,.'i..'fwJ JhJ tf'hf• pwpArmLPJ"• "~~f•fl)• 
<J<J. Sw'i..fl''"'l"l'Je 9w~o~w'i..nLJ I; L'f"'"'l'"'umkl wJk'i..wofko} "''"l'"'l"' fiJnL'i.'i.. 

nL'i.bs"'l pu•9 !r'"l''l"''i..• "l'P r,,.,.,.w~'i.. nL ~"'lltl'.,' nL'i..h"bw'i.. 10 utf I"'J'i..n•fiJnL'i.!. 

r.-.,w~f 'i..~wmJw,fp ~n'lkl'e Jf_.£'i..,..J'i.. pbl'nLfiJ"'-.,'~' nL'i..l.'i..w'i., /•'i..~"lPufo"'ir 

"lb"'l! I; lf'bp !r'"r'l•'hp L"'J'i..nLfl J"L 'i..e 1krbf.'f' 

lllwm. 20 uJ • 
<J5, (J."lw9"Lf1/rl 1 np wp-/w.l mwpn'[nL£1Jwofp ~n'bm//..,'j, 'f"L~''IC "lwr.w'i..i_nLJ 

1; wJir'i..wl'f'l e-'i..w~ ... p 1 .... rp J ...... hl'fw, brr 'i..r"' pwrArn•PJ"''i..l' I' 2 ... ~., ... r 
JU I; r.pJrfo 2"'"-"'1'lP9• 

<16. ITJwf,,.'i..i_-/nLJ I; ul'""'l',.""'bl -/br"-f ~n'IJC pw9 'fl"''i.., "l'P r.wmw~'i.. nL 

"lwmbp'b nL 'i..b'i.. wp-/w.} r.wuwnLfJ J"L 'he• /•'i..i "LP"f"~• "lb"'l' I; iJt'i../;~, 'll .. 'l.p i wf
uhpl'_, "l'"lb"'lP mp•fw.l <nmpnf.nLfiJw'i.. 'lb"'W" J 'hpw •fpw ,)wf_.•u-/1_. wJb'i..wep~ 

ew'i..w/1"'-P Jw•f P 'i..J"'-fl' 
lllwm. bfllr R-c r.pJefo 'i..lrrl'fo'i.. 2•nm-/P'L~' 1;, v-V 'li"'~'P ~.bref'i.. Jw•fwte• 

3r-v 
UI"'_IU R=l; _, r J1 

<17. ITJLUf,w'i.£-/nLJ I; "'_W"'f'-""'bl kp~nL ~puwu!Jobp.u'bbpn-/ ,.,fwp.,o/n'l 'll..,_ 

'i.pfl pw'[~wgw.} r.-u<nw<nnL 'i. r, wuwnLp J"L 'b nL 'i.kf!"'l "'_IU<nlrpnof ~-flu- ..,J'i."lbu 1 

"l' onp-/w.} v ,..,.Vw/fr 'lb"ll!"LJ ,.1'b .,._'i.h'bw wJI.~'"'P"l'l' -rwwef•'b of.u~bpl.nLJP' 

~wm- #Jwp ..... 'i. "1_/r..,~ I; nL'hl.'i.,. 'f'i..'IP J.lrl "l'P 'i.hri'P"- lmawo/fo'l'i.. I;' R=1'1!:• 
<JS. 1/w.._nLglz/ r.wqwuurp"'~"'l ul.'lw'i.. 1 npl'_ "'£'""'.. S Jur~l.pkup '1/r"li'"LJ 

nL'i.l.'tow wJk'i.wofwl'l' "l"'Pw'lfr.l. uk'lm'i.p r.pJ[!p w'b~J"L'j,/!_ r.--/LUuwp I; a-p• 

Gluun. ""'l'f'i.w;jo'to ~"'IP bp~uopnLPJ'"- "-C r.w•fw .. wp I; v S~rll ' 

4~. Sp-/ou.} R 2wuou-/'1"4 '1"-'lfr'i. 'i.lsp'1Jk 1 .,,Jk'i.twofb.} J..,-fwl~' n< 'i.b6"'1 ~w-
2R 

'i.n'bw-/"l' bnw~./11"'-"- ''li'P'IJ'"' fllwm. ITJp[•'f•fwiP l''"l'J.l'"' fiJnL'i.['_ t.wo{uwwp I; {3' 
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r.o. "'w>w'i.f-/nLJ I; R 2"'"-W'''l"'' ~fruw'l'i.'lfo l"Lf'i~· '"l'"'"''l~bl wJir-
"i.utpnj'p .}-.fwl'i. nL'i.kgn'[ ~n'i.., ~n'i.p r.pofep :.wpfi"LfiJnL'i.[!_ r.wJc'i.~'i.nLJ I; ~puw

'l'i..'fp r.{,J l!P r.wpfln•fl ,..,'j, r,I.,.., '/ow'i..k l ~n'i.f• pwpJ.pnLp J"L 'i.e• 

"'mon. t,n'i.p pw('J.p•nfiJnL'i.l'_ r.w-/mump I; RV3• 
;')(. Sr-!-J r 2"'"w"7"" uw'l.p 2"Lf'i~· "'l'"'"''f.}bl wJb'i.w•f•nep J..,1wl'i. 

nL'i.b9"'1 ~.,.,, 1 k'i.flm'fplt[n-/ 1 np 'll"''i.P !. ~n'i.p tri_w'i.wJf•~• r.pofl'f. r.wt•PnLfiJnL'i.

'i../;p'i. no_ ~b'i.m['n'i.'i.k('/!_ r,.,.Jl'_'j,~~wLJ J.'j,, lllmtn. t,n'i.fo r.pofeJ. zwntu-/f'fl'_ r.w-

•{wuwp I; -, 
2 

52· !" ttun.m-/'1"" u£w'bp J.[,_ nL"i.hsn'l pbl'fJP9 ~"'£'"/ : WJ'i.."'P"P ""~"'"£'• 
"l'"lb"'lP "'J'i.. .lwlb l"-/ u"'"'9VP wJk'bwJb~ <nmpn'[n< p JnL 'i.. nL'i..bsn'l J.w'lml'• 

lllwm. IJI.~"'"l'f ~/s'i...,.pn'i..w~'"~' w~•~JnL'i..l'_ r.w-fuwutp I; 2r. v-;-, 
5:~. Pnt"l' tri_w'i..w,p'i.. •uw'i..'bhl'Pfl• npn'be 'bbp'f.}-fw.} f.'j, a ~"'I OIL'b/;9"'1 

urp•fwJ f•o~•pw'i..-I"IP'i.. wJ'i.."'.b", "l' 'i..pw'i..s wn.w'b9e'hkpc r.wJf!'b~~ ... uf k~. funpw

.,wp'ff• w'i..~JnL'i.w'l.lf r,l,.,., •;m'i.kl "'J'i.., np'i. nL'i.p wJb'i.wofb.} Jw-/"'l' 

av· 3 
GluHn. '~-l"'~'P l'"'I'J.I'"<fJJnL~'I!. r.w.Jwump I; r.f,Jef• :wu .. •/1•71!. l;w-_3 __ , 

a 
-IIUULU(' t -}!6' 

;') t-1. """l''lf'i.wm'i.Lrfo '"'l'l"'"''u"L'i. ufo ..... b.fnLJ "'£'"'",} I; (xo, Yo) """'/!_ 
np'i. e'i.~ ... ~ I; WnW£/r'i. l'"'""l''f"LJo u.,'l ~b<nn" LnUO~.~., nL'lfo'l MIJ"-"tku, "l"'l""'lfw 

"'J'i. ~""l''LP'i.w.,..,kpp um_w'bg[''i.kpp '[('W~w'b "L'['["L p J"L 'i.'i.bpp ~L w wuw i_w9'i.p 

-Jb'i.wpn[>p ofw~kpk" "' ~.k,'J"'l kn.m~•~rL 'i., 

O.imm. f/L'lf"l~' wnw~'9·f!~'kl'P!i3 ~"'£'"' Jll; 2x0 lr 2y0 ~r.uunofw.l'i.kp, mJufr'i.e~•' 

X )' 
.,L'i.p ---- +----- 1 r.uufw""'l'"'''/!.' 

2x0 2yo 

aa. y~ ~c 2px "l"'l'"'l'"lP "'"-"'~'fii'P .Jrw "'l'vw.l I; 'lw'l"'PP9 a r.knw-/npnL

fiJuL'i.'i. nL'i.L3"'1 ~kmr '/o<n'hkl ~npf' 'hpw'i.pfl wJb'i.w,fnm ~k.,.p mp"!ff"l'.• lflwm. 

x=a - l• 
;')(). ~'i.'l"'~'kt"-f, "l' "•'f'lw'i.~J"''i. lwJ'i..wlJp r.w ... n•Jfl nL ~h!J"'f ' · nrunLJ. 

J. J•wpJ.pn<fl J"''b 'lfo.lw9~"L.,mLf/JnL'hl'_ "'-'IP'l r.wJkJw<nw~w'i. I; [LUJ'bnLfJJw"-c 

l_.npru'i.wp'ff•'t•, 'l"''i.bl wJI.'i.wdf>J ''lPJ-fl~nL~onLfiJJwJp i"l'""'f [WJ'i.n<PJnL'i./.!. 1 

npl'_ ~wpk,f• t "'_tu"'l'"'""'"L 1(; utf mpwJw'[p.l nL'i.k9"7 'fkpuo'i.pff• 

Qjouon. {wJ'i.nLfJJtrL'i.l'_ r.w-!wu•p t 8 Utfo 

57 • (J.~w'i..ou~ff'['_ '1"'"-•/nLJ I; wpfr ..,,fb'i.wofnw ~b"'f9 9 ~J r.lrnwofnpnLfJJ-'i. 

-/pw '1"'"-1"'1 fuwt•ufup -fpw. uiL"'I' l;p unLpr.w'i.'l·"'~P~' w~w'i.wlil'/>9 nL'[W('~bl "w'l

Jw~w'i. tOLUJf,..,(', "l'!' 'l"''h-/nLJ I; 15 ~J r.ltn.w-/npn•f1Jw'i. -/rw r.w:-/m.l wpn•f, 

"'PPfJ-w~w'i.ut~p/• wofk.,wJn<n ~kmpg• bpb unL['r,..,'b'l"'~C ~"'l'"'lw'i.wp ""'1>."-/ 
"f'i."' 1 JwJ nLJ ,j ljtf, pu lJ fJ pw.J '"I' I. ["•/' JwJ nLJ 4 ~J 1 W"'_UI wpp n"p ~bm nLJ 'bw 

'-'lb..,l' I; ~w'i.7 wn'i.p, "l'"lb"'lf r.wuff'i.p i.wJpwp r,,...,\okl wJk'l.,u~wl'6. Ju,Jw-

1.w~nLifl 

lllwon. ziwJpwpp9 3 lpf r.lrn.w-/npnLfJJw'l. -/pwo 

5S. 11/;.,.e r.wpf1n•f1Jw'i. Vf'LU ..,k'lwfnfu-fnLJ I; 

,,.L('U m/.'fwofouunuf' V l wpw'fnLf/ Jwofp, pu~ .1\v\N 'fJ"'f' 
"''P'I 'LJ"1 ~\N 'lJPfl 
v 2 "'l'w'[nLfJJw.fpr Jlp 
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G.w'bu"'i"'Pr,nq wJb'l.w~u•pG. JwJw'bw~wJfr£n3nLJ wJ'b ~"'b'lwfnfr,/p A t,bmp9 

Jp-,tL. MN 'l~fr'b U["'"'~w'bn'l B ~lt"'l!.• A ~bmfr r.ltnwrfnpnLfJJuL'b'b 1\\i'IJ 'l~f9 r,.,._ 

•fwuwp ~ h-fr, MN 'l~fr qpw A ~ltmfr a "lpnbhfrwJ/• r,b,wrfupnLflJn<'h[!_ 13 
"""'"9 r.wrfwuwp ~ a-fr· 

aB v 1 aC= aB, bpp-< - • 
AB v 2 

a9. w ,.Jt,,,_ pwpJ.P"'9"'"''' b'b [~"'"'' Jp£ngnrf, l!.'~"l "P""' r RLJ[!_ 
~fP"'"""'~ t l~"'ftfr Jfr ~"'JP"'J, fruit r,b'bJ..,'b ~b"'l!. qm'brfnLif t l~'u~fr JJnLU J...,J_ 

pnLI(, l;fllt pbnf!_ ~"'P"Jru~ t r.b'hJw'b ~lt"'f9 a utf r,b,uufnpn.._p J"''b •fpw 't"''b,fnq 

~/;.,.,.._,(, fruft L~"'~f J.n'lf J"LP"'I!"''biJnLp u.J' ~2"-".._J t V qpwtf, "'"l"' p'b~"lf'"P'b 

ulb"'l! t tfr'bfr bp~"'P"LflJnL'hf!_, "P"'lbu'lfr pitA[!_ pwpJ.p..,fJ'l'b[nL r.w,fwp w'br.p..,Jb2m 

nLcff!_ Lr"'fr P"I!P"''l"LJ'b[!_, If) rum. X= v 2a; uJ' 

60. X "'"''"''"' Jb~n.._p, ... 'b n lwfnLJ'hltpp J..,,,..,.,,UI~ ""'"'!lrfltt b'b xl' 
x2' ... , Xn r.wt.'[nLJ'bbpf!_• Bn~nJ "'"'l• np (x-xl)2 -t (-'i:-X l)~ !· ··· + (x- Xn )2 ufuwt

'bbpp j!WILW~n.ufr'bbpp 'fttLJwpf!_ fttf.''bfr ,.,Jb'hwpnj!pf!_, bpb npufb" X f!'f''f".._'b/;'bj! 

x1+x2+··· -+ Xn 
Pfil!.• 

n 
61. llp"lbu'tfr r,'h..,pwrfnpfr'b l"'P >/•"l!f'"'9'fl' r.b'l"' ~/· :fnuff!_ !_pw'bai!P 

utwmbpp'b, !_pnrf f!P!r/."'1 Jw~bpltuf!_ "l/;"'1! ~ r.'bwpw<fnpp'l. ~wrf• fnn tfr'bp, 8,.._,9 
"'"'L• "P <~~prfw~ l"'J"'"'~f r,..,.,.,..._Jflfr J..,~bpbu ,.._-,~;9"'1 P"'9 ,.._'l'l"''b~J".._-,, £p..,'bg

l'f t"'1."''l"~J'b J.L.f!_ "'J'h"[pup'b t, npfr 'lbuti!"'J ~pw'b91!f l"'J'bn.._p JnL'bf!_ bp~n.._ 
w'b'lwJ 'fltP"''I"''b9nLJ t 'bpw pwpJ.pnLfJ JUI'b[!_ , 

l/pn2b-l ~npltpfo 2r!_•fw'i. ~bmbpf!_ L. ,.._",.._9/dl"' F'Jw'b ,.._ '1"'1"''/"P".._pJw'b 

Jf£w~UIJI,!Itpf!_• 

62. Y=x5, 41wm. bpp x-::0 ~np'l, nLnn<9frlt t, l;l'P x :> O ~"PI!. 'l"'l"'""P t, 
2l' !_J..,'b ~ltm' bpp X= O, 63. Y= l - x2, lltwm. lint•'!. w'bJb'imt.['ltj! nLnnLflfr~ t• 
64. y=x3-Jx2-9x+9• 41won. tp£J..,'b ~bon , bpp x= l• 6:'). Y= (x-b)J• "lwoH. 

tp!_•fw'b ~b.,., ltpp x ~- b• 66. y= x4, «tuam. IJnp'b .... r&'b,npbl! 'I"'T"'i"P b 67. Y= 
I 1 

= ---, lllwm. 7;nOJw'b ~bmb-t'• £·['" X= :l- ,;-' 68. Y= tgx: lf)w,.,. 7;p9•f..,'j, 
x2 + I ''- ' · t 3 · -

~b- ... ltp, lspp X=ll!t• 69. y=xe- x, lltuun. tp£J..,'b ~b.,. , bl'P x= 2• 70. y=a

V x- b· llltum. tp!_J ... 'b ~It,, ltpp X= b· 71. y= a-iY(x-bf2• qlwm. ''"PI!. u!_Jw'b 
t,b ... ltp l RL'bfr• 

1 
9un'bltl r.lnnl.JW[ ~npbpfr wu[uf"lmnm'bbl'l!.• 72. V= --, lltmm. X= L J=,O: 

• x-1 
I ~ 

'73. J= --, 41wm. X--=-2, v = O• 74. y c'-' C : ----, 1llwm. 
(x+2)3 (x-b)2 

X=--o b, J-=C• 

I 

7 -a. Y=e ·· -1• f11tum. X=-. 0, y= O, 76. y= IIJX• lltuttu. X =co O: 77. y3=·6x: f- x3• 

xJ 
fi)mm. y=x+2• 78. yJ .,~ a3 .. _x3, •qmm. y+x =.O, 79. y :~=---, lf)oum. X== 2a • 

~ 2J-X 

80. y2(x -- 2a) =: x3-aJ, lllmm. x=2J y=--c±(x+a )• 
~b"'"''l""'bl fn&.'b~9/•w'bbpf!_ I. ""'"'"!!bl '~•pw'b,'J 'll'"' ·'fo/•ft'bbpf!• Sl. y = 

cc.: x4 -2x+ 10· 
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X l SLJ. 6x 4+x 
y= --· 85. Y=--· 

I +x2 x2 

102. y= ln s lnx. 103. )' =~• 
X 

Jx=t~ 
10-t.ly -=-= -1 t. 

2 

106_ {x= a(t- sint), 
I 

107. 
Y= a( -cost)• 

~P"'9"L9fz Ju'i.'lft'"'"P 

CJ.m'!.ltl 'f~bpp IUU"''"l"'""'"'"t'l!.• 

{
x=a e1cost, 
y = aetstnt. 

X ~ ...! J 
1()8. y .,-..:c - -' - , lf)wrn. X= -L y=x-}, 

1-j-x 
1 

109. y= x+e-x, lfJwm. Y=X• 110. 2y(x -r 1)2= x3, lllwm. x- - 1, y=-x-1. 
2 

Ill. Y3
=<J

3
-X

2
• •qmm. 1/.upJul"'""'"'ltl' z~w'b, 112. Y=e-2ksinx• •~w 111 • y==Or 

113. yco· e-xsln2x+•• fllwm. Y=X• 114. y=xln ( e f + )• lf)w 111 • X=--;-, 
I 

Y=X -i - : 
e 

u a. 
1 1 

fllwon. y=+-x - -, 
- 2 2 

•~wm. Y= X• 116. 
2t t2 

x==-- , v=--· 
1-1 2 - 1-1 2 

:,b"'"''l""'bl IJ.nL'bbpw'bltpf!. I. ~"' " ".._9/;l ~•pw'b ,'J 'll'"'fH'I.Itpf!_. 117 • Y= Jx!• 
liS. y=l nJx:• 119. y 2=x3 - xr 120. y = (x + l) 2(x--2)• 121 y=x + lxl• 

122. Y= Vx 2-X • 123. Y=x2fx + 1• 124. Y- ;
2

lnx. 125. Y= ·; lnxr 

126 I 
12 

x lnx 
· V=-- • 7. Y= -· 128. Y=x....:... -, 

· ex-t lnx · ' x 129. )' = xlnx, 

130. x sinx 
y= e - X • 131. Y= lsln3x l• 132. Y= -;-· 133. y=xarcg x• 

134. y=x-2arctg~: 136. Y=lsin 'I+' , 
x+ lx/ x-)xj 

Y=-2-, 140. Y =~· 

I . ( X-'- Jxl ) x-jxj cx-J XI . ' ' /VI 41. Y= SIIl 2 ---2- (-.-.: ""' \ <:; ;:): 142. Y = COS -2-)- ~ .. 
( 

r. ) I I -2 ~ -' ~ 1, • 143. y= 
2 

(3x + jxl)t 1, 1-'14. Y="2 [3(x-l) t-:.\ -1 !] + 

--;-· I (O ~ x ~~ ) ' 



'f. l II 1~ hr V I 

'1-f>9"'J! M0N\ "''lb'll! { 'hit• 137) t:.w'b'lf>uwhnLd I; (a, b) tf/>t'"'I"'J • 

J!"' ,r nrnztj_tud y=f(x ) lf>nLh~.'!""'J" 'lf'"'lf>"~[!l Uw t:.J'w'bb'i..e 't"f'" "''lb

'lfr hr~"'r"'fll"' 'i.l!' AB ~"r/> •lr"' 1_hrs'hh'i..e 

M 0 , Ml' M 2 , •• • , Mi- l• .'v\i, ... , Mn- I• :\'\ ~hurb.rl!' 

lf f>"'9'bht"1 ql'f9fw'd lthurhf'l! t:.wurtj_wd'hbr""-• ~uurw'um'b.e 

MoM 1M 2 ... M t-tMt .. ,Mn-tM 

ph'tt"'L qfrdl!, "f'l! 'bbpqdtjwd I; M0M "''L"'If>'i.: fl.t'f ph~!"'Lf> hr't"'L"'L

fciJuLh£! bzwbw~L'b,e Pn·nq: 

M0M w'lb'l~ bpqw[InLpJmfq~ ~nl_tjuuf I;"'!<;. uwt:.J'wb[! { uw 'bz, 

'bwlthh.[! s-uq), npf>b J.CJ:UJIILd I; ph'tJ"'l" br~wpm.fiiJtiL h[! , bl'P MI-IMt 
pb'tt"'Lfr t:.wurtj_wd'i.hrfr br~"'r"'f"t•nh'bhrf>s ,J'L'bwJLd[! J.'lmnuf I; 

'lf'"!f'• b[ilb "'J'I ,,t:,Jw~t[! 'f"J"'fr! JnL'i. nLh, It ~w{uq•ud z.l; 

M0M 1M2 ... Mi-IMi .. . Mn-IM pb~J"'Lf> f!h"'r'" fll"''bf>y: 

M, t 2h'h.f', "r t1wJw1 w~w'i. ~~~rt> "''Lh-

:J<~=-Oo;.;:,. 7/> br~"'l'"'fiiJwh "'I" uwt:.J'wbrnd[! t:.w

"'~ · 137 

Jw'i.Jw'b I; Zf'P_"'h"''LJf> Lp~wpnLfiJJwh 

uwt:.Jw'i.Jw'b[! : 

XII CJ:Lf>'mJ ~"'Uf"'!f'IL!ft/_f> , "{' b[rlh 

i(x) :f>n, 'b/19/>"'~' IL hpw f'( x) wdw'hst"'Ll! 

[a, h l t:.wurtj_tudm.J wh[!h'ft:.' ''"' b'b , "'"I"' 
y= f(x) 't"t•/• [a; f( J)] 1.. [ b; f( b)] ~h
urhrf> Jf>llL "f"'f'T"'~qwJ "''lb'l'b tiL'bf> 

Jf>w'iJ'fUidWJh "f'"2'""" hp/[Uift1LflJnL'i., [!IIUJ n('IJLd !f"'-J!f //"'{' "'' "'J'f 

b{'~"'L"'' flJ"''b r. wz•Jdwh b'lwhw~l! ' li.Jumb7. l;l l[t:.uiUmwur ,Jf> ( npU[Lu 
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t:.hur/uu'i..e)' n r 

bp~wrmfl !"'<;. 

J.'fUINLtf I; 1-f>, 

'bztjwd Uf"'! J'w'b'bhrnuf "'l'l ~"{'" sw'hltmswd "''lh'lf> 

""'r"'F'brm fltttL'i.f! hpw'b a 'I" 'I L"'f'" br~"'f''ILfiiJ"''bl! 
bf'F' lwrf• hr't"'f""filt"''hl! J.,l"'"''r I; 'lf"tf>· 

"-..._/ 

J ' . '· r~ · Nlu '- \ 
!Ill -= !: 

Mo • ·I ~ O hr~· ;'v\o ,., 

ll.! u [rlb nrbJ'l! t:.bzurmf"twti'p ~wrhLf> I; "'"f"'!f'"!!LL Zl't."''bwqdf> 
t:.wJ'wp · , WJhnLwJ'L'bwth/>•J [!'b'f i;.UJ'bm (' 'l/;UfJ!"'d 1{/:;~1.[! "'!<;. mnw!J 1f 

~[!h'f'tLhhhJ! wnw'ity "'"i LU!f"' ,'JJ'w'i11 

'Jofllnwp~b<j.J! t:.bu.J. ["'[ ::.wp!f£! 1 'Jot> !JilL.[' t:,"'f•filnL{rJJw'i. t/_pw nLbb'i..[! 

~"(' • "f'/1 "'f'"UI,} I; y =f( X) /:, uii{UIUW('ItLdll•/; ']-l.!JNL D lv\ (x V ) <j. 
"l I' "E- 0 ~ 0 1 .1 o -

~"{'/> npkl; /f>f>.euwd t1hu. 1;, Jrul/ M(x . y )-l!' "'l'f !; nrf> fn•f>nfuw~w'b 
ltf'ur'i. 1;: s-n•/ 'i.zw'bu,~h'i..f' .11.\ 0M "''Lh'lfr br~'"f''"fclt"'~'l! (<;.~. 139) : 

M ~burf> X "'f"'Yf>"l! rf~n•frn/•"lhLfru '''""'""" "''th'lfr S hrlt"'{'"L• 
fitmh[!, '"tuf>'b,eh' S· [! t:.tu'i.t;{llltuhllllr I; x-f> /f>m'b~sfrw : 9·urltMI.[! s-Jr 
utdUib!fJIU[[! {!UUI :\ -,. 

"'~· 138 

'-._./ 

MA\ w6.l! ' 1-f> 9"' J! MMJ-l! "'l'f "''L"'ll! ' ~s a'l"'l L"'l''b 1;: ,Jm -·- 'l"''i.h-
Lx-oll x 

llM!v\ 1Q-f>9 'l"''bm ,r h'b.[!' 

--......-:.--· 
L"' t:,,,r"'r 'i'"'r•Jh'i..f' " ""'"t"'L ~bf'Uf· 

~ . * '/ofru,upft.b1,/! A B IU'fb'll!. • "l'fr ~b'i. ., ,,,. :i,..,~IU~ IU~~J"'- 'be ~ <U•{lUulUp t 2?.-fr 

( ft. 138)• U.J'l IU'fb'lfr bp~1Uf'"'-PJ"'-"'e r,IU11U""'I' t 2R~ ( R-e 21'i."'~fr ~ IU "wifr'l~ 
t), f•uft. ~/' ... ~ J.'l"'l LlUf'fr bp~'"i'"'-fJJ"'-~1!. r.lUilUulUL' t 2R sin a• fl,_.,.,,, 

lim /;L'~· AB =li m 2R" r. 
a~u bp~. Al3 a->0 21~ s in a 
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MMr={flx) ~+PYY' !},,,.,., J'wue f'ID'JJ'ru"f"'ur~b'b.J! /, pw.Jm'bb'b,e 

fls 2
-m. tfrw' 

( 
MM )

2 
( . fl s )2 

(. fly)~ _1 • - =1 + - l 

fl s flx 6x. 

J'wubrfr uwt:.J'ru'be, brp flx-+Or ~u,ztffr 

. fl y (1y 
nr lim- = - , utnru'bm J' b'i,.J!· 

.c,x ... n fl x dx 

(
ds )

2

= 1+( dy )
2 ~ruJ' ds= /~+(dy):i ' 

d x cl x dx l 1 d x 

U.'lbrJlt q.p~bpbGgJ:twtJ:t t:.w,fw/' 1/uurru'bw'b.J! t:.buriLJu'l 

UfttLfiiJttL'bf!.• 

/ ( d v ) ~ 
d S= v l + d ~ cl X 

(1) 

(2) 

( 2' ) 

U'b'b.J! ut'lb'lfr bp~wptn{t!Jw'b '1-Pffhph'b!Jf.ru•Lft mpurrut:.wJurmfiiJm.'bf!. 

UUJID!JUI'j,.J! WJ'b '1-h"'..eft /:,UIJ'Ut['l b['IJ ~"['£!. urrtfruq I; y=f(x) t:.wtjruuw

['ttl.J'ntjt U.J'bnLruJ'b'bwJ'bfrtj ( 2' ) pw'bwd.l...f!. UfWt;"'.w'btjtnJ' I; /, WJ'h '1-h"'.

J!nLJ', hpp ''"f'f!. urrtfruq I; UfUlrUIJ'Uurpwftru'b t:.rutjwurupttul'bbrnt/r 

b[ilb ""f'f!. urrtJ.ruU I; UfW['IDJ'bur(tWffUib urbu.[!nt/.' 

x =cp(t), 

dx=<p'(t)dt, dy='ll'( t )dt, 

ds= Jl [ <p' ( t) j ~ + [ 11:" '( t) j:t clt: 

* /u[ruur ruuru.! 1 ( 2 ') pru'bruJ.lr.'it [•pru•fru9f' l; ,f/rwJ'b wJ'it '1&"1.1?/.r ~ ruJrup 1 kpp 

dx > Or l>uft. &fJir dx< O, rur'Lw ds = -/"d x2 + dy2, fJ. J '1 "lruur .>. rurrnq, wqi.Lf.r "-h"' 
Ylfr'bf.r /!.'i,'f~w'ilnL[' 'f/'i"Ulf'RLI( pw'bruJ.fr.f!. 'f('/;[ IUJU"f""• 
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""['" J.i.f!. p'bnf"'2niJ utruf'f'bf'fr!J J"hf/(' t;w'i,'Jfruw'bmJ' I; 'bpru ~n
f ' ID!J tjrur) m-{J JUI'j, J Untjw r) mfrJ JUI 'it Ul umfrl.w'b (! I 

'I-Jr9"'-J! ,._'j,/;'j,.[! wJ'b"ff•uJr 11"1'• "/'£!. J.Jr t:.wurm.J' fr'bJ>'b /rpb'b 1.. 

JnLpru.pw'humr 'thutnl.J' m'bfr 2"2W'""'l' ''"I''' sw'b~wsruc} ,\ "- l3 "r'l"'
,,burbl'm J' utut'bb'b.J! 'bput 2"2UII,If11J'bhrf!. f.. IJ. -ntj 'b2w'bw~b'b.j! IUJ'I 2"2ru-

~-"-· 14 1 

"'"'L'hhrntf 'fwqJ'ruJ ru'bi/J"'"'bl! , 11wJ', mtjh1Jr E.f, 2w , A ~bwfrs B 11bm'tJ w'bs

~'blfru 2nzrufn'ffr UfUturJ'w'b w'b~.('ll.'j,f!. ( 'bff• 140)t U.n w'b~~nL'hf!. ~nJ.t/.tnJ' I; 

AB ,.,'lb'lfr liwpltrufim.p-puli luli.liJm..li, lfJrl,'i,,._1'j, bplfwi'"'-[J!"'-'b'b ,,..'bb

.'1'"1 b/''1"'- w'llitz'bbrfr.'l zruut ~nrrustfwu I; UtJ'b ru'lb'lf!. J "rfr t.rupltm'htrl.

filt'"'b w'blum'he J'br) I; ('b~. 140 " 141): 

IJ'JIILU ~n'fJ'Jr9, 'Jfrmrup~blntJ UIW[rphp hf'ffut[lltL{dJru'b ru'Jb'f'bhp , 

'br,u'ho ""rruotfruumfiltw'b ruuutfr l.w'b[! ,fh'b.J! J.h'b.J! t1wrn'l 'l'bu• t:. murbl 

J'JrruJ'b t:.ruJ'w"'.ruurwujuw'b t:.wpf...w'bm {rJ !'"'j, ut'b~JIII. htttj: IJ.[uurbt/Jr9 r.b

tttfuuJ' 1; , "I' l[npJr l["f'wstJ.wun .. [JJ"''j, ll'fr'/. p'hnLf.Jru'lfrl'f!. ~Lft'bfr t:.rupltw

'itn'-fil!"''j, ru'bluru'b t:.ruf'wphp"'·fil!"'-'j,l! t:.ruJ'wu[wurwu{uw'b w'lb'lfr bplfru

l'"' fiiJ•u'bf!.: -II w t:.J' w 'b n .. J 1, AB m'lb'lr ur2rli linpnt.pJm.li' K.rn 11nttf,ul 

I; t;,,fru"'.•uurruufuw'b ex. t;..,p/,w'b, filtm'b w'bluw'b t:.wrwpbprnfltm'it(! 

ID 'fli"rlf It f' ,,ID frill fiiJIU 'j, [!' 

k
. a. 
""'·=--: . ._ ... 

AB 

lfpl...'bmt'b 'tnrJr t:.wJ'u'l' ~'/'"' urwpphp J'wuhrf• ( m'lb'l'bhpfr) J'fr-

2/t'h ""f"tLPJmiJe ltwl'"'l I; Lfr'bbl uuuppbp. "'!u"'.bu, orfr'bw~, 'bf[. 1 42-

tnJ' 9"'"!9 urrtfwu 'tnrJr t:.wJ'rur AB w'lb'lf' ·'frlfr'b ''"l'' ... flt,..'he t:.rutjw

uwr J./; AlBl ru'lb'IJr "fr2friJ ''"1'"'-fitru'be, filhl.. WJ'J "''lh'lfJbrfr br~UI-
233 



rnLfiJJnt'i..'i..brf!. r.uu[wuwr h'i..t 'tbn. w1_btft'i.., uowrpbf' 4burbrfr .fnurut-

4wJ.ent.f 4"rt! ~nrws•l_wt} I; uruorpbr tl.l..n'[t S<[JUI[ A ,,burfr w'i..Jfrtw-

4w'i.. zrtw4wJ.eut.f urr/_JW[ q,}fr ~nrws1_wt}m ftiJw'i., wuurf.-6-w'i..f! p'i..m[ilw

'frbfnl r.w.rwr J'urs'i..h'i...e mrrl_wt} 4buruuf 4nr/r 4nrntfiJJw'i.. f.tuu~wsn-

'lntfiJJnt'i..[!t u Ul r, .r Ul 'i., n L J' 2: 9-fl/r urrrl_wt} A ,,burntJ KA. lplpmp-JIH (i 4nt-

l,~. 142 

.J.m ,r 1; AB ""Ib'lfr J' frtfr'i.. 4n r"' p 1 ... 'i.. uw>..r wile. brp w J'f ""lb'IJ' b r-

4"' rntfil Jnt'i..f!. tl.lfmntJ' !; 'lrn Jfr I IU Jufr'b-l''b I brp B 4b"'f! ,[ nurb'i..m J' I; * 

A 4burfr'i... 
a. 

KA=Iim K.rn.=lim::::::: : 
IL .. A AB_,!J A B 

0 p [• '1, w ~~ r 2w"wof'lnof lflw'bw'I:J- f ~wJwp. 1) "1'"2/rl <l ~ b'bmpn'bw~w'b 
w'h~JW~'l!. f,wJwUfwonwufuw'bn'l AB "''1/;'lfo t![ol[o"l. ~npnL/JJnL~'l!. ('b~. 143), 2) npn-

2/;l ~npnLfiJnL'h'h A ~bonnLJr 
J. n L,) n L J, 1) lJ.~'h~WJ"' 1;, np AB "''1/;'lC r.wpl..w'hnLflJw'b w'h~JnL'hf! 

~w~wuwp I; a. -J•, ~wofwo'lwutwufuw'b IU'l/;'lf' li plfWI"'LflJn L'l'f! r:.w~wuwp /; H -[o• ~/;-
urkwt•wp 1 

'l 

K.rJ·t· ""-, ar 

t\ Jf. t. -=-· • r 

:.? } Y"i"'LfJ Jn&.'io'b A ll/;onnLof l,w~wuwp I; 

' l 1 
I\ =o l im- = - - 1 

a_.,O a ~- r 

• Uk'he /;'bflw'll'uJ /;'he 1 np uw :. ,fw'hJr J/;J-nL£1 J"L'hf! ~w/uofw,} i_/; WJ'b pw 

'h[o9, pt. ~"I'C ~L'"' A ~hrf! "E' ~.,,1 J ... J /;'be ofbp9 'hnLJ B •1""/•nfuw~w'it ~/;"'/!.' 

21l 

l;pi_w'bw'I,)Jr ~npnLfl ,fnL'h(! 'bpuo :J"''b~wy•,) ~lunnLJ ~"'LJ~w/bu ~u•fu~w,) l/; "' .l'l ~/;-

1 
mp f!.'b'"I'"Lf/JnL'hf!s 4 t,.,~,,.,l' I;-, 

r 
'J.f.u•n'lnLflJ"L~• . t2l.'ill'• "I' /l,.,fwJ"'~"'~' ~~~rf• ~"I'"LflJ"L~'l!. ~'I'"' 

onwpp/rp ~/;u./;pn&.J, [!'r,'ft,,"J.pwUfb" 1 ~ti•"'Jr uowpfb/" lJ.J'/ ofL~'/! ~onbu'bb~'{' 11mnpl.., 

U.ruoouflb'i...e puo'i.twa/,' m p•Jul(} II" rfr It" I"" frl J"' 'i.tl! 'it I"" .'Jw'i..4wsUia 

,\"(X , y) llburntJ' r.w2<[blm. t:.w,fuol" t:um "("'uf ,fb'i,.e 4b'i..fiJm•u•h'i...e1 

"!' 4"rf! 1/nnr'lfr'i..wur'i..brJ• '1-b/I"'I""J ... 'i.. ufruurb,futJ' urrr/_ma 1; 

y~i(x) (1) 

lnfiiiJ'P r.uuJuouwf''"Jn 1J /1 "/' 

urJ w'it.'J J"'l: 

l(x) :p,,_'i..4sJuu'i.. m'i.tfr lllh[!'i..'lr:."'m "t'/1"'1''1 

Sw'itl.'i..-1' llnr/r zn zmtfn'l'i..lire X ,,_ 

X + il x oupusftu'i..br'i.. m'i..Ly,,, 'i..rw A\ 

I. M 1 4bmbrm ,[ L. uol'l- 2"2""""'I'i.,/;l'l• 

[rlh.J!tiLfJJw'i.. uo'i..4Jm'i..'i..brf' 'i..;w'irwl/b'i...J_> 

'-? -"1 L. rp + 6.tp-n 'f f 'irl,. 144 )' 

''-"" 
M0M "''lb'1Jr br~uor•n/riJ,'i..l! , "1'1! 

t:.w 21_1.•nJ' !; nrl.!; ,\"0 f.wumwmtn'i.. 't''

urft.'J• ll'i.,z..,'i..w4b'it.e S-n1_. "'!'I '1-b"'.f!"uf 
' ---._./ ......__, --...___..... 

~ s = M0M1- M0M, fru4 !asj=MN\ 1: 

l>'i..t"'bu "'wr'L 1.-r!..nuf I; 'i..11• 1-44-
·-.._/ 

0 

/• .'J• /v\ M1 w'lli'Ift''ir r.wJ'"'"'"'""""{uw'i""L t:.u•rl.w'i..,fiiJ'uh w'i..ftJmh[! f.m

•Jmuw/' !; 'fi f.. If+~·~ w'i..f[jllt'i..'i,/; r/r mm rpf. rm {r/ Jlll'it ptu f}UJ rautff tf bchn

{d.(•u'it{! * • wJuf•'b.e'i..' f.mr[wu,.r I; l6.!fii: 
1tnr/r Jjrlfr'i.. ll"l"'t['lJu•'it um f.,f,,'j,,f.,'i., :, ,UifwawJ'i' MM1 mb'Iw,fm-

}{.,,,, -=- -' - · '-= - : IL\{!)! lll!f> \ 
·· j ~sj ~ sl 

" , r n L {if J " l b 'j, :\ ', It}, , II L .r umw'irutl "'

'l"''bbl UUJIU9mJ 11/rJIIUif.WJintol frJ JIU'iJ 1/IUt:.oflll'jl'jl ..._.. 
MM 1 w'Ih'lfr br4"'r"'fJJm'i..e a,1.,,, J' 1; qrnJfr· 

K =-"" lim 16. '-? \, 
l - HO ~ S 

r.w ,r "'!' ..,h., J! !; 

IU J'jl "flU J'' w"ilt,,, rt r 

• l,~. lJJ_,..._J U(-"'~/;p~•uJ- ~npfr r.wJu1p , ou/l~' r, "'l"' I; , nt• P-'fi =A ·~ , l'w't•Jr 

"l' 6<f> 0• 
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.Pw'i../r nr <p /, s J"bJm{tlJnL'i..'i..brl!. br~nLU'i.. l;l ~-futJ.wJ- b'i.. X-/rs 
(t:."''i..'f"u"''i..m_J" b'i.. X-p fn._'i..~9P"''i..bt')' "''i"' 7-'i.. ~"'rht/r I; 'fponbl np

UJ_hu s-/r f/>nL'i..~s/rull U'b'i...e ~IUrn'l b'i...e f!.'i..'fnL'i..bl, nr IUJ'f f/>nL'i..~ypw'i.. 

X "l"'PwJ"bonr/r oq'i..n'-{JJwJ"p u.t/_JUJ I; "fwpwJ"btnr"'ft"''i.. u.ftu.en'l.r U.n 

'fb UJ.f.!"'-J' 

lim ~<p = d~ 
6 s .. o ~s ds 

K= l~: I' (2) 

dcp -'b r.wz•I"L"'- t:."'J""'r o'lur"''l"rJb'i...e 'i"'rwJ'burptnft"''i.. u.ftu.e'"'- Ln£!.[•
ds 
t/_UJJ- ~IIIL'i,~9/riU /P WJ-IU'i,9J" IU'i, pUJ'i..wafL£!.• 
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dcp 
drD dx 
____.!..=-1 

ds ds 
dx 

dy 
<D=arctg. dx, 

tJ..brp_/r'i.. t:.-tJ.wuJUrmflln'-'i..'i.. "'J-"''i,9blnt/ euur X-/r, ~n._'i..b'i..tn'i...e• 

~== ./t+(dy)2' 
dx V dx 

d't 1 + (dd_rx)2 
dcp dx 

d-s = ~-:== -v-~=l+===(=~:=y=--[t+(~~yr·. 

(3) 

~bu.!t"'P"'P• ftn L'P 9"''i..~UJ9UIJ fthtnm J" 1 npurb'l 'l" 1"'-fi/n'-'i.. nL'i..p It 
d~ 

"''i,l!.'i,'ft:,"'tn f; __ Y_ hp~pnp'f wJw'il9/"'ll!.• ~Uirblp I; t:.-ztJ.bl ~npn'-filJn'--
dX11 

'i..c r 'trw t:.wztJ.J"-'i.. t:.wJ"wr J-wn.Uijll'-,r I; (3) pw'i..-at.£!.1 t~wurb'i...e, nr 

ltnr/r ftnt•n'-filln'-'i..l!. i\-ztJhtfu "ibm.p I; tJ.hpy'i..bl t:."'lur"'r"'l'"'-,r '1'-"'i..tJ.n'l 

"'PJ""'ur/r J"pwJ'i.. fltJ.-pw'i..wft"''lt ( w/u/r'i...e'i.. '1P"'~w'i..} wptlh.el!.• .[!"''i../r 

nr {!UUI UUJt:.J"UJ'i..J'UJ'i.. qJp ftnrn'-fll"'-'bf!. 1Jt 'L"'P"'l pwywuUJ~w'i, t/r'i..ftr 

0 l' fr 'b wit 1, flpn zb-t y 2=2px "l'"l'"'P"LP ft."l'"'-fiJJ"'-'bf!.. 

w) 'bpw M(x, y) ft.wJrulwft.w'il ~lturn<-J, 

p) :\1 1(0, 0) ft£- ... ,._,r, 

'l) M2( - ~ , p) "-"'""'-''' 
( n L ~ n '- J, 9-.,'b, u f b'bc y={:2px /f>"'- ~•ft.yf•wJfr wuwffr'b I. bpft.l'"l''l 

"'~"'..,BJ"'L..,bl'e 

w) 

p) 

'l) 

p2 
K 

12px +p 2)' ' 2 

(2p,)lz 

Kx= 0_ y = 0 =o 1 p; 

Ol'fr'bmft. 2, nl'"llrt y= ax +- b nL'l'lfr ~"1'"'-P J "'-~'l' 'brw ~UIJIUJIU~w'b (x, y) 
ft.b ... ,._J, 

'lJ7 



{" ._ #)· n L. ,/' 

y ' = a, y"=(), 
'J.J.,!l.-Ln1 (3) pw"'lwJ.I.f'b 1 umw1onLJ 1."111!• 

K =-~ Q, 

(},JuulJ.umf r nt-q/_.q'IJ Jop/s'IJ/_. ,7 'IJ#rpltwJ"'5"J.nLJ I; C'/f!" J"''tw11 ~n pnL p JIM''/' '/"') ~: (J.J'I 

1'"'-J'~~ "'P'lJ"L'III'f.!. r.&:"'"'-PJ..,Jp ~..,rlrLJ. I; "<n"'~'"'l ~npn<-PJ..,'II u..,r,,/..,"'lnLJJ•s' 

U.J'I 'lh"iJ!"uJ' (ml,u III 'ltfufr § 24 ). 

dy llf'(t) d' y \f":r '-- 1F',-F'' 
dx = -<r'rt)' ~=-= (9 ' )J 

UuuuyruJ "'l'urwf.tujuttiL{JJmhhbl'l!.. UJ/;-'l"''l['l' l"'' htu/""1"1- "'i"'rur

'll'"':p" (3} pw'bwal., J'b2, umwhm J bh.[!• 

• 14'''(ji' -q;' '9"l 
l\= ( 1), 

1 y' 2+w· ~ r~, 

OpJ.'IIw~, llrn:b-L 

x= a(t-s in t), y=a(l --- cos t) 

/,nL,}nLJt 

dx d 2x 
-=a(l-cos t), - oc:c as:n t, 
dt dt 2 

dy rl'v 
·_:_ ::_- a ~}i n L - · :...--=-= .1. cos t' 
dt dP 

la(l-cos t) acost - a sin t ·a sin tj Ieos t · - 1 i K- . - .. - · -·· · 
··- ja 2(1 -cos t) 2 +a 2sin ' tjli2 -- :.z312 a(l-cos t) ' i; ·-

1 l 

'2 ' 12a(J-cos 11'1• "'" ---~ -~-~ ' 
4a s in ·'7 1 

~ I 

§ 5. ~hbnwJ~ll IJnnp'l~llwmubpmf. mpl{wll fiwqw:..~wpnull.J nLubgnrt 
qb~ 4npnLpJWIJ fiw2qnLd~ 

urllu.[!, r.w.lwuwrnl..tfnq: 

23R 

p=f(fll 

~J.rL'bJ! pL.LnwJfo'b 'J""r'lf>'bunn'bbr,9 '1bllwrurJwh,h w'by'bbl"'- p•u'hwal.te. 

x=pcosO,} (2) 
y=p sin Br 

GfiJb WJU pw'bwal.t, Jbr_ p~, •frnfuwrb'h urb'lw'ub'b.[! 'hrw wrurw~ 
l.wJmmfJJ"'-hf!. O~nq, WJuph.[_!h f(O), WUf_W ~uurw'bw'b.[!' 

x=f(O) cosfl, } (
3

) 
y=f( 6)sln 6r 

•/.bn""' t.wqwuwrmt!'bbre ~wrbL, I; 'l,urwr~bl "r"ibu (1) ~nr/• 
"i"'rwt!Lurrw!Jwh t.wqwuwrmt!'bbr, f!.h'l "rmt! "i"'rwt!burr I; t.wh'l,~ 
u.nhmd O~'bt 

{]. J'1 '1 b "i .[!"' J 

dx dp 
-=-cos O-psin 6, 
dO d6 

dy dp 
-=-sin 6+pcos9, 
dO dO 

d'' x dllp dp . 
--=--COS 0-2- Stn 6-pCOS 8, 
d6 ~ dfl ~ ee 
~~y d 2p d 
--=-- sin 0+2 _f_ cos fl-p sin Or 

cJ(i ~ dOt d6 

t~. 115 

•f..!, /'?.''"' ;, w ,,UJ, Ul r'"· fl! ,,_ 'b'bh re ur b'lw'fl' b L" ,, h wfu n r'l.- Uf_W r"''lrUI 

:p, ( 1) f'UJhiU<lf, ,, ,r b2, uurwhrnt! hh.[! ,,, ,., ~, rrnfl l"'-hf! piJ/inw J,h 

Jl" "r'ff•'bwur'bbr"'L t.wz•fbl"'- t.wt!wr pw'hwaU.' 

(4) 

0 l ' /• 'llw ~ , nf'"l/;1 ? =aD (a :>0) IJ.refrJb1fr •tutJ.rwtfr 'L"f'"'-PJn"-'111!. ~w,fwJw
~w'b ~bmnuf ('hit• 1-15)r 

2:)' I 



1....-'ILJ-nLifl 

fil+ l ~ 1 Jnuruufnp ~ ""'"'""'f'nL£1 JnL 'i,';./;l'C • nLuonf• 'l.wf-nl''l pw'b,.J.kn u! ( !i2+ 2)-l' 
02 

.jrnJuwpf1'b/;lnof ~2-nof J. (62 + J )-i!' iJ 2-nof, um..,'J.nLJ /;'i.e ( !•-fr J/; ,~ "'l'J/;I,'J.bpp r.w-

ll.J'"'lP"""' !!-f• Jbc) "'l'J/; I! 'blrpfr 'llr"len LJ ll.t•efrJ/;,If< ""ll'L' "'L"' ,L'bf< J,,..,_ 

ofn['IUUf/;U 'ilnLJ'J. ~n('UI.fiJnL'ile_, fr'bu J. ao 2Wn1Mo/.'[no/. 2/'~'"'~""'/'"~(!1 

§ 6. ltn(lnLpJwll 2wnwq~'l. liq 2(12Wll: ltn(lnL(i)JWll lJhlllll(lnb: 

t!J.nunLill IJ. I;!J.nt!J.hlnn 

u Ul I;. ,f Ul 'i. n L ,r, R JbttnL{JJnL'i.[!, "['/! ""''l"''l"'ra I; 'IJfr UJ{'""'q 

M ~bumLJ K /Lnrmf1J"''bl!, IL"1.'{nLJ' I; '"J'l 'IJfr •t/•-"'r'L1"'l IJhmmJ' 
qnprn.pJwG zumwt.J.pq: 

( 1) 

l~= (2 ) 

IJumnLyh'b.p M l(bUJnLJ IJ"l'P 'bnpJ"'ll! {'i./1 , 146 ) , "l''i. "'·'l'l1"'J I; 

~~r nr/1 'l:"'l"'1"r"'f1J"''i. ~n'I.J'l!, J.. "'1'1 'i.nrti"'Lfr 1£"" .,-;,~,uurb'i..e MC 
r:wu•1_.,J-e, "PI!. t,"'"-"'""'P I; M ~burnLJ J1nrf.! lfnrnLfilt"''i. R zwn.,•L'l/•~., 
C IJbme 11nt1_nd I; urr1_"'J ''"rP M ~bmp qnpm.pJwG 4bfimpnfi, C 
,,~.-u,pn'i.'i. IIL'i.b.'ln'l R 2.."'11."'"'1."" zrt"''i.f!. ( np'i. ... 'by'i.nLJ t M t,burn1.) 

IJnt'/nd t" M ~kur/_1 "'"-!"'l ~npp qnpnpJmfi 2Ptruli: 

lJnpnLfll"''b Zr2"''i." ,.,I)J.,'i.nLJ/_Jy l)b,l..nLJ t , nr urr1_"'J ,,b
UJnLJ ~nr/_1 IJnpnLfll•IL'i.f!. J.. ~"P"LPJ"''i. Zrt."''i.p IJnpnLfJJnL'i.f!. JpJI'u'i.9 

t,,.,"-"'""'P b"in 
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/i.(IUJUUth'i.,e ,,, rilL# JUI'i. ((b'llwpflh/t 'ttln (''JI•'i.ulln'i.Jijl[' fl f' "2"'f f' IU 

'i.miiLbr: 

'1-p!J"'.J' "" rl! ur r1.uu} ~-
y=t(x ) (3) 

4w•J"' UUI prnJ n 1_: 

'Inrfr •Lr"' tf.fr.eub'i.-1! ,v\( x, y) ~bure /, "r" zb'i..c ""/ '!- L1hutp 5, t, ,.,_ 
,r,.,,1,.,ut.,u/u.,'i.n'l 'tnrnLfil J"''i. 1/h'i.urpn'i.fr a. h ~ lj""l'tf fr'i.,...,'i.bl'l!. 

('i.~. 147): '1-t'"' r. ... ,r"'l' 'lrb'i..p !v\ 1/burtiLJ' ~"!'/> 'i.npti'.ulf> ;,.,.,,.,.,"'_ 

pnLJ' (! • 

Y 1 ( , . 
--V=- - "'. -X ): 

"' y ' 
(4 ) 

t~. 146 (,~. J.fT 

·f.,.,'i.p "r C( :~ , ~) ~bur'i. e'i..~.,J I; -u,r.r"'Lr •1.!·-;: ..... ,,., 'hr"' ~""1'
?·f·'i.,..,'i.brl! "lbur.p I; pu~t{"'r"'rh'i. ( 4) t, ,,,,,.,,.1,.fm'i.e. . 

8- v =- -
1 

(o:- x): 
' - y' 

U.t'itm.r.hurJ.., C( cx 1 ~) ~burl!. :'v\(x, y) ~burfry 

filtm'i. 2_UinU11'ffr'b f.u11{UIUU1r f;./;-ILUit{npr1LfiiJUI'i. t/r"'• 

( ~. -- x)~ + ~(o:-x)2 == R 2 , 
y. 

( o: x)2- y'~ R2, 
l+y'2 

(5) 



~~. 148 

w(i, r:."'/'9£!• [db •lhn_fr'it P"'<;,"'aLbpuuf tfLrLfr 

''"'J' 'ithp,eLfr 'itzw'it'itbrfr9 "l'f! "ib"'J! I; tJ.hr9-

'itbl, "ibur,v I; 'ffruuuplfbl y''>O 'fb"i.J!f!. k 

y"<O '1L"I..ee: b[tlh y">O. "'"/."' "'!'f ~b
mmJ' ~"1'1!. 'l"'l"'t/."r t L, t,b,J.tup"'r• ~>Y 
('it~. 147) iL 'fl'"' r. ... ,r~~~r "iburJ! I; tJ.brs'itbl 

'itbr.eLfr 'itzw'it'ithpp: Z.wztJ.fr wtt'itLLntJ., "P "'J'f 

'fb"i.J!""f /y"l=y" ~"/'"' fiiJw'it 1/L'i,,pn'itfr 

~""1'7.-r'it ... ,'itbrfr pw'it"'aiLhre 'nfr'itb'it. 

. y ' (l+y ' ~) 
~= .\. - , 

y" (7) 
l+y'2 

B=y+ I 
' If y 

l,"'J'"''itJ'tu'it AILntJ. ~"'I'Llfr I; !J"'-J.'l tn"'l• "I' (7) P"''itwakh/'f! /'r"'t/."'9P 
·4.Lfr'itb'it h y"<O 'lh"i.J!"'J': 

bfcJ/i //nrc mt'"-"'J I; 

"iu'l'"''fhmputll'"'h -C:.w<f•uuut["''-J'kbpn•/• "'"l"' lt"l'"'-[rl1mh ~bburpn'itfr 11""1'

'lfr'ku,nhhpf! Uzm I; umw'kwl (i ) ptu'kmat.l.rfY• 'kpw'h9""f y' -r iL y'' -fr 
+nJuwpb'iJ wf.'l_tuiJ pf'l"" "f"'f'wJ'bmpntf tut•mmr:.tujtntjutJ hput'ity mpmw

f,tuJUrnt fd 1"' 'i.;5,Lrf!· 
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' y't v = --, 
J x 't 

y'' 
I / 1 11 I 

X tV , - X tV t
1 

:{, l3 

y' ( x'~+y'~ ) 
a.= -X- -- , 

x'y" .... x"y' 
, x'r x ' ~+ y' 2) 

A=V -;-. - : 
tJ .1 l r f1 ! / I 

x y - x y 

(7') 

I. II I J n l.. ,{ l 

dv ----'-- - ft ,, 
u.\ 

3 
_ (2x)-"T 

~- - -- ' 
I [> 

b[JL '"1''1""} 't"f'P :'v\(x, y ) ~hutuuf 1/"l""fill"'~'[! 'li' "1P9 urmf• -
11bl' t·, ut"f'" m1'f I;Lmjt~t ;;,u,fw"iwutullt{uw'itrtLJ' I; "I'" Z "'~P C

1
(:7., ~} 

'l"l""fcl1w'it ~h'it"'J'"'ir: SrtJ.~~~J 'l.lfr l"'l"f' 1t"f""f"1"''it ~l.'iturp"'i,'ithrfr 1'111 'l

,r,p1,n'itr' ~~~~'l'J',,f t ,J'f, 5,,1, 'ffrd, , 1,<;, "'""' l fr'kf, 'itl1wwJ'wJ'p ~"tt/.mJ' 

/,; t" 'I' " I 1" '- m : 

IJ.J""l P"" tj, 111 p'fwd 'f.lft ~~~ ['"' {cf JUI~< /Jf.'j,urf"'bbh pft /, J'~f'utf_ullfom· 
J1m'iJ ,/,,if.' ~"l'L"' ,r I; 'k1,u l•tllllJilLUI: l•r t·•Jnumurfr 'j,~.,,u,J'wJ'p "'l'l'" 

•f"'J '11' ,}1.! II" ~ 'J"ui I; htlnt{liiim ~,,,f j1fitlnunun (~wJ' 1juujmop): 

flY 

~~. 14.9 t~. 150 

I:[Jh urr•/mJ ~"['/!. nrnz•/nuJ' t y=f(x) r:.uttJ.ututul"''- .·,, 1_, Ul"fW ( I ; 

r.u.tJ.wuw1.,._J"ithrl!. ~~~~rblfr I; 'ffrurhl "r"ibu l;tJ."ll"'-urft UJutpwJhurrwll"''i' 

f,"'tJ.wutupfiLJ''it/. 1,' x "1."'/'tu.!hurpnt/.z ll1'f r:.wq•u""'l"nJ'khpfr9 tupurm.J! 

ubl"'J X "fUirull.fli urrl! (h[ilh 'fUI r:.'kutputt/.nr 1; ), lt utnut'ittu'il.[! l;tfnlJ'"'"'' 

1]. 1.. ~ l!'it[r1"'9P~ ~nnt''ffrbutur'ithpfr Jfrl.IL tuh•ff•t."'~"' !' ~tu/uuul't!' f•nrj 

h[Jh ~"/'£! m!'tf"'.l I; x=q>(t), y=W(t) "1."'/'"''N"''I'""~._,o;, r:.u,/~n"wrm !'-

~ -U 



a ==-<3x+ p. 
(2x 13/ 2 

~=-"---- , 
Jl p 

"'l'"'"'l!"bl"Y X "l"'f'"'Jbmpl!_, 
8 

~2= -(cz-p)3• 
27p 

g.., .' ft/wrufunpw'bwp'l u[wpwpnLf! r.wyiiUuwpn..J 1; {'bft, 149) 
1 

0 I'" 'b w ~ :l, lj. ... 'bb l 

x '"'"' a cos I, y =c b sln t 

Uf_wpwJ'bur

t.w 'b '1-P u w-

"f.W['wJbml'wftw'b r. wqwu•upnLJ'bbpny urpofwJ I;Lf"luf 1;1_nun'-"'P r.wywuwpnLJf!., 

( n L J n L J I ~IDzojnLJ lz'iJ{! x-ft £. y-ft wJw'iJSJW['iJizp'iJ {!_Uut 1-p' 

x' = - a sin I, 

x" = -a cos t, 

y' = b cos I; 

y"=-b sin 1. 

x= a(t-sin t). 

Y= a(l-cos 1) 

sfftt"P'lf 1;1_"11"'-'"f "l"'l'"'J""'l'"'lt"'.-,. r.w1_muwpn .. J'blzre. • 
244 

J.nLdnL,f, 

x' = a( I-eos I) ; 

x"= a sin I; 

y'=a sin I; 

y" "-a cos I• 

Omw9 1_,..J "'l'"'"''"'J"'nLflr'-'b'bkpe. "'"'l"''ll'bl"Y (7 ' ) p•'bwA£.f J!l, '1'".-,."'-'' k'b11 • 

a= a(l+sln t), 

~=--a(l-cos I) • 

t,w~~trupb'be tfrntfrnfu,..f[_w'b'bbpft tfrnfuwpf'bn._J, e.'b'ln'-'l.bl"Y 

t ='t -11; 

"'l'l 'lb"li!"'-J 1;1_nununf r.wywuwpnLJ'bbpe. fte.'b'ln'-'bb'b r. b"'"-l"'l urb•l!t!.' 

~= a('r- s ln ,), 

1J=a( l-cos "= )• 

'bpw~lj! ~~ ·r, ftnnl''lf'iJruUt~lbrn1 nrnznLJ £'iJ 1fp£.'iJuLJ'iJ a zwn.ruyf'l'iJ nL'blzqn'l t['fUI'bn1_ 

l.ft. 151 

wnmfwswh- sfftt"P'l• ll.Ju"lfunof, afftt"f'lf •/;•f"ll"'-"'1!. r. ... 'b.,fuw'bn._J I; 'b"'-l'butfuf 

sf'Lt"r'l• P"'J9 Ox wnw'bsi!"Y t"'l1"'J -na ,fbJn._p, ... Jp £. Oy wnw'bal!""' -2a 
JIIJnLfJJwJp ('bft , 151)• 

§ 7. f:tlRLJRLUl ~ fiwm4nL~IDLbbli!l(! 

flo b n r h J' 1 : Spquu} qnp~ G. nptfmu~ G.pm ktlnununp 2D2m
'}lnq (i };: 

lJ. Uf_ w 9 n L 19' 'twfunp'f Uf_wpwqpwt[>p (7 ) Uf_mpwJ'burpwllw'b t.UI

'I.wuwpnLJ'bbpnq npnz'i.n'l /;'i.nl/nLurp znzwtfrn'lp w'b*l"'·'bw/p'b 'f"Pc}"'. 
'tfrsl! t:.w'l.muwr 1;. 

d~ 
d~ dX -=--- : 
d-z d:r 

dx 



t'JlU•nLl'"' ' "P ( euur "-bc;,y c;,, Jh ( 7) f.uu/_wu"'l"'' J'j,!,t'fr ) 

3y"2y '~-y1v "' -- :y'Jy '" 1 3y'y",_ y f'l -y'~y '" 
--- =- If ~ = -- y ----~--~--·-··- ·-

dx y y 
(I) do: 

(I f". 3 1/2 I fft ~ ~ '01 
I> y y -y - y y - = _.;.___:.._-=-_ __;__..:_ 

d x v"" 
(2) 

-- ===--: 
do: \' 

FwJ9 y'-e ft"I'P r:..uul'wutmmwu{~:w'i. "huuuJ' ;u ztuq"''lP w'i•lfJ"'""UIJJ•h 

'l"I'JwiJJ.ry"'. t , nLutnp utnw,'].l_rur) wnhl_•n{JJnLhf•y J:.burbm.rf L "P ~"['[' 

Z"Z'""'"'lf! !.. "1./'w f;.J.,ununp r:. wJwUfwwwu{umh lfbrnuuf Z"zuup"'lf! 

aJ.n[um'Jwpd.wpu•t• IIL'J'lwr:..wJtU!f be;,, "'J"Pc;,.f!c;,' ~npp h rr l'J"'Ll' t.l_rrununp 

znzw'""'lit b 
frJ-h,trhJ 2: bpb l1npj1 npL.t ;\ \ 1M2 mhr]IIHI'untnuf ltnpnt p Jm6 

2llln1ml}lqp l}ln}\Jllnu:· I; J'nlinmnG qhpuunl (Lujupli J!li' lpll'.f tfllUrJli 
mfinuf }o, qw ' tf upwJ (; [itlurclnuf), mupu 4npj1 m'lJmt mlHpU!fmunt.tf 
kqnlJnLmjl Utrtb'lp bplpupmpjlliG mfi ~ fiwqmuutp J. (pmgulpuwlt uh
<)-JH{i)JiliUJ') ml}Jml ll'1Pl' llnpnLpjmli 2mn.m4.1d1 flmumupummu Ju a di 

m fi l1G: 

U. "!'" y" L! !J' Vl 'llfub § 1-p ( 2') fiLUhLUdl'f' t.p.f,uh 'l.rw rn"'.bh,J! • 

"l""b'l ds-l' t•l"lJ"L"'jJ "''l/.;'l/t l't''I'"["'LPJ•h 't/•:f>b1,b'i.yJ""lc;, 1; . LUJ"

mb'Ifr9 

- =;; - +1- I 
(
. ds )'< ( cJa. )2 I cl ~ )~ 

dx dx 1 \ dx 

u.J""'b'l "''''I""II'bl"'' (1) IL (~) , 1,,wr:..,,1"'"'[J1, Lc;,c;,bre · F1utnw

c;,Uic;,.J!· 

U;:, ( 1 '2) ' J . ' 

( 
·1~ )z (3y' v ''~-v''' - y ' 2 v " ' )~ 
-- = -" + Y : 
. dx y"2 

" ''2 
J 

(3 ) 

IJ.Ju f.JUI/_wuwpmf!Jtuh bf'ffnL J'lUuLpf! w.JIU'j,9f.lnl/_ f!UUI X- p, f.uufwUfUI

urlUu{rlulh d.bw 1[m{unL{!JnLhhb/'P9 f.bwn lfuUJw'iuuh.J! • 

2 1~dR= 2( 1 +y'~ ) 2 (3y ' v"~--y "' -v' 2y"') 

dx (y")3 

dx 

(4) 

dR __ ds 
-=+- : 
d x dx 

dR ds 
l,Lwl..urpw[•r -· -= -__::_I 

dx c1 x 
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I; L. 

11~»urwrh'b.e l>l.mlL!wl 'bz~»'h~»IJnul"'bbpf! ('IJJ1• _l.j(! ). 

s(x2)=s~, s( x1)=s1, R(x~)=R2, l((x,)=R.
1

, 

I S::--Sli=IR~-R] I : 

lfp"''b'fwtf~»Jh 'bmt'b dl.nt{ "'!';. f>wt{~»UWjtnL{iiJ"'-'b'b ~»IIJ"'9"'-9'fmJ' 
IJnrmPt"''b ;~»rLiut{rzp "'i.,f~»'b 'lb"i.f!"''r' 

llh'b.e 1 lL 2 fahnpbJ'bbrl! u•Uf.w!J"'-.'Ibl L'b.e w1:, 'lb"i.J!/• /;u;Jwp, 

"-"rl! urpt{~»t} I; Y=f(x) P"'!fUir.w!ur urhu,ep ;:. .. .,,UJUIUrnuln.J: 

Y C[clb ~"l'l! .np•j~»t} I; "i"'l'w.!l,w-

t,~. 152 

r~»lt~»'b f>~»t{WAIIU['IIL J'h/;['1>1/J UIUf.UI '"!'1 

pt,,,b,f'bbl'l! J'b,,_J b'b ,,_Jp Jby, l'"''l 

ll[tnUf h['UJh9 1UUf.UJ9rt'-!9l! "-UJUlUI['I[tUJ' 

tit· 15 3 

I; Jp~»b'f•UdUIJh f>wdUihdUihttpbh: 

'/- Jr urn'[" L. {1 J n '- 'b: 8"'·!9 urwh.[! ~"l'fr {!;t{n[t{b'itmp} lJ~»tLnL:Jrfm 'i. 
l>burL.J

1
UIL "i"'l''l Jbfu~»'itpiJwlJ~»'b b'lw'b..,IJe' 'bp .. l;t{nanLur/• J'fr2, 9 m{: 

1-J.!!"'-.P i.~,,_t .ew'i..n'be ,,, r"'9t/."',. !; Co C5 !;t{n ll"'-'"1' mli u.f! " •I 
('b~. 153)1 G"bf1w'lpb'b.[!, "{' Jhq ""'!l'"t/. C0 IJburn,_J ~»Jp~»9 ,{..,,} td£!.'1-

t{n'l fabLl!. "f~»£111'-f'"'-J· I; ~»J'f .[!w'bn'i'f!l GfiiL J"h'b.j! ~»J'J [ilbl[! b~n pw

sh'b.[!, Jp zur fln'l'bb L" t{ d'IIJ"'t}, "'"'"' fibLJr ,."'ll'l!. 't'f,.p M~M0 ~" rl!' 
~ tf.nttf.b'it~ne: ll.tuurbrzfr9 l;l r.Lts u~»'lmJ !; c-l;tf.nttf.&'bmll' tjrn.t{~»t}.J! w'b

•fUJ'b,,_J/!.1 U."f.U19"'-.!9'i. "'.!t pw~•J., "r umw9t{wt} qnp'b frrn.f! !;tfnt•fl'b.,. 

!;, IJwr"'l !; ~w.nwp.JbL I;.Jnun'-urp t(brl! f>wu~n~»urt{~»t} f>mur~mfiJm'b'bb
l'P O'f'illtt.{tl j•U p: 

l,z !'~'.f!· "I' .lh/1 l;t{nutU.u.pt f>w.!wMJ_~»mwufuw'i.mJ ~- m'b{Jfrt{ pm'J

Jmflt•Ji' m.,rphp !;'{nttf.b~m'hbr ('i.IJ. 153): 
24i 

0 r L• 'b ... ~, , 'J.frfl"'l! nL~.~.~'·t' a twnw{

'l "" u·~w'buulfr·• ('b~. 1.5 4 ) : rJ.I.p!J'bb'be "'J'l 

21'2"'~'"''1.)./r "'Jj, k•[nL'fb'brnf!., np'b w'b!J~"'uf I; 

M 0 (a, o) ~burn{• 
~ 

~w:_-//r wn.'bbln<f, "I' Civ\=CM 0 = at, 
(/,z., I; U.,W'J.W[ lfli W~IW'f,.l.' l;{nt{l.'brnfr HU

{wrrwrn.J'bbrf!.• 

OP=x - a(cos t + t sin q, 

PM= y= a(siu t-t cos t)• 

l,:_b'bl' 1 np uunwJ'bw{np w'byfr wuow

J/.' ~"'f"'"l"'"'~"r'b (upotjlliJib) wJb'bfrs (,_ 

6.wfrr nL'tt/.' 2flW~I/r l;.{nt-1"~'"'~ J.f., 

:JJ,,_ 'b/19Pw JP t{~» ['.J!f' f>!unw 'l n mm.{d JWh ,j' b {tl 11 'l'bL ['[! f>'Ltw p~»t{n pnt -

fiJJnt_h b'b urtuLfw 'J:ur'bLl"'-

f>Uit{UI IIUI ('d l»h 1U {'tJ'm .nhf, r/r .in In lUI/II {' W r"'•.e'i,/i(l£!.1 

ll.J'it '[-bllj.JJnLIJ', bf'p urrt(.uJ t:.tut{UIUUI{'n'-J'{! IUTUU2Phl /if'lff'"f"fJ 

b['["'f''l qwJ l"l'l"'l''l wuurJtfuu'bp f>lubl'wl>~»zt{"'~w'b r.,ut(~»u~»pm. J 1;*, 

~»Uf.~» 'f" tm.fd !"'-'b ,,. 'b/;'b p~»'il~»dl,_ br, n r"'b.f! l>'b~» 1w•t{n l'"'-fa !"'- 'b L'b urw

Lf"' tf.br2~»•/nr {at{nt{ 'l""l'wpJ'~»'b, r,~»c;,,f~»'IJ, f< ~»qtl'~»"f~»urq.fw'b, p~»<fu.'b

J'~»'it J. ~»prf~»m l>w'bb1,,_ 'l"l't}"'I"'-{tl!"'-'b'bbrft "'1"'"'-faJ~»J'p l>~»t(~»u•u['

J,y';, wpJ~»ur'itbp'b wpm~»I>~»Jurbl 'bpw 'l''f.J"'lfP9'bbrJ. Jp?_"!l"'l' !?nr

l'"l"f muurp"6...,'bp9 pwpd{' f>~»t(wuul(tn'-'f'bb{'p f>wJ'~»[' ~»J'J"fpup p~»h-

dJ.bp1 [!h'ff>~»hpw"fbu wu~»J, '1"1"'-fl!"'-'b l"'-'bb'i11 G{tlb 9ut'b1Jw9~».} f>w

t{~»utur.f~»'b' f>tuhp~»f>~»2_t{~»lJUJh f[UIJ' n}_ f>uthpwf>~»z_t{~»IJ~»h ( urp~»hu9bh

'fbhm) 'f" rJ~»Itfr9'itbrl! "l pb <nWTr.IUJph ~»JL P1~»Jfr'b b'b, IU"IIU f>,yt(w

uwp.fwh ~»pd~»ur'bbrl! IJturbtfr !; l>~»ztf.bl tl'nurunJnr~»"fbu' 9~»'blt~»9,.J 
Uluurpb~»hp bz.nnL{iJJ~»dpt bzb'b.f!l nr 'itrnJbpuiJ Uljb 'f/;"f.f!b('tlldJ hrp 

l>~»'brwt:.~»zt{mfl~»h l>wt(~»u~»pJ'~»'b ~»r•J'..,ur'bbrl! ~»purtuf>~»Jurt{m.J b'b n~»

'IPlJ~»L'bbrnt(, 'l"r""'~»IJut'bn,_J· hppb.t'b l>~»pJ~»r !; ~pp~»nb1 f>~»t(~»u~»r

J~»'b ,,,_,},f~»'b ,fnu.~n•Jnr Jh{tln'l£!.1 Umnpl. ~2_~»[•~»']['t{h'b ~>~»•f~»uwp.f~»'b 

'"rJ'wur'bbrfr Jnur~»tJnr l>w2t{J~»'b Jp .[!•u'itp ,fhfan'l'bbr: 

* f(x )=O :.w-/wuwpnufl'. ~n'l_{nLJ I; fi mGptu fi. m;4w~wG, &fll. i (x)-l!. :,,.'1.'1/.'uw

l: ;,:_,( I; P"''l'fw'b'E,.,J (rnhrr 'l[" Lfu VJI, § 6)• 
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1. ~"' r b r" b 'lw ~"' ,,, '1-J•sm.f! Ul''""'J 1; 

f(x) =O (I) 

~wqwutupm..!e , npu'L'l !(x)·e [a, bj ::.~nUit/_wJm.J w~e'i.'l- ·'>wm t.1~'tnt 
"'~'l"',f 'IPfPbrh~sblP f/>m. ~II!JP"' 1;, t;'i,fil"''fl'h'h.J! , , 11 y=r(x ) f/>nL~'t

!!P"' 1/:t m . ,m.J~ ... uppm{J !"'~ f.w'iJU"'l"' pr:.,,/ l a, b j f.unnqLUJnul ,Jb~J! 

tu~l_IUUihl b'"u.[! "'£~"'""" [ xl' X~ I t:,,u.mfwul n "" ~hpunui f/>nL~'tsfw·~ 
Jn~nmn~ I; ( 'ttulf tubntz I; /fw,/ 'jll,tui[N'l )l puff ~rw UW£[1br11LIJ' f/>nL ~fr 

YP"'!P f(x 1) £.. i(x 2) "'rtfb.f!~br~ m~h~ Ul"'f'Pbr ~2 ,u~~br: flrn zwt1pm.· 

fi'Jw~ t:,.,.,ftup /!.~'1-"L~b~.f!~ np f(x 1)< o' t(x2)>0 (~'t• 1Mj)t ·~w~p np 

y=f( x) f/>nL~I,ypw~ w'i. /!.~'1-::.wm I; [ xl, X~ l f.wUiqluJnL.!I UIUfUI ~rw 

'fr•uf/>f''fl!. Ox UlniU~fJ.[!l! ::.tumnul I; xl-p h Xz-p dp2.J... 'l"'~""'l npl.l; 

'thmnLJ: 

Stu~b~.[! AB l"'P/!.t "1'1'. Jpwy~IILII I; y=f(x) ""rP xl £.. x2 wpu• 

y 8 

!I 

p=/(.:C} 

a 
J-" 

A 

t~ . 155 "1.~. 156 

!J/:tu~brJ:t~ f.w.!tu"IWUIWU,IItu~Nif uwu·"re: /.tupp 1... Ox wnw~fJ.f!P f.wut

.!w~ al 'fburp wpuypu~ rl;l f,b~y '""~'' wp.!mUip .!nmuuJ"r wpJb.[!/!. 
(~'t· 156)r IJ.!'l- Jnu,.,uJnr "'[Hib.[!l!. n,,,~bl"L ::.LUJwp 'lrb~.f! A(x1 , f(x 1 }) 

1... B(x2' f( x2)) Ulpqtu6 "r'tnL 'fbmbpn•/ Ul~9~n'l AB IIL'l'll' ::.wqwu•u-

' y - f(x 1) x--- x1 •• .o 0 r•n.!f!. 7'1U~" np y= "'l'db.j!p f.w.!wr 
f(x 2) - f(x 1 ) x2-x 1 

-f(x 1) 

(2) 
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~"'"'""'"l"lw'h uiJulwm'hbpf 1/nmw.Jnl' wpJI.l''uhrr.1 

J IJ.Ib ~ I. ~ 'bb'ul1 1· (,) .<J.,,_'},lln'-uiJ[• ,f,.'bnmn'hn LfiJw'h oni.-J n L t)- n L 1 , ut•lJ wnu1 L 'Jll' _ · 't' ill' 

J ·~. • .lb ,.1 I. '(v) - 3x~- .. () wuw'liiiJIUJ{! I JJ.'11l' " ~ 1"1"' J.'hc pbpnLJ I "l' 
'lUI UIU Pf!' ' "' 2. "t. L .., ~'\. .. . •.J - - -

... ,'b 1f[''"~'"'b 1;1 hpp x < - - -{:21 pwgwuw~w11' l.pp -{ 2< .i\ < -:- y2 }, 'hnr[•IJ 'll''"-

~w'h 1;, l.pp x> v'::f ('b~. JiJ7)• IJ4 "'J""/Lu 1 fJ>nL'J1/f9pw'b nL'bp ,fn'bnonn'hnLPJw'j, 

J.rhe mb'l""''"ubi', UJin'liiJi'!J J"Ll''"l'"''bU"'-l'"LI' 
1t'" 

Jb/lwflw'b wp.lwm' ···-
~ bwwqw r. w z •[nLII'l~brf ·>wpJ'"I'" '- fJ J'"'b ~w-

,lwp 'bl.'l'"ff'bb'b{' 1/n'i.nm u'hnLf/Jw'h W J'f "'"'l"''lwnh 

l'f!. {l'"'.IIJ WJ'l'ulb n 1 "l' ;rr Lpurpw'li U "'-.'' mb'lwJw

nnLif ;/!.'ldtw<l tf•'l•J• ~wJ'""l'""'""1 /"'"', UlpJwonl'} 1 

'J.pw t; w,fmp i (x) -~ wtu.nw :. wJ"'" '-P JUl.-,, Jlr t ml.q~ 
.lfl'blnrj Y.-[• "'J" ~wJ "'J'b pwfuurwpl.p '"1',/l; p.'l,bf'f!.l 

Jn~nmn~nLfJJw~ J"L[HU.[!W~ ~J "Lf ~nb'lw,f.uunLrf 
w'h i_ wmL'lrl! w4bLf ~wpP. ~wur4wu'hhl'1 npn'l•!] <lwJ

I'bpnLJ l[>nr'11 ~fiP"''b n L1• p <nwppbp 'h2w'h'i1bp . 

Xt= O, f(0)=2. } X2= l, f ( I ) -= -3, 

XJ . --3, f( - 3)=-71 } 
y1=-21 f(-2J cc=.6 , 

x5=2, i(2} c= -2, I 
I 

x6= 3, rm= llr f 

U.J""Lfunlf~ '"l'J"'"''bhp£'. 1Jur'h4nLJ l.'b 

(--3; - 2), (0; 1), (2; 3) Jfi_w~'"Jl' brn,_J, 
fl.ur'bl.'b~ (0; 1) ,/fi_w~wJI'l•'ll "1"'"'~"''1"''1 wp•lwonp 

Jnrnw•Jnp "'l'Jbel'.· l!."ur (2) l''"'l,.ud.Lf nL'hb'hJ!• 

tl -0)2 2 
a =0--- co= - ·· - = 0,4. 

1 -3-2 5 

J 3: 

·l-6 
I 

~---{ - 7 



1•,.,ft.q,.,.} t 0 I. 0,4 P•fkpp JJ.off..• lJ.Ju Jf.i_u.ftmJI'f 'bftu .. n.fuufp 'bnpf-B ~fl'""'l./n.J 
(2) P"''b"'.lt..f!., ft.uuow'b,.,'be r.kmi•J"'l Jnuo,.,l'ft.nLJf!.• 

a =O- (0,4-0). 2 ·~ ~-'. ) 2 -0,''36-2 :2.336 - 0 ·14 - t.. "'JI'b, 

~,.,J,.,'bJ,.,'bn['l.'b ft.'l"''bJ.~,e "'l'J.uuo'bl.l'f. Jn.,.uqn[• "'l'Jkl'~'kl'l!. JJnLu Jpi_w
ft."'JI'k['nLJ I 

~ • (;II 2 W "'II 'f 'b b ('" b I[ 1U h 1U ~ (1 J nL UJ n h" /1 'flU h Ul ~): 
'tp9nL.[! hnpp9 ftxi)<O, f(X 2}>0, [!u&n npnu/ f XI' x2} t.tu&n<jwJnLJ 

tuiLtulp'i. "'J"''i.,'JJ'"lf! ;_p pnfunLJ f'r 'b2w'i.er U.n 7 1.-"l.f!"LJ (.\I' x
2

) 

J'ftl"'~"'l.f!"LJ ~"' !(x)=O t.UI<jtuuwpJw'i. J'bl1 wpJ'tu&nr b'i.[J"''ll'b'i.,e 

'bwt., "[' briJ.rnr'l wJtuh,CJJ"'lf! L.u lP pnfurnJ PI' h2w'i.e [xl' Xz] t.tuUJ

""'JnLJ, 'll'"''b ~"'l'blft I; t.wu'bbl "'l'JwUJh f!h'l'll'~"'l JPl"'~"'l.f!P hp

~"'f'"LfJJw'i. 'P".f!l'"'9'J'w'i. f.tuhw"l"'l'r:,.""' [x 1, x2 } t.tu&n<jwJnLJ hpiJ.f'"l''l 

wJ"''i.9J"'LP 'i.2,.,'bp "i"'t."l"''i.t<fblf! h2w'bw~nLJ' 1;, "I' ~"l'f! fxl, x2] &nh

'I"'J"'unLJ ~wJ JptuJ'b uLnrn9p~ l, IJ.w.! Jp"'J'b '1."'1"'1"1' 1;: 

""l'P B IJ.h&nmJ UJw'i.b'i..f! 2"2""""'1 ('i.~. 158): Ox wnw'bs.f!p r.b&n 

0 

y 8 2"2"''P"'ll' t.wUJJ'tu'i. ~I.UJft ai wpu9 ftue 

x, 

f(.x,) 

A 

l.ft. 158 

~[php wr.!tu&np Jnmtu<Jnr tupdb.f!f!' 

U.t'l "'Pusftue 'f&n'i.hl"' t.tu.!wr 'frb'i..f! 

B ~l.&nmJ' 2"2"'P"'IP t.w<j"'""'l'"'Jf!. 

y-f(x 2)=f'( x 2 )( x -x 2 )' 

'L~w&nbln<f, ''l' X=a 1 , l.rp y=O, i1eu
&nmhU1'h.f!• 

., _ f(x 2 ) 
''1-Xo---: (3) 

" f'( x2) 

U.t'hnLt.b&nL &nw'i.bln<f 2"2"'""''1 Bl(al; f(al)) ~h&nmJ, t.tuJ'w'i.J'w'burl.'i. 

'fU1'bnLJ' b'b.f! a2 "'l'""'UIP "'"''LP (.2'1l'P"' tupJb.f!f!' "t·~'bhtn<f UIJ'f htztu

'btultl!. Jp .[!tuhp w'i.t'f"'J, Jb'i..[! lt"'l"''l b'i..f! t."'2<fbl tupdtumfr ,fn&ntu<jnp 

"'r'lb.f!f! Jbq tu'i.t.r"'dbzUJ S"''i.~tus"'J i.2Ulmflt"'.fp: 

b2h'b.f! t.h&nl.t.JUI { t.tuhlfWdtu'i..f!f! 1 {; [Jb Jh'b.f! UJin'bhp'b.f! 2" 2tutpn 'l 

nf_ [Jb J3 ~hurw.J, LUJL A ~b&nmJ, "'"!"' ~wl'"'l l;p "lmmwt./, 1, "[' Ox 
tuntu'i.9.f!P t.h&n 2"2"''tl,n'lfr t.w&n,ftu'i. ftburl! qUJ'b<jnLJ I; (x

1
, x

2
) Jfr2."'

~ILIJJ!P9 'f"L('Ut 

'L~"'r'i.bp 1a8 h 1 .'19 t.h&nl.t.nuf 1;, "l' 2, 2mtp"'lf! ftUif'blft 1; "'"''i'bl 

"''lbtzp "'J'i. JwJpmJ, np&nb'l lpnLh~.CJfrLUJfr /., h{'"' bpllf"'[''f wow'i.9Jtutfl 

'bztu'b'i.bre t."'Je'iJ~'bmJ' b'i, .P.w'bp "I' euUJ "i"'!'fw'l..p [ x
1

, x ~ J t.'-"U11"'

J,uf Lr~t"'l''l ,J,.,'j,9J1Ulf' UfiUt.Ufm'itnuf I; f•r 'i.zm'i.e. w"i'" lpm.'i.l/9P"'JP 

J. br~rn l''l tuaw'h9JIU Ll• 'i. 2"''i,'i,hpp "'l'J. t,,., J'L''i,~'irnuf f! J., trhrfrs ,J'b~nLJ 
tu'b"l"' JJ tu'i, &nl,'lfr "''i.Jr: lJ.1u ftw'itn'i.e ,J''j,,,f I; f.2J mpmwyp h u• t'h 
252 

'lb"l.f!P t.uul'"'r• hpp f'( x)<O: b[Jb 2"2u"P"'lf! Ultup<juuf I; Jftl"'~UIJ.f!P 
J.tufu J"'Jf'"LJ, ""'lUI (3) ptu'iuui!L.ft Jbp_ x1-Jr 'P"I""'rl.'b "f.b&n.f! 1;, &nb-

'l"''ll'bl XI'' 

f( xi) a-x----· 
I-- I f'( xi). 

(3') 

lJ.Jh 'ff."f.f!'nJ', J.pp (XI' x2) Jpzw~"'J.f!P 'i.bpunLJ' ~tu C 2f'2_dtuh ~bur, 

"'"I"' 2"Z"'P"'l'i.bpp brztu'bwt1l!. ~"'l'"'l I; U1U1f ( x1, x2 ) J'ftl_w~ruJ.f!P9 
'fmpu 'f&n'i.<fn'l tupdw&np Jn&nw<jnp "'l'Jb.f!f! ('i.~. 160 )r 

a, 

l.ft.. 159 

o l' 1-.,,., ft. 2, (3') r ... 'h,.,at..l' it.l-l'"'"!.'hl' 

flx)•~.\ 3-6x+ 2==0 

'"'1"'""'l'J"'~' "'J'b "'l'J"'"'f r,,.,z1Jm'b 'bft..uuoJ.uJp, "PI!. "l"'l''f••ft.1u.~ t 10; 1) Jp

£.uft."'JI'"LJ, f/L~,J.'J,/'-

f(0)=2, !'(0) =(3x2-6)Jx•c•0==--6, 

ULUUif f!.UUI (3') p.u'b.uJ.f..p U<n.u'bnLJ J.'J,('o 

'2 I 
a =0-- =c- =0 333· 

l -5 3 ' 

3, 11 n J p p '11 w 9 <j IU J b 'I tu

'btuf[ ('i.~. 161): [xi, x2 ] t.u•&n<jtu

JnLJ J'{ttuJwJw'i.mfi ~pptunbtn<J L"'

phpp ,fb{Jn'lf! /., 2"2"'tpntzhhpp Jb

fJn'lf!• Jb'b.f! UUJtuhnLd bb.f! al /., ~ 
hp~nL ~b&nhp, npn'b.f! 

1 
(!h~UIJ J.'j, 

npn'i.htft a "'I"J'wurp urtupphf' ~~~'l

Jbl"''-'1' ( .[!tuhp "[' f(al) [,_ f{;)1) IILhb'b 

Ul"'['Pbt' h2tu'i.'i.tf,1,): lJ.JhnLt.bml.t., 

[a I ' a~] t.tuUJ<Jtu<tnur 'i.u rft.9 ~ft t•tu

nnur b'i.t.f! L"'rbrft JbfJn'lf! h 2"2"'

•fm'l'i.bpp ~,J'I.[J,'ll!: U.r'IJ'1Lh.f!"' J 

lltrllllhuuf f>h.p_ bpff11L {Jp<f' 8 ,! [,_ J.:o 
ll 

8 



nrn'b.e ~nq.f'f" 1J"nur /,'b ~nrJ~nur" ln[lcf/_;.f!"'bt 'LmJ'b aftnt/ {'lnf'lll_ 'b~nfft1LJ 

h'b.e WJ..,.J!UI'b cl~ntfut'butf{l J"'bt_ft nr UUJUI9t/wt} dntnlllt/rtfl wr<fb.e'bhrf1 

urw rpiJ rm {JJIII 'b[.t -6.zur nLp JUI'j_, U[Ui f,. <n'b 'l_t/_n'f Ill UUJ "fi~n'b" 9 f_ fn .f!f'"''j_,"' I 

'iltmurh'b.e, nr ltn.lpfil~n9 4_~n,J Jhfcln'l" <lw.fw'it.u/1 ,Jb'b.f! "r"S,bLf, wr· 

dUiur"'it JnurL·'bmJ h'b.e brltnL ~n'ltfbl'f'!l (~ntuf.'b.e'it' Jp.ud-UIJ.u'it"''f 

IfLn'bnuf h'b.e "'itt_U[hu "'rJwur" tfnw.ut/11[1 wr<lh.[!f! IIIII"L"r'l""-· "'l'b"'hu 

l;l wrdiULn" dnurUitfnr lllrd-b.ef! UfUI~IIIUI1[1'f11t/_): 

U.1u"'.lru, Jlrp ll"'l''ro 'IC"''"l'~4w~ "L'r'bw~f ,f/:;2_ ,../;'l"''ll'Jw~• &.w'bwu1wrr.n4 

r.wJn'l4nLJ lr'bp, "L" !(0,333)>0 J.. 1(0,342) <: 0• ~lnnf,wpwp 0 wpJwmf W['</1;.('/!_ "f.wp

,Pw~4w~ I; '{'"UI~ Jntnw4np wpJ/rl!'bbpf olf2_1•' 0, 333<x< 0, 342, 

b 
J.. (a, 0) -;;-I (O.b ) 

24 
(3 , 4) ~lrtnnu/, lllwon. -, 3 . y . :.xl, (x 1, 

125 

<J..,'b/r1 'blrp p n:.f21wl ~nphp~ ~upnLfJJ<~~h 2wnw•fr'l~1/;l'£!. 'b21w~ ~b.,IIpnL11, 

'f~/rf J"L['Uij!IU'b u nL{' ~"['f!. /,_ ~IUU.nL!J/;f _(OUIIfUIUlUIUIUIU,IIUI~J ~n[tnLfJ JUI'b 2ffw'bf!• 

,110 
6 . y2=x3, (4,8r ~b-ur1fLJ1 lllwon. R : H0-3-~ 7. x2=:4ay. (0,0) ~htnnuf1 flu•m. 

(b4x 1 + a4y 1)'!2 
S. b2xL -a2y2=a 2 b~. (xl' v 1) ~hmnuf1 "'mm. R= • 

- a4b4 R ~ 2a1 

9. y = lnx , (1,0) llb-"'nLJ1 tllunn, R= 2{2, 10. )' = Sinx 1 ( ~ , 1) ~!r.,nLJ 1 flmm. 

x=acos3t l 
R= j, II. . J, lrpp t= l 1• lllouon . R=3asini 1Cost 1: 

y=asm3t 

x=:)t 2 } 
<J..,'b/rl ~,.pfip[r ~npnt.£1 JW'b 2 wnw4f'l'b1Ipf!.• 12 • y=;}t-tJ , lrpp I = I• 

3 
-::> 

(p2 f a2)-

~ ~ t 2a 2 

254 

0 n. r; = a~o:ec~ -· \ .;) 2 

20. y==cx , •ltuwo . 

(__:_ 
\ 4 ' +)· 22. y= ( _-+ ln :l, 

11

2
2). 21. ix + " y = -./ iJ, qtmm. 

= ~ ln(l -- :-:} ll)wm. (0 , 0) ~&mnd R=; • 

<J,ur't.lrl f,/; 11,/,_J"'l ~nplrpf•g J" ' l'"'I!"'~'~- J"L['~ r.w,fuop ( 1 1 :~ ) 
-- 2 v2 ( a 2 -;- b2)x3 

Pn~"' [,_ f,·lnll"'-'"l" 2:~. _:___ - -- - = 1 • Qjuun. 1 ···7 

~npnLfJ JUI'b ~/r'bur
(a2 -, b2)y3 

8-=- t 

L 1 3 2 b ~ a 4 ' ()4 

2 1 
2 

3 -3" ·' 
21. \ -j- v =a 

T 3 3 3 
ll)mm. a=X ·- ~ 3 \ v . .- )' : 3x y 2:'). y3 = a2

X I 

. !!4y-9y5 2(i, , {x=-32l , 6 4 3 !:i. = j = ll)wuo. a=--1; 
:2a4 y=t 3 

a4 + 15y4 
lit won. !I 

3 
= 312-- I 

2 

t k ( : -+) 
f II t k 0 ,.. ••uoon. y= --2· e -+-e . (ulpwl·u•pl.-x ,_o ( nc g- - c ~· , .., , '( t· 27. . ~ 

!.v= kslnt\: 

{
x=ai (OSt +- tsl nt), 

11 w)
1 

2S. Clw,.. 'l=acos l; 
v=a(si nt -- t cos t)~ 

a = ac os3 t +3 a~u- t s i n2t; ;~ = a , ln 3 t +3acos 21' in t 1 

;£(). lf~'b'l.J.. 0,001-f 0.2 mnLfJ,IwJp r. w24/:;l \3-4x+ 2,-=0 f.uuJ wu,.pJw'b wp-

1{wm'b&p[" ll}oum. x 1·= 1, 675 , x2=0 ,539 1 XJ co-c- 2,2 141 

31. flpn
2
t.l f(X) = x5-x-0,2=0 r,.,,fwuwpJw'b "'J'b wp•fwtnf 1fnu1w1nr wp

Jirl!f!.1 "l'l!. "f.Uiflfw~~fw~ I; ( 1; 1 ,1) J~ fw~wJl!"LI'I "'muo. 1,045• 
32. lf~'b 'l.b. 0,01 ~2utnL£1Jw1fp r.w24lrl x4+ 2x 2-6x+2=0 r,,.,/_wuwpJw'b wp

Jwtn'bh[lf!.l ll!uun. 0 138 <\ 1 < 0, 39 ; 1,24<x2 < 11 25, 
:~3. J,nL~i.[ Jnmw4npwu[/ru x3-.5 =c 0 f,w4wuw[tnLif[!_l ll)mm. Xl:::::1,7l, X2.7= 

-1 -+il/ 3 
=1,71 2 ' 

3!1, '/om~</;[ x-i g~=o f,UI4U111Uif'<fw'b IUJ~' wpJwmf Jntnw-[np wpJlr{'f!. > np[!_ 

'l'"'b'fnLif 1; 0-[1 b. 
3~ -r ~!f2_b.l •qunn. 4 ,4935 ~ 

3i:). lf~'b ~b. 0,001-1_. c.2,..,Lp1w1fp r.w21[lrl s!nx= 1-x r.w~fwuwp 1fw'b ""l'J"' 111 l!.'. 

DnL!J"L''' ~w4w 11 wpnLJ/!. 1,/;l'/:;l i(x) - 0 w&ul'fl ll!unn. 0, .) Jl0<x~0,5ll1• 

36. Dn<J!J "'"'L• "I' p2 ,_, a2cos2' liiJ'bfu~wmp J" L[•wpw'bu"'·P 

l'"' P.f"L'b£!. t. w.fh,fw"'"'~w~~ I; WJ'l ~/;.,{' 2"""111/C'I 4b~mnpr~" 
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Ja 
1llu11n. R= - • 

4 
3S. 'f.r.n'i:rJ../ Y=Kinx. ftnf'/! ftnf'nLEJ;w~r ~l.'irmpn'lr{r ~""l''lfr'irwm'irl.p'ir wl'ir lib

uonLII, npurl.'l y '=Or fllwm. (e- 1
, 0)• 

39. ll.u[W!J"L!JJ..l, "l' lJ.p{)/•JI.'lfr uud•rwt/•' p= a? ftl, .,.!.i'{• ~ wrfwp, bt'l' 'f' 4(XJ 

zwnw1_p'f 1_b~u.npp U ~npnLf/Jw'ir twnw1_'lp r.nwpplzpnLEJJw~' JbJ.nLf'JnLb[!_ J.'/"'"u/ 

~ 0-fr· 

tl(). 9-r.n'irbt w1'ir Y'= ax•+b x+c UfW['Wf'"ll!.• "l'l! ( ; , 1) lcbr.nnd y= 

=Sill X u{r'i:rnLunp'fp r,b,. nL'i:r{r l'.'i:r'lr.w'iruL[' tnzwrj.n 'l L ftnpnLflJ"'-'ir' ''"""wl'/;l 

~2 n.x n2 
y.tw'1frr • llloum. y= - 2 + -2-+ 1 - 8' 

,.J-1. y=f(x) tj>nL'ir~afrw'ir npnz'[w.t ~ urJ""lbu. 

f(x)=x3, - ((; < ;'( '.(: 1 tf{ri_W~IUJl>nLJI 

i(X) = ax2+ bx : c, 1<x<-t- OO J{ri_w~wU?"'''' 

J>'j:,l"ffufr"~, "fhln.f! ~ [p'j:,/,'j:, il -'ir, h -'i:r, (-~II npu(/ru'//1 j' = f( x) 'fP,}~, wrfl.'irnLf'/;{' 

'i:rlr'i:rw w'ire'ir'lr.wur ~"['"Lf/JnL'irr lfwmwpb[ yc)w'lfrl'• 'qwm. a=3, b= - :3, C=l· 
,.2. BnLJ!J mwl, "I' 9Pftl"P'lP ~npnLf/Jw'ir :wnw1fr'll'. 'irpw aw'iri[UI!JWI~ ,,1;_ 

"'"'-J /rp~nL w'b'lwJ Jl;.} ~ "'/'l ~/rr.nnLJ 'iruprfwt/• /rp~wpnLfJJnL'irJt ,'JI 

4~J. 'f.pb[ y= .\2 Uf.wpwpnt/• (1 1 1) ~lrr.nnt J ~"l'"'-fJJw~• : 1~fw'irwy.t{r r.wrJw-

uwpnLrfr., flloum. ( _'<: ; 4)2 + (y- ~ r = 
1 ~5 • 

46. 9-r.n'irbt xeX=2 r.w1_wuwprfw'ir wpJwr.n'!.lrrfr ,f,.urw•/"1' IU['dUJ!f'. rlf'ir llt 0,01 

-G.zurnLfJJwJpz "'w1n. ~w'[wuwpru.J'i:r nL'irf X ~0,84 Jfwft ppw~w'ir wpJwr.n[!_r 

47. 'j.ur'irlrt xlnx --:-= 0,8 r.w1_wuwprlw'b wpJwr.n'blrpf rlnmw'[np wpJ-Irer Jl_.'b~[,_ 

0,01 O.zurnLEJJwJpr "lmm, ~UI"WUUI['I'I..If'b nL'bf X:::; 1,64 Jfur/J fpw~w'b wprfwurf!_r 

,;s, 'f.ur'b/r[ x2afCtgx=l '"'"UIIIIU['Ifw'b wprfutur'irbpf rfnr.nw'[np wpJ/ref!. tfJ.'lt~/_,_ 

0,001 -G.tr.nnLf/Jwrfpt lllwon, ~UI"UIIIUI('nL,r, nL'bf X:::; 1,096 .!fw~ frpw~w'b UI["'Uiln[ll 

q. l n 11 In VI I 

4n~~ltRU ~~tr: ~~Q~~u~~~utr 

z lpnfttnl;l!u f"' Jnl ''" }_ •{uuf I; 

z=a+ib ( l) 

mpurwt:.rulur"'fJJ"L'il(! , "r"''''l a-'il [,_ b -i. llp\UlpuG Pllbp Li.. 1-i.' UIJUUfbu 

1/"t'/mt) ljlillt\ ll'[nu~npli };, "PI! "l'" Zt/_mrl I; 

i=J/=-[ ~u11f f=- -1 (2) 

t.mt/_tLIIIIIIrlllfciJIII<iw1_, a-'i1 ~nt_t/_mrf I; Z f"'lfr llptulllU(i tfwu, fru~ bi-h 
ljbrl«) rlruu : 1/prui-9 i. ;_ rui.ur~mrf hi. wJ"Uf/,u. 

a=Rez, b=l 111 z: 

l;[JI. a=l), "'"/"' O+tb=ib f!frt/_p ~"l"-"''t I; cpnut ltb'l.}· /;[J/; 

b=O, "'"fur utnru9•{,,f I; frrw~,,i, {rip{ a+iO=a: z=a+tb /,_ z=a
-- ib hrllm 'v"f"'LLJ!u fclrJhrF!• "r"i..J! u,u1rphpqmrl hi. ,fpmJi. ~b'ld 
,/,,,, i,2111i.nr/, /Jn}_t/_IILd !J'iJ n\Utltu[O'-«)-; 

f,''btlmh•Julli /;i, hrlf"L t:.frrl'bw~rui. uurt:.rfwi.mrfi./,l': 

I. Z 1=a1+ lb 1 "- z2=a2+tb2 br~m ~,,f,JlbJ!u f11_br r:.,rf,r,Jmrl 

hi. . .;,, ''""""r' z 1=z~ , h[rJI, 

a 1=a~, b1=b2, 

'"J"fhJ!~' ' L[clh wnrui-dpi. t:.ruqwump b'iJ i.pruh9 ppml1rui. h 1/h'lt) rfru

uLI'/!' 

:2. Z 1/n'f"flb./!u {lpr/f! t:.wt/_ruuurp I; qpnJfr' 

z=a+ib==O 

ur1t t. rlf""Ji. ,,1i. ,_L"'J!"'-rl, brP- a=O, b= O: 
r. 1

1 , r1 "' 1 b ./! , p "- h r fr b r 11 r , z , ''-' w '' ru i. u1 , w t1 b r , L

,/ /!' II. ,fhi. rlfr z = a+i b ~,,j Uflb./!u I'"" 'Jwrbtfr I; 0 xy t:.u•t•film [rl JWi. 

•{rm Uf"'urllbr"'si-ht a [,_ b lt""r'lfri.wuri.bri. ,Li.hsn'l A( a, b) ~hurfr 
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mi. ".P"''' ~"''1"'7 Ill 1"\1! , t:, , t·fd Ill fd t"'"' Ull{l;'iJ ,r" lv\( X 1 y ) t,,.,,,,'b t:, ,..,r "· 

.,,,.,,,.,,,,'b,,,r 1; z-=- x + iy t1,.,tuuh.f!" [ilp•/ : 

~~~~t•fdmfdJ"'hf'• "f'P •ft"" Uf1111ni/Lf"f"'J' /,~, ~nJ'"fl/'.j!" fdtJ.f•t•f'• ftnt· 

'i""r 1; z J1,,r,uL.J!" ''""'"''""'11,'bp t:.,,.fJ, fdt"'-"' ( 'bl1. J fJ:! ) ( t:.,,.fJ,, _ 

fdJmh •/{1111 Z "P'f'/11 11! 'f'iJ{,l Z/' 2w'bp J'h y.J : 

z ftnJ'"fl/'.J!" '""'""'"""JIII~'P t:,"'l'fdmfdJ'"'b '"J'b ftl;,,/,f•f'~' ' "I"' ~'J! 
t''bt1wd /,'iJ ()x utllmh!J.J!.P t/.l"" ' t:.w,flll"f""""'"J"w'bm ,{ /,~, f•t'""l'"~' fd•fh 

/'1! (b-==0): Oy ""' "'"'.'J.PP ''I"" c'blt"") lthmht'l! "(UIII"'''t""'r ''"' ,,,, 

11£,1J fd•f"t'l!. ' .j!w~tft "[' '"J'I 'f/' "i.f!"''f <1 =0: IJ.J'f "fwm-6.""wtJ. Z 11,,f"{

l/'./!" 'P'"Pn/uwltm~t/1 " '"['/diiLfiJJwh '""" /ft111'"f[b.j!u fd•fht'f! "f'"llllf/'['Lif, 

Oy IIIILIIIh!J.(!h w'b,fm'bm J' ""' t,b,IJ fd1_1·rl• 111/L'IIh!J.j! llw.l lti"J'' lU

ILU I Ggl~· f"'ft O x wn"''b.'l.f!l!.' !1pw'I wli lun.wli\1 1!: 

A( <l, b ) 11Lmc "''""!l'bht"t/. ''""l''fl'"'"'w'bl,rf• "''"'' "'""I""''' t:. l.,, , 

~"""""'"'"'.t' OA tJ.biJm"l'l!' IJ'f, J'"'~'P 'l""t.J!I•-

yt ® 
. ~/lta. h) 

+r tJ 

9" 
a u: 

1""'' t:,,,r,rw1• I; z=d -t- ib J1,J',Ill'.f!" fdtJ.p Lrll -

/'lll l ""'""11m'b "f """'"'1'1!. r,,,r"' r''L 0 A 1! L q-
mnpE: 

:! • ,, II ,t "f I ,, .j! II fd ,,,, 'I I' " L fd J Ill 5, 

f.flmh~J11Lhu1 f 1ul/lmJ1 w'iJ abf! : <f' •lll/ f, 

r-"•/ (r~O ) 'bzu."'uw~f,'iJ.p A(a, b) 1/Lwf• f.J,L,,. 

Jf.'b 1t""l''lf''iJ,,,~,Ll'l' • 11""/''IP'bww'bbrf. "'/'If'-

~,,Jih"'l! f.wJ'mrhLn1. J' f,hu, P"'J Ux "''""~'fl.f!f' 

'ff""ffwh Ill '/'J"' fdJ"'~'f!' pLhiLutJp'iJ IUILw51.'f.[!' U.J'f 'f""f.f!"''f (~t/f• J(j:! ) 

"'"'IP ,,'bb'b ;.L,L J"'l t:.w'f"'""'l'"'fdJ"L 'iJ~,hrc· 

a=r cos~ , b =rsin :;; . 
IL t:.bmLmpwr , Z fi',J'"fli'.J!" (dpq[! IJ"'t"•tP I; 'b/,l,fl"'J'"!J'b[;l 

a -l- lb= r COS'f + i rsiny 

aL,,L, 
112. ftn '[J'III J' 'I Ulbt/.11 'I w [lUI wt:.w Jlnlll fJ J"' 'bf! 

f[nJ'"f[b.pu fd•/P qpn>-flJWU LILtuGljJildiw~wl\ltultudi 

ft,J'"flb.[!u (dtJ.p tfnq.uq, :;; -'b' Z IJnJ'"f[h.[!" fihfp 

bz_ m'bUI~"IILII' b'b IUJU"fhu , 

r=!1j, c;-=<~tgz : 

r /, '-? ,fL<JIII f'tiiL'b'bhrc a-p b b·p df.2."!J"'I 

"'l""i""· 
h 

e!;=Arctg - - ' , a 

(3) 

lt"t'l""' I; z=;;+lb 
itl~ . r-/! IJ"l'fw•r t· z 

m p qn ~._JL lim. "l""'b .J' 

( 4) 

lz i=la+ib j= ~ , a"+b?, b l 
argz=-= arg(a+lb)=Arctg- -; ' j (5) 

1
T"'l"fli'J!" fdtJ.p "'l"l'nJ'h<;,ml! t:,,.,r,1,1~~~•t I; '11'"'/lw'b , b[<IL "'Jh 

t:, ,,;,/•i"' ,)' ~ ( )X u111mhy.[!/• 'fl'"''t"''b IIL'l'l"'fdJw'bp9 ' dm,fw,'JuLJ!JP "l 111.[!p 

2"'/'dJ',<j,l! t. ,/Ju:ll"'lt L f"uywuwf[w'b' t:,,uz.tJ.wb.[!p t:,,..//w'IP!' "L'l'LIILPJ"'~' 
1f}'"f.J! 1" J' : f}.Jf~t t:, IIIJUI I; 1 "{' If' Ul[''fiiLJ'/,'iJIII{! 11['1121_11uf I; nl_ J'fllll{'rf/,·.[!n• 
l' " ' · J' l .L' f' IU, "'Jl ._:TI:\ 1{ 111 111[' '{/t/t 0.2UIIU fdJIIIJ'[II lf['utf'IJ k•h !JU1b/f111 ,'JUI,j tnli'• 

p" '12 fd ,,, I; : 

'tpw"'Jn L {dJ'"~" Z=a-f- l b L. Z=a - ib t:.w.r,1,J ~111j'"fl/,.J! 11 
fl•l'·r'b ,,5,L'i, .::,,,,,,.,,, ,rll'f,'I<;,LI'' /z/ = /zl, pul1 <;,l'w'b,9 "'l''f'ILJ'b'bm

'bLI'l! fl111[f"'l'awf[ tl'/,,), fiJ•utfp t:.wtJ.m uwr b'i,, UIII~UIJh wwrpb["/mJ' b<;, 

<Hgz= - -argz: 

l,z.l.~,J! • ,,, ,.'\ /•[•udlwh (dp•fc hm Jhufl"' It"' I'" 'I I; '1/"fhl (.1) af1111f, 
111Jh t' 

A= 1.\ i (cos 0 +I sin 0 ), 

A=i .-'11 (cos or+t sin r:), brp A< O: 

0 't"'f"fl/,.["' fd•/p ,l,,f,ll' t:.mtJ.wuwl' I; 0-p' /01=0: /•Pl,f' 'li'"JP "'1'

'l"'J'/,'i,, II"'J'LLf, ~- c'b'f'"<;,[;l 9w'bii"'.'I"'J 9 w'idtJ,'i" l•rnJ!, yw'b~,,9,,) 
<f1 mbiJtm~t t.wJ',.r ,[,'If' ,, 'bf, t:, /,Uift Jill[ t:.u.tJ.wuUI['nL{d Jill b[!• 

.1. 
1
111 J'"IL".[!" fd·fLrf. 'f"L_J·,f', L 'fl!: z

1
=a

1
+ib

1 
L. 

= il2-t ib~ 1'1,/1,- ~,,t"fl 1'.J'." fltJ.hrf• '1 111 ,r,r 'l"l'l,,f I; 

Z1 + z~=( ::i 1 +1b1 )+( a~+ lb2)=(a 1+a ~ )+i ( b 1+b~ ) ( 1) 
t:,,,,, II Uf ,,, fd J Iff ,r I' Tl ['II Z. '''"l ,, n J' "f L''.J!II fd" t/.c I 

( I } f'"''b,J.!.f•!J t:.bmLmJ' 1;, "I' •JI,J1mnr'iJLr,t/. "f"imllhl"fwJ 

l,,.~· "fli'.J!" fdtJ.I,,,p 'f11LJ'wrm J'r 11w.,wrtJ.~~ur 1; tJ.hfturnr'bhrf. 'I"' ,f,r
J', .. 'b lt,.'bn'butJ. ( b// • Jfi,'J , m}: 

~. ,, 11 .r "f , L .J'. , fd •I h r " 
+ib 2 Lr~IIL ~"''"~LJ;-J!, fdtJ.Lrf. 

t:,,,'iJ,L.l£!: z1 c-=:a
1
+ih

1 
L 

<nmrpl'f""fdJmh IJIIl_t/mJ' I; 
z2=a ~+ 

"'I..,_, "'I"' I• 
25') 



,,, .r "ll}; ./!" I",,,' n r I!' 'I"' .rIll I' k l n ·I z~." ::.£Ill' 'I""' m r"' ,r "'"'l"" I; z 1 

''" .r "il "./! " f"" 1 I! • 
z1- z2= {a 1+ tb 1)- (a2+ib2)=( 8 1-32 )+1( b1-b2).. (2) 

-
. l~ 1~ l l r I Dfh I "'"'rl'hl'"'l't"''il ,r"'l"'l" r.uufmlllll[l L;_ '"./!' "I' lif1111L I"' ''ll"./'" lv I r I I' L ~ 

!I 

1') 
tft. 163 

1; "'"' "il ,,~ u 'r" ,,,,/u '"'""'t r r.w1·1' '"1' 1 wt 'frw 111 n 1" ·Jh 1·e "1""11''h r" 'l 
J11unhrfo Jfoy_IL h'l"'tt f.lwm•JnrmiJJ"'hf! ( bll. Ui.1, p). 

jz 1 -z~\==J/ (a 1-a2) ' + ( b1 ~- b2)" ' 

.1. ,,,,r,.1 Lb.J!" {J'fhrfo E'"''l''"'"f"'UI~"L''/!.' z1=a1+ib1 

iL z2=a2+1b2 ,,,.r"'l£~./!" ftl•f"J•I• "'1'"""'1/'l"'l 'J"t'l"''' I; "'Jt"'r"l' 11'"'"1· 

[h .(!11 p" "' n {'{! U IIIW,'JiliiLif I; 1 ft {J h 1f hb ./} Ill J'f- f'J.Jh rf! f.m 'iiJIIII::.IU ' ''" 
J1,t,tthr•"l pw'f.r"'"'"'LII'J'ILJ' ht.e "r"'"" P"''l'r,t,,Jtl•r • r.,;•/1• 

mnbhln'f .lfomJh, "/' 

i2=-1 ' F'=-f , j4=( -- i) {I )= ~~- 12= 1' i"==i /, UIJLh, [, f!h'Jr."''i.

J"""fbu smh~"'.'l"'tt k ""'P"'ll I'"" 'lb"l.f!'IL.r 

j4"=L I4" +I=L j41<+2= -\, i4k+3=-i: 

ll.t" ,,,t,tfo r."J"''i' "''"I llllllllhllld btJ!. 

260 

z1z2=( a1+1b 1)(a!+tb2) =a 1a2 + ib 1a2+Ia 1l•2+ t ~ b1h2 

(3) 

'f/<!JIII ./! ,,,.r "lll..f!u f't/_krt! mr•Lw~ At lmmh/Jf"LhUJ l._ IIII"UI"Uih aJ,,{ 

z1=r1(cos ~1 + i sin t.p 1 ) , z2=r2(cos lf'~+i sin 'f2): 

tJ.wt£tJ! '"l'l P·L'rr "'rLII'"'fi'I"'Ll!· 

z1z2 = r1(cos lf1+i sin 'fJ)r2(cos 'f2+i sin lf'z)= 
=f / 2[ COS 'f1COS 1f2-f i Sill 'fiCUS 'fz + i CUS <f1 Sin '.:.2 + i's : ll Cf 1Stn 'f2 ]-= 
=rl2[ (cos y1cos f 2 -sin ~ 1 sin h)+i(s!ll '1 1 cos 'f:l - cos~~ sin ·r- ~ )J= 

=r1r 2[ COS('f 1 +'f2 ) t i Sill{"f'l+ :;;>J j: 

( 3') 
I"J"rt.et' Lplpn ll'nfunh~u !Jtlbp!l wpmH"lfl.Jlllllt urJlinJ11u)1 lpufnnhJ•u 
pjuj );, npjt unrplt![~ fiur~lunrwp I. J'lllfjtfllllljlllllllJ!l~(ibp)l lfnrlnqlilrp)l 

lU )1111111'} PJUi[ ltli, )nr lj Ill pq 11 l t(' (,[j 111[1 fi nnluru Ill p L r· lll(j tftuupumlJ!l i~ 11 bpjt 
m p <Jll ufb!iudi b p)t q nuf'tu p ldi; 

')o" ur II 'l" L '"!, L ~I 1: Z=a + lh ,, Z= a ~ ib r.,J·,l,J ~"'l"ft''J!" 
fii•J'•J•f• "'I""UI'JJ'l"'lt /!"'" ( .'J) r.~u•f'"""'f""IJ tm'il "'/"l"ur.w!""'"' ,f I; 
Ul J It Uf/,11, 

,,,,r 
- '.,., ,~- , .. 

Z Z =: Jl - ~ -- ' I I : 

~"'''"'["' J J1,,J'.,flf'J!" fti•Jf;f'" IIIJ1111UIIf11J1Ulf!. (,,1/,IIIIIIUJ' /; h[IIII~I.'JrS 
JIIIJIIII.J>IIIhiJ"' /'" dTI'flll t/1 .(!IIIILIII~Ifl Tllll it: 

4 ,, II ,j' ''ll ,, J! II I",,/; I' /• f' Ul ,,, 'iJ n L ,r l!' ,,l,r"'L''·P" l'·f/;rfo 
pw.l 1,'1,,. ,r I! , l,r,,[,,t'fm ,f 

d n 'l"' lt1 !'"'in 

'l·r.'/"'.J' z 1 -coccc a~ )~ lb 1, 

w "I"' 

a 1 ~'~' a2 x--- b~y, 

{mJhJniJ "f"'mh.!l!, 'l"''hmJ' bt,f!• 

(4) 

/JUIIIIUIJIIlllllf I; 

_! Ii i 



r:..buriL!wl ~/'1'"1· npufb"'lf' Z 1= ~1 1+!b 1 pm<fmu//i.,e Z ~=a~ f- ib ~ '1_1'"' • pw

cl Ul'bb LP 'b I, pUicf w'bw I' Ul rc I' Ulll J'w "'"'"'''b'b.p r:..UI I"'"' P"'I'P r:, ,,r "·'L Ill. a 
r,,,r "1/b.f'" fcltJn•/ (wJup'b,eb' ( a ~- ih ~ )- n•/} : 

Un 'I bu,,enuf poucfUI'bUI f'UI /'£! ''L""'" "!'"'~"'"' fl ""' n rP •/ r"' pm
tfw'bbLn•f pU1cfw'i,Ltp/• J•rm~UI'b f, lti;?J ,f w,hrt' · t1uurm'i,w'i'J! .J""'bnp'Jf!' 

a,+b 1 i (a, -L-h 1i)( :l .! - b.,i) 
- - · -- - - -== --- ----- --- - ···- = 
n ~+b2 l ( <• ~+b2 i) (a ~- - b 2 i) 

-~ !a 2 - ~- b, h 2)+( a ~b 1+a 1h ~ ) i = ~,a~± h ,h~ + a~b 1 -::~1~~- J, 
a1+h~ n:: +- b~ <d+h ~ · 

Ill U( 11.1 

(5) 

lJ.J" r:, ,,,IIIU/11 r"' fl !"' "'c lllnlll ''''L"' r:..w.r Ill I' I' UI"UI''UI"' I; I' IU cl ,,<;,11! 1'"'1'1! 

l"'"l'r ""'l"'"''tf'l .f!.w'bnr•rutJ. 

r 
=r~ -' ! cos ( -~2 t · 'f 1 --y~ ) -+- i s in( i ~ --i· 'f 1-q;~)J =r 1 ' COS 11 1 l i ~ fn :r 1 ) 1 

r n 

li.!""'P'""I • hpltm lpu.funhllu p•llipj1 l!mGnpfJ-11 tl'nq.nq r. 
mup}; j' tudmGb,jtjl ll f"uclmGlllptupjt tfnq.nLtlibp!l j!LuGnpr}j t G: 

q jt tu p q11 u fb!im p R unjt\I t; U\ p }; I' urJ udi litl1!t h pmd tu (jut ptu p jt 

u b !i m li L, 11 1, \lllll 11 r L i' 11. p 1 111 G u : 

Ollltjtu 

.P.tu li 11 p .: 

urpqn1.-

'1- ,, INn 'In r. {J rn L b 2 : ,,n,full/;JJ" fci·J"''" r:.. hm 'l"f'd"'l"' fel t ur'it

"'"''" J1,.,'bn'IJ'i,LrP.CJ r:..burlwuf 1; , "I' t1nJ'ullb.f!." f!tJhrf• ,1,,_,rm1,rw<;,, t;m<;, . 

,fm'b , 1-'"''lJ·,"'"'"''t'f,,'b lz 1'""/,'b,r,<;, 'l"rJ"'l"' f!J,<;,'bl,rf• ";r'lt"'·u.f!.r 

<;,1','!1 ,,,.r .. /lb.f!- 11 fll•t/ 1;: 

f:(clh ~nJ'ufii'.P" {tf•J"r•/• r:. lw, ,1, 1,J,,1,[eiJ,.<;,'bbrf• llm<;,~,'iJ'bfirl! ltp

I'"'"''<;'.P PI""''"'"' fei·J'•rl• u~UI,,r,,rp, 1.'·rp_p'i,'bu1,, 'fPLnLL"'i "t'"th" 

,,,,f,lli'J'" fJ•f'•t•P .r~~'""'"'"-"r 'fL~.J!• "'"f'll '"!'f ,,,-u~~'b'hbrc f/,,J'e"''r 
<j,/, h fel "Ul P"' <;,, fJ! Ill up !J r:.. UI! Ill<;," 'I II/''.,,,,, fel !"' <j,'j,J, r" un ,, n I'"'~·~·<;, ~UI 
<j,'iJ<j, LI'P ;; f,m: 

'1-" tn II 'In L fd l II I. <;, :J . 1/.'b'il'"''l'"""'"''ll'' ,, ,,r"'LL.J!'' [eltJhi'P 'I"' -

1f "'I''' • UIUiflf' /; f1111 fd Jlll<jl ! U1 f'IIIU11f f' JUT Lfi It .[!.mUll f''/" IIIU :. .rIll bill IJ'<j,/; pp'i1 ' 

r:.. l, ;,, ~ ,,,,,1L1, "!' L[Jh "'l'f "'l'""" ;;"'!"""fclt,'b'b/;t,/• ,FL y_ !'"I"" 

.J!111'i','!'"l' ~,,r"'t 1'.f!." [il/•1. '""'""'I'P'i"ll' ;;,,r ,I,J,,f; '""''" 1, 'h z•/•uJ '1"1' -

J II'!'" {J !"' <;,'b L I'P IU I'?!"' b.j!Ub I ' /! I''""'""'/',, <;,,1, <;, 
U.J'""I''l/1,'!• J",,,'b,,'l_,l•lllltll,, , r:..l,n/,,,j' ~ t; l,,,f,!"'l 

fil' h "I' I',( , bpi, flputll'u(i 'l"fl'\ud!l tglil; pntj 

A0x 11 + t\ ,x" - I - · · . + A" 

r:,, ,r "'L'" ,} 
fell.,/'/;,{ I!: 

l''"!f'l''"!i'l-u.lll'jl d' f, ? x-jt tJlll}tllupf,(i llll•tt tut}pb ! ;l ~ ;~ -}- ib p]n fp . f~tdt lil,ulll 

a -- ib hu~tlu t pn.\ Pl"l r. •uu1ul 11 '"J 'l- '" bl'} w 'JI'n't'Jl" r,tihpJ 1 lllJII}Jntlii! 
!ii' PE Itt!• !il; li tJlnju'u'l-utp t\ ti ut tl u'l'" Mil1p: 

§ 3. ltnuunhJ!u Ji'lu1l• wumfHi wu ~wrulrwgbhw 11 ltntiu;tl:ii:!t• ptj_~g 
Wfltl wm fhubhw 

1. If. II ,,, i ,, <;, ,. , I' d ,, <j l · ., I _q_ I •>I ) 
'0 I' ,'] I I I L': , Ul ! II : l"f "1"'1"'"11'''' "t' ,, ! t } 

pm'i,, .l l,p!J l)l,,/,,,, 1; , "I' '·fell, Tl -'f! ,,r,.,,n, '1/'""t"''i' felfuf 1;, "'"lw 

[ r (cos '-:' + I s I n ·;- )]' ' --=- r 11 ( c o~. w~ + i ~ i n n ·r- ) , ( 1 ) 

_IJ.f, l''~,<;,,J.i,l! 't" t 'f,,J' I; lfnu"'IPI' 1 .w(illl!d~: l/,, !J'"l!J 1; ,,,_ 

Lfru , ''!' ll'"'"llbVu p f~tjl i u•ti'J•IlrJ? '} pudfluli. tuuutjdiwti jlll1Jil'ljnu gii l,l! 1u 
1 1: 1 1J- 11 L. lf~ l'".'jll\ p,u g tfn: d' .'· LIIJIJ- Lutunjl GtUiil_l , ltlllJ llll " l'" -ii' Liiu'E l"" <jt1'cu 
Ujtllmljtjitttl J. ltiUutjthllllt!• ""'"'''"''· " '-"I L i. 

fJ.Jcftf 'f/llnutl,f//'~'D /]',_,,,1,,, l''u'bm.l/1 1. {111 J'Ll:~ If /,' ~ 
or I' ' f'l""'""tu !'" u : 

U.t'l l ;,,'b,J.I,, ,r c'i''f"'"'bL'"' r ~ I , 1,,,,<;"',<;'.J!· 

(cos 'f - i s i 11 'f 1"= c 1S w~+ ' si n w~ : 

!l.mfu ,/.,,.,l, •JI'I'"'JI,l"'/ l'"'"' ),J, ,,.,,<;,,, l'f'~Uib'I""J'p l''" <;,,J,I,J, f, ;:; ,, _ 

•J, uw,,/,!l<;.t,L'"I 1'1'"'~'"<;, L t,h,LJ ,r,,,,,,,l!, J'l,'b.J' ''"'~'"? /,<;,.J! si n Wi· 'b L 

COS l l tf ·'b "'I'Ln"' r:,"' .("'l'l '> Ill 'f ·p It COS '.p -p mu 111J1 f.., 11 '1J'j,/,l'f' 1/'f• t" .'J'"f: 
II.!" "1/,, "r/• <;,,," n - 3 b ,. ~ . l 

' 1 1 - 1f "f.j! lll I IIIIIU/11111.1/ ,<jl.jl o 

cosJ:;;+i ;3 cos 
2

<f' si n Cf - 3 cos·~ s f n~-f- i Sll :''·.;; :.. co :> 3·.:; + i s i1! 3w 
' ' 

,, ') . , +3 " . - n .;q;=-- · SJ!,"-? cos· ·;; · ; n-.:; : . . 
.2 • /J. J' J' Ill tn r:, 111 b /, / 11 • TJ I. .L' r / • 

' L ' - 1111 Ill U Ill,. Ulll J1 1 UJ ptJ 111 Ill 11 ,11{ ''f 11, .j! II 

[J'/f•!J ~"t. •fmJ I; ~t"'"'P"I' *'"r "'JI•.J' " fell,!· "1'1' JJ-1''1 ,,,,p-6.,<;,1! -.,. 
""'""'!' I; /;'bftlwttJ "'"'"'JPU fei•Jp'b , "'!"/''b.J.!'b' 

·~ r J ( c os ·;; r i s i il<f ) =p ( cos ·~+l~ ln·~), 

•" (c< · '+. 1 ) ,, Js n•p : s n n· ~ =rttO.> '+ .:. i - in 'f ): 



-f!u.'bfr nr t,,UI,UIUUif ~mfulli'.J}" P·Jbrfr .!n'I"'L'hbrc .. ,bur.v I; Ll•-
'j,/i'i, ;:,m</_wuUJf'• fru~ Ulf''fnufh'bm'hb/'f! ltUIJ.n'l b'b "'"'/'P/'J't/Ll 2r:-f•L 

l"'''l'r'""'""nfrll [J<[brnt/.1 ""~"' 
~n=r, n•\J=<f t -2kr: : 

l1 r 
p=V r 1 

0 ~ 2k :t 
·~= ----

11 

nrmhrz k-'iJ .'JUib~UJ9UJJ Uldpn'll_ filfr·l 1;, v~-=c' r ']JIUI~Uib filt/.frs Ulr

,UIUifr fil'f"'l'"'b"'~"'b (m!"f•'h.e'h' frrw!1"''h '1/'wltUJi, ) Ulf'df,.e'h f;, 2,b

~nluupU1f1 

n r . "'/. -( • 'f+ 2k1t +. I 9+2 i-:7' ) I 9_) v r t co:> 'f + 1 sw '?) = ~ r cos 1 s 11 
11 

r ' 
II 

k -/t b UJ/U [Ill' 0 J I, 21 , , , I fl -1 U1 rei b,v'i,/IJlf!. 1 ,,IIU/IU'IJ lllb.J! lliJIIf 11/lnfr J1 

UIUIJ'PLI' 1Uf"lb.v'hL1n 1<-fr ,r1,Lu ~wrclb.e'hlirfr t.UJJ'wr lllJ"t"ulL'i.m'hLrc 

""'"' .'!"'J'hbrfrfl ftu""I'PL!"L"'h 2-:::-fr'b flUI'l'fw"'murfrlt {Jt/_n<f_, /,, t.bw!LIII

pmr, JJIIIIIUI!JILLb 111f1dUIUip UIJb"ff"'p 111f',:f/;.J}'iJUf'1 nrnb.J} t_ UJdf!bJf<jiiiUf 

b'h 'IP 111 "'t"L'JUJJ'b/,l'f1 t.bur: 

l; ,1 , 1,. "~""I t1, ,r "ll "./!" fil•ffr 9 : ,_l''f wuwfd."''h/, "'l"r Ul,'b "''hfr n 
mml'l-'hl' wrcfb,vi,Lr: 

Rt"' Jfr !J Jnlll !'I' [; r A , f'III'[Uib p ,,, 9 n-r'f llllllnp 6.wb, "'l"r Ul we 

bntJ'U"f/111 TILbp fi INUif['bf' Ulfcfll.J}bbf', .J}IUbp n[' frrwffUI'iJ {J/11/f! t.wb

'ff1111llh11Lif I; t1nJ'"'luJ!u {Jqfr .J',u"b""l"r '1-b"'.f!l! h ft"'l'n'l I; 'hbr~"'!w.'l
t/_Lt hn"''h~J"' bwt-""''"'/fw'i.J a,J,,,f. 

f,[JL. A>O, "'"flU A=IA! (cos 0 +I sin 0), 

bfilb A< O, llll'flU A=IA! (cos -.: + i s in r.): 

0 I' f•~• wIt 1 , 'lom~,b 1 funr"'~'wl"f '"/"''""' ,JbiLf• [lnf"l' "'l' 'tbr'blit'l'. ' 

J, 11 L J u l. tf: lfb/fl' ~'b[r/{"'J"'f/~'b'J.(' l,uut~t/IJn L'iJm~Uit/lluf{"'~' J./,_,,., , 

J ~, C <>S O ! sinO : 

:1 r - :1 - ----:-----~:;;-0 

1 l = r co-; Q isi ll .co,; 
0 -i -2kr: 

·· i Sin---, . 3 

2r: 2..: 4;: 4"' 
1·, S +"t ·(11- · X COS - -'- i S!ll -- • X, = CO - ~ • 3 3 · 3 " 3 3 

2rr 
cos-~--

3 2 
sin 2n ="- lf3_ 

3 2 . 
4rt 

cos- =c--- - · 
3 2 • 

4n -{3 sin - . , -c _ __ , 

3 2 

I y' ;{ __ _ ,_, 
2 2 

},'t. 164-nL,r A, 8 , C ~tlimbrl!. ;,"'.-,'1/"'"'"'"L'' b'b umm:r/'".} "'t'J"'m-,1;1,[. lir't

l'"' 4"" JU 1/•' UI~I.U'},. "f_Jnlll~b p-L,b (1/!_1 

:J . t: r 11 Ul 'h 'f ,., ,r :. Ul "- Ul u Ul I', Ul 'h L" L J .. L , C.' 

(k = O, L 21 .•. , n -- 1): 

l/JUIJf'-'ltfJhrnuf b'lUIJ Ul fUYUJt_lU Jurm p j nL 'iJf! 

LP" I; 1-J· n- r'l- U1Uurfr-6. ... 'bfr Ulr.! ... urfr 

"'rJh.f!'hbrc, 

UIUJ-

)<"=A urbu

'J."''i.b'h.e UIJ'f 

t:[Jb A- b frrw~u,'b P"'9wuu.IJ"'b {Jpt/_ I; , t~t. 164 

n,riA ( r=+2k-:r . 1t + 2k7t ) 
X= v I cos + 1 Slfl : 

n n 

bpb A-'h ~","'lh.[!" '"""- 1;, Ul"f.UI X-p "'l'Jb.[!'i.bre nrnh</_nL.! bil 

1!"., (2) pw'b"'al.p: 

2k-.: 2kn 
x= f cos 2k;c + i sin 2k:: = cos--+ 1 sin--, 

4 4 

x,=cosO+i sin 0=1, 

2;: :2it 
x 2 = cos- -;- t sln- •- i 

4 4 

4r: 4 " 
xJ ""' co - - -H sln-=-1, 

4 4 

6rr 6 
x4 = cos - f-1 sin- =:.o-il 

4 4 
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§ 4. lintiuul:i~u gnLglt~mj_ gnLg~.w1~u :PnLultg~wll l.t upw 
ftwmlt OLfill nLuul:i (ll! 

'l-fr9 "'J! z= x+iy: l;(dli x-1! t, Y·f! t• 1,wt1w~ '"'"''"'"wt1 w~~Lr t.~ . 

"'"I"' z-1! 't"l'L~~·,. t· t1,,r,llt'J!" ''""fr~~l~~"''t"'~' z t1,,r,llb.J'II ''""""''""-
11m~fr !"' I""J!"'~lJ"' I' "'t""'J!fr~ Oxy .;"'I'I" 11'{JJ"'~' •frw (1t 11 ,r "f.l L .J! 11 

1/1 II 1/1 II /11 111/f Ill~ /1 .c. 1.11 JI{J Ill {J JIll h) i:,UJii'UJIIfWUIUJII,IIUthtll 1f t- ll[tii-

2_Wifft /1/"n { mbn ~/1 . . W:! } : 

11"' ~ ,J' w ~, ,_ ,r, l:fdL f1,,r"f1LJ!II ,1.c~f,.J!~Lrfr 11 f'''l; "'"'"11 tl"frH 

tfbJ'.'/f' wq Z //" J Ufl b.J!u ''""r" /11 mf/w'iJf, J'll f'm.j!ut'blJIIt[t "'f',j b,J!fr~ i; w.J'w 

"f.UI Ullll 11/11 Ill 'i,n ti I; ,[,, Ul Jl w 'I'"J' "fl b.J!II ,r /,J m.(J t IU~ "I"' z mld· "'I' d ".J! I 

"'"/"' \V- ~ ~"'~'lfruw~~~~~r I; z l(tllt' tttLbl-'u •JnnJlllltowlpulilt l>ndil19lnu: 
1tnJ'uili'.J!II "'I"JII''tl'~""'' /f>m'bll.'!fr"'~"t'l! ~Z "'~"''t"''j' b'b \\'=f(z) IJ 11"f 

w= w(z) : 
IJ.J11m/i'J ,}'b~J! 11'/f'll""f'/{M'.j' IJ'"J'"flb.J"' ''""PII/nw~u,~Jr tl'Jr pm~/1-

!!I'"', 

9111 !f}. Ill ,,1~1 fP ,;, h~:J/1111 'b t 

z \\'=(,: . 

W lpm~'ll!lfr"'tfr 1111 ,{ 11/l!JI.'" "'1"//,.j!'b[,/'1! 11 /"'2.'/ 111 ,r /,~ UIJ""fbu.- * 

() I' I· 1, IJI ,, ~I L I' t 

I. 7. l ' -; , 
4 

2. z :_·_ Q · - L 
2 

3. z -~ 1 , I, 

( 1) 

\v( z) = e'(CilS y-t-i s in y ): (2) 

'+ .:::... j 
,I "-- c( co., f t-in:) -e(Y} : ;l'_:;} c 

. - -- ' . - . 
"'" e"( c-os----.. :. ; sin - - = 1, 

:! '2 / 

.J. z c-~ x ( f• 1,,t1 w~• fJ/•o[ ), e' +"i= e' (cos 0 .; is lu 0) '- -'e' ( m"f"l""'l"'~' 9n' · !I~"'J/•'i. 
:J.n'-'bb{uu ) • 

* t,nJullbl!u "'"'{rnfuw~tu11ft !J''Lfl~"'Jf•U :p,, _"f,~ ,'ff'"'J/' WJUI.Jff'"" ,,,:;,fu.~'iufu.~1, 

~IIJIUIIII.U1tuf.tul''''"f'"LfJJnL1'/!.. !J"LJ!/ ~tnfJJ//' """'L"'' mb·u 'I·L- XIII, .~ :!1, 'll• XVl .~ l ~ 
(;. ll). 

2titi 

!I II L .'! l Ul I /r ~ :f> , L ~ ,, 9 ,, U/ t ,, .; Ul Ill ,, II L . {J I , I. ~. ~ b I' l! 

.l. l;{Jb z1-f! f, z2-[! bt,~m IJII'l"flb.f!u (ci•JI'I' M, , m"fm 

(4) 
lf/'11 u t1,,1Jfr.'! , h"w~IIJII'- ~""l""L'ml1w'b af,,f '"rtfmJ Lrltm t111Juill.-.eu 

(dtfbrfr "'1"""''1-l'l"'lfr .J'w11Jr'b (illittrLJ'fr ~f.J' "'~ tfrm !1111 ~/,'b"'~'.J!· 

{ z 'e' '=e'' + iy, e,+;y, = e'• (cos \' 1+i sin y 1 )e'> (cos Y
2
+1 sin yJ = 

= e'• e' 2 [cos (Y 1+Y 2 l+i sin (Y1 i· YJ]: (5) 

( 4) L (5) ~"'""'""'!'"'fdlm'b~bplluf "'l ,f,,,f,l'l! ~mtfwuu'l' !J~, ~limLm
P"'I'' ;;,""'""'!' b~ ~wiL i!mfrt tfwubrl!' cz, + z~=e'' el' 1 

2. l,wJw~J~~~~ J.L11t/ "'"f"'!J"'-9'/IIllf t · ~bmLJ"'l pm~mJ.I: l!' 

e'• ez ,- z,== - ·- - 1 

l:/' 

(e ' )'"=e"' ', 

(6) 

(7) 

t;l'P m>O "'I" P"'~"'J.Ll! 
~frJw~ 1!'"'· Lipb m< O, 
J.l..brft ~frJ "''j, 1r"'' 

~/J2_Lnllt. (d jwJ'p tJIIIW!ft/_nt J I; (.1) pw'iJUiaftJr 

"'"f"' "'J'b ULnU19tfn,_J I; (3) J.. (6) pUI'bw-

4. ''1'"'""'9" I; ~LLnlt l"'l ~nt. ,'bnt I" Jill 'bl! \ 

' 'rn.el (!ULn ( •'J) J.. ( 1) pUI'bwJ.bbrfr UUJUI~IIIL,_j' b'b.e• 

e 7 + 2" 1=e't 2 ' 1=e 2(CO~ 2;;+ 1 ~ i l! 2o:)=e 7
: 

(8) 

( 8) ~IILJ'iJm{JJUI'iJ f..JrtfUI'iJ "['"' ~bLnbnL.J'I;, "f' e 911L9}_U1Jfr'b pnL'iJ~9ftw'b 
2-.:i "i"'I'Pb!'mfJJ"'Jp "i"'I'Pbl'"'~"''b pn,_'j,JJ9fr"' I;: 

5, U1'bnL~bLnk '1/rLn"'r~b'/,.e 

W=u( \ ) +iv ( x ) 

~nJ"flb.f!" JbJ-nLfi/Jnt'b[!, "f'Lnbt[ U(X)-f! J.. V( \ )-c X frr~~~~w'b •{tnt{tn

fu~~~~w'bfr frr"'~"''/, lpn~..'b~9frw'/,br b'b: ll"' !l i'tultwli tJultfluiuwqtulir 
qntfunhJ!u ~ntGqgj1w };; 
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lim u(x)=u(x0), 
X - ·~ X 0 

UJ'l 'lliu!J""J u(x0 l+iv(x 0)-'il m'i~tfm'iJ,,,/ /,'iJ w ll"''"ilb.f!" ,,,,,,,,,,_ 

ftw'ilfr mufitfmfi: 

f' ) I; fd" 'I II JIll {J JIll 'iJ Ill 'iJ b 'iJ u' (X ) " v' ( X ) "'J Ul 'iJ !1 JIll[ 'j,/, I' 1!. ' Ill '"'I Ul 

(9) 

W [lUlU I i)UI jllllll frl JIll bf!_ ,,UI b1/ w'iJh'iJ.e /r f1W~IUb 1/rn 1/rll fnw/fmbfr ,,, 1J' "fl /,.[!11 

f>,,'iJ/l!JfriUJfr UlthuGgjllll f!_Um frf'UI~Uib '"f"f"''J'It'iJmfr: 

li.J'il,, t, l,n/, 'lfr"'w[,/1/''j,.J! '-.buri'J'"l !J"L!Jl"'Jf''i' .<p,,<i,ft.'lfr"''il. 

w=e'"+ 1:'' =e<"-+ 1' lx, 

"f"nb'l Cl-'iJ h ~-'iJ '-.UILJIIIIUIIIIIIh /•J•mf/u'h frl•j/IJI h'i1, ,,,// X-[•' /•[IUI/fmb 

•/rn•frn/umlf'"'iJ /;: '/-m /r[•"'~Uib ,,,,fr,fumfJ"''ilf• 1/"')'"llh.f!" [/>w'id/!J/•m t·, 
nfl{!_ ::.u11fwdmJ'i1 (f) pm'i1U1d/1fr /fUI('bffr t- UI[IIIIIU'ff'"L IIIJIIIIJ'"'• 

w =e"co s8x+iensinBx: 
' ' 

~;v',=(e"'d)S~x)' -i i(e"-'sin ~x) '= 

=en( !l. COS r~x - ~ S in ~X )+ie"( X Sill ~X --! - ~ COS~ X) = 

=7.[ en( cos ?x -f- i sin ~x) 1 + j~ [ e''( cos ~X+ j Sill ~X) I= 
= (:A+i(3) [e'' (cos ~x+i sin ~x) ]=(:z+r~)e<''+ 1 ' > ': 

li.Ju"lfr"""' !t[tlh w=eC'+i:>>x, WllfiU \\'' :_-.: ( x-+- iB )e( 'l'-i ;>)X ,,Ill,)' 

[ e ("-+i.l" ]' = ( a+t~ !e < ' + r,<>x , ( 1 0) 

UJu•'ffrun1_, bfdb k-'il ~,,t,ILL.f!" (.J',,,'i,u,ful""''fb" f'l""'lw'it ) frlf,/ t · J, 

X-{!_ /r[,u/[IU'b {rlfr1_ 1;, IU"{W 

(9') 

1/Lflu'!J"'b.f' !!"'·9l'"Jf•'il pu,'iJII.'JfrUIJ/• 'lfrtf>brl,'iJy,fm'il uruJ"i""'l"''i' IJwbnbf!_: 

li.J'il"' i;bLflb , 

e ·' o= e· =!< e"-' = -c•' ·, ( k ··)" [{ c·x) ' j. ' ' ( ')' k'' ' · 

( ekx) ("J=kneh, 

l/.1" pw'i,,,a/,bpf!. t.b"'"''fiUJ"'·J Jbq Ul'ii::.1,1UJ-b;Lfl lufr'i,/,'i, 
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§ 5. t!tlifl~ pwllwoltl!: 

'-lmiuttliJu ~tJ.J1 gnqJ~W!ilU oltl! 

l:[Jb 'iJUifnnl"f "i'"f'UI'ff'",:~fr (1) f•w'iiUia/,m ,J' l!.'iJ'l,,'iJb'iJP- X=0, 
1U"f111 /JUUIUibUibj!• 

e1Y=cns y + i sin yr ( 1) 

IJUI l:;Jl!Jpjl J'mfiull\L_[j );, "/'/!_ ~b,lJ .'J"'.lJl'"f !J"' !]l_mJ/•b /f>w_b~!Jfrw'iJ Ul[•

urUI::.mJmuuf I; fww'ii~J"'bwl_UII/riU~Uib /f>m'il~9frw'i1Ll'fr •l}p_,yn•j: 

( 1) pw'i1U1db 111.1J' ':/ -{!_ •fm ,, w f''''iJb ["" (- Y )- n1_, fJ" mm'iJUI'ji.J!• 

e - 1-"= cos y - i sln y: (1) 
( 1) /, (2) """'""""!"" ftiJ'"'i/i,bt•I•!J 'fm'ill.'il.f! cos y-1!. L sin y-1!.· 

cosy= 
e;'+r-iy 

l ' 2 
eiY_e - iY 

S ill y = 
21 

(3) 

1/.lif'lfrb pUI'ilmd/,b[l/19 O'fiiii,IIIJ' b'iJ, .fwubUII/fi{IIU"{f.u , COS rr-/r b Sin 'f-fr 
""'"'/rAUI'iJ'iJL/'l!. /, 'ilpm'ii!J Ulf"""''ll'JUIL'iJJ.['f!. PUI'£,/UI"{UIIII/r~ Ulllb'l'iJ/,/'/' 
u/1b111 IIIII/ /1 IJ1111frbm IIIII/ UI('UIIU(,IUJ111bf111- (,UIJ'UI[II 

( 

lv - l v 2 1 
cos2y ' e - ~~) " - 4(ercy _i- 2--r-c - i2y) 

1 
= 

4
-[ (cos 2y + i sin 2y) 2 -i- (cos 2y- i sln2y)] c.: 

1 1 
= -

4
- (2 COS 2y j 2)= -2- (1 CO:i 2y)• 

.• " ( e•~ . ; - e-i <f )2( e 1-f - e-If)3 
cos-'fs lu·'f'' , ---·~· --- \ --

2
-i - ,_,, 

' ' ( e ! 2~ - e - 12+ ) 2 =-..!_ cos 4:p +- -~-. ' 
4 . 4t 2 8 8 

,, , .r "i l b .[! " fd •I /r 9 n I .'1 l_ Ul J /r 'iJ a b 1!. J IJ n .r "i l b .J} u ftll• "/!_ 'iJ [, 1'-

,,IU 1 IU 9 'i1 b'il-1! IIILUI'i1~1 ,,_ 'il '" z_ w "-'UI'1w'i, Lfl b u-1!" q' 

z=r(cos<p + i sin'?). 

"f'Lnlu1 T-f!. J1,,t"ilb.J'u [rl<jfr J"'l"' l'i' 1;, ,,,~ tf-'il' ~",r"ilb.f!-" {J1_fr Ulr· 

'I"' J /;bLflf!_: r: u Lfl {·ub rfr p Ul 'iJ wall /r 

(4) 
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1,burl..wt•wp. wJb'i. Jfr ~nJuilb.f!u P/"/ 1/u'l'btf, I; tb1,~wlu•y'hhl WJ""'bu 
~nJ_tjwJ 9 n L !J f_ w 1 Jr 'i. afw•J· 

l.IILJ.nLJt 

z=re'•, 

T. 
--I ;: 2 

i=COS-+1 Sln--=e 
:2 2 

1 n) ( r. ' -~i 
-i=cos\ -2 +i sin - 2 ) ~ e - , 

8nLyf_wlfri. /f>nL'hhfrwlfr' § 4-fr (3), {6), (7) r.wur~mPJ"<'i.i.bi'P 
f,pJ,.'iJ tJ./'w f,bzurnLpJw•fp ~wurwl'qnLJ b'i. 9"'·9twlfri. a!w•J urp•j111.! 

11",/"llb./!u filtJ.brf r.bur IJ"rttn'fnLfiiJ"<i.<i.brc.: 

"'"9"LJ! nLi.b'iJJ! \ 

Z1 • Z 2=r1 e' ~ ~ · r2 e' ~•=r 1 r2e 1 C ~ .+ h l, 

"'JU "'l''IJnL'i.J!f!. r.wJ f!.i,~'i.nLd I; § 2-fr (3'} pwi.waLfr :.bur: 

z r e 1 '~' • r 
_I =-1 -=-2 e'C <f' .-'1'.> . 

'"' , z2 r2e r2 r2 

"'lu pw'i.waLc. r.wJl!.i.~'i.nLJ I; § 2-fr (5) p111i.wdb/_r f,bur: 

z" == (re 1 '~')"=r"e 1 " '~' ; 

(.5 ) 

(6) 

(7) 

(R) 

t(x)-Aox" + Alxn-l+ •.• +An /f>nLi.~yfrwi., "fiLnb'l n-c. wJ'

P"'l2. '1/'UI~w'i. filptJ. 1;, fri.tUfbu f.w/uri.fr /;, ~nl_qn<d I; pwq_tfwfiqwtf ~w,/ 
X-~ wtfpn'l~ ll_UigjlnGu•t ~n·G4gJHu: n Pfrt/l! ~nf_qn<d I; rwq_uwGqwU'lt 
mum r tiwli: U.1uurb'l A0, A1, • • • , An 'l" 1,J,..~f.r9tb rc. frrw~wt ~wJ 
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(nJ'uu"J!" {Jqbl' Lt. X mtf,,,,, '""''"''"UI~w'i.e -;., l'i.Uflw ,,UI,Inl[ I; ei.

pn'hLL Jri.t"l''" f•rut!1,,<;.,, Ulli.Ufb" l;l J1,J'uub.f!" Ulrd-1,./!i.brr r:IU'l'fUii.

'lwJ'fr mpu\um lt"l.'[mJ' I; X •fn•Jrn{um~wi.fr wli.Uffrufr Ull"f/'./!1!.' "l'P 

'lh Uf.J!"' ,/' JIU"l'f mi.'lu"f l!. 'fUIII.i.m.J' I; 'lim : 

fr1- /,II I'[, ,j' 1 (I: I, 'l n L, p b n I' L ,J' £!): i(x) l'~llf!.U\\lli~JWlf~ x-a 
mutpi.!'Jl'"f'Jlllfi tlplll puHJmf.bt!nt umwgtlnuf J. tf[t tl'!iwgnpr}, np~ 

fi nn[tuutu p ). f (::i)-It; 

II. Uf IU !In I. I.'!' f( X )-c. ( x- a)-fr ''l'UI pmr/Uii.btfr" J!wi.ul''fl!. lufri.fr 

f 1(x) f''"'l'J''"i,'l""'l!.• "r/• •uuurfrE.Uii,f!. ,{L~n•[ .'JwJI' I; f\x)-fr Uluw/_rf.UI

i.Jry. J'i.UI9"1''11!. lufri.f• R '-•uuuru•ut~u. i. Pfrtfe: U.JuUffrunq, ~wl''"l /,<;.,./! 

'frht· 
(I ) 

If. I" ~"' qw 11 "'/"" {J J, <;.,<;., /• l'w•{myfr I; X • fr p n l n I' wl'd/; J!i,b /'P '-u•d IJI[', 

"!'"~'./! m"'l't'"l' hi. a-f'!l ((x-a)-fr •frw pU1JUii.btc. x=a 'IL"IJ!"'J' 
,,, Ulll, l Ill. i.f· ): 

U.l'l,f umfr"lhi.J!, "I' x-c. aqurfr a- fr: l/.1'1 
I"" I"J'"i, am{u ,J'wuf• IIIJI;,,rwi.e "UI"IUIIUIJI I; 
umf.,fwi.c r,,.,,UIIIIIII' I; R-[u •/lUI<;," "I' l(x) I, 

.'lr"'i.Ll'l! ''"'tl"'i,9 r,,,,IUUIUI' hi, P"l"l' x=f=a 

'ILUf.J!III.If (1} f,wtjmum

f(H)-fr• pull IJI:'_ duiU/_r 

(x-a)f1 ( x) < R. :p,tt,-

WUf_w r.Uiqwu"'l' /;<;., /, 'hpU1i.9 uu,;.J'wi.'i.I;J'l!.• hl'P X-•a, 
'lb "i.f!"'·'J' • 
IU 1 ufri.J! 'i.' 

f( 3)=1\: 
:.L· url'"'<;.,.f! ' bt.) li a-li t•tucttfwGqmtf[t 

f(3) =(). lllupu i(x)-li mnwlig tfliwgnpqlt 
lj(llll IJ, lilimLulf'WP1 GbplpujwgtjHt Ll' J. 

f(x)=(x - a)f1( x) 

Ill pd'tumli ]; , lUJ u ~ G.I!G' 

rtu•lwfitlnd' h (x-a)-1'· 

lli(HII u1 fJ I' J tutJ' m bu .l!ll tj, n pw blj f1 (X)-~ f>~Uq_ tl'tu G !JlUlf ). • 

0 L' f• ~. w ~ 1, f{.~) ·o~ ~ J--6x 2 _:_. ll x- 6 P"''l'fw'i•7m•ft~ '!"'"~"''-'' I; 'Ll'"• LL'f' 

X=·- I , "',1"''~'1'~' i( 1)=0, nuunJ. pw'[•fw~"JW•f'j, wuw'b9 ,f'i,w9"l''l/' pmJw'iufnuf I; 

- l ;-·/> VI"". 
x L 6 x~+llx -" 6=(x-l)(x 2-5x i 6)• 

1/.IJ,f wi.yi.hi.,e J'b~ X wi.f,wlurnq f.wqwumf'J'm'i. 'IP"'u'f'//'j'"'i,f!.! 

U.J'b<j_, J'fr {J/_rt/ (frrUI~UI<j_, f[Uid flnJ'Uf_f/;J!u) 1 "f'l! f,UII,UILIUI['IJ'UI<j_, J•hl_. 

X-" ,,, {uw phi. urL rzw'll'blfr u r.wtjw UUIIWLd l!. 'lw"'i."' J' I; -;. m. li.,,fiJ I"'-;.' 

~nl_r[m•f I; t.u,Jwuwl'J'w'i. wpd·wm: 

:t 5,. g,. 
Ot•f>'bUI~ .:!, x,= 4• X2=4• Xa=4, 

COS x . - sin X ::.wvwuwpJw'b wpJw.,'bbp, 

l:[t!b t.wrfwuwl'm.J'i. ,.i.fr P(x)=O urb"J!l!.• "l'urb'l P(x)-c. n UIU• 

;,/rf.,.tf.r P"''l.Jw'i.'lw,/ 1;, IJIUf_W IUI'f '-•utJ.wuw['Uidf!. ~nl_qnuf I; n wu-
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urfduu'b[' fiw G pwfiwztl w lpuG t:.unJwuwpnuf: lJ wt:.J' w'btiLJ frs t;burl"" J' I;, 

n r P( X )=0 t:.w'bpwt:.w zqw~w'i. t;,.. qwuwpJw'b UI[IJ'wur'bk PC! 'bw (i,<iJ b"ii I 

fr"iit It P(x) pwl[_Jw"ii'lwJfr wpJIUur"iibrl!' 

F"iiiU~IU"iinrb"ii t;IUr9 I; d-wqm.J. IUr'fJ".J! IUtfb"ii Jfr t:.wtJ.wuutr""J' 

nL"iifr ~ "'l'Jwur: 

/]l_t;w"iirwt:.wzqu,~w"ii t:.wqwuwrtfw"ii 'lb"i.[!"LJ "i"'urutll{,,"iJC! 1.,, ~ 

gwuu•~w"ii 1;. 'f"J"LfJJIIL"ii nL"iiL"ii wJ'b"if'ufr nl_t:.u•"iipwt:.wzqUJ~w"ii t;.,.,,.,,.,ut~ 

pnLJ"iiur, npn"ii.p nl_ Jfr wpJIU~ l_nL"iih"ii' nl_ frrw~UJ"ii 1 nl_ ~nJ"'lb.[!u, 

opfr"iiw~, eX=O t:.wqwuwpnLJe*: 

11 "'~"' J"ii t,UJ"iipwt:.wz1_wl1ut"ii 

"iwurwuJuw"iie '11'"'/lw"ii /;: 0.1'1 

t;pJ'"iiw~w"ii [JbnpbJe. 

t:.wa[wlllupJw"ii 'l-L"i-1!"'-'l 'lr'iwd- r.m/'9/r 

"fWUliUUfrtw"iJe urutlfru I; r.ut"iipwt:.utzt/1' 

flo b n r b J 2 ( t; w "ii I' Ul t; w z "- " t; " J 'b Ul II Ul "ii 

U.ubG u~ f(x) wupn'l2 nwg~nGmt ~ndiqgJlw Ol..G~ 
qnuunbl!u wnlitlwqli ubq wpuwm: 

{J b n r b J' e): 
~pml1wfi ltmd~ 

ll1u [JbnpbJ"ii "'"iiU9nLga/_nLJ I; pwrapwqnLJ"ii t:.w"iir"'t;"'za[m J: 

ll1uurb'l Jb"ii.[! utJ"ii ~l!"ii'lnL"ilb"ii.p UJn.w"iig "'"i1U911LJ9P' 

OqurafbLnaf t:.ut"iipwt:.wza[fr t;pJ'"iiUJ~w"ii [ibnpbJfrg 1 t:.bzur I; '""i"'9"' 

gbl t;burt.J"'l [JbnpbJe: 

IJo b n r b J 3: n-pq wum~umli~ mubG tr~ pwq_uwGqmu qwpbt!t 
); GbpltmJwgGbt npU[bu x-a mbuj!~ n q~wJJtG tupmwqpjL,tfibp~ L._ x"-!1 
qnpb-wqgJt wpmwqpJmt: 

ll"/wsnLJ9l 1-frsm.[! f{x)-e fi •uurfr-6.w"iJfr putl[_J'W"iJ'futJ 1;. 

ltx)=A0x"+A 1xn-I+ • • ·+An. 

UIJU P"'lf_Jw"ii'I"'J"ii [!UJTJ l;,frJ"iiw~w"ii fiJbnphJfr nL"iifr wn."iiqwl[_"ii Jblf wp

J UIUio "'l"ii IL"iizw"iiut~b"ii.[! a]-n "' llJ'I 'lb"'f.[!nLJ F b'[nLfr p Ln rbJ'fr t:.L

url..ut"ii,efr r.wJwawJ"ii ~utrn'l h"ii.p lfrbl 

f( x)=( x -a1)f ,( x ), 

r.;•"'b'l f1(x)-e (n-1)-r'l- utu.,fr-6.ut"iib P"'lf_J"'"ii'I"'J 1;. f1(x)-e "ii,.__1"ii"ibu 

nL"it{t UI['JUIJTil llJ"iJ "iiziU"iiW~b"iJ.p a~-nafz llt'J- 'fb"fJ!nLJ 

f1(x)=( x-a 2)f2(x), 

"' fop"[! I , pb- a + bi Pf1.e Lf~b-r '"'""'uwpJ ... ~ wrJwur I "'"t"' '"'"'-" ~.n'i>ir
'bulp e•+bi = O 'bnLJ~nLPJ"''-~l!. ~..,J e3 (cos ;j+f sin ~ 1=-0 (/:nb-pf pw~wJ.kfo r.ftJw'b 

1.r•u}• p..,J!J ea-~ !/t ~""l''"l r,..,1...,uutp1.b-L 'll'"'Jfo d-fo "'l Jfo fopw~w'b wptfl.eft 'lb"l

cnLJ!, 'l['"'J" 'UI"UIUUI[' !t ~UI/, (QS b + f S:n b-~ ( f!IU~" "f' !JIII.,~IU!JIUit b-ft 'fb"f.-

[!riLJ "'J'l P•/fo Jn'l"'-ll!.• • c:os 2 b + si n 2b = I)• ~burkwputp, ~ ... !. ea(cos b --+-1 sin b)~O, 
l+lb . . ' 

,.J•f'be'il, e =j=O, l'"'J!J '1"' ~2"'~ut~n.._J ~~ 'n[' e' =0 r,..,""'""'l'"'-,r, wpJwm i"''-"iif• 
~:~ . .. . 

&utpm."iJut~blnaf 'fc)-"'tfr"iJ IU['UIUI'ff'frl_"iJ/;pjt lll'jlf_IIIIIIJ'm"iJ IU£11 "ff"'sL

U(!1 ~t;.,,"iJL"ii.J) Jfr'htl· 

utpur"''-"'JlniiL{Jl"'"iil!, upmb'l f,-£' 1[_['11 wllurJr fuu"iif' P""L'l"'"ii'I"'J' L "'J~ 
ufr"ii.[!'i.' "['!../; f/>/r.[!uqutd- fJ/•t/_ /;: IJ.J'I [ilfrtj_"ii, w~'br.wJur 1;, r.wqJUuU/1' t 
X "-/r 'l"l'J"'~9fr"ii, "'Jufr"ii.p"ii fn= ·\o' 

(J"'"'S"'J r.wqutuiU["ILfrltm"ii'bbl'fr t:.frJ'm"ii t/_pm 1/'"l'"'l b"ii.J) 'lrl'L· 

(2) 

(2) qbrLmd-nLfi'JnL"iifry r,J,urLm.J' 1;, "I' <ip a2, ... , an P'l"t'l! f(x) 
pwl[_Jut"ii'f..,Jfr utpJu,ur"iihp"ii h"ii, .[!w"iifr np X=a 1, X=-a 2, ... , X=1:1 0 

.,L'l"''ll'"'-fiJnL"ii"iibpfr 'lb"i./!"''f u•2 J'mul!, 1.. r.hwf..utf'"'l' aw/11 J'.,ul', 

'l"'n."iinuf I; '[pn: 

Orfo~ ... ~ 3, f(x)=x3-6x 2 t- - llx-61""'1J"'~'l ... Je 'l'""~nLJ t 'If'"• brp x= l , 
x ~ 2, x=3, 

~b.,J.,.,p,.,['J 

xL6x 2+ ll x-6=(x-l)(x- 2)(x-3)• 

flt_ Jfr X=a wpJ-b.pl n(•[! r.wqutui.IJr l_l; all (j 2 ' '"/ an' l_/r ~IU['U'[ 

Lfr"iibl f\ X) pwl[_Jm"ii'l-"'Jfr IU[',r,...,, .put"iifr "I' Xc-=3 'lb"f.pnLJ' (2) r.w

t/_utUJupnLfllw"ii "'l Jtuufr nl_ Jf, "'1'"'"''11'/rl.. IJ.I"' tf 'fiUn."iinLJ: lf.Juurb

'lfr9 p/unLJ I; t;b.,ftl"'l wn."'l."''lr"'fil Jrll "iie. 

n-pq wum~-6mlij1 pwq_uwGqwt.f~ .t~ ltmpn'l ~>dibGmt n-pg mtJbt~ 
mmpp.bp wpuwmlibp: 

F"'l9 "iiJ'ut"ii 'lh"i.J!m.J' "'b'lfr nL"iifr t.buri..J"'l [1-buphJ'e: 

flo b n r b J 4: bpb n-pq wum~uw!ip •.p 1( x) h_ q~k<) bplJ nL pwq_
uwGqwufibp~ wpdbl!libp~ fimu~GqGnl..U' bli X wpqnLU'bGm~ au, a1 • 

a 2' ... a" (n+I) mwrr-br 11Jpdb~Gbp~ qbllJ~n..U, lUU}W WJ'l l'mquwli
qwtfGbp~ linLJGwqwG bli: 

ll "i w 9 n L J 9' Fwl[_Jut"ii'lutJ"iibrfr urutrpbpmfii-JnL'b[! "iizut"iiut~b"ii.e 

f(x )-ntj_' 
f(x)=cp 1 (x) -r.p 2(x): 

f:u., "i"'JJut"iifr f( X)-[! "'J"ii"ifrufr P"'lf_Jut"ii'futJ 1;, npfr wuurfr6.w"iil! 

n-frs P"'·rar l_/; It nre I[_['" I; 'l"'n.'bmJ al, 3z' ... , a., ~burhpnLJ': t,b-~ 

urhutpUJf' WJ"iJ ~ut['hlfr I; "iJhp~WJWS"iJfi[ '-h.,!._JUI[ JTibu.en{ 

f, x) =A0(x-a 1 )( x -a~ ) ... (x a,,): 

P "'19, [!UIIl "i"'JJ' ... "iifr, f( X 1-e l[_pn I; 'l"'n."iinLJ' "iiwlt : 10 ~hurnLJ r 
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11.1'1 'f"Uf.J!""t f(~ol =t l 1• !!""' ,,,,,r 'l<h,tfr'i, "'l"'""'lf'f•z_'i.tl,rf'!l "l ,tt,~l! 
;,,,,,,,,,1, tl; 'Lr"tfr: ll.t'f ..,,,,£..,~~.,,, Au=O, f'UIJ!J "'1'1 'lLUfJ"''·J' (:!) 
;,,,fwurnl""friJ"''bfr!J r;.&,l,,_,l 1;, "l' f(x) f'""L'fUJ'i"l-""J'I! <;,,, J'i,"'f""l' 

:;,,/""""I' I; 'L{"'JP' ~l.ml'"'l'"'l'• '?j(\)-q:;~(x) :=O, 11,,r '-? 1(xL=::: .p2(x): 
ft/·1, n I' L ,r .), upb 

l'~llfjlt'tufirl'utl' [! GnLJiituplllp litutlmutup k q puJI'• tuupu (iptu J'll[np qup
,) ud!l19 fihp[! fhutltuum p J,(i !lllllJ !1: 

11 Uf rn !J rr r J !J' £:urn (2) pm'bmJ.Irfr 'fl'/''i,.J! IIIJ'f f'UJ'I'f"''i,'f""f'bhf'f' 

r{ I, I' l '" d- rrr.fr/ J '" ';,';, "'!"""''If' /• l ';, /, J•/•. 
l )( v)-A x" ' •\ xu -1 ' \ ' I \ ·'- rJ +:-1 . t· ' · ' -~ ; n 1XjJ 11 = 

==A0 (X - <l 1 ) • • • ('; - a11 ): ( !') 

h(J_U IIIJII f-UUI[II'ur'illf1UtJ'ft 'i1111 J'jiUlfiiUJI i>mtfllllllnJI ~- 'ff111Jfrl 111t'flll IIIJh t:..m

I,IIIIIIJIJ' ~ 'LI"'Jfr al, ;j~, ••• an-/1.'/ """1'1"'1' X-/r "1'''1; "'l"'".el' 'f"''l

,pmrfl /~"'J!J "'l'f '1/;-Uf.J'."''l X -(.]1' • • ·' X --a n 'P"''I"''lJ/,l'frfl "1.. ,l/,1[[' 

;:,,,,,, ""'!' zl; 'II"' Jf•, [,, >, /;,,[,, f'm I', .-\ 0= 0r 
:,rntl'rn'itJ',,'i, J./rrrrf '"Uf"'9"'9'/'" J' I;, "I' A1 =: (_), A~=O b "'Jl'iJ : 

It·"" I'/; rl fi: UpLi '·rlltiiL l'lll!l'l'utlii}Llltflibp lint JGtut•tup fiullllu-
lllll(l J,li tf'l,lu~ ti'Jnurllli, tuu,,u •l'l• l'"l(trl'utliq.lllul• qnp•hultltglihpr lilll-

t!uluurp (j(j tl'jllllljl liturl'tuiL[LUUI\UUJIIurli qntuhult!Jglibp!lli : 

'fur .t:,[,,l,,tf I; wJ'b l"""'frH, "[' wl"/"''~ l'"''l'fur'b'f""f'i,b['/' "'"'1'

l'[;!"".fiiJ"'hl! tl'fr l'""f'J'"''i"f-""J' ~- , "['/! 'iJ,,J'i,"'f""l' f;.rutfUJIIIn[' ~ - 'lf"'J/t: 

:,t.,rf,mf"''l'' 'bwf""l''f fJfi u[rlui'Jt t:.frtlrrr'it •ff"" hJ"" l"'l"l' 'l"I'Jmllfr.'l'b[,_ 

['/! 'lt"' ''"'' 
() l' ,, ., Ill IJ l: IJflb· a.\ :; ·· bx2 ' C.\: ·-1- d PIUI[IItuj,fUIIIr. 'j,,, /IIU1f1UI[I ~UII,IUIIIIIJI I; 

}: 2 - ,) \. JIIUIJI/UI'jlfJIUifJt•/1 1 IIIIIJIII ; t.:..:= l, b:== l, ( ~ - . ....:--5, d ==:Ot 

f:[JL· 1!-[''f tiiiiiiiJt ·f.urb/t l'""l'j'"''i,'l-wJ'fr 

f(x )= A0( X - n 1 l( x --- ;1~) . . . (x -- a11 ) ( ! ) 

,,,},,!f''b "'l'"'"''fl'P}bbr·l· rfbl'l'" Jrll fill'""' ,rLt rffr .J!Uibfr 'l.,"'JP'~~ Ut[IIUIU

'/rfr~"'"" J'frlr.'burJ'b'b /,'iJ, "'"fUJ 'ilpw'b.'l '''"l'&Lfr I; J'frUJ!I'i.Ll, [, "'l'f 'f/;''1-

.j>""' pw qJ' ru hrpnJ' f' rfhr L ,LJ,r.flJnL'il'i, w l"n"''fl'frl'bh1rfr 11,1L 'j,[;'iJru 

f(x)=A0(.x -a 1)k, (x -a2l" 2 ••• (X - am )l<m ( 1') 

mLu.J'f!.' (''iJ'/· "f""'f 

IJ.1u 'fL"I.J!"'J' CJ 1 "'I'J'urml!. ~n~r.Jm ,{ ~- 1.,: 1-utunul'lt "'l"fmm 1 a2-e' k~-Ufru ·· 
urfrll W[IJ'IUUJ It IIIJllJI 

0 p /r 'Ir w ~~ f(x) = x3 -5 x~ i Rx---4 l""'l'fw'lrrpuJl' •/Lt' (: wltrjuuf >bud• Juri 

'IJw,tl/" wl'"'"''IP/rz_ 'bbpf• • 
f(x)=(x- 2)(x--2)(x-l)r 

f( x)=( x--2) 2(x -- I)• 

l;[rlb- pUJqJ'rn'b'l""''' r:.UJrfwp a III[IJ'rnUJ{' k-u,unnltl] !., "'"/'" J'L'b.p 

II"' pn'L h'b,e t:,UJ,frn l'bl, n r f"'"t'f m'i''l""f'b , 'ilfr k t:..rnm t:..wt[rnrllnf' "'1'

,r Ulln'iib [" llt'l 'fb"f.[!ULJ' P"' 'I J'rn'b'l_UJJ' [' 'lam tl'"' rn l"""''fl'l'z'itli !'I' ,,,.
J'"'JJ'w'ii J'wufr'il [ilbn[tfilfpy umrn.'l'[m.J' I; t:..brnlrJ"'l {Jhnpbri'[!• 

n-pq. wum.!1Ulll r. p. un!'bG tl'p I' LU(l uwlirpuu ndiji u P?ID n Ill ptrmm

li b p (ltptult w G. lpuu lpt uun bpu ): 

1- fr ur "'L n L {if 1 n L. 'it: HJ'il wJ'h'il£!. 1 fr'ilz. wu:fhl ~-

f(x) = A0x"+A1,n-l+ ···+An 

l''"'ltfur'il'fwJ'fr LUprfurrn'iibrfr ,J'mufr'il, rull'bt:,u,Jm 1;, IJUJrb-Lfr I; M,,~Lr''l/,-l 

A0 x 11 +A 1 xn-l + .. · +An=O 

""'"'r'"'"UJzrfUJltrn'il t:..wtJUJuwpJ' "'"' w rrl wm'b& rl' wbpJ'fr'iJ'bbpnt{t 

1/.J'ilnLC.bwl., "'UfUJ9"L!Jb'il,e t:..bwi.J"'l [JhnpLJ'['' 

fiJ' h n r b J': bp b al-l! 1( X) r mq rl\u(i qmul• k~> 1 pmq UlllllJ.IUUl l"t 
111 pumm.G k, mupn t' ( x) w3-w Gg J wt!t fiw uur p m J'l pfnl P. fi w G 'lit ULu G n uf 

h !< 1 -1 p.mquututwmf!q wptl'wm: 

u. Uf w !J n L J 9' b[ilh al-e ""'"''lfruw'ilnLJ' I; kl> 1. :·P"''l''"'Uf"'rnfrlt 
mpJ'rnw 1 "'UfUJ (1') pw'ilwJ.hfry t:..hrnbmJ' 1;. 

f(x)=(x -a1)kl'f(X), 

npmh'l '-?(Xl=(x-a2)k2,,, (X - 3m)k;,{ q_pn l_p 1fUJIL'iJm.J', hpp X=3 1, 

LUJ"fr'it,e'il ' cp(a 1)=f=Or llJw'byblntf, 1/umru'ilw'il.e. 

f' (X ) ·= k 1 ( X --:1 1) ' ,-I Cf' (X) + ( X - 1.1 1) k' Cf' ' ( X)= 

=( x - a1)k•- 1[!< 1'fl (X) +(x--a 1)cp'lx)]' 
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"'Jup'b~h' x=al '.m'b'fftuUI'buuf ~ t'( X) l'"''lJ'm'b'f"''''' (kl- 1 )-"fiUUI"'' 

mptftumr f!l,lrtfmc} IU"fiU!JIIIJ!JP!I t:.bmlllntf 1;, "£' L[il. kl=L Ul"fiU al-e 
~p :,,'j,fpuu/i,,,f f ' (x) tud-w'b,'1J'"Lf• wptfww: 

ll."lw!l'" ymc} {JJ.,1.t,Jpy t:.lil"'"" ,r 1;, "r a1-e t,,u'b'fpum'bm,f I; l"(x) 
uu)m'b9J"'LP t,UI,fw[' (k 1 -2 )-"lmwpiJ "'I"''""'• (k 1- 3)-"lwmp/J mptfwm' 

f'' (x) wc}w'b.'!Jmlp ;:,m,r'"f't ... , ,fpm"fwmp~ ( "lwl''l ) '"l'tfwm fik , -IJ (x) 

wdwb!JJ"'Lf• t)u,)',,l', h t_p t.m'b'ff"""'j,"' J w1rtfwm f (k ,) (x) mdmb!JJ'"LP 

::,,,r"'l'• IUJ"P'j,~'j, \ 

f(a 1)= 1), f'(a1)=0, f"(a 1)=0, ... , f<k, - ' J(a 1)=0 

f<kl(al) -f' n, 

§ 8. ~W4_UWUrputiuhJl~ qh[ILDLc'lnuiu W[IUlW'l[lhUh[t~' 4ntiuuhJ!U 

W[1UWU1Uh[1~ llhUJJ!Dlli 

VII 'lli"P -§ 7-p ( 1) 1.w'bmat,uJ· a1 , a2 , ••• , a" '"l"fwm'bLrl! 

llu'f""f [,'j, LP'i'Ll p'bt_"fbu /'l'wl(m'b, IIIJ'j,"lfw /;[ 1/'"J""Ilh.f!u: Sb'[p tn'bp 

t:.l, mit tw L {II L, l'J, ,r 1!., 

ftl• I. n l'l,f: bpb I•Jillll[luli qnpilttdtl•g!ibpllll f(x) pmqulUGqwtrG 
rnlilt a +ib lpHJ'unb(!U lU(Ill'tum~, lUllllU Uljli ndij1 h a- ib tlwtfwp1Ltl 

llljlll'llllll(l! 

fl. "I w !J 11 t . J !JI f;[rlh f , X) pm'ftfw'b'fm,fp ,fby_ X-p tpufumrL'b ml•

'lm'fl'L'b.j! a+tb ftll,leJ llwmwrl.'b~ Wllutpf.w'b I"U[Id['"'!J'itbtm· 'l"I'Jn

tflll {JJu<'be J.. t.wt{w~b'b.f! wnw'itdft'it I "I"'("IL'butlt"'l It j i_ll[lll{'ltl.'bUI/("'[ 

w'ittf-1111f'bb I' I!• W"fiU ftumtu'bm'it~. 

"l""'''l M-e /, N-e i l"l"'l"n'burf1,,l "'l'mwt.u'J"'"'ft'J'"'i,'b!.r /,'b , 

-~~m'bp , I' (a+ ! b )-'b pwtl'f ut'b'f""'" WI'" Ultn'it I;' Ul "flU 

f(a+l b)=N\ + i0: =0, 

fi.1J-J' pmqtfw'b'fwtfp ,fby_ x-p 'PIIf.tmrh'b mL·'l"''frb'h,e a-ib '"r

mm:,"'t"""{iiJm.'be: U•Jf 'f/,"f,PtiLtf ( § 2-p tfl.ftt_/t 1fpmnqm.fi'JnLb 3-p t:.p

tfmb t/{''~~} IU(''fJ'"'i'.f!"' J ,fb'b.f! /lnutut'bw'b.f! M+J N [rltfp t.mJ'wl'nd

[il p t/f!_, 11t J up 'it~ 'it' 

f( a - - lb)--= M- iN: 

of.w'bp 11 r M-=0 t. N=O, w''iw f( a - 1 b )=--=0, m J"f''i'J.!'b (a- i b)· 'b pm'l

Jm'b'fmtfp urr"'""''j, 1;: 

27() 

l; ·I , 1 ,_, "~" u, 

t/l'l'l'" JmfriJw'b tfky_ IL,,r"ILI'~" '"l'""""'i'I'J•e ,fm'itullf [,'j, 'l n ,_ J '1"'1" 'J '1 
t. ,, ,r "' L " •. J 'b t, 1, , ,, , 

flw'lJ'ru"fiUIII/fi.L"" ''"J'"Ilh~u """' W[lll J mrtftum'bbt'P 'l'II.J'fP'j, t.w

,r1L1"f111111WU/IIIII'it111f IJc}UtJft'it Wf/WUI'ff'Pl'j,/,('e 11 uUJw'itm'it~ /t('JUftwb 'f"['

JutfJ!t!J'j,/,f"'" h['/1/"'l''l· muUJfdiw'bfo hnw'i"f""'· 

l x- (a + ib)][x-(a-ib) ]=[(x - a) -lb ][ (x -a) + ib]= 

=(x-a)~+b2=xt __ 2ax+a~+b~=x 2+px:+q, 

"l"nt,,1 p= ---2a, q=a2+l>2 ftrwftw'b [rlt[k1, b'b : 

f;[rlb a-;-ib ftlftt{e k P"''f,W"fUIUI"'' '"l''J'mm 1;, Ul"fUI 'btuu'b t.w

""'l'"-J <J - ib ''"''f! ulkut~ I; t.tubtfpumbw l< IIIU'f,Ul"fUIUI"'I III(',WUir 

mt'i"'/1,, "I' \ -- (a+ib) 'ld-"'JP'b ml"""''frf.t'i'bf'p t:,l;m l'w'ltfw'i,'f"',rP 

tfl•l'liiiJm{tiJm'it ,fbt_ J'm'ill,,r ft'it X ·- (a - itl) mi'".['P 'bmJ'b~w'b 'ld-wJf•'b 

IU l""""fl''' t_'b 1• I" 
fl. I" "IP u 11 rf 1 J• pudj u1li q n pilmiJ!•g lib pnt[ l'tu ll d\u liqw tl'~ 1[ b p .k tu c\--

t[•nJ J•pmlpuli <Jnpt'ltultJ•gGbpnt[ wruu~JtG lt bpi{Jtnpq wumldiwGJt liw
tt'lll up11 Ullllll )111u (i J'lllq tfwupum[t ~ tnp J HHI'j• Hl(ltnlllllJlJt i G bp J•, lll J u tlli~G. 

f(x )= A0(x - a 1 )k ' (x-a~ Jk,, ... 

••. ( X- a, )k ; (X~+ P! X -T- CIJ )1' .. . (X. i PsX + q~ )' , , 
1: II lSI U Jlfll J• 

'1-f'.'J'II.J! nrk/; 1tri""J{rl II<IIIIUf'inuuf.rltLP" t:.mumww•Jwd- J;, "/' y /, 
X ,thd-w[riJm'b'bbl'P tf/ty_l. 'l"J'nf'Jtn'b w'bp 111(11/utJ b{'J,IILJfiJ/• .f!m'bmltw

ll"''i' !l'"l'fl! 'i'llrul""'ll'"'l fl.m'blf!lpn'inul llwfnuuJ'. e'i''f nrwtf y=<p(x) 
q.,IL'j,fl!fpm'b ,.lhtl ,f'bmtf I; m'bt:.wJm , uUII/wJ'b /;~u"fh{'/tJ'b'bwp t.ptfw'b 

tfrut t.utUUIIUUit/_wc} L'b '"J'f q.,IL'blt9P"'JP Yo• YJ' v~, ... ' Yn wrclb.f!'bt.

rl! l (1, b l '.wwtfmdp'b "fWmftw'im'l Ulf''l"'"ft'bmp' Xo· xl, x~, .. . , Xn ,,, 

~w'irft IU('J[,.f!'j,[,f'P ::.w,fw/r: 

/u'b'ff'l'l!. llmJm'i.,uf I; 'b{'JU'bn,J, "l'"II""LP 'fm'bLl ::.mztfn'lwlt"''i' 

ml,llwl(bwpy t,'j,'"{'wt{npp'b l_wrp Ultfbtf. "l"'l"l !pt~<'bfty/m• { orf.'bwft, pwq

J'w'ir'ftuJ'), "1'1!. [u, b] t.wurt/_mdn<J "''b;:,wJw y=~(x) !ptn'blt.'!Pw'b 'bftr

~u' !"'.'J'j,/, [' -6.z 'lt'f"n l1w.f J nUJwt{n {'"'"II"" IJ.,fb LP t[h l'ut9wftw'b dllll t{ m1 u 

277 



fu'h•lfrl'l! 't"'f'"Lfr I; at""'t"r"l''L "'t'"'IL, . I"· h 1 ""''"'f"'J"' ,r "''"'"'J L'i. 
y=<p(x) ,,5,t,,,1, q,,,_5.!1yfnutf• "'r'IL.p'IJI,re x0, x1, • .. , x, ::-f-1 mm1•-

P /,/' l1h mh 1'""1'. 

"f"':..,'hy_·f""r I; 'l"''bbl n-f·b t.'fbru.qm'b.'lr:'l IIIII mfd•whut/_ P(x) f' Ill,,_ 
,{,.. 'b '1-"' ,f, "fl! .Inmu.•Jnru•"fb" "'r"""~"'!"'l' <f(X) tf>w~dl.'lf""'b: 

y 1•1'1'1' "'t'I"IP "l' I' ,,,t,..c;.,: , ,,. 
1.'hw~"''' ~ 'l'·r9'hLL , 11, P"''l 'r,.~,

'l"''lf', "I'P wrJb.J!'bh['f' Xu· x1, 
X2, •• , , -"II ffhm/; f''" ,j' ;:,,,{ f'~'~j~llll ,j' 

J,'b 9(x) q,,,'bli!!l'"'tfr Yo• Y1• L , ... , 
y 11 !)m,J" 111 "f"' m tu ufu 111 b "'/'J/,.[' 5,{, I'P ~~ 

( 'b~. JUS): 1/.t'l 'lb"I.J!"' ,f 1Nf"f"'J 

-4-.W.>--4--0--1>-~~+--i'=..,. fu'b'lfrrl!• "l'l! lt"t."-""J' I; «[/.,,5,/i-
0 a $q :&t ... 

!!l'"'lf' l1liU1LpuJH(tugt!'udi fu'b'fi•r »• 

aJ,,t1br"f'l"''' I; "'!""'""· u.r•i,t} 
<p(x) tf>m'b119P"'t/• t,,,f,ur •zm5rl'l 

n-fr'b 1'f"I'""LW~I9"'/ UlloUJfduuhllt/_ P( X) f'IU'fJ'u.'b'lu'J' , "('/! "'f•tfmd Xo> 

;.;
1

, •• _., Xn mrclu.[!5,J,I'f' t,,..,fwl' [!h'l'"·bf• '.bmi•J"'l mrclb.J!5'bl'l!' 

Y - " ( " ) o-':" ·\.o 1 

''f!t•L. "f'"'hbtfr P'"'l'f"''h'l-w.I tfl.rs'hb'u.f' 

P(x)=Colx- -x1)(x-x 2 ) • • • (X-Xn)+ 
+C1(x- x0)(x -xJ · ·. (x-xn)+ 
+C2(x-x0 ){x- x1)(x-xJ) · · · (x-xn)-1- . · · 

... -iC,. (x--x0)(x-x1) ··· (x-Xn-1) (l) 

mlw.p/• n-r•f "'"'"''6.w'bfr P"''l''"'b'f"'J(! k Co, cl, .... Cn 't"rJmlt/• .•r 

~'bl'f' "1"'£1;5'./! "'J~'"ILu, n1• urh'l/r m'bb'uu.'u 

(2) 
"I"' l'J' u.'b'bl.l'f'' 

f!'i,,1m'bb'b.p (1} J!"'hu.aLm.J X=X 0 • "'l'l- 'lb"f.J!""f "'('"'lf'nfill"''i. 

'l"'f'a'hbtntf (2) t,,..,,,,,..rmfll"''bl!, t1umu.'b"''b.J!• 

27 8 

y0=C0(X0-X 1)(x0-x 2) • · • (Xo-Xn), 

(x 0-x 1 )t x0-x2 ) •• • (x 0 -X 11 ) 

lJ.I'hnL'.bmk, l''b'fnL'hbtntJ X=X1, l[uu,ubwb.p 

y1=C1(X 1-X0)(X1-X2) • •• (X 1-Xn)• 

"I' , 1''1/' !I 
y, Cr -----'----'---------. 

(X 1 -- Xu)( X 1 - X J (X 1-- X 11 ) 

c = y .. 
Jn ( X

11
-X0)( \ 11 -X1)(X 11

-X2) ... ( X.1-Xn-1) 

<1.,/'J"'IIfr!J'IJI,I'f' 'l'"'h'/"•J "'I''"'.J!5'LI'L' mh'l"''ll'hl"'f ( 1) l'w'hwal,fr ,fl,)l , 
,,, Ill Ill 5,"' 5,.J! . 

'
~( ) (x -x1 )(x--x2 ) ••• (x x.,) . 
x= v+ 

(x 0 -x1)( x0 --x") ... (x 0 -x 11 ) • 
0 

(x-x 0 )(x X 2 ) ... (x-x") + + Y1 ... 
(x 1 x0 )(X 1 xJ ... (x 1 - --X 11 ) 

... + ---(x--- x,-L(x-x 1) .. (x - x~~ - t)_ \'n, 
( X 11 - X0 l(x , -x 1)· · ·(X 11-Xn - 1) · 

f}.J" f 1 1115tuH\11f1 //ul_t/_•tll( ~- l.tuq jllll fit) !1 jdi miJp llj ll(lllflll 11 (_j illll Iilli t'lJ1.: 

(3) 

ll,",'b.'J "'"1"'9111/.'fl' 'bzh'b.J! , "I' l.frlh <p(x) q,,,_'bl19t,m'h [a, h J t.~~~.,
,,,,) 111 ,( 111 5•/• ( 11 --1- 1 )-1"/- /I"'{''J/' ,,) "'5'9/"'f• t11Uf111 r;; (X) t/> 111 5,J/.'If"'~' 
IJ ( X) I' ""l.r, biJ.IIIII' ,,, ,,,.,,, Ull' ,, ~,/, Lfr II ,,, U1ff!.. Ill J ""., .p ~. \ R ( X )=cp( X ) --

P( .\) ,{/, dm f<Jl"' 'ul' I'""'"' I"" I"",{ f. t:,/.,n!tJ"'l "'~' \ ""'"'"llll"".fr/J,'j,f!' 

iR(x)J<J(x --x0)(x-x 1) ••• (x--x 11 ) ; --
1 
-- max:'f<n+ 1J(x)': 

(n+ 1 )! 

'I-" In '"In L {J t" L b: -§ ()_,, frlhnrL,J' 4-fr.'J t.lun!lltllf I; I "I' P( X )-e 
""""2""1-l''f"'J "f'"l'r"''u5,l;l'fr'b P"'tf"'l""l""l ,J'fr,/1 l""'l'f,'i,,lwJ'j, /;: 

!Jml.'l tllmh.j! 1 II{' 'f"l"' friJm.b IILhhb 1, '"l'ft2 /•~unl'l'"f"l"'.'JP"h l'lll

~lllld/,/,-1" ),f""~'!JP!I ,J'h~t'' 1.lmm,'bfr fr'bml.- 1,,1,l"'.'JP"'b pm5,,aJ,l! 'ff•

m"'l''ltf"")- f. ~ 10- ,,j', 

() f' /• ~. "' 11• l.•l"'"lf'l'f"'''~""f':J "m"':Jib-L f.~, Y ,'?(x) [/>n L~'~.7P"'JP "'J"''lf"'f' 
'"J'JL,.',b·r .· Yo ~~ 3, lrrr x,l '= L y~~-=-5, b-rr xl=2, y~ · ,-, -t . b-L'L' x2 = -4• lflu,:,,,~.t•I•IL•' I; 
.v == -~ ( \ ) :p, L~l~sftw~ ,ftllllllllfnliUIIIJkll ~kp~WJUI9¥j'll 2-(''l wurnft~w~Jt [IU.II[IfW~fiJUIIftll/! 

/,"'c,) n ,_,{ , t:um (:1) I'"'~'"'J.J,.f ,.,~,b-'bl' (n -= 2 'lb-uu~nLof). 

> _ (X-21( ' : 41. tx-l)(x ..L 4o , (x-1)fx-.!) 
I (xl . .3 - 1-;:>) - _ 4. 

ll-2)(1 . 4 ) (L -- 1)(2+4) ( -- 4-1)1 - 4--:2) 

39 123 2.52 
['( ·<)= - -x2- - ~ -- -' 

30 30 30 
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'1-pymJ! ""'tm'ilp J.'b <p(x) f/""~"wrmJp (n+l) m 1,dLJ!'i.d. 1,,,, "'J'i' 

I;' Yo' Yl ' •.. ' Yn IUr'f"'Jb«'bu., x t)' Xp ... 1 X ;l IUf'J/,.JJ'i.'bi'J' 

>.au.r IU r' C'iJ 'f n rnuf Ul f"l lll.tfh'b m ,, C.. m r" w'b Ul r ,}/,,c'bb {' I• m Ul {'I' I, [WI -

{rlJttL'b[! '-"''"'"utntJL'b b fJ.J~' 'ilzUJ'bmllb'iJ.e h-r11[: fJ.!u"ff>un'[ "'f''f"ttfb'brnf• 

'-"'.f"'"f"'urs.uufuuo'b ~nrJk.e~'LI'P >.w,fwr m'bh'b.f' m'i,t.,1m y= :p( x) f/>m'b~-

9P"'JP "'rJb.f''ilbrfr IU'lJIIL"'"~l! ' 

X i I Xo I Xl=Xo h I X 2 == X0 · 1-2:1 -"n "'" 0 -f- nh 

'I ' I 

I y II Yo I J, Y2 Yn 

"'"''l,[b'iJJ! n- py II}_ f''UI,3r lllutnpf.w'ilp l'"llf,{"''iJ'f"',r , ll['l! X-/• 
;.UI,riU"fUIUJIUU,UUI'iJ "'{'Jb.f!'itbrr t. w.ft.u(l (''iJ'fiiL'btnJ' I; >.ullfW"fUIIIIUIU,IIUI'j_l 

our'lb.f!.'bbf'{'' (].1'1· pt.u'f.fou'b'fu"ff! ,J',mautfnf'""'ibu ~'bL 1,J1 u,l"'S'iJP •f (X) 
f/urLL~yf,.u'it/ 

tUI/IIUI"fbu /jUIUIUI(tl.'itJ! >.burlt J"'l 'bzou'bau~IIL,{'j,brf! • 

t:..yo=Yt-Yo• t:.. v l=y~ - Yt• tJ.y2::...:yJ-Y2• 

!::.. 2Yo=Y2- -2y t+ Yo= ll Y1- ll yo, ll ~y t= !:J.y~- t:. y 1 ' . ' 
. ' 

t:. nyo=fl"-Iy l - A"-! Yo' 

'1-r"''b.f! "'lu"fbu ~~~ttJmJ :1-p'il, 2 - l''f• •.• , n - f''l· II'"I''IP "'"'1'

l'brmfilnL'il'lllirL- L'b: •J.rli'bJ! x0 1, x1 "'rJbJ!'ill•rJr >.ou.r"'f' t:, LU,rLU,'fiUinlnll

fuw'il•up"'r Yo• y1 mt<lhJ!'ilbr'b c'il'f"''j,,'l P"''l,{"''iJ'f"',r' ' }>"' ~· fp'bf, 

~nn~<~tp'il Uiuutpf."''bP pw'l..fw'brpu.f£! 1 

I• f"'.f!' 

Pl(x)l x ~xo=Yo• P tl •=xt=Yo+~ Yo ~ =Yo+( yt-Yo)=Yt' 

(I) 

9·rb'il.f! P"''l,r"'<;,'f"',rl!, "l'f! x0, x1, x2 "'f1Jb.f!'bli('/• t."'.!LUr t."'J·w

"f"'111"'ufu"''b"'P"'r c'il'fm'bp Yo• Yt• Yz wrJli.f!'illire' '1-w ~Lf•'ilfr 

p
2
(x)=Yo+t:. y/ - Xo + !:J.~Yo x-x 0(x-x0 _ 1) (:2) 

h :! ! h h 
b r~f'" ("f Ill uutpf.w'iJ fr pw'l.,{ w'iJ'fw.f (!I 

2t>O 

''r".J! , 

( 
·) , X -X 11 Ll

2
Yo X - Xo(X - Xo ) P;, x =Yo ;- !:!. Yo ···-- +---- --· -- - 1 + 

11 2! h h 

_; _ _ 6;0 ~.~1 x 0 (x 1~ x 0 _ 1 ) (x -~ x 0 
_ _ 2} (3) 

•l.LI''i"'"fl'"• \o , xl' x~ , . .. ' Xn "''"' L.J!'uliJ'P '. s.u.faur t:.mJ'mulw -

11"11"'""''i""l""l' YO' Yt' Y2 I . .. ' y,, '"I'J/,.f''iiLr'b c'il'f"L'illll[ n -r'f 

1/"'f"t/1 l'"''l'J'"''iJ'f1111f[! l[m.'bh'i11u 

X - x 0 !:J.
2
V0 X- X0( X- X0 ) · Pn(x)= \·o+b.vo-- + - ·- -- - -- - I 1 · 

' . h ~! 11 11 ' 

. ..l" y0 x -· x0(x x0 ') ~ X -X11 ( l) .l --r -- -- ---- 1 ... - - - -- n -
Il! h h 1 11 . 

(4) 

mLu,cc • "l""'f II"'I'Lfp I; t:.w.fn'{'[LL w'b.fp l ml1m'b url"l"''l·l',r"',fpr l/111 l;l 

;, 1, 'iJ !J 't, J n .._ uwli 1• 1• UU!h Jlllllllmg]•n li l' mliuH\It~ ll""f l•limli p lll n l mg\• n (i 

I' wcp.fmliqunfli }; : 
l,'um l;m {Jtm'i, , "'I"{"'J "''IJ"'~ umftp "'l'tl·l,,c'bbrf• t. u"f"'r (m'b'tl""'b

"f• f" "'lJ' w'brp"'fl! l1 'f,Jmmnhp f'""l,{"''i''f""J'l! 'bmJ'b"'~"'h L'b, P"'/9 

'II'''"',} L'b IIIIUI'I'"I' O.lllflf, .J.! '"h" Ill' n-p'il l 'lbl""'l"''b9'"l IUULIIpf.m'bp 

I'"' 'l 'J'"''i"f'"'' l!' II rc X_,, III r1.wJ n + l IU('c/l;.e'i·b I''' 'fl'"f,CIII . .r J!blf'lt ~,IL,r 
I; mt•fwJ !1+ l mr<IL,c~,/;1'1! • 'lm'b,ul' L'b .f{,,ll O.lu fl{r 

& mur 'f};"f.C'' I"" ,f 't'l"' mnh/• f•'burhr"f"l"' .'Jf•n'b P"''l,{"''j"fw.i'il ,,Jb

Lf• ~ "'l"f"'f' 1;, .f'"''b /,""lf'"''b.lp f•'burbl"'f"l"'9f"''b P"''l'f"''b'f,,rf!' U.J'f 

l'"''i'J' ,,'b,fwlf/t ,,,,'iJO. 'illu >. wm~u·fiJ"''i'l! III"J"''b,,,r I; 'ilrm'bm . .r, nr k-r"J 
"'u m pi'o.~n'b/1 l"l"l'f m'b 'fill,{ /• .9 ( k + 1 ) -r•f m um{1 i'o. w 'ilfr P"' rz.f m'b'l""ff,'b 

mJ..'I'j,/;tf, llll<mlf•'b k+l m'b'f""f'bb1,,, tb'il •{•"{"''"' ,f, '"ll ,J'pwJ'b wtfh 

l"''iwul' t· 'iJ,1, .u'brf'"'f, "f'l! "'l"f"'-.fb'bmp 'bw{""l"f P"l,l' wr<fk,e'bbrp 

'-. LU 1J' 111 r >.m tf Ill II IU r I; '1.1111 J,. : 
'I-f• lit" 'I", [I 1 11 '· 'br l,m•trm'btl·p ( urhu ~ 9 p~n'bmO.IL (-1) "- 't' J"L

,,,'j,P ( pw'bmCif, ( -4 } J fr'burlir''l"l"'9P"'b pau'bu"\ILbrn•{ nltnp_'{m.f h'b 

tp,'i,l
1
yfrmJp m

1
,Jh.J!'bhrl! x

0
<x< x

11 
;:, .. ,,,fmrJ,,,f, t.·[ib LUJ'f f1tu'bm.l.h-

1fi•J'"'/ "1"'2''""' I; ~,,'blt.'JP"'JI• mrJL.ef' • "rP x< xo ( 'flU 
1
1"'rblp I; LU'bbl 

IIIII.[![' IX -xo!-/• 'fli"i.e"uf), "'"i"' WIIIIL,r li'b, nr ll"'"'"'ri{IIL,r I; Ul'lJ11L
uudl1• ldimlipnpqmgpw q.bntl• bm: l;[ili nru z'[m .r I; ~,,'b~!IP"'JP "'f' -
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Jb./!l'• Lt'l' x>xn' "'"lw ,,,,f /,~,, "!' t1manwt"/""J' ~ lllllJilllllulill j1G
m b jlll( n ]lll g !1 1u ljb u111 11111 Ill~: 

'J.f•ym.p "I"' I; ut''h>.m[tn 'f(.\ ) [/"" 'bll!ll•wtl• "'f"lb.J!'b/;/ 1 "'l"fwJ b'b 

~ 10-ft "'l'll'"uf pbfuJuu) '"'/!"' uw/1'"/: '9,,;:,,,hr_•fm,J' I; ''""'"'t/"rwu/1'" 

"l'nzbL "'l'f fPm.'hlt.'IP"'lP '"'},"'b.'!I"'Ll!' fl.i'f fn'b'IP/'l! L"' t.}q,_,f ~- ml""t'"" 
1
Jmnm!JqmtJ' /; f, m'ff'Ut~ufl, /fiUtf ~•JIIllllnhp p~11n/;f'"f"fiii.'/P"~' f'""{'j'"'~J

fJ-Wd•[! b t/L('jlphp,'f" /;/ nftn~11~111 tf ~- mJnth,'JI"'ff!l 

. "fl"'~'l• "!' • w-6.~nfu 'fl•uuurlt•/,,J' b5, wl"f""J'L'b,,ft r,,
1
,t,,'b w

1
.dli,p

'bhrf• J'ftj!b >.wq~nu~njt IIIIUftflf'f"IL[JJmhhf,f""' tutfl"' uw//'iJ/,
1
,, mllfUJ ,f/;~l.j! 

~"'f""' b'b .j! t! Ill Uttth I• fo'b ,, b r "l"l ,, !/ ,,, 'b I' Ut 'b UJJ. L l•.'f: 'l'ft !JIll .J! "''"' wJ /, ~, 
lpm. 'b~.'lftmtft Vo• YJ ' Y:>• /,l,,;.p "'l"//;,p5,/,l'l!• nl'"'"".e r,,,,fm"l'"""""/""''i""J' 

h'b "'f"l'"'J'/'~""1• x0 , x1 , x~. u,1,1b.p5dr1,/,'b: /,{!'f '1/,"I.J!"' ,f ,11,/,~,J! ~ TO-fo 

(:!) pull[tl~n'btlw'fl' /, tU[~' UJJm'b,'//,5,.J!: llmu'~"" ,j' /;~'.J! :p,~,~.'fl""fl• 
~nJ IU '"".'/ltu I" ,r n ,, ""I It I' "''"'''.['{! Xu ··:--~ .\ ,c--:: X" t:,,,,,, Ill,),, ,f. 

(I I 

'( ) P' ) Liv0 2. ~v 0 '-? Xo ::;::- ~~ Xo = ----- - - ----=.·_ : (21 
h 211 

f:fJI, 'i-P"'u'l'ltb5'.J-' .'/.1"1 ltmt"IP P""l'fw'b•tmJ' ( u.f,, § 10-fr (J )) 
UIUJUI ~nd-m~'.'/Llm.'l >)f,,rt ~'/'"' mJw'b.'!J"'L/• /)~nJ'w/1 tturm'b

111
,f b'b.j_' >)b. 

"'/, l"'l m I' 111 "' ::.w l """ fJ!"' 'b l!' 

'f X ~ ;3(\ =-- --:-·- ---- -J + '( ) ~ j )' -) ~Vo + j,'\·n ( ') X-- ·'· o .) 

h 2h h 

___.__ ,:.:

1Yo ,.3(·x-- xo) 2 r(x - xu)'+'JI 
' - -- l - -- - _ , ) -- - : 

2 · 3hl II , h (3) 

' • ) ~ r' ' ( . --- D. Yo t, ~ Y u D J \ o <p (X 0 ~r 3 X I------ ----- ---+---: 

h :211 3h 
(4) 

l:fJ b o'l""fb 'h.p § to.- I• ( -J) p ,~, w J./,1, .'1, , "f, x =~ x
0 

,
1 

/,"I-I'"' J' 

UJ J ~ 'b 91"' Ll• J'" tnutqn r Ul[llll Ul :,,, I""" [J I, 'b t:.w ,f "'I' ,, tJ """ ~"" ~ • .j!. 
'f' ' (xo):::::-. P '~,(x)= Dy~- ~ ?Yo+ t,J\.o -~4\'o + (5 ) 

iJ 2h ;}/] 4h 
2S:! 

"t.J1u,mb'b,e, "!' u~t}u,'byJml'b/,,, '"~'''.'!'"/ lpw~'~9P 111 II• :.~~~,fwr t..yo 
,,,1 'rt, 1,, fJI"' 'hr h-1• 'bt1wmJ'wJ'1• wn.m2p'b ~~~~!"II' ut'b,fbrf. 'P".f!f' I.. 
n:'" -'h' '·r~r"l"l t1wr'll' m'h1_brt ''"'J!l'· j. :! Yu-'h' "rr"!''l- 't"'f''lr ,'b,fbrt. • d 

""'.['(' /, "'!!~" 

§ 12. :bnthljgpwlll:ifljl' pWlj_tiiUb!J.WUhiif!nll tW'-I_wq.nqh unmwr4titu1t 
tiwu!,b: !.?G!!rzu~ mhuntpJntlll! 

~§ fJ f, l!J.,,.,i 'lP"' 111 t''l'l"") l"~"frl• 11"'"111111!/"'fdlwJ'r• r'i""'l"'~' I; 
'1-'b/;l "'!'"'lftup t:.ut/'.'1• '1-1'.'1"'-.j! [;1, b] t:,Uitttt{mt.),,f mf'•[wo I; tp(X) w'it

[!h'f::;.u,m :p .... ~''t!JI""I" U.r'ft".J! ~"'I"'LP !;'' 'b w fu "I'" .J' m r •L w J- .'!'" ~.-
,1 111 ,. , ,) , , , I• t> ,, 'b fr 6 2 ,, ,_ fl 1 w ,r 1, "'l'f q,,, ~~~.'Jftu•'b ,f',mw•l"-

·' b " .l'""'l'"' 'bb1,t1"'llii!J'""''L p 1 x 1 1.w,1 J·w~"f"''r,,,, ll.u ''''r"'f ,,,UIJ-, t1~~~r tf• 
I; "'i"ll".[! f!h"'J"'L m!~'u/P"P ( \) fl"''l'f"'~"l-""f, "1'"1/;u,Lf• [a, bl t:.ww

tfmJ ;, ;, l "f' ///,,/; /"" ,/' 'f( X )-1• /, !J( X) . p "'UIJ'Jdi f'"' /! lwh fU19ut /'J.w/1 

,;'/,Jm {r/.1"' ~'/' 'P".f!l' LP~'I' 'bw{lloi'"J! "'!"["',} !JUI~t!f"','JwJ '11""/l"''b {J•/fo.'l: 

JJ. 1, ~"'l'.'IP 'l-l""llu''b "f"'UIUJttluuth[!* 1-' nt/wh'fwit'/"''f · 1; t:,/;,J, l"'l fJI•u-

l'i,;'"''J', "f'f! J'/,'iJ.f' ~f-,f,f'/,'iJ.J' UIIUU~I.'J Ultti"'.'J"LJ.'fP' ' 

•1. ,, I'' f' 2 tn f11U u I• fJ b, r b ,)' l!' bpb ',;I X) ;pnt !ilnJllluh mGl':G'l-
11 Ill Ul t [ a, b 1 liumnt w ,) n ur. lllll(lll 9 lU li 1 (Ill 9 ull) z > o P ~lit n.~u~.l\u P q n
Jllti ' Jndi ntlil1 ll1Jiiutl1ul1 P(x) j'llllit!'tuli!Jllld' , np t!'nunGtuliztltu~ 1-illlm

lj u_; ,) i1 I' rqn p l1 btn bp n t d' Ul h'l !1 n dill 

l<t>(x)-P(x) i< s 
wliiitu1ltl1Ulll(llll[l JIH ii1_1;: 

/J 11 t[litnUifjuth wff111~1lUt/_ttp tJ'm{Jf.J'UJml.lfiiU UI~UIIfLJ'f,/fiiU u. 'f,. ~~brh- . 

;: 111 /;l~'l! ,,[I'L 1; "'t'""''fi"'P J!lll'[tl'w'it•fwJ'~,b-rl• w'bJ'ftywl/"''b 1/tun.rrL,'J'fUI'b 

t:,/nn/tlwl Lt[UthUI~f'• "l'"h.J> "'f'qwd t:,UJmqwJ,,_,f J'nur~n•fnJtUI"fbu r:.wqut-, 

,,1, /,b tp(x) ~n'bl!'b'1::,,,, lpw'bii.'IP"'II'~" 

'1-f•.'J"'J!• "f'f•'bw/1, 'f'(X)' lpttLhl/slun~' ,~,l!~"lt:,,,, I; [0, lj r.~~~~~~1~~~- . 
,, "',r: ,, Ull[tl' b'b.j_' t,b,/, I Ul t UlftiNIUr:,U/1 UIIILfJI'" 'b I!' 

B .. (x)= ~ '+-(~)c,',"x"'(l --- x)" - '" : 
fl! -· 0 11 

1/.i'""'j'l c::.-1! ";+u5c' lf wJ'u''"'"" 'l"rJmltf·.'!~'bl'~' b~ •• ~ ( :~1 )-c' 111
/

11
/

111 d-

-~--- '' },l[w'"~~'l', "l' /, u"ll'";~,./f, /•~tutbf'·.'" ["'.7/'"~' l"'"l'fw'i,.lw'fl! (mi." ~ 9 • (3)} 
,,,.,,,:m,IL"f"'')- .;mt•f!Jfi, '1/iu/,, "l"''''~n"f''UI"i, :/• mwlfr"t },I''" WJ'JL/~c;,L- 1!1!.. .,.w1"111Wf' 

I . <. _,; ~,, I I' ,. v .... ~ I.Lurt~,,,L,f nL~.L,,.uJ '"L'Jh,~"i.hrf·~. rmJtl 
l.rll y~lll . '1!/ IUJj t ·'(\• ·'J' ·' ::!' . • • J - :1 "f • 

"i't'iu.bl! IJI.Uf'"'L _L- ~. ~unn :.-L-, .. ,L tfi~.L- , id, hi ~~" ~ "1u' )/• " LJ•/•z ltf,- "'I'L"'L'' :;,L"J,JL!If'UIJI• 
wr.! ~.,. ~. /, ''''!/' 

2R:3 



n-r•f ,,,,,(,.,~,r 1""'1''"'~"1-""' 1;. "'!'it on'i.'{m'i.,,,r !.~. f!hpG;>mi,Jfi!• 
r lllfj tt'm li IJ nnl': 

b[lb m,,,,,} I; *""'"'t""t"'~' :>O frlr·l· "'"!~.~~ 1t"'t 1·LI• I; c"""r1·t 

PLL''i.2mi.-J'i./t "'!'i."f.ftu/• P"''l''"'~"f".~~f ( mtuf•'i.,e'i.' "'l'i,"lh" l'~""t'"'L ~'/'"' 
n "'""'''(,."''i,J! ). "l"'f/;"'ll• l 0, t] -~lnlllllllldlll ,r wh'lr tn'i.b'bm 

i l\(x)-<f(x) :<~ 

Ul ';,"""'""'"'I' Ill ftl 1"'-'i, I!: 

1zL'h.e, "I' [ o, Jj t.m""'"">r 'fP"'~.~~I'JI"'- 'rl! ( J, "l ftlb ,,,,_,r,"J"'''"'"' 

""'"'"-"'Jp) 1!~"1:.,<;,1,, ftltm'i. l;wt1w'i. umt;,f,<;,,,l,"'t"' J t r :,,,~"fP"III~,, ,f, 

.ew'i.ft "!' x= a+ttb-a) '"'"''"'""'~"'';," •/tn/uwrp'i.,fon~l ()1,.,,,/dlwJ'p 
'''" rL tl• I; .'I"'"'''IU 9""} [ i-l. h l t;IU ,,, Uld I! a,,""'"' j. b l I 0. 1 I t,, In •f•ud": 
u.!lf 1f/;"f.J>IItlJ' Jl-f''J- IU11111p6.tn'i.p J'IUlf_tfll.l'j,lfiiiJ'f! Of11111r"/t11[111 d I; ~1111 [~I 

111 u 111 J.f.m'i./t f'"'l{'f"' ';,'1'" tf/t: 

f! on 'l'' Ill 'j,,, In,{',,/, rl• U'f.,'"' ft! t ""'I' f/> IlL 'L,J/9" Ill';,/, I' I• ,,,,""I"' I';, ,j',
UtlnJ'~'fw'i. m/;uw{rl !"'~' ltutfllfd"'l/! '"" 11 tfm{Jb,J',,,,,Jf"" '1/ . 1, . !!Lf'/t : f,.,, 

I; { 182.1--18!)-/-), ,/'m{dh,fu,nplj"'ltm'i. tim,J!p J'/,J-,"1'" !~' .,,L,,JI'"JW.'f"I-

9Pl'i;/;J'J'.'J tlbltf! ' 'brut },,,,,r,,.'l umw.'ltJ"L ~..,, 1.11!'1 !'~"'"!""'"'"'' IIIILII.JII'·L 

'""/' "'J''JJ"LhJ!~'LJ'• "f"'~'.J! f.bmw'f"' Jm{rf/;,f~nm/dt""'i,/;f'/' w zf"'""'"''i'J'P 

'""" ,_ 'b/,.'1/'l /,.,, I'"' .'!"'" fdt 'i.zon'i.w/1"'-fd !"' ~~~ lf.t'f ,,b ""' {J !"'.,' ,,,/, ,1,)

d111~1 f.tntfU1f1 ~.,,,';, ,,,,, ~- httbl ,j'if,J!h.,llll'i,/,,,,, tfby_ l"'!'iiiiJI/i'i, O .'fiiHII-

'1" rJ-''"'1 ""'''"''IU ''f"'" n I' ,[/, ,, "'"'" 'l J''j,/_, ,.,, Ill LunL{I Jl.ll'i, ,,b ['1.11/' L r I, I 
lfJ, 1,. !,!/;{' ''''''' utz{uuuUiu~IJ>J!I f/LIIIIIIf'j,mllpf'"{"" "'f'f"f./lltp ,fL/uw'i.pqtf.,,/1/'' 

'i.m "''Ill" ,fbltr t, ,,,'"'""l' "'""''f w'i.'t"''rr 'f"f'diiiiJr.'t'i. ,'i,/,9"'1 '-'"fJ"'l 
~numf.-6.,.~.r l"'l"l' f'"''l,f,'i,,1,,r.,,krr Jkt_ "'!'i."IP"P r•mqJ'w'i.,1,,rt, 
"l"'<;,,r"'~' fu'iu11•t'"'· "!'/! wr"L"'J t.mm,Juu)w,f onJb.,,,J!Pt.,, I; mmrr'·r

,,, ,r 'lrntr.'!' t 1.m 't"'l"rY "'t'f"f.P"I' pm,1 J~.~~"i. 1 ~.~,n.br 'fm'i.,fl•t b'i. '' 

t..pur~n'tu'J""f 'J/tut.,ttnft"'.,.,.,,bf'p ft"'['fp:J ~.~t~llfm'i.tJLt 2bpi';']J_,l }'HlfJlfw!i

I}WUfibp: U.!'l- l'"''l'f"'~''l-"',f.,,J,I''i, oJ-mtJonJ J,'i, p mm f.pw~llul/t t..~nmlt"'

{JJmlJ'hhl""' "'- 'i,/;1'//"'l"'-Ju ,f~n{J/.,)',,,,,~m!f' 2""" '-"'t'!J/if""'f IILUIIuf

'i.mu"f'"'-filtm'i.. :...,_,/' ,frt.".'l'i.J.1, li'i. : 

I . <J • .,~,/,l (3 · .J i )(·f -1)• •lmNI, 17 · J7j, 2. '1-u•~'L/ (li +- 11i)( / --;- :31 ) • ~ ...... 
. 1- i 7 19 

9 t ~J.'jj, 3. 'J.m'i.l.l -- ' llt•u ... - - -- - i• 4 . <J.m~•J.J (-4-7•) ·1, "l•um. --524 -:-
4 +- 5! 41 41 

:'). 

21:\4 

7. ~1:.- ,J,l'"f tuf"'"":;"'J""" fl.fu L 'II~tl•f'/~ /'LJ,£/ LntU~'//.I"'~j,UI ~UIIjflu//"'~' ,~;,,,,,, au } } i: 

· n -, ) r -:-1 7 n _ . 7 !t ) , ~lwon . 1f ::f ( cos4 : i ~in-~4- • 1• ) 1- i• fllu•n" I' 2 
1 
co~--:;- 1 ~1114 • S . 1·1'"' -

., . - i ~ - , - 3 i- -- 1' ;f L ' ' 
~,/, f i . i - "ft : tlt-n Ill , ---2-- ; j; ---'2 _ . ~), ~ m/1 J"" f 111f1111 U1 ::, IU,f 1111!1 fJ.f" L 'JIIJL f'f ' 

hk1,~"'J"'.'I"t'Ll sin .\-1' t, cos x- {' muwf•i.,~,'bL-,,,j . s in1x~ cos 2x, sin-lx . cu :-; \x , 
si n.)x, c o..,5 x: 10. fll'"'w ; ,,,,,, 1 f'"llf''w''l"'u•f"l ... ,,l;,{,,f.-1,j, ,,..,,,_,,,, /, J1,,,,,r,, , Lu ,,f. 
cos 2x, co~3x , co<;3 :<, co-;"x, sin~x. 'in;;x, s in~x. ,-in'i x, II . f(x)== x:1-- 4x2 ·'i\ --- 1 

l"'"lu.·,,L l ( .\ · -4 )-{• •{r"" fllou m. I ( .\) ( .\ · -4 1( X ~-8 X ; 411 )- 161. "'.1"{•'''1' ~.· I'"''"' f"/1' 

:, ,, ,,,, .. "'L' I; x2- bx --40, ·'~'"' !I"L"Lf'_' !( -4)~-W L 12 . : ( x)= \ -1+ 12x 3 - - 5 -tx~ .:.. 

-·- IOSx -i---8 1 1'"'""'~'4l (x --'-- 3)- {' <ft"" ' '~"""· i(.x) oc~ (x+ :3) ·, (x :1 ~h ~ ~ 7\ -'- '27)• 
1:~. f(x)= \ '-1 l'"'''"'~'l.l (x - 1) - {u ~hum. l( x)= (x-l)(x6---;- x5 xLj-x:• • x2+ x+ 1)• 

~kmltJIUJ r'"'l'{.u..,,/u"f~~['J!.. rf#.'f' f" Lt) Ll ''l""~w'it ,,,,,),,/1/'!fC,'b-pntf '"r"""'ff''' ·\ ~,}.- _ 
pf•. 14 . l(x) .x4-], llj,..,,.. l(x)=(l--1)(x - l)(x ~ - I)• 15 . 1( ~) -,= x 2- x- 2, •lluu .. . 

f(x) = (x-2)(x · I )• 16. 1( \ )= xJ: 1, "luHn. i( x)=(x -; l )lx'- x · I)• 17. i.'l' " "t''f' {• 

,/b~ .... f, ' !"'"'~' <fL'"' .,,, .. 11 <fbl L- ~. x- {• y .y, .... 'i.~.'fP"'J{• ... 1 .. 11. 1.·,, LI'l'· 

v = 4 -· l 
£·l'!· Xl = O, 

Y2 = li kr,. x, ----1. 

3,nt. ~•4tJ/''"~' rflluiUtt/_nf'"' "f b" jo,I,J,//u'.l"','fi''Jif L['~l'"[''/ tuum/t i. w'b/t f'"''l 'fm~I IJIII-
,(,,/ : tllm111 • .x 2 .\ ·· 4: 

(~ . • ,,,~,J.f i_"f'J'nf''f wum[tQUJi'tfr ~f'""f'fut~I'JII"f, "/'[' ,'\ ::...:.. } 1 '! , 3, 4,!) ,,,, /J., ,_ 
jo,bp[t ,1 L- ,,,,,~._,( /!_'btJIIL ."illll ,f I; ; ,,,( UIIIJUIIIIWII,NIIti't1Uf111f1 2, 1, ~-·· 1, 5J 0 Ulfltf h //11/, 1 , 1~ : 

•ilmm. 
7 79 151 

- ---X~ :.. x3 - - X~ 
(i - . 6 3 

2.'h 

.19 . lJ.u•~~l;l .~'l'wl'"''["!'/'Cj' 1_ un/• !JUI~'[' w~tm/ll;.w'lt[• l'w'l./w'111fW1f1 "!'/!. X= 2, 4, 
5, 10 Wf'JJJ.p'j,/:;J''' 'fl;"f{!'" ,( r_,,{IU11fUIIIltull/uUJ'JIIJtf1111f1 ~~h'f" L 'jiii L if /; 3, 71 91 19 W[I 

J- /-,/'~'J.P('' flluun . 2x-1' 
20. <j.,,'j,/,l [0, I] '"'""{"'~'" ,{ y .~c siii7:.X ~'" ~.Jl!J{"".I{' ' "'""'L' 1-{•~' • :.! - J"l• 

:J - J"f '·- -1-r'l- uuun{•ow'i.f· tn,.~· z •nL· .r'i.{• l""'l''"'''"I""'~'Ll'l! ' lllmNl . [3l(x) -- 0, R,(x)= 
2x( 1--x); 

B3(x)=: 2.f3 x(l-x) : B4( \) ,=2x(l-x) f(2 y 2-3)x2-(2l' -2 - 3)x ---j 1/ 2], 
2 



q. L n t ju VIII 

•f.'b'inupf/•L'"/ ,[/,// rfrnrfrnfuwllw'i.Jr lprttb~yJr~u/d,('/!• ,f/,'JJ.J! dmurbw

'ir;b[ I;';.J'' "I' 2urttr [;-1,/""!fJ'i./,1' m ,,_,{'bruupf'l'lP" J:.rul'/1 I; Lfr'i.m 1/' J:.mi.

'1/'"i/'[ Lrlt'" lr utr[fi[P wi.ftwfu ,,,,,,,,,,,fl"'i,i,[;l'fr lp 111 'irl/.'1/•mi.L1,fr 1 {:b

l'[;i,J, ri'fr J! IU'ilfr "rfr'i,,l,'i.li I" 

0 I' fo ~~ w ~ .l : l/._,r,, "L'J'Jw<;dl.l'""l' S ,lwltbrb·ur_, "t'fo ltn't'l/;l'f' L 1,~u.ll'"'·· f1Jn' .. <;,_ 

"j,{,f'l!_ ~1111/IIIIIU/{' f~"'l, X- /r h y -JI, Ul[llntu~IUJ'nr/.nL_ If I; 

S xy 

1'"'.'''"'~/,,rf.: X /,_ ~· Wfrdbr~l;r[' .lnLJ'Uifl"'~':./'" L' '[n' .f'tf'~' ~ UJtftu,1 UJmu11,fnw~nL 1( ~ S 
,/"' Jl/; [ 1 J. "/1 n /11

' i. UJ ft/, UIJifJ b /'* S -(!_ L1,Jf n L t/lf"/' n fu ,,Jl UJ C,J ,, :p n 1 ~,,1/ !/ '"" I;: 

()I',, C,, tu 't_ 2~ fl./it IIL'['["'C,'4J"' ·C,, ('1"' 'l"':.L,,u~t/_ruur{t V Ju,/UJJ['t "t'/' ~"'LLt'/' 
,,,,jt.IIIJ'"' fd.lut . "bhbl'l~ .:.wrf.un1111f' L·C,, .\-[1, }·-f,, z-/_r, UJfllnUI ·:.w,mrf.lfLII I; 

V XYZ 

p~n1u,~<.llrnr/.: 1/..!uurL,/ \-r_c,, X 1 y, z Ll,bl' "'"'/"tfJm*utc,,~,LrJr :pnt . ~ft.:JJrm tr 

0 [1 I·~. Ul ~ :1, Tl.r¥1· flu/•)1'/' R ;f.nuuf"t"" f'.t"L~'l' • nr~· UI('J.UIJ(•[uul f. ~"t•fr-
1/11~1{1 "[,*uun,fun/1' :p UJ~'ttm~' "'"'* flLI"/ulf) """1 n •. ~,I .. .'Jn'l ~pm"ltnfJfr!l \f

0 
"t'Tr~u1 ~w"11 

'"P'"'lu' }l.fu"fl'• UJrm,u:.,,.lmt/,,_,( ~· . 

, __ \'~ <i n2:y 
r, -

f'"'C,'"'J/,,,, { 1.; f/L- ~w2z//• •\ Ulfl"lr1//• ntt/' 'J{•,fm tff"' fl Jn 1 'j,l!.} : 1/,JIIIIIl, '/ .L!"- C,, f) IU~f'"'-fJ Jlu"it 

,LIJ[, "'1'""1"'!1"' ,fC,, I; : v o-f' /,. -.:; - /• mJ•rlLI • .,,L,,f, J'" L""l, ,c,,lJ'''-1' 'l"' ·l'lfr ::,,uJu,r Ul.f'l 

Jfiii~IUI •\Jtfl lnUIJ"II I; h1 -/r 1tf111~111/ffr Ulf'JL 1,, Ul.fll/t~ljJ C,I' [(-£~ Vf) /, ':f '•[lft_nt rfrtll/tnfriiU

JflU.-!t't,L·rfr f/_.n'- ~~:J/•w 1.: 

x~ ..J_ y~ 2~ ' 1~ 

11 --;TJ -t- :,J 
ff..I'""L'l 11 - 'lt ..\: 1 }" 1 "'/ 1 ( :.nf"' tJ.u'f"'/"m4wl,"l,/.l'f' :f.nr _C,,JffJ{•w ( r 

2'11i 

/ttw~w'i/i.hl•/• ,,,,,,,,,,[,';. "1'/,f; f) urf•t"" Jfdfr!l rji'/'!1/""J wl"l/'p'ir{;l'f' 

J"'l"".J!"''i.U"'I' (x, v) 'l"'J'If''i. J:.w,f,,'l"'""''"/"w'b,.ll; z ,J'I,}urfr/l,'b 

nf'"2'"~P mprlh-.[! 1 ""'!"' mum,/' h'i..J!• "I' Z-f! J:.urb•tforur'i,,J' ( X f, \ ' 

!Jplp1L tJun!lllliJlulpuli!ibpll ~ttdili!Jiuu' "l"'2'f"'J D ,,,1,,t[J, ri: Uf·•r
•fulfrll J./,n•f Ll'/1"'- •/>n•furfurult"''b'i,/,!'/' lpur'i.lt.'f/•m'i, 'i•zw'i.mlt•Jm•f I; "'!" ' 

"'""· 
z=f(x, y), z=F(x, Y) /, "'ll"'' 

/;f'""L ,,,,,,nfttmfJmb'irbf'f1 q, 111 'i.ft.'f/"ub /}"'/""/ f; 1111"//,[, 0/'J/iJtttfj , 

""IJ"' ,,,ftJ• rfp2_n,'l"'/ ftwrf w'i.wt/rurJrltnrh'i.' ,,,'j,,(!f,J• df'5"'!/'"'' /r'ir~uj/,, 
111J1f "'/"/"',} /; rfl' l'/! '!Jrurur('fftJwJ ~"I'" "('/'~""f/'j,/,1"" rf: /)wbrui!fr/1 J:.fr

,j',';. •/1"" ru'i•IJm/11 r/rnr/111/ttmf/w'il'i./,J'J' "'f"J/;.J.,';./,J,/• rl} .[!ruhjr 'l"' J•JI• 

t:.uufml' 't"'l'"Lf• I; ~""l'{/'l lpm'i.II!J/'"'JJ• '"J""'.J''j,[,['/' ""/!'" rnu/1' fl.luu11,", 

WILmy/r'il "I'Jr'i.wffp J:.urJ'url' ft"'/'b[p I; Jf"''l'fLl r:,/,,{,l"'l "''IJ"' urufff!• 

~~x I ,. -....... I . . 
I I 
! 2 
I 
i 3 

4 

0 

() 

0 

0 

0 

I ,5 

I,S 

2 ;' 3 -1 > .5 

4 6 

2 i .'3 l 
I 

2 1-3, 
-l ~ (i I 
() q 

. I 
8 12 l 

lltu IUIIJIIIUUI/ffr rJ'/ij'_ X-/r /1 y- fr 111111£111/fft IUirrlb.f'i,blr/rh ;:.,,{UI"flll

lnWI-1/IIUihllrf 111n'l/r L "Jwh J:.ururJ'uri. mfui""J' 'lf''i"'J I; S q,,,.';./1-

.'f/""JJ• J:.wiJ'UIIIJUIUIIUU,IIIIIh UlfHfh.f'/!' 

l:fJI.- z=f( x, y) lpmi.IJ ,'/P"i,"'l ft"'f""''f/!. rrmUI!f'f""J' I; n1rlrl; /,/'/;_ 

•/111Jfil/r 'P"I'dhwfJ"'i, 111.um rfhmuppm fdJ'"<j' rf.,,J'wi.ru/1 Z rfbJ,,fJJurb ~ull/•

J'uri. . r.L·u,/llllhJ'nlf, IU"fUI J'jrrnh'fllllfJ•,'/ lllllln.lJIIIILIJ' !; Ul'fJIII IIUI~ 1 "['/!. l-[! 

"1'"2""[. I; "1'"1''" hl,/1"'- ,,,,,,,f,urllrui.i.hrfr f/>.-n'ir!J.'ffrru : llt" 'll'"f.J'""' 

lpmi.IJ!Jfrwi. rn("/"' rf I; rfjrrnJh ""1£"' ""'lfp rf/r2"9'"f' 

J•i.t"ihu f, Jh~ urh~ruju ,,,,/r,frrurltmi.J• 'IL"Ii'"''J', bpi/"'· rprrr/rrr/,111-
//ur/'i,/,j,fo fj.nLh't,'l/""i, f!h'ft:,"'i,l"""l/;, m11ur0 'I"J"'fJ!m'ir rrr'irfr X-/r /, )"·/• 
"1. 9 ,w;,~UI.'J"'J ,rJ /,.['<;,J.-1,/r 'lh''i.J!""f' 

II UJ ;:, .r Ul 'i. n L J' 2: x-JI ,, y-/• "'l'rlL.[!i.b!'J' (x, y) 'L'" J'l''l''' , .. ,,,_ 

,J',,fdt•nhf!., "l'"i,!/ t:.u,J'"'I' "I'" I.'/"' ,f { z=f(x, y) lpm'iriJ.'IJ'w'i., It","/"' ,J' 

{· "' J'l lprn'i.ltBPUJ J/r llJIIl ;>tl'lll li mil Jllll JP ,,UJ.r q 11 J II LP Jill r, mllJIIl LJ(l; 

,'J,,'irfi.'IP"'JJ• npnL_rfmi. "'''!"" Jfdf! ""!'~"'""'' 1/hf"'f"'/ 9"'-!JW'If"f"' ,f I, 

"r'II""1.""Pn1.!.i.: lifJL x-J• L y-J• u,1,Jb.£!'i..Lrfr J'" f'lll.[!'"i.U"'I' 'l"' I'! 

,f/,i,-1' Oxy J:.wl'fJ"'fJ l"'i, ,f/i-1'. "I"""'Jh/'bi.-1' l\.\( x, y) 1/L,nrf, 111u1w 

2.i :-



q, ... 'bft,9/"»Jfr 'l"J"'1"l"''j, ur/rrm Jlr.le r:.wpflrr• fltw'b •Jrw "lwrnftbrrJm .r t 
IJI.,nhpfr nphl; pwcl'fnr{riJ"''j, rnl,u.pn'fr 'Ibrnbpfr "'1'1 pwrzrlrrr{d Jn<'bf! 'bnr J'h

"'L" IJw'b'l_w'bL'b.[! :f.m'bftsfrwJfr npnzrlw'b rnfrprrLJ{rlr lf~nu'b~n'fnpur"/lw, 

f/>rn'biJ9frruJI• npnzrfw'b rnfrpnLJf/f! ""'f'"'f /; tfr'bbl /, ~nrfpn'fp_ t:.~np{c/m

{c/Jm'b[!t 4Lrnu''l"'J"'J' rfb'b.[! '!tfuw'l_n/'"'"ibu 'I"I'J L'b.[! nL'bb'b~nlnr- WJ'b

"lfrufr urfrpuLJ{d'bbpfr r..hrn, n /'"';,./' /•rL'b9fr!J 'bl.-pftwJ"'9'buui b'b r:, ru p

frl n L I" J w 'j, ,)' ru u " I'\ " IU r:. ,j IU 'j, IU •fr Ul ,, "w J 'I J· ,, I' n ,,, s,,[ul(} 

urfri""Jfdl! uwt:.rf.u'brurfrmlln'l 'lfrJI! .u'btjru'bbJnL b'b.p rnfrrmJ/dp hqp: Sfr

f'"' J!dfr "'l'j, 1/hrnbpf!, "l'n'b.p brzrfr'b 1_b'b "lwrnftw'brruf, ur'br.Jm'blil"' b'b.p 

urfrpm Jf'lp l1bp~\di 1/brnbpr lfpwJ'b 'bbp.pfr'b IJI.-rnlirfrs IJ"''lJ'f~nJ rnf•r'" J

{df! ~"1.""' .r I; J'lllg ''"''/ 112_ lpmlt: l:fdb rnfrrrrLJfdfr'b "fWlniJw'bm .r L'b 

'bw!L brzrr fthrnh/'1!• "'"I"' rnfrr•nJiile ftnl_'frnJ' I; 1\Hull: SfrrnLJ{de 1/nl_

,,.llJ' I; u m!hfm (i LmJnu lj, I. {dh 'f" J"'-fd J"' 'b IlL 'b {• w J'j, "1/• ufr C t:.ur uur ~nrn m 'b, 

"{' urfrl'"' Jlclfr !!w'bl/w!!urJ M 1/hrnfr t:.lin~n'frrpmfd l"' 'bf! IJ""I"l-fr'b~nrn'bbpfr 

0 uft rzp'hwftbrnfr 9 T".Pr I; C-/•.CJ• , Jufr'b.p'h 10 .VII<:.. C: 

o·L· I•., w ,, i5: /1["'2/,l s=2x-y !Jrnr.'blt!t/"".1" "P"2''"'"' t•"'wltw~• ~f•pn• Jflf'• 

2x-y Ul.c;IUI[[•wf!~ Ulf'IJlUI:,IUJlnnLflJnL . .c;,~ '"'"""" nL~p x-1! L y-1! 9"'~~UI!JIUJ ~npJIEp
.I.Jbr[' ~UitfUI[Il :..bmfiUI[IUI[II :fonL~I*!JI!UI.fl' 1rf1112.1fut~l f'~UI't.Uir,l ut/r('IILJP~ ~- ~UI.c;f'l-fruw

•tlf"-1( uufpn'f£ Oxy :,wp£1-n'--flJnL~'/!.' 

() l' fr 'trru ft. 6: 

/Jpu1L,'lf' z-~• '"~'b'bw frpruft.m~• rupdbp~•br, "lbmr I; wprfwmrumwlt filfrr/.1'. Lf•~•fr 

n::_ f'UifJUIIIUI,[UI~I UIJIZI!.c;,"}~l\ X-f!. ,, y-1!_ ,,/,,,) I; pu11fwpw;ufl:,.c;, I -x:.J-y~~o ~lUI' 

X:!~-- y:.! ~ 1 Ul~l:, llll,lUIZUJf'n'-}J JUl.., I!_: 

U.,r~• P"l"P A\1x, y) ft.bmLrl'• "l"'~'!f ft""P'l[''bwm'bbpf' pw•f"'l'"'P"' ,( h~. ~•z•/w•~ 
w~ ~ IUffruuUJpnLfl.!'".c;'/!_, 1!.-c;''t_UJJ. L-"J, 't_nn l''l-/!"1, wm~brf' u't_'f_p~u,ftb-,nLif ~L-~,mpn~ n ._~ b-

3"'1 /, 1 2"'""''/'L"rf u•£ur~•f• ~.bpuf' /, Zl'fu•~•f• b'lrfr~'' 
Opf•''• w ft. 7, 

Zc-ifi(X-i-Y)• 

"P l"'l"'f'[•fJ•f'bl,ptr "P"zr[u:rt l,'b 

Jfrwl~' 'lf'"'lt"'"' fl•fbrf• '"'''"'!'• "'"l"' 
l'"'rfurpunff• 

,_,r:,,;,llfmuwpnLPJUI~f!.: '/•w "'/12,W~UI't.IIL,/ t-, np Z 

~"'· ~rll!J[•w.r[• "f"'2'fw'b m['P"'-J£1£' r.wpfln LfiJru'b 

"'.I~' It!."~' 1; , "Pl' 'lm~rr[n• ,( I; y o-_-· - X "'·'l'l['.'J 

~rbp[•fr, mnw~•:J "'J'l· n L'l'lf' ('bfl• 166)• 

0 r I·., ur ~ 8. bnw'bltJW., s rfwJII.·p£ " l' X 

:,frJl•fr lr. Y l""l'J.prn£1 J"'~' !JrnL'bltsfrw'b 1;. 

S = xy' 
2 

TJ.n ~"L~rlutf•w;[• "I'"Z''"'~' '"''f'"LJf''b I; x>O, y> O "'"''"' 1f1e (i'"'"'f• "P 

L·uw'bl[l"'~' :,{.,fl'l' {, t•wpJ.pnLfJJ"'-~'1' il'~' ltwf'"'l Lf•'bbl P"'ll"'""''L"'~' ltw.! '{{'"}• 

'Mtwmb'bl', "l' '1/unwplt•/w~ ·'P"•-"'It:lf"uJfr nput.!w'b mfrp•n,rfrll' ifr r.wJl''blt'bnuf "'l'b 

w·ll1111ff"n"~ Ul[!lniU~UIJmnLfJJUI~ "P"2''"'~ pC,uu't_IU~ '""1'"'--Jfilfr t:,LUJ, nrf• O'f-~nLfiJw•fr 

XV 
lllf"f"' ,( I; :pnL ~dl.'J/'"'C,,, f)UIC,,,, "l' 2 U1f1UJIU:,UIJtnnL-fiJUI~ "1'"2'/IUC,, /'C,nu't_w~ mfr-

l"''-iflt_'1 w't_~~~UI,fm ~-, Oxy ~~~~rfln'-f'J"L~~ I; uufpn'fi"' fiJu,fp: 

l;I,JI"' 'P"'P"f""''J"''b'bbl'fr f/>m'biJ9fr"'Jfr u~nt:.rf~n'brnrfe t:.l,zrn t l!'b'l

r:.ur'b1."'9'blit Lpb.[! /, u,JbJp fu'frn{u~nll"''j,'j,brfr 'lb"f.pfr t:.~nrf~npz 

l/ ur r:. ,f "''b n L ,{ ;;, U{iJI.- X, y, z, , .. , u, t •/mz/rnfuurll"''j,'j,brfr 

"'I'" E, .p'bL I' I' 'lfrrn~n lrll'l" 'l J"' f'"'.f!"''b tJmr l'"''l'f '" fd J"''bf! r:."' ,f "'"l"'"'"'u

fu ru'brnrf t w •frnrpn "'"'''m'itfr n {'" 2"'~" "'{''"'./', IU"JIU w-'b ''"''b'fru'bL'b.p 

x, y. z, .•• , u, t m!ilpui11 lJ_tn~nJuwlpnfilihp[I ;pnt.lill9rw "- IJ'tpb'b.p 

W=F(x. Y• z •... ' u, t) ,,ru,J' w--=f(xJ y, z, ••. , u, t) b_ "'ll'j,' 

llJ'b"lb,, fr'bt"l"" /, /,pfJ"' •frn•fmfu~nft~n'b'bbpfr f/>m'bftsfr"'Jfr t:.mrf"'r• 

't"'f'Llfr I; funuhl Lrl'J'• 1. 11 {'" !. "''L"tfr •pnrpnfr•~nft~n'b'bbpfr f/>m'bl/9/r'"Jfr 

"1"''-'f"''j, "'Pl'"'J{dfr rlu:ufr'b: 

llJu"IIIU, ol'fr'bu:ll, Ll,/'.1' tpnrpnfrr~nll"''j,'j,/tl'fr [/>:n'bft9P"'Jfr r:,"',r"'l' 

'l"l"' f"J"''j, urfr1,, J!" t (x, y. z) f"r.Jbrfr ''"J"'ft'hLrfr "r"l; P"'rz"'nfcJ1,n

'hl!' tl.1umli'l t 1 'bl1rumL'b.p, "f' [cl'flirfr l"' pw.pw'bum r bnl"''t Oxyz "'"'-
1,,J,L{dJ"''b Jbp_ murtfru t "I'Ll; M(x. Y• z) ~Lm: ~''"'""'P"'f'• LpL.p 

fufufu~nftw'b'bbl'fr :f.m'bll.'lfr"'Jfr nrnzrl~n'b -frrmJfde t:.w'b:lfr""''bmJ' I; 

"""I'"'Jm{dJ"''b IJLmLrf• nphl; p~nrzrlm{dJnr'b: 

'1-rur'b r:.u:rf~n'brf~n'b ''"'rhtfr I; funubl 1."1"' fnfnfu~nftru'b'bbl'fr u= 
=l(x, y, z, t) [/>m'bft9fru:Jp 'l"l"'fril"''j, urfri""J!dfr npu/bu [cl:fbrf• (x, 
y, z, t) J'IU"J"'fJ'j,bl'fr nphl;; purrzrlm{dJ"''j, rf~nufr'b: flJ'bm~nrfb'bwJ'bfr'f 

l"l'" ftu:rl' "''Jhtfr {drJu•/ •/,,/•nfrr~nllu:'b'i,hpfr f/>rn'biJ9P"'lfr "1"'2'f"''j, mfr

f'"'J{dJ!. "'l"fb'b 1_/• {dmJL"'"'f''",{ "l"'f''l bi,JIJ,url_rurp~nfJ"''j, Jhft'b~npur'btn
{d JttL'b: 

Orfr'b~n~ 2-uuf l'"r'f"'J t- Lpb.p T"'P"I""''J"''b'bbrfr f/>m'bftsfr"'• 

nl'l! "I"'21"'J I; x, y, z P"l"f' ~npJL.p'blirfr t:.~ndwpz 
Opfr'b~n/1 4-m J 1,br'f"'J t- tnru rpn•frrrfu~nllw'b'bLpfr :f.m'bft.'lfr"'' 

0,." ~. w It 9, 

w =f l--x 2- y2- z~- u~. 

U;umL•t w-~· x, y, z, ll i"l'" rfwrfrnfrrwltw~l.,bpf• :j>nL'itltsfru. 1;, "Pl'. "P"l""' .. 

I; 1"•rf•nforwltur~.'bbpfr w;'b "'l'J£·r'bbpfr r.wrfw[•, "P"~'I' pw•[wpurpnuf L~. r.bml'l'"l 

U:t'b~u,1_wumpnt.p lw'he' 



§ 2. t; fllf nL afl n lfl ntu w ~ wlllll.i (I~ :jl nLllltg ~w 1 ~ h pit JllU ~waflwl1wll 
aq mm It h [I nui I! 

z = f( x, y ), ( 1 ) 

f/>m'lr~y{unh , "l'l! "1"' 2.'/mJ I; Oxy r,mrf'"'- {dtan'lr G m/rrmtfd,,f ( wJ'f 

"'fl'"'-t{rlf! ltUJ/m'l t , ,fanubUJ•/"1"''"--h", tfo'lrLl /, anJ·P"'['[ ::.mp{J,,-{if tm'lr£! )• 

J, Oxyz "'-'l'l"'hfiJmh 'lb~wr•urtm'lr ~""l''f/•hwmmtf•h "Puurlilf[! { 'ldt . 1 fi7 ): 

Bn'-f'UI.J!UihlJ'"-I' l x, y) t11wwuf t1w'lr'l'lrUJy'lrb'lr.f! Oxy r,"'rfrlm fdl'"'lr ,, •r 
'[Ui r:;UIJUI!Jf! b. b{'UJ "'"" mbtl"''frbb.[! f( x1 y )-pb f, ull/_UJUinfl r, IUUJI/mJ : 

t~ . 167 t~ . 168 

X, y, Z= f(x, y ) 

~""1'7-fhUJurbh[mt/ P ftLUJ[!I 

tl.t'lr P ~hurhrf• bl,ftr"'l"''P"'~"'h wb'f{! ' "l"'h.'J /l""l"l-fhruur~•l•[•f! 
pm</_ln[IUI('III.lr b'lr (1) f,UI"UIIIUI(IJUJh(! 1 ~rll_t/lll.r t- b/1~111 t/lfii,III,IIUI~IUb 

bbpp [/>m'lr~y{uuJ/1 'lf""[/>pl[ : U,bUJ[pmp~ h/rl[put l_ llll/-""-fJ Jlllh 'f UJII[!h{ihu.'Jp!J 

'fpmhh.[! 1 "f' ( J) f,UJ</_UJUIII{'II'- ,ff! IIIIn{'UJJrrrf'JUJb Jh t_ nrnzmJ" I; n['f,f; 

,fmlthrb,_tfd: U./"11-Jf""''' h1,~,._ •pn</_•n{IIUJI{UJbbbf'P [/>mh~!J/""J/' '11"" -

[/>plff! r:.w'lr'lpuUJb,._,f I; JUI~bri""-!{J 1 npp ull'"!li~ypanh Oxy r, ,,l'fdm

{rl JU1h </_ru• UJ !'1- q,,_ h~!JP UJ JP 'I" J m [il! mh m pI"" tfJ'lr t : 0 '( y r,m f'ld"'

I" JU1h J llli"U.J!-Inh lt"'-r " '- 'l'f'Ur,UJ JUI!J z-== f ( X I y) .r ru{lb t"' nt J!d l! r,UIIII"' ,r t-
_.'!-l _ .!';¥.btfr, J!"'h ,fb~ ftbur,,_J': 

·o rl· ~ w ~ : Z = .'\ 2 +y2 :J>nL~~fff•w Jp qpw:J>[t~['_, l·~ }. "lLu ~ ... J in~f· I; ..,·,, ... IP"'I"t 
Ll'~l'"' :._ wpnLfl ;n'-~Pfl , .:, w'hqp"w~uLJ t "f."' ""'"'~ "l"'l'"'l'n lnP'l (~~ . 168), 

'1-" III II 'l II L frl J rl L 'i11 l:rb.J!- " Ullfli tfl </_1111/lll,lllll~llo~l~,/,f'fl !/: 111 ~~ ~~ 

!Jflnh UJ"j, r:;'lranl'p'i, I; wUJI'UJJm {riJanh ,J'/, 2. U-Jmurltf•t•f•t 'll"":J.fdtf• v t/5,,

fl JIIIJ' p: 

:? ~)() 

r 

'l·f"mup~h'lr.f! Z=f( x, y) Jmllhl,f,mJ!ilfr [, O xz r,wrfilmfrltu•h[! 'l"'- 

'im ;!, y=--= ~O!lS t r,"'l'{dmfdJ"'h f. uunJ'UJb PS 'IPJl! ( 'lr~ . 1 6 9 ) : 

·f!ru'lrfr "I' m!'l- r, rupf'm flt w'lr 

,//;2 y - /!~ 1-'fUI (, l'fUihllllr t- r,IUUUJIII-

IIIIflh Ulf'"'· .J! · UI"-JIU Z-[! P S 't"l''' 
,,,,,,, t""" fd [ Ill J'p ,, ,,,, ,, •II•' ,, IU ,, "Ul J 

J} UIJ h X-" •/r '"'"' f"" fl J nth,, 9: X 
wbllmfu •/rn•/mfuw~UJbph wmh.[! ~X 

,, f.. '"l'l- 7L"I.f!"' ,f z-c lt""""hUJ 

UJ(. , "I' h UJb •Jan'lr 111 J L h z-Jt tfum

liu:l! ll lllll ~UUI X- 11 [, h ;_ whwff"'-,f 

/,'iJ il,z -11</_ { •tJ"''ft"'J"' SS' ;:,u,n-

(1) 
t~. 169 

~anJ,'iJ,fUJbnl'b'lr, bfrl h X-[! 11-JUi r:; U-J"'hmJ" /; r,wumanurmh UJ{'J-b.f!, 

P"lt y -1! lltnUJbuut I; t:J.y UJh, UIII-JUI Z-f! uurUJbmJ I; wi. , "{'£! ~ni_</_w.J 
I; L- /' .fwuban~p ,-{. cuur y -p • U.J'l- wi.l! 'lrzw'lrmltm..f L'lr !1yz upJ'</_ntnt/_ 

(•t" w 'lf"ll J' ' TT ' ;:. ,,,,Jwa I! ) . 

(2 ) 

uyZ w6 •'/>m'lr~!Jp'"h uuran'lrm.J" I; z=f(x , y ) Jw~brl..,u.lfdp [, Oyz 
r,'"l' fdmfdtanhf! 'l"' 'lwt:.bn x= ct,nst t:. wp{rlmfilt"'"' r:; ,,,JUJb <f 'Jdf hr

~UI Jhm{d !"''{fOJ r 

•I.L1,2"'"1Lu X 111f11fmJ'/,'lrmJ.'lr mwtn</_ !1x ,,6. , J.ult y wl''t"''fl''i""P'lr' 

/:J. y UJb
1 

/[UUIIuhutb.J! Z ~/r r,IUIJ'UJII bn11\ jz mh , "f'f! ftn l_ t/.1111/ I; Z f/!mb~
!/PUIJ/1 lJlllll urfi /, "l"' t '{•nJ I; >. Lur/.JUJL pw'lrwi!.bn{ 

!:J. z=f( x+ t:J. x, y+t:J. y)-f(x, y ): (3) 

t11. 16 fJ -m J" !J. z- {' UJ"'mltf•t•</_anJ I; QQ' r:. anuuJUJdn</: 
1ljfiln.f! I; ~.t1anmhl , "I' l!'lr'f t:. w'i,l'w"--bu u111md , ll'P'/ wi.l! t:.w</_wuUJp 

t_ l; Jmubw~/1 whhpp C[llllfUI('fb1 IIIJU/Ih.J!b' E~z=f= /:J. xz+!:J. yZI 

0 r I• ~. Ul 'u z= xY' 

.lxz=, (X-t .l x)y- xy = y.lx, 

.lyz = x(y+ .ly)- xy = x.ly , 

.lz= tx +- ux )( Y+~y)-xy -co y .l x +x .iy+~x.lyr 

ll[•p X I, yc. 2, .lx = O,'l, .ly = 0,3 na_~/,~1! .l -; z-;-0,4; .l ,- z= 0,3; .lz·= 0,76. 

~u,fw'lr,fw'lr a/,n•/ ,, .. :,,{,'i,/,._ .f b'lr 9"''lrlt"'!Jtud {Jrfn•/ 'P"''"'P'UJ

:..9 1 



ll"''b'bl,l'fr lpm'bllyfrwlfr .!wu'bw~/• {, Ll'f"i w-6.LI'l" l/./""IL", l,rL.e ,,,,_ 
,,,,,, m~m'b'bl. rfr tt=f( '(I y I t) :p, 'b~yfrwLfr r:,,,r Ull' m.'bb'bJ'· 

t.xu=l(x + ~x. y, 1)-l(x, y, t), 

.6yu = f(x , y+.:'ly, t)-l(x, y, t), 

~tu=f(x, :.-, t+M)-f(x , y, t) , 

.6u=l(x+ t.x, Y+~y, t+M) -l(x, y, t): 

U',t}L'b.p odw'brl"'~ .!J, ~·url"'l' t:.ouuii"'.'J"'filt"<h' "'l"Ju•t) /ILmfr ?l!_f'-

2."'~"' JJ!fr t:.w ul1w y•n{tll"' h['_t 

Mo(Xo' y,,) ''""'" r £""'"'"''"'' ?Jl~WqWJ}! ll"l""'" I; P"l"l' (x, y) 
~hmhrfr pwq.!m.filtrn.'br, "!'"'b.[! l'"'"'"l'wl""'' L'b V(x- Xo)2 + (y-- Yo)z 

< r w'bt:.uufouuourm filt"''i'l!' "'tufr'b.f''b' Mu( Xo' y") ~L'bmru'b m'bl;!f"'L r zur

"'""'1"" 21'l"''bf, 'bbt,'b f!'idl"'t} P"L"I' ~LmLrfr f'""l'J',ftlt"''bl!' 
G(tlh .!b'b.p "'"""{ L'i'.f'' "I' f(x, y) tp,'b~yfrm'b odu,fwJ I; n1rlrl; 

II ::,,.."'~"' ftlt""'l' ~(xo' Yo) I1Lmfr ''""'"'II'"J

0 :& 

.pm.!» II"'" (((Xo' Yo) ~l.wfr nrbl; 2./''t'n''"'r 

.['"' ,{», '""fW 'If''" mw/1 t:.wullm'b,.,f /,'b.[', 

"I' ~'tur'b'ffr (xo, Yo) llb';,,l','b"'f "'l'i'"ff•ufr 

2/'l"''b, "l'fr P"L"I' lthmbl,,_,r "'t''f"'" lpm'bll

!!fr"''b oJmqmJ I; 'bz'{~nu t:.wm/.1"' fil l""il'' 

1 "''" .f' w 'b ,r fr .p "''h fr ,,,,,, ,, oul1 "''h 'b h r fr 

tj>"' 'b//.'1 fr w [ fr w'b {''btl t:.ou ,, {tf JW 'iJ 'I"' 'I w """ /' fr 
'lfr"'"'l'~"',rf!, .p'b"h~nriL/;'b.j! tf/, .pm'bfr •frn1m

/•""11"''b'bbrfr lpm'bll!lfr"'tfr uout:.,J'w'bfr 't"''l"'-

z=f(x, y) 

lpnL'b~yf•~n'h, "l'l! "1'" 2""'J I; Oxy r:,"'''"'"' filt"''b "I"' I; 0 mf•r"' ,p .. ,rr 
'1-frmoup~h'b.[! 0 urfrruLtftlfr'b ltou.! 'bl"" bqrfr'h "f"'"'~"''b"'l "l"'l."'llf' 

,\\
0
(X

0
, Yo) 11/;m ('blf. 170): 

U"' r:, ,r '"'b n • ,r 1: A ftlfr•/f!. llnttJu<.! I; f(x, y) lpm'bl/.'1/'"'lfr 

* lfb'i.J! :.pJ'i.w~w'bn, . J ~·tf"""'I'~L'bl' br~"L .j.nof"'f""'~w'b~.l.rf• :j>uL'IIIf!J/•u•~•it'• 

l'w'bfo "l' brLI' It w.jL·lp •fw.pnfuw~..,'b~.Lrfo 'lf"'"'l'~"' ,fl'. "Z •'/• ,JI'Il'"L~'l""J/'~' ,,,,_ 

1_rnfuuLj1Jn'-~ :._/, Jans*itnL,f, I'"' .f.'} Jan9"b nr_J I; Lf'LU!Jnt.'lfr 4~. ,Ljr,~,fr~ut~w'h '1'''1'"1'"'
fl JlfL .,,.,,1.[11 

:.'92 

ulllfitfmli, l'l'f' !v\(x. y) ~hme a'l"'"' ,{ I; A\o(Xo' Yo) lll;mf•'b, l.ftlh .r·• 1'"'

.J!"''bf.!"' I' o>O [<hl.fr r:,,,f'"l' ll'l"''b'ffr "'J'b"ffr"fr r>O ftlfr•J, "I' MM" <r 
~n'br:.uiiJUIIIUII"'' [rl !"'~'/'_ p ""'"'I"" 1''"1 rn l" I' ,".\ (X' y) lib ml•rfr r:,,.,{ lUI' 

mbrlfr IlL 'bfr 

IU 'b r:, ... ,, ""' Ul I"" I" JIll 'b {!: I; frl h A '"",,I! r:, Ill 'b 'II'""' 'b"' ,r ~ f ( X ' y ) :pIll h 11-

yfrm tfr ,,r:,,r ,-;,['_ I I. rr M (X' y) -· \'1,,( X(), Yu) I "'"I"' 'II"" ,j' I. 'b . 

lim f( x, v)=:\: 
x ---lu 

Y :O:Yu 

II,, r:, ,r, ';,,' ,f :!: '1-f'.'J"'.J! ,\'\ 0 ( x0 , Yu) IlL'"/! "f'""'ll"''b,,,r I; 

f(x, y) :p,'b~yf•ou£1• "1'"2'{,'b mf'l""tftlfr'ir: z=f(x, y) lpm'bii!Jfr"''b 1/nt

tJuuf I; mll~!i'lnmm M
0

(X
0

, Yo) l1lnnnul', bfJI; mlitJfr m'bfr 

lim \(x, y)=l(x 0 , y, , ) (1) 
X---;. Xo 

y -,;. ~0 

r:,,"'"""'l"" frl t"''bl'' f'_'h'f "I"" ,j' JVI( x,y) ~/;"'I! aqmm•t I; ,\\o(Xo' Yo) 
~l;mfr~• ~""'"'J'"IIou'b a/rn'f, J·"'.J,Ln1 lpm'b~.'lfr"'tfr 'l"l"'friJm'b 111/'l""tfrlmJt 

/;ft!L 'b z m'i•~n~L'i,.p x=xo+~x, y=Yo+~Y, "'"I"' ( 1) :;,,.,,,.,,1"''-

l"t"''bl!. 'I"'I'Lfl, t "'1'"'""1/'hl "'J""fbu . 

lim f(xu+.:lx, Yn + ~y)=i(x o, Yo) 
~x - 0 "'' . , () 

lim [ f(x 0+t>x, Yo· tly)- f(x o, Yo)] =0: 
~x ~ O 
_\ \ .. () 

( 1 ') 

(l") 

1z"'~""ll/,'b.p ~r=V (t>x)::+ (.:lyf: l:l'f' .J.x - •0 '' £l y_,.() , ~p -·0, 1, ::,,_ 

~"''lw1.al!., I,[Jh j.r,_,.o, "'"'"' .:lx_,.o L. ~y_,o, 
U.t'bm.t:.l,,l,, 'bll"'"'bl"1• "l' ( 1 ) r:,.,.,,.,,,,,l""ftltm'b ,{bl .P""'"'~mufr 

!1. ·' f u,f..'b 1;. ( 1") •fr"'ll"''IJkrf• "'l'mw·C.u,t"'"' frlt,.'bf' 't'"''bll.'lfr"'tfr .;,z 11''"-

r:,,,.l'" u "'I"" fil !"' 'b l! II"'''" Lfr I; Ill I"" Ill 'II' h l r:, 1• milt "'l , 1• II .j} lilt 

lim L\z=O, 

flrl.l; mfrt"n.tfrlf• J"'/'"'.f'"''bU"' r Ill,,,, ,r m'be'h'lt:."'"' :p,,'bllyfrm'b 11"l'f•n.! 

(- tuli~fi'}llWUI utllj111Ljpnuf: 

I;Jtl/; , 1,1,1; N(xO' y 0 ) IJ'tmuL.! ( 1) "f"'l'{,,'bl! mLrLf• }_m'bfr , "'"I"' 

N(x
0

, Yul 111.,1! ~~~t•Jm.! I; z=f(x, y) :p,n'b~sfr•utf• fuqJm'b IlL,, ( 1) 

"f'"t'f,,'bf! ~"'!'"'I I; urh'lfr t_m.'b/;'brul, orfr'h~n~_, t:.hml't"'L 'll'"f.Pl.ruuf. 

1) z=f(x, y) :P•n'b~.'lfr"''b "f111 2'l"'t} I; N( "< u• Yu) IILmfr "r"l; 2f!f'

P"'II"'J.J!""'' pouyfr N(Xo, Yo) lfl•mfry· 



2) Z=f(x, y) tpm'b'tg/llllb nrnz.'JIUtf t N(xu, y) 
/'"[n/' ftb I J' I] "' ' I'm- ' tnuJ.9 'ln/"'-'JI"'-'b l"'-'bfr lim f(x, 

t.lsurkwf'UJ(', 

\ -,) xn 
Y· · Yu 

~-xo 

Y""Yo 

!1111 f(x, y) "'F f(x 0, L)): 
\ - .. ~0 
Y - > Yu 

lim .lz= O• 
t. x- o 
toy ·• 0 

I:LphhJ~ '"'f'''"f :f>nL~•bfr"'J'' orfr~'"'~' 

Op[·~''"'t ::, 

&~. 171. 

xJ+ y~ 

172). 

2kx ~ 
z,-_-

x2-7- k2x:! 

0 

'tlilnf• 21'J!.u•'tmJ

y) uml),f,,'bc. 

"' .1"/'~'1'~'' :-: :f>nt . 'h~.'lP"'~' "~'ll'h"'*Lnn•f "'h!Jh"'l ,.,(/;~, ,(/1 nL'f•tfo bi'~"'Jh" '- fJ J"'''l' 

11fUJ;IIJU111n, ,( I; ;WIIIniUUIIII .*il wrJbp 1 np[~ ~wfu1wJ. I; "'-'['[" k w'b~Jn'- 'iJ.uJfr~ '1"[' -

,) UJ '"' !/' 
li.J'l UJUIIII.;,IUIIIJII J L"f/L· ~""l''lfr'bwuJ*i,brf' "~'LI'*i'w't_hmfr'b Jnml.-..,,w'b,_l mwrt-br .. A'.n-

_!J-t 

•IIUIIIjiii['J,j, Lf''"' ' ffUUIUI.:,IIn~l.[• UIUI('f'/.;fl IIUI~Ifll/'i.Jm,t/1•11 WJ' '/b/'~"'/'J /111~ IIUI *j,lUI~tUIJJ"' ,( f; , 

"I' l(x, y) ~n,_ -;,~:Jf•u,C,, :'" .-,,,, ,,t_J~.~.~~,, &l'l' (x, ~·) IJL"'L! () x y ~"'l'fJ,, fJ .f"'~' 'ft"J' 
J,JIIIIII ,( I; ~"nf''J/I~IIIIUI.-,,L- f'f.w ""'f.f'~UI*bmf!11: ~fimfiUIJIIUJI :put ~,(f!Jf.UI'lt 111 .. t'J ~~i tnHl tf 

'"'L'f"'l I;: UJ'/ :p,c1di9/'UJ.-,, ,,, ~'"I'Lff' lfll"!l '" !/[' : ///'1'"1" '' 11tu~tfm'l1hf Wj.-,111Jhu , "I' 

ffn'nf'-'J"j'"'"'-;,/;·f'ft ll~lf_p~uu~/;IIIIILif IU ,I.-,1 'JIIIIt~IUI ,.-,,f!.'j"J~UIW ! ff.("' 11 Jf"'l'''' ·'' ' ,; J,~m /; 

,,b,j,};f, ''l' rf~u'!J'"tl ~bml•rnt. tf "'.''/ :pur 1,//!J/"".-,' m'i•J('"I .; "'"' I; : 

fJ.,.,,'iJ.'f ""'/"'!/'"!!If. 'bzL'b.e ''""II /, ,ll,t:,,fm~"'"f"llll mf.l"" tfrluuf 

"'~'/_'~"f;:.,,,, 2.111111 Jfrnl/111/lfiii~IIJ~Jb/;f'fr Ep"'- ~'~.'1/'u'.(/• ,j', .J!"'~''' 1/'"/'/'n/' 

t:.m ml1111 frJ! Ill ~I ~~~'I" l/..1 'f- I)UI UIIJIII fr/.(111 ~I bfi f' (! r:, 1111f Ill ~11/'tll b /;~/ r:, It /IIIII 1110 111.1f 

mb/!~''J t:, IIIUI ,f/;{1 t/lntfrrt/1111:/fm~l~l tpm ~,/I,'Jfr"'J'' /)ul/ul1111 t:"l"'_'i,~,/;-1,,'5' ( utf.u 

II 'ILI"fr ~ 10}: 

,: , "'II'' , frlt 11, ~~ 1: t;frJI, i( x, y, -··) rp~~'~''tsl"~~~~ "1"''-""'J 1L 

"'~'l'b'[-;,IIIUf t- l't '"'Ill[ I, IJIII;,,r,~,.l/,lllllj "'"l"lllfrJ,,f , 111/'f"' D mf'l'"'/

frlm,f ll'lw~"IP 'l"'bh ,J'/,11 \ '(xu, Yo ' ·-·) 1/"" "'l~'Uf/111f.'b, 11 1' '""I"" t{Jf, 

,r r" 11 1,, L"l' I/• 111 1; 1," r:. ,,r 1111, Uf 1. 'II' 11',., 'b 1. ~~~~~ 

f(x 0 , y0, ... ) ::> f(x. y, ... ) 

"'"bl_m[JJ'"~'l!. !: '!"~,[,. J'l,'t i\(x0 , ~, .- ·) ~hm II'J'b"tl"'"~'' "I' "'f'I'"'J!df. 
,r1~~, u f-'11£11 1, t11.,,J.1,,, ;:,ll"t"'r mh,1f, 11 ,.~,h~~~~~ 

lllrt~li.''" fJJ'" 'ht!: 

.'b,'bli.'fl'"'ll' f(x 0 , y,1, .. . ) =.\\ wrd ''.J'I! llm'i"f"'~'l;'b.J! f( ;; , y_. ... ) 

:P•n'bl/.9/""!1• ,ff.,)""I"'J'b "'t'di.J' D "'"l""_t{rJ~~,,r , f"'ll f(x,1, Yo• ... )=c=m 
"'I'd ".J' 1!. \ I" tl .J' I"" 'I, l b "'I'd I, .J': 

1/.l" ;,,,,,,,_fr/l"'·'bl! af,IUIIhi'Uf"'-'t /;~, "'l""ll"" IJ.'bl!.~''J;,II,III :p, ~"r 
yfrm~• ''""It llll,r:,,j','iJII,t/_wdt mf'l''ntfil"' ,f 'fn~,/, ,j'/,11 ~~~~''l"',r r:. m,~mul' I; 

M,n,J,,1,, J'i· "'l'"".ef.~' iL rn T".Pl""'l"'-l'b ,,1,cf-l,,f!f.'b: 

!..m mi111'{JJ"'-'b :! . l;[iJb- f(x. v, .. . ) :p,,_5,ll!lf."''b ~~~~~l!~''l~"'ut I; 
J) ,,,~~ 1, ,,;t:,,f,~uufm/1 mfrl••n.t{J,,J' 1, lifJh M-[! 1, 111-[' f(x, Y• :::} 

:f>,,'iJ~!J/'"'JJ• ,fi,Jw'l'" !~' [,_ •fr"J!f'"''l"'Jb "'l'd!..e'b!.l'~' L~, mf'l"" J{J,,,J', 

Ull'(IU . m<tL <.::: .\~ UIUIJIJ'Uib" f'tUt/111111/lf'n'f [jlllbl[111,lf111,} ~~ 

I'"' tfJm ,r ll'lw'b•ffr "'l~'Ufi"'P N*(x;,. y; , ... ) Ill"" ' "I' 

f( ~~~ y~, .,, )=!L t:,,II,UIIIIII('IILP !"' ~1(!.' 

{11,/f. -C. m-,J',1, wp
"' I, 'I f. II"' 5J /, 5,u 

,:,wll"'-fr/1"'-'b :.?-f• t:.L,,fuub.J'f!.' hfJ/; f(x, y, ... ) .<pu.~dt-

9/r~'b lll~lf!.blf;,IUI/I I; tf.UII[ IIU/t:,,jfU~JUIIfrtull "'"I""J{J1111f /1 f!_~I'JI'I. ~IIU 1J' I; 

f.b}_lllltll lff'tUifU/~1, U/~~IUII,, I;{ J!11191111111111111~1 11111d lt.J>~,/ill ' UIUIIIJ 111/ljJIII~

fil/1 ;;L1,,n,l 11 'lu'~"JI,5, 1tf.w1,1,, "I"'~'.IJ"' - 'J' f(x , y, .. ) :p,,'blt!!l""~' 'l'un.

~'"' ,r I; 'II'": 



§ 5. lf~ J!Wb~ t~nt~nfumlJwbbl:ifl~ :JlnLbltg~wl~ UU!!JbwlJwb 

WI)W\a9J Wt\al:i fl(! 

IJ,(,J'u.i,,,,r, Z= f(x, y) :j.ndiltHflluJ[l tt'UiuGmllwfi wc}wGgJwl 

eum x-11 ~nttfm.l I; eum x-f 11, 7. tfu.ubwqwil ,,(.,. ,, D. x-p >.wrwpb

,,,,rJ,,,i, '"""''will!, "t'P. t:.x -e a,,,,_,r I; 'Lr"JP' 

z=f( x, Y) f/>uLblt!JI""JP ,fulll'iiiii~IJib u.JwilyJwlb [!Uin x-fr il zm
bw~t/_111 ,f I; 

z'.. f ~(x, y) 

uf•J'•fu1r,..Lrf•s JL""''' 

dz -, 
d x 

ol 
ox 

II. 1" "I fr '""I, I!", , "'.;J·"' il .r w 5,, 

oz = lim t:. ,z = lim f(x+ t:. x, y) -- f(x, y) 

d x t.• -· O t:.x ~· ~o l:lx 

:,,,r,b-.twil J.kntj_ z= f(x, y) !}>ndill!lJlluJJl tl'wufimlpufi lU~tulig

Jlll [li E11m y-11 ,,,.;,r,,r,_,,/,,f I; "f'"fl"' f/>mill1.rJfrwJfr' /!.""' y-fo ~ > z ""'"
ilw~ruil wi.fr lt t:. y tu-G.fr " "'f'"'t'bl"nfJJ"'il ,, • .;,ftu'bf!. , £/'P t:.y -1!. a'l"'"' ,f 
t- 'lf'"!P' f.'uw y-fr ,ftuu'ittufftub wJm'byJwll~ 'bzwilurlttfnuf I; 

z;., 

"P'''I"Lr,.. 1•rfr.'l .rL"""' 
11. J" ''IP II,,,' 

0! I /:i vz --= lm - -- =lim 
d y Ay ~ O /:i )' ~y--·0 

dz of 
-a-y · oy 

l( x, \-+ t:. y) - f(x, y), 
t:.y 

t""'"'''L"''· Nf' ;:,..z-e ""'21tfmJ' 1;, hrp Y-e mbtftnlfrufu 1; , '"'" 
t:. , z-m J'' w'brfrntpufu I; X-f!. • Jbr,..J! 1/wf""f /,'j,J! ,fwu'btu~wb wJw'h.'IJ"'L-

'hL(r/• ""' ->J'w'bu,J"id,re J.L"'""r"ILL "'1""1'"'· z= f(x , y) fi.•,.'i·~.'II'"'!P 
Ulllufilu~mli IUOUI(igjllll eum x-11 ~nt t{IIL .r I;/!.""' x-Jr wJw'h!J!Wlf!.• "1'1!. 

->~~~ z tfmJ f; , h'bfrJw'lf'"L"tf• "f' y-e t:,,,,mtumw'i, 1; : z=f(x. y ) fi.,.ii" 

!JI•~~~Jfr tl' tutdimlpu!i tu" wfig jllll ~11m y-j1 ~" t"-""' I; /!.""' y-p tu6tuii

!1Jwlf'• "!'/!. ->wztj_wJ 1; , hilfll,,11.hl"tf• "f' x-e >.wumwmmil 1;: 

11,1, ,,,(,,f,'bmJ'/•.'1 "fwl''l 1; , "I' tfw,ilw"tub wJtu'i'9Jwlilhrf• ""'21-

,j', 'j, ,,UI bu r,_,'j, L {'/!. ->w ,r e'l.ltil"uf lib .r /;fl ,,, ,, "'" ,~, 'h" fl. , _'j,".'l" w I" flw

J'mtt ,fwmbUJ'it;tjwJ fttu'im'i,'iJ/,f'fr t:.hm, U rlfrwJ'h "f'" " "'bl_t/ullf I; tu.ff;b 

ur'b,,,,r .. ,., z'·t ' fl'· f!UUJ n I' r/m 'P" fu w~w'hfr t II ,,n'i,fw . .r wJ·w'h!JJ"'ll!. ' 

() l' I· i. "',, J, s, .. , .... l I; Z c- ~x~~ ln y :p ... ~,fi!J/"u~ • • ''1"':;,~.!•/nuf ( 'lm~.l,-l 

az <l z 
/1 --- tfmu "lru.Jftm"Jt ruJ ut'b9J"'l~' £l'/!..' ax ()y 

( n a_ c} II L ,/, 

iiz 

ax 
OJ•!•"'"' ,_ 2, Z= - ':Y . 

li•J'""I"I 

2x ~i n y; 
uz 

~ · .: x :! cosy, 
iJv 

riz 
1
, _ 1 

- =~-= YX.- ' 
ch · 

ciz 

r)y 

tJ mr,..t1w9~nJ ftl tj_n •J •fm tfrt~fu ~n~wr,..r,..brf f/>m_ ilft!Jfru• Jfr 
... J,._r,..91 ,..lr,../;rl!. ,,,;..r ... 'l,Jwrl' /,il ;. ... ,ftuiiJ'rur,_,nrf,'j, l/,J""ffiU, 

X' Y' Z' f l" I"' ,,,,,,,, '"'f"'r,_,r,_,f.{'p ll f/>m r,_,ft:JJIIur,_,' 

du 
ox 

u= f(x , y , z, t), 

f( X + ~X I y' z. t) - ! ( \ I y' 
lim 

z, 1) 

Ol\ f( x, y -t- t:. y, z. t) - f( X' y, z. t) 
-=lim 
dy t,y-; 0 :l y 

Ju " J - - = .:; x -1- t z · cJx - ' . ' 

,fwubtu~UJb 

,, frJ /, , 'j, f,'i, _J) 

§ 6. l:;plJnL l}tnlfinjuwltwblll:ip~ :}nLbltg~WJ~ uwubtUIJWb wi)wbgJWLbl:ip~ 

li plt (l w~ w lfiw ~ wb tit; ltbwpwbnLpJ nLb(! 

z=f(x, y ) 

'j1 ~, 173-m.l "f"'m~br•f"'J ,fw"brkm.J[rlfr .;,,Jwuwruuf'ii b 
Stur,..L'h.e X=CO il S t >.mrfJmfJJ"'r,_,/!., U.n .;,urfJ"'f!Ju•il L J'tu~b-

rkmfltlfr ->wmm Jfi!.n.l t,umtuytj_fr PT 'IPJI!. : sl'""'c) x-ft 'l""f.J!IIL.r Oxy 
;."'f'fJ"' p1wr,.. .fbl_ 'lfrmwr~Lil.e nrLI; M(x, y ) ~bmz M ~bmJril ->w.fw-

• "/lUUftuUfuwbnllf I; z=f(x. y) .ftu~brkmJfJpb "f"'ur~wbn'l P(x. Y• z) 
~bme' x-e fJn'l'hbl""- tub-tfrntfmfr•· y 'P"'P"fuw~tu'hfril urtuil.e l:iy= iv\N= 
=PT' tu-G.: lJ.J'I 'lb"IJ!"',r z f/>m b~yfrtub ~uurtubw !:11z= TT' w-6. 

(N( x, y+l:ly) "hmpil ""'""'"f"'urwufutuiln<J' I; T(x , y+l:ly, z+/:iyz ) 

'fburr z=f(x, y) J'tu!LbrLn•tPfr tfrw): 

l:l yz ""'t'"'P"I'"' PJ"' b[! .;tut{WlllUf' I; Oy wntuby.pfr 'lr"''ttu'il "''l
l:ly 



41, Ill /1 Ill PIll/' 1 

~ ~ A 

- y::___ = t<T T PT': 
~y '"' 

~J oz 
l im-·-=---
""'· -.n ~ y dy 

P If''"'""' PB '"'-""'"""' 1. Oy 
uoLwh!fJ'P 'll""lfUJ'it "''1'1-'" {tiJmh .,l,n 

1/"'lf.,t",.} ~ tUhi!Jmh "'"''b'lL'i.uJ•h. 

iJz 
- .=trr P.t t:-ot' 
() ,-

( I 
Jz ; t/ IU J lift/ Ill 1 - ,{ 111 1/i.J 111// Ill ~I 
oy 

wJwh!IJ"'/1! {rltjwu11,1 ::,,,,'"""'!' 1; 

"' J'~• 'JJ-p 2'' 2""Pn •t/• {d /,.["" {d J"'h 
IU h II JIll 'i. Ullll 'j,ll' .,,,,, 'j,' "I' I! "Ill "'9-

•/m•i' I. Z== [('\, ~ - ) .twlt1'1"'"'Jfrlf• I, 

x ::..:: co 11 " t ::, , rl", frl J"' 'i, .,"' "'"' J!", tl, 
, • < 1" < 'l r)z 
'Ul tl IJI Ill IIIII Q I II II -:.- tf Ill 11-

d .\ 

'iJ,I1,'i, "">"''i'!!!"'ll! :. '"''""-""I' I; z=---=f(x. y) Jwl11.-1.t .. , 1frlr 1, y=cvn -"t 
t:,"'l'frluL{iiJ"''b .,""nJ,,rl-' """"l"'.'J"'J Jl"l'l' Z"Z'"""''JI• '1. fl'•.f!"'-I"J'"'b 

Ul 'j,JIJ"'h "'"' h•f'' 'j,, ".,, 

z=f(x, y) !p,, _'biJyf•wJI• Lf'f"/ , -C..J, uw r:. ,J"w'i,fm'b ;;. ,,r,a,J'i' ,._'bL'b.f! 

( ""'" VIII •ftl" r § :; ) . 
il t=i(x+ il x. y+~y)- f(:x , y): ( 1) 

lJ'b{rlu"ff'h'b.p, n I' f( X, y) !p 111 'j,~!J/IIuh 'J '"""'f"l'f"'l ( '(, y) 11/itnur ,j; 

nL'itJ• whf!h '1 .. "'117 mJ-wh!JJ'"l'bhp: 
/j_ z. 'iJ IU[IUIU//:,WJU7b'jl./_! tfmuhUJ~UI5t UIJ-11/'ji•'JJ'"[hl,l''' .lft t_ II!Jntf: 

1
t(flll 

t:.w,fmp (1) .,""'"'"wpnL{riJw'b "''l tfw,, ,{ ""f"L"'.'l'bh'ii.J! f._ ;.,'b{;5,J' 

f(x, y+uy). 

~z=[i(x + tl x, y -J- 2ly)-i(x, Y + ~y )] + [f(x, Y+~y ) - t(x . Y)l : (:2 ) 

f (X , y + .1 y) - f( X, y) "'f'"'"'t:,"' /''""frll"' hf!_, , 1'1! 'I m'b,J,,l I; /, I'll• 

f'"f"l .J!UIILm4mup tpUJif"''IJJ.f'f' ,fb2 , ll"'f'hLf, ~ 1//1111 ut{'l/•t Y J"b~ t/111-

'P"P'",(I"''j''' q,,,'bii9P"'t/• brii"L "'f'Jb.J!'iihr•r "'"'l'l'"l'"Lfrlt"'-'b (x-r wr
Jb.JJI! J'iJ,,f /; .. WUIIIIUU7tiL'it)t IJ•J'f IIIUII'PbJIIIL[JJUJ'jl h~ullntfmJ"fl ltf11,,_ 

,(,l'"' f.m'fpw'brlft {JLuphtff!_ , L1uwm'i,u'it.j!• 

f(x, y _j_ ~y)-f(x, y )::--__: ~y of(x, y) ' 
(} y 

nrmh'l y-f!_ qur'btfnuf I; y-p [, (y + 0.y )-f J'ftlv 

;t?p(:&n hnLJhUf_bu (2) t,UJt/_UJUUI[IIILfiJJwh Jb2_ Ulllw2ph .j!WILWIJ"' up 

'P"'~"''fJ-bf'nLJ b'lwJ- "'f'"""t:,"'Jmm.filJRLhf!_ ~"'('hlp I; 'J-f"r"up~hl ,/{;J/ X 

•pn•Jtufuw~mhp /f>m'b~9P"'t/• Lrii"L mp.IL.j!'bbrf uru'f'I'Lr 111 f"t"'-h ( 11rlt
f'"f''l UJI''f"'Jhhmf!_ UfUl .. Uf_WhiiLIJ" /; Jf,/_,~mrJh Y :- ~y UJfltJJ..j!f!_)t f/.J'f 
wwrr"r"' fd J"'h h~wmJw,fp llftr•wnblnt/ (m'lr"''iltlp frlbnrhJ/!_, ~umw

hlllhJ'• 

(4) 

np&nh'f X·f!_ qm'btjnLJ /; X-/• f._ (x+~x)-p Jf•2_fu 

(3) f._ (4) Ulf1U7Uit,UIJU711L{Jjnthhhpf! Jm9hb[llt{ (2) t,1111fwumrrrt.

fl JW'fl Jb2_ ~U&nuthUih.[!• 

6.z = 6.x iJf(x,y-uyl +try oi(,, ~-), 
iJx dy 

(5) 

flur'ilp "f'• f!Um b'bfiur'lrmfiltm'il Jwuhurlturh urJurh,'JJ"'l'bhr'b u•h

f!h'l- f.utiR bh J UIUf_UI 

1
_ af(x, y+6.,) rJ!(x, y ) l 1m =- ···--, 

t.x -> 0 iJ X dx 
t>. y -->0 (6) 

li m 
o:(x , y ) =df(X0J 

J t>. x -n dy oy 
t>.y .. o 

( .Jl_uthp nr X·f!_ b. Y·f! qmht/_tnJ L'b, t:.urJuiUJUIU7U1UfuuthUJputp, X-p" (x+ 

~trx)-p y -p J.. (y+try)-p Jpyk, U/UI"' hrp t:..x---+0 "- tr y__.. Q, ~ - c"
Y·f! dCJ&niiLIJ' b'b, t,UJJutUf_Utmurufuw'burpwp X•p /._ y-p )• (6) t:.wt{utuUJI""-

fiJJmhhO('£! ~"'rhLP I; urpmur'frbl t:.hmi'!"'L mbu.f!n{ 

oi(x, " -~ ~::r.y1 
iJx 
df ( x,y) 

dy oy 

( 6') 
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"I""'"/ ·,1 f, ·,2 ,ff,Jmf<ltm'b'b/,1'1! d'f""".r b'i., '1/"'Jf•, 1. 1,1' 6. x - f!. [, ..l y-{! 

a'l"'"' ,r 1.~. 'l!'"Ji' ("'J"f''b.J''b' /;1'1' .:l;,= V 6.xa+ ..lyz - -·0 ): 
( fj ) ;:, IIJI,IIIIIIU{'III{JJU.I~I ::, UIIflllai'IJ~I ( ·J) IUJIIIIIII t_ IIIJiniiL {JJIIL ~I51 (!.Cjlljlll -

~"" ,r I; r:.J.,I. J"'L ""'".fH!' 

ll. t. ,r, "" •fb tt!r~· '· r''"'· ,,J,_,r, r'· Ll•'b" rl• .,, ,r "' l ' f!. ..l:·= ~~ ..l x ~ + tJ. Y" 

biJIUtntftutff' r;, ,<;.,,,/r,,'b,uf t- l'"'l'dl' ''"''""' mbtfkrl '''".J!f" ' 'f"' .J!. 
,, ..lx 

-
1 - ---0, 1·rP ..l;, ·--+0, .f""~'f' "I' '11-J! r;, ,"~''lL"""~""- 't ~ - "'~"f"J'l •/r" .J!I' ' 
..lp 

UUIIII . Iflltll tl' 
., ., 6. y 

~- , "I' - --- ~0: 
tJ. ;; 

:..,.r, ~,r ,'i,, 1, b'b 

ff.,., l f,'i, '·r'l"'· 'f ,,)'"' t"' tf• ~· 1•rl• 't"' .r "'I'£!. 'I J "'Jf• 'i, I; J. X -/• 1• j, Y-/r 
'iiii"'""J',,J'p : t 'Yp;, y)+ ll '' f' ) (x , y )~O '1-''"J .J!.""r "'l't- ,,,,, r:. , 1,,,_ 
fc'J"'~''i' ,,,,J. ~.,.!J 'j,/,,,~UIJ"'!J~""'r t m-6./r .,,,, ,, •1" I' ,r ,,i!' !::.z·/rH ,,,,,_ 

,---- ·-
l,l'!"l'·tn•/ !::. ;·= V ..:. .\~ ·- · ; .1 \·" 'i.t,,,.,r,,rl' l'"'t'al' 11"'1"11' ,,'i,fl•f'l rf"'J'· 

!'"'': 
IJ, r;, ,( ,<;.,,,_,}' , Zc=f( X, \" ) q.,Lb~.IJ/rm'h , "['{' .6z u•/tt/ ,,-6,1! 

Ulf"i"")- (x, y) fJ/,,,,J' r:.'i'"'I"'"{"J' t· 'b1.1.J1,l'"!l'i'1.1 h 1.J1, _ ,1,,r,1,1.Lfr'i,/,. 

rl•' 6-x ·f· ,, 6.y -fr 'b~,,,,j',,fl' ,,J,J/r~· '"l"'""r:."'l""" ft'J"'~' ,, b. p-/r 'id/ 111111 -

.r,,rl'· ,.,,,a,, 1t'"J"II' ,'i,Jhr?. ''"'.f'l' .r t.J.,,.fJJ,'i' 'f"'·'t'"'rfr ,I.".J! '"I · 

't" l 'l"'tl' I;· IJ.Jl :j>h plili ubt!I u1p1]tu ,\ ltbmn u f. /r,I1 , -6.J, •J l'"'tf' 'b ,}',,/! 

~~~ :. ·L·•,t t- IPI~~l tti•:J.. bpbliglnl1 1 b ~' i'"~""'l'f"'- 'r !; ' dz 11,,r clr : 
(-1' ) .t:, ,,[,umrr"f"J"'~'f'H r:.J""''"' ,r 1;, "I' LfJ b i(x, y ) q,,'hiJs/rru'b 

"'l''fmJ f[filum ,j' mbp m'irt!~"lr;,,, rl'mtt ~ttullmb ,, J..,'i.,!Jl"'l'ir/,1'• "'"i"' "'J'i' 

"'1'1- 1/Lm,,,f 'J/rlf>Lrl.-'b,'II.L/r I; h ,,~./r Ll'f"/ 'fl•lf>hrh'i,!JI""I' 

dz= f' x(x , y ).j. x -t- f11 (x, y ) 6.yr 

~z=dz +·,1 tJ. x+·,2t. y 

"'''"J!"rf IL !:J.r·-1• 'bll"''nrt"''rl' P"'rar ~"'l''ll' "''b,[b/' 2. 'P " .f'l'l' 6.zmw ftll""fp 

lt"'f'Llfr I; 'It'Ll r:.L,.L..J"'l J'rrm"''f"l' -:.wtfwurul'"' ft1Jm'ir/! • 

6. X /., tJ. y wb~•ufr• r/rn •/ru /u "''t"''i,<;.,L r/• w-6.b /'I! J L'i,.[> IJmbtfw'iiL'ii.J!. x 
h V wb~w/u •pntpttprw~mbbhp/r ttJt~bpLiigjnulGhp b 11'bzw'bwl[hh.[> r;,,_ 
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......,., .\ 

\ ,r,,,1,uurtutt/utu'bwpm1, cl :<.· •"[ f, dy -•rt[: IJ.J'f 'llu'l .f!""J' l['[u/_ 'l/rlf>kt,L'b 

.'1/"" t./• 111 I"" 111 r:.m J 111111 {J J 111 'irl! /1 I! b 'I- 111 'it /r 

Jz=c!!_ Jx+ df ) y 
ox oy 

mli ll ,f!f! ' fl t •wJ/tulll[ , '·fl" z==f( x . y ) lf>w.'ii ~.'J/r"''i' ,<;.,,, lll bf!.b'f t;."'"' .furtt 

~rmllmb mJwh!JJ'"I'ir/,1,, "'"flll "'Jb 'l/rfl>hrL'bHI'l/r I; (x , y) ~IIUrttuf, 1.. 

<;.,1"" tf'l"l ,,_,,q,L,,I.'i,!J/r"'ll.! r;, ,,,,,m,, t .rwu'bwfl,<;., ,J ,~'!Jl"'l'bhi'/r "-

;:, ,, ,f,,u,,uu,,uu/,UJb tu~J/"'''' '""'/•n/ttui/Ju'b- ~:;~~!/_,...,~'r"'I"J.....,.,...-,;'~ 
7 ~: ,;-~?/:;~;;;;> :· j .z- .:1y 

'irl'l'l' 'II' f/> h 1'1.-'b.'lf"" t'bh r /r , rrn ""II' J, I 'irf, -

rl• 1/ 111 .rw rf•b : 

0 f' /• '" "' ~ 1 ' 'l·m 'l•bt z xy IJ>n • ~~~ .'IP"' ;/• 
11'1"1 w·' l' t •. u•/•1 'II• :PI• r· '•~·:~l•"'lf' ( :! ; .1 ) t1buw u f , 
~;,, , , .h 0 , L -" ,. ,-~. 0 ,2, 

'·'"-f)lll ,, : 

..'. z t x ~..'. x) ( y ~- ..'. r ) - xy -= y ..'. x -l- x..'. y+-"dy, 

X !J'j 

y 

iJz ilz 
f..-.X--" 

J z= ·· ··-· Jx l- -·- J v, ~ · d x +x dy4 y..'. x -·x i:J.y, 
rh 0'.' · 

~ l.tnfl Wfr WJI 0 

-" z= 3 . (), 1 ' '2 . O, :Z -, 0 , I . 0, 2 = 0 ,12; 

J z 3 , 0 , 1 -t-2 · 0. 2=, 0 ,7 , 

o,,/r'imrft/t [1'1 111Uf'UI'jltll.1j'f! 111f11fmtl t b/f• [ j .j._,,f: 

l.t, . 171 

' 

!I ~~ 

·; 

~ 
I 

'&wfunt"l- lfW11111'J.flf.f"J11Lbbhf1b IlL UUJr:.rJ'WbULJ''jrf,,,/!. r:.UJ.rW"fWUJIUU• 

fu m'i'"l't.'i, f!.h'ft;. ,u'bi""!Jrf"' ,f /;';., ..,,'i.,f["','/wtl {Jrfur[ "'l''f"' ,rt.~,"'<;.,LI' uL'bh-

9'"l q,, 'ir~y ''"'! /r 'irlt""" ,J''" ,r I" 

df 

ay' 
u , . 

f:[JI, ,'iJI.'b,e 

w=f(x, y, z, u, · · · , t) 

af . .. .. 
• 1 - :- 1/ IU U II Ul ,,UI U 

d t 

. , t) 11L""" ,f, "'"/'" 

at dr or of 
dw=- dx + ·- dy~dz+ . + -::-dt 

iJ x oy az dt 

at 
, 1'"'-.r - , ax 

y, z, 

"'J"'"" r:.wJw•n{tiJm_bf!. r:.w'b'l/rutubuuf I; lf>mb~9/r"'J/r trf•q "'-6./r 'ILfuwtJ.nl' 

.fwu[! h ~u t_ q11L J' I; Lf'f"[ '1/•l/>b{'hbg/rrul : IJ.Jb pwb/r UJ"fW.'JIILJ!J£!. 1 "[' 

tJ. W ··-cl w rn"'t'Pbrrn{J J"Lhf!. r:."''b'l/r""'buL.r I; utqbLfr P"'f'dt• fJwl''l/r mb-

•fbN. P"~f'r ~tub V U• x)" 1- ttJ.y ; ~+. , . +(M) 2
-'b, ~"'"'Wf"[m•l I; 

:W I 



~ x2+ 2 
= e Y 2v sfu 2z iJy ~ ' 

d 0!~ iJu au 
U=-dx + -dy+-d _ :z: 3 +y' 

OX OJ OZ Z- -e (2X S(n2z d.\+2y sfn2 Z d_v-sin 2zdz), 

'1-frsm,e z ===f( x, y) :f>nL'b~s/rlll'b 'fplf>brh'bskL L ( 
9-ur'bb'b,e lliJ'I f>t~L'b~SPiliJP l' t X, Y) ~bmnuf 1 

~z=t(x -+-.6x, y+.6y)-t(x, y) 
Lr/rlJ Ulb.f!., npurk'lfrs 

f(x+~x. y+..\y)=f(x, y)+~z, 
Uk'b,e IIL'bkfr'b.e .r IIUIUI""'' plll'bllld.k \ 

(I) 

l,~. 175 
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~z~dz, (2) 

at ai 
dz=- tlx+-~y1 (:3) ax dy 

d(1} plll'bllld.lutLJ' ~z~p '{rn/uutpb'b urh'llll'1f'k

L"1. z~fr t:.wJ'Uir UU11.UILIIL'b wpurUit;UIJUinLPJ"L'bf!. 
~uurlll'blll'b.[! t:.burk/llll .r nurUiqn r plll'bwab.l!. \ ' 

f(x+~x, Y+ ~Y) ~ :(x, y) + 

+ agx, _Xl ~x+at (x_:_L)~ 
ax ay y, {4) 

\ 
I 
) "!'/! -6.J,2ut t ~X-/• lL /:J.y-p 'bllwmJ"wtfp l'"'l'al' flwl"fP m'iufbpt_ •f•".IJI'b-

\ f'" -6. L Ullll[rl J IU 1J"f' I 
j !J,, !!J IIIUI'i.J./JJ {J/, l•'i.J}_I'J"" /,'i.J O'fU1U11ftl('dl/niiJ' ( 'l ) h (.J.) rm'i.Jm-

: 0./,/if•f!. tl"rtmw•f"f' '-"'2!{uLtf'b/;{'/' f.wdutp: 

fu "lt 'J[• !'t ~'"i'f/;L "itJn LfJ/t ~Uit/tulf!. 1 "f'b Ut-;,;1'"',//;:_ur I; "i,I;['/!":,/• :. J"'l ~ullfruL- p"lt 

lit.~,.,/,,']"'/ 'JfUI~IIIJ/r.,t pwdm~Jt II[IUinJIUIIIIUtfiU..,I ;UIJutp { "Jtft• 1(/i) • 

~1 /;l'l'/1 ~1 '/lw't•/• 2'-'"'wo/111t1.'_' R • 
~,/rf.pp'f• 'II'"~''' l'wl'i.l/"' Lfl.f" L'j,/.'_' j-j, 

(OU #JUJ~~~ IIJIUUil;('[t /_,_ :.wmw~/t ~UIIIInnifr/ JriL cite' kt 

f., t. t), a_ tf : t.\'w'i.t l) '" J't '"~'fl'" bjt~nL fNLt}nt_,(';,l:;1,' ::,1.'1£'/"" b._ tft,nw•f"f'' 

m} zi ~'II' f ,,, 1 "•- ,) n '- J, /llm't.l; tf• v .tw4_w[[.'_ :.wquwwr I; wrmwl•[•'i. 'll'"

't,f• I. 't,/'fi'P~' 'llw~•f• ,'huofwt'i.b·l,{' mmi'I'L· rn'-fl! w~•l'_• {!w~•{• "{' wrmmrf•'i. 'll'""'P 

~ 'u'""'/[''!1.!. ::. u, •/m'""f' I; R+ k, f•ull f'Utf!L~pn LfiJ"L- 1'1~' H !- k, wilfUl 

(5) 

r) fl, Ill Ul ,,, I' l, I . ().,. L tf : ;·_,,, c,,~UI~IIUI[L· 1,c 1,/.L'i,l[t'b 'fLUI'itfr Jm1wl/!..1 UIJ'l 

'IL"ll'"'-'' f,--r.R1H , l(l•t R I. H L·ldl'n •/m•pnf""'~"·~·~·/;l'f, :J>n•. ~"l!lr'" f;, bfllr R-e I. 

11-l' ,(L,lm 11 ~.1.~.1! k-n~f, '""I"' f :puL~•Iwfw't, 11.,nw't.w ~ f '""· f'"J!I 'lw 1;1 luf!'bf, 

a! at 
v~- ~R · --~II 

oR al-l 

''""'"'''"£' ~ w'f"'"'"l'"' JIJ" L'itl!_t {:"'.1!} ['UI"iiJt ntt 

WIIJIU IJUIUit:;INt . tf b"it,p 

v= a(2RI lk + r<~ k)· (6) 

~un(b,funnl.fn-1 ( J) 1, (6) W["IJ" L ~'j!'j,/,ff J m/, ,'j,,~ r - •f /,'j,/' J "f '[fUI~Ij> <nWffJ.('

,,.,,_,( /,'t• .'1(llk 2+ 2Rk2+k 0 1 JI.J-uLf'JwJp, "1''-'- l""'lllw!JwJ I; k-/• ~~~unn.rw•ft' !.rlt

l"' f'l lr J.fl'"f'l ~W[''lP .f•"l!fnLfJ JW•fp w'i.'[w•f'j,/;fP!J' 

~UIU 

l(t'[- rw~lluJ.l.r_ ~ff'"",..,l! fliwJf!'i. orf•~null't.krf! ~dtmullfw,fp • 

'J.h1"L" R= 4 lllc H= 2o .,r, k = O, 1 Ulr, 
1JJrpwubLu1 (J }-l'_J ~uuru.~'1tw"itl' .S.t. 'll'Jrur' 

\ = n(2. 4. 20 . 0 , 1+4~ . 0 , 1+:20. O,F+ 2. 4. O,P ~ O,P) - 17, 88 1 n. 

v ::::;-:(2 . -1 • 20. 0, 1+4~. 0, 1) = 17,5;-:, 



§ 9. l).p:J>hphllg~wl~ li~Jlwnnqa!nLll~ flw2_tlnu.lllhpp <twuwllwiJ 
u~.JWL~ 'lllwflwmt.lw\J tJ4wmt.lwt.lp 

'1-frsm,e U J'bd-nL{tltm'bl! J:.w'b'ffruw'buuf t- X1 y, z, ... , t J'/,

l), ftlrm 'b'bl.rfr g,,'-c;,~9P"'' 

u=f(x, y, z, ... , I), 

e'h'f "I'"'-J' "1'1..1; L'lw'bwfintJ nrnzbtntJ x, y, z, ... , t J'hd-mfrl!"'-'b

'hbrfr wrJbJJ'hbre• J'h'b,e p"Lll b'b,e UJIULIJU ~x. !1y' ... ' M uf""'l

'bbrer IJ.!'f 'fb"l$"'-J "'r'f"LJ'L'bm'bbrfr "l -6.zqrfrm w 1,JL.e'bh£'1t J:.wrf"'f' 

u-fr wrJh,el! ~umwstJfr 

11:t=f(x+l1x, y+t:.y, ... , z+ t:.z, t -f- t:.t) -f(x. y, z, ... , t) 

ufr'"'l'"Jr Umnrk J'b'b.IJ ~'lpwri'Jb'h.IJ f:.u u/,wL/t ,1'i.wJ:.wuulwJ'l'• !t{df, 

J:.wrm'hfr b'b /j,x, ~y J ••• ' t:.t ufrtwt'bbl'l!' 

!:.x, D.y, ... , 11t ,lbd-nLf!fnL'h'bbrft punJwl[u•'itwJ_wt/_r •f"'.J!l' pm

swraw~ wr'l/;.j!'i,brfr 'fb"f.pnuf ~w['"'l b'b,e Lf'f"/ w-6./!. J'nUJw•f"ru·'"lL" 

•/mfuwrfr'hbt trfrtJ 'ffrfPhrL'hsfrwtn•J' 

at at at 
11u:::::--_ t:.x+-flY+· .. +-Mr ax dy dt 

U.1umbr1 J'wu'btulfw'b wJw'hsJwt'hLrfr wrJL.p.'bL1.c /, u.r'I'"-J'I•'bm'bbr' fr 

ufuwl'bbrfr w{ttfb,e'hbrc l1wrn'l b'b tfr'bbl fr'bt"lbu 'frw~w'b, "'J'b"ibu t 1 
pw9wuw~w'br "Lrw'h.IJ •frn/uwl'fr'bbLntJ pwywpaUJ~ J'bd-nLflfnL'b'hhrn•J• 

~umw'bUt'b.J! 

( I ) 

w'bt:.~nt/_wuutrnLfJJnL'hf!.t b[iiL t:.wJ'w"iwurwufuw'b JbJ-,_{iJ[nLb'hbrfr UlUJ!Uil

UW1 pwgwpowq ujuutl'bbrc ( ufuutt'bbrfr wpJhJJ'hbrfr pwswraiU~ J'bJ,L

f!rm'h'hbrfr bl[f'hrf!} bzwbw~b'b,e jt:.*xj, lf:.*yj, · • • ,;A*ul, Ul"fU1 1 wf/'b

J:.wlur f;, ~wrhtfr I; f!.'i,lf'IL'i,bf• 
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loti lot · 1of\ l11*ul= - lll*xl+ ~-j lll*yl + .. ·+ j.- :t;.*tjr 
ox oy i at 

1. 'J.frs"'-1? U=Xt YtL, "'J'l '1/;"ii?"'-J 

IA*ulo.-:1 -~*x l + I~*YI + lll*zl• 
2. 'J.frfi"Lf? lt = X-)', WJ'f '1/;"f.f?"Lif 

I~*1:1=Wx i t--!~*YI• 

(2} 

X 
4, 'J./'.7'" {' U= - , "'1'1 '/£ "JI ' nuf 

y 

' 1 1 ' x I _ \Y\ \3•xi · I X II~*Y\ 
; ~··JI = jy- 11 ~* x I ·i l .v~ \ l~'y\ .:, y ~ 

a. ABC ·· · 'J'lw"b~J"L"I Luw·u/LJW~jl c ~Ll'~!·bwtlJ"LC L. a t·£1!., "L'"~b.f' "1"':.4wh 
£.'1r ~~:jo.CI =·: O, .:. , 11*a j=0,} 1.UIIW1.Lfw'lnl/& f'"''9"'f'J.Iu~ ujuau{I•IJp,.J, .;,,JuiUJWWUIIf-

a 
'""'"""''""[' ·' "'""'""'[' £"b c 75, a =~i2. sin A.oo - l'"'""'uJ.Ln.f "l'"2~l A .u"bi/,I" L ~'l' · 

c 

A w~'~J•u'u ;w2af.Jw-u Jw,fw·uw~ ~wmwpm :) liAJ wuwaJ.LL"I'I"'· J~ pwgwJ•dudl uJ""'ll!. : 

a ;; 
{ '' ,_ J" • J, ~ in A --=-- , A = arc sin-, :,L,Lu,pwJ'' 

(' c 

dA iJr\ a 

c) a 
- ----- -- , 

iJc c y' c~ -- .- a2 

J:um (2} l'"'"!."'J.l,J• 

- I 
I :lAI 0. v --(7s>~-(32r' . o, 1 

32 
A ~- arcsin - -+- 9' 24 '' ' 

75-

6. 'J·fron•r ABC "'-'l'l"''~~~.l"'-"" bnw"b~,l"'~' .!~£ l;£e_' b ·-· 121,56 d, ,.,·.,~J" ' - "'1'' 
A:::. 25°2 1'40", f!_"!.'l "1'"'-,/ b ~£[!_ "1'"2/; lf" ~"'"'"'['"''} "'" m•JI.L""l"'-/11 l'"'{]"'f'.l.w~ 
ufuwLe_' j~"'b\=0,05 ,r, A w"!.IIJ"'-""1!. "1'"2/stfru ~"'"'"'l'"'~ "'""''i/;l"''l"'-1'~• 1'"'9"' l'

J.,.,~ ufuwtl!.' ju*A\=12"• 
/Jpn2al a 1;£1!. a = btgA l'"'~, ... J.t.n-1 ~ ... 2 -l~tfr" ~"'"'"'t'"'J- w~<w11i 1 ,,'1"'-J"" pw-

\b\ 
i~*a\= \tgAI\~* u\+-.. - \~*AI· 

cos-A 

Sl"l"''/l'"t"" r.wtfW"f.WUHUufuw"!. ... pJ/;f?"bUpl'_ (t. ~frzL·l""' "I' \u*AI-'~~ "i.L"'I' I; wr
.,,.,~..,, ... 1; l nw'lfrw"!."!.bpn'i) 1 ~u.,.w"!.w"!.j?. 

121,56 12 
I•• i · t · 2r. '':L1'40" o ost--~__:_ ___ _ 
" a = g 0 

• ' co~ ~25°21 '40" 206 265 
=0,0237+0,0087=0,032-\ .r, 

flrL.I; J'bd-mf!Jw'b !1x ufuwtfr J:.wrwp.brnL{dttn'hf!. UIJ'f Jbd-mf!rwb 

X J'nurwt/_nr wrJb,efr'b ~nl•fmJ' I; J'bJmfi/Jw'b fimpU1p.bpwlpuli U~lll'Jt 
llr'h ~'bzut'bw~b'h.IJ ox-n•f, 

, !1x 
OX=-1 

X 
3!).) 

21-813 



x .lhJ, [tl Jwh 1.1' tll\! u \n1'm 1 litu p m I' b p m lpu li. u ]11LUl It" t "-'" ,/ I; ,J" "'.f!

,,,J·,1 pm.'Jwl'.lw~ uf""'lP t:,,,pwpb1,,-[JJ,Lh[! X ,J'L,}, filwh pwywp.lw/1 

, £'" t • .ere;, h c;, zw 'j,,t1t/_, ,r I; I~* x \- ,,, , 

I• "' I .,* ·\ u X , 
lr.J .\.=-· 

!x l 
( 3) 

U lpuLhlt!JfrwJp J'm.cuprfwt :;"'f""f'/'{'wft"'~' ufuw[p 'l<;,wl\wullfJUh ;,,,fmr 

(:!) :.m•[wumpuL{J1mh P"Lnr [tlr[h['£!. pwtlw'irhh.p. \ui=j '(x, y, z,. · ., t)\-/r 

•Jrw· . w~\ ~~~i_ \ 
\~ ,:.u t =\ch l~*x\ + \dY j l~*vl+. 
lui I t f ! · ' 

(4) 

f"'!!J 
01 
(}X i) 
--= -·- In II; 

t (}X 

rj I 

(iv a 
--=- == --1 ·1\t\ ; 

t ()\ 

d[ 

aT=!!_ In 11 1: 

f iJt .... ' 

, .. . I a \ I . I \ o -. \ . . 1'·'-' il := 1-::- l it \il :';'' X -f-- ·:- ltllll i :'1 ~ y I 
.ox 1 dx 

\ 
r) . ' · + - ln t [ 1 \ ~ *t I . . . , 

,(} t ' \ 

(5) 

l6) 

/•'i, }__''f'"' (.1 ) , "'1<;,"1/iu t1 (;) f'"'<;,w.liLf-.9 1\bwf,,,r /; 1 
"/' lpm'i•~sf.mJ/• 

,f ;,.J!ufutw[ t:,,;.['"'PI'['W~IIIi ,,,,, ll!. "'" r[•u IIUI r t· UJ!'f :p,_ 'j,ftyftmJp L"'IUI-

l''' {J ,f fr J' w j!" /,fmt l'"'.'I"'I'J. wft ufum tf• h: 
((}) pm'i,,J./, /'!! 1\hm/,uf bh ,f,u,u•["l' l\u•2•Jm .f'j,/ir"'-'f ltf't"""t/_n'l 

ft,.-,,'i,<;,t. I" 
1. '1-J•.'J"' .e u =X y: () ,,,,[/; l" ,, ,,.,,~lUll[ ;J_,, Ul/''11"' ~'J!h/;pf'9 I IJ£!."-

Ill,~. Ill h J!. 
, !vi: :'1 "x 

i'•*lll= .. + 
· \xyl 

"'1"/'h.J!'b' wputW'ff'Jwtfr rfw.J!"P'f"'l 1\wl'wpf•pw~u/ir u{""'ll!. 1\mr[wuw/' 

<f11LJ·w r" tf. <j,/, rfr .iw.[!"P ,r w L 1\w f'" ph {"uftw'b ,,, IU lhli I'" 'ln/_lr w I' f/'i.: 

qw'i,, ,{ /,'ii.J•· 
j0*ui = \0*x \ +-12-''y l: 

30ti 

I~* I I tJ * X I + I t. *y I 
,0 ' ' U = I : 

iX-yj 

§ 10. ~Wflll ~otl1~g~wl~ w()wbmww: Lrlut w~wbgtwt: ,:!w[lfJ. 

~nLlJ~g~Wl~ lfl~tl_ ll~~hptJ\Jg~Wll! 

tc;,fil"''lrL'il,e. P" 
z=F(u, v) 

U= '~.· (x. y ) 1rr( ) ; V=~ x, y r 

(1) 

(2) 
007 



IJ,J" '1-L "fJ!"' ri' 

fP Ill 'bll9i"" : 
l·~w1,~L, 

y · Jt rJ"p 'l.n 9'"', 

Z-(!· ~UJ['I'Lf' t lr UJ'iJJ'fr'l.w~ur'b"f'[.'iJ "'f'"""t:,"'Jmli[ 

IUJ'iJ t' 
Z =I-'[ ~ ( X • y ) , lj' ( X ' Y ) ] : 

0 f' /• ~' tu If ], '/ofr!fn'-1' 

'l 3 ' •I v'' -t v• ·· ~c.o "X+Y__,_, I ,· z=u· v -1 n-, ; u=.," · J"• ' ~ 

z ,-- (x2+ :-'rl(ex+-" - - I) :~ ' (x~+Y ' ) t J, 

x-ft b. 

l;'bfrlru'J-ph'ir.J', "£' F(u, v), r.p(x, y). 11'(x, y) f/>m'b~9ftUJ'bLt,'ir l!"ur 

",,,, ~'9 f' "l n I' "'J"f'ILJ' b'b ,'bh I'P nL'bb~r m'ir c'hr,_C., m ,J' uur'irrnllur~J ruJUJ'b,'J-
(}7. (} Z 

'"'1<;.,/,,, I, Ju'b'l-f'J' 'l-~rl'~'.J'' t:.w zrJI•L -- -c I, ---c• l,l'iJI,l'"' (1) lr (!) r:.w-
• cJs. dy 

•/. """"I"" rl''irL I' Jt 9 I, }_ uqur r/_/; l" •/. (.'J) r:,, ''""'"'I"" •~'/•!! I 
X UJ{"l''"J'I,'brufr'b "'"'.-,'./! Ax ,6. , "'"'r:,"'UJ'biJl"'' y-J• ml'dl,.p'b ur'b

,,,11f111f11: 11.1,_ '1-l'u/J""'' (!) ;:,,,,"''""l"r"''i' r:,,,f,awJ'b, 11-'b 1, v-'b ltcu

,.,,'iJ ... ~, ~ ,u " 6Yu UJ-6.hr: 
fl"'l!l I,[JI, u-~• 1, v-'i, uwm'b,,J' /,<;, Axll 1, ~ y ll ,,-6,1'1'• "'"!"' I, 

z=-~ F(:J. v) tp,,.-,,119/t"'~' 11'"""'.-,'"' ~z ,u6., "l'l! nl"' i'l"'rl ( 'll· \ ' II[ 

~ i-{• (S') 1-'"''iJ,,lJ,rf. 

u: : iiF , 
;;,z ,---= -~ - ;;,xu+ --- Clxv+~ 1 ~ x l1 -:'I ~ C,xv: 

dtt rJ 1/ 

1/,1, t:,ru 1Jmrrrul'"'f<IJ'"'i' 111'l"f' m'b'l-""f'iJ/,1'{' l'wdm'bl,'b.p D.x-Jt: 

/1z OF Cl u dF 11,v . llxu . 11 ,v 
- = - - __ < - + -- -- · t· ' I] - ---- -;- '1 ,, ----: 

(1 X (} d .l X () ;' 11 X 11 X - f1 X 

l;jJh ll x -- .. 0, "'"!'" Atu __.Q I,_ t.,v ...... O ( 11·/t "- v-/• ,u'bc'i''l-r:."'urm

fdtm'b "'"'ur-6.uurrll/}• flru.(!l "'!'/- '1-f.ul.J!"'-,}' ·; 1-{'_ h '( 2·[! <;,,J'b"'h" il'J""'"J' 

/;'b 'l/"'!1" IJ.'i,!J'i'ht"'l ,,,~,r,~.fr, ''J'P :lx -- ·0, ll""""'i,m'b,e. 

t:,.z cJz 11 xll du 6.., v ov 
I i 111 -::=::::--; lirn =-- lim --===--. 
.\' - ·(I !1x rlx LlX -• I) llx (}X ll.x -•II !1x dx 

lim ·,1=0; l!m '1.,=0 
L\• -• U .'l.x -- 0 

i}_z __ =qF q~ + dF dv 
1 

( 4) 
II x du dx ov ox 

(;(rlli ,fb'b.p y 'P'"P"f"ru~w'bft'b mUIJf•'b,e :ly w-6., /11'~ X-£! frlnrl-

'b I, /• ~~ J! "''b rfrn r{rn /11 , 
ll'l"' ~.I.,,~ • .J! • 

() /' /1 ~,, 111 * :! r 

f!!:__ =dr' ci~ +~!:: ?_'!_, 
dy du ely dv dy 

iJz 2u -----
{)I! u 2 +v 

()z --. 
(J V 

rh· 
-- "-~ 2x 
(};<. • 

dv 
-=I· 
();-

~z cc= ~2u e '+ -'-~ I 2 x+··! -.,- lx ~-~-.. - _ (ue > +x), 
(J<. u'+-1 u- v t !- ~ \ 

ih 2u , ,+,·' I 
-- =-' -- 'v c -- +- ----

rJv u' ,. · u"+v II~ · : · \' 

•J. L ,,~,, ~,, Wflutw~u'.lmn• }I J"' ~r;,£1'{' ,ffJJ. w~~Jtuulf':."' /; U- {• /, V-{r 

wLIJW'Jf' '' f ~UIIfUitiJ~IIIUJIIfuui~IUIJ1111f1 CX+ Y' /, .\:!__:_\. I 

lf'l,,) fd•/."'/. ,,,,,,,/,wllru~r'bl,rf• '1-I'"'.J'f' r..,u,fml' (4) 1, (-J') 
aLI'J-'l' f''uwllru'bul./;'iJ f''j,,f:,w'bl'w!jt/_•n•J' l,'lJ: 

OrJ,'bw/1, L[JI, w= F(z, u, v, s)-c r..,'iJ,I-ft"w'buuf t z, 

( 4') 

.f•n{uw£'6~, 

It, vI s 
t nr"' "'l"l'" ,tf,~,m'bhr/• f/>•n'blt.'Jf'"'• "f'"'b.'!ft!! 1"'-f'"'J!w'i,l_J,,_rl! ~~~~f,rfwtt I; 
X-/t,'J !J y-ft!fJ Ul"fUI (t) lr (-J' ) fiUJ'iJurOJ,/,rf! {'_~llf'll'iJUuf l,'iJ r..l,mll JUI[ 

.,. 1 ... .J' L'' 

(~.;~ = ()~ qz_ + ~-\~ ~~~- + dw ~- "'-- + a~v ~s-, 
dx dz dx rJu cJx av dx ds dx 

~_w_ = ~-~ (~ 7:_ _; _ q_~ c!_t ~ + cJ_~~ ~~- + ~w d!_ , 
oy ()z dy · (J u dy rJv ()y rJ s rJy 

f:[JI, rnpr/_wa I; Z=[:' (s,, y, U, v) fPm.'biJ.9pur'b, "f'ml"l 

v-~• f' l'l'~'.'l :,/;I'{Jft'u llmf,•JwJ l;'iJ ,J'h~ X "'l''l"'_,f/;'bmft9' 

J' Ulllfl'ir: 

(5) 

y-c· u-'b, 

U.J'I- waur'h,'JJ"'If!. r..wzr/_uuf b'b (ii) 1-"u'bwaf,hr'PY mnw2p'intrj. 

dz - ih dx . (}z oy + iJ_z du +dz dv. 
-- --- - -tp~ -- - -- - -- --

dx ox ux ' dy dx du dx.. dv dx ' 



P"'l!J J!"''h" "P y~r.· \1 -b, v ~'b ·lptujb ,] ,,,, X •/rn•/m/nwi/UI~I/1 tp,'h~

!JP tu'h b r L b} "'UjiU ,] Ul ubw/,, b Ill ~m'h 9! Ul[ 'b/; /'{' ,,/.,, ,.q, ''"' ,f /, b ,,,_ 

dx 
.J."rw~m'hf.. 1-"u!Jp 'fl'"''hf.y, -:--= I, w ""''' 

dx 

r)z = _oz+ r~z_ ~~- +-~}z au + r?~- dv : 
ox dx uy rJx 0 :1 Jx uv Jx 

dz 
U.!" l""'iJ,uaL.e t11mul I; 1 p !Hl w b w !I 9 JUl 1l1 { p u•"' l'l'h f•m{rl t"' 'h 

dx 

hilL If {!I 

iJ z iJz 
· - ~2x· 
iJx -- ' r) v 

dz oz iJz dy 1 , , - = ~ f - -·- = 2x+--.. - CO~!i. c=-- LX ,-.r-=-==.- COS X• 
dx dx iJy dx 2V y 2r sinx 

U.J'hn._l',b.,L. 'fur'hl.'h,e (1) L (2) r..wq~numpmJ'bhpn.J. uwl\tfm~"/"'1 

r•ur'f f.m_'h~sP"'iP trr.J. 'frfPhl,lt~,Yrma!' 
c)z dz 

( 4) k ( 4') 1\tu.J.IUUUJf'lll tfbhpnt/ fl f'"'-"Tfl[ ---r /1. ·II lUJfUf1Ur..lll1-
dx oy 

urmfiiJm'hhhpe urh'lm'fp/;'h,e Lrl"i '1-r:f.Lrbhg/•u•t/• pw'htu.l.Lft JLy_' 

oz dz 
d'l=-dx+ --dy : 

dx ay 
t f:i) 

(7) 

du dti 
- dx+ -dy=du, ax ay 
av dv' - ctx+ -- ay=dv: ox oy 

(8) 

:'I (I 

:..u' 2'"' wn'iJ/,l'"' (8) 1\•u•/""""f""{JJ'"-'lif.!, (I) 1\uujiiiiiUlfii"{JJmb[! 

~wf'j,"' /; "'/'""1"1/'/'l "'J""f''"• 
dF dF 

dz= - - <iu + _ d•l (9) 
1!11 dV 

dz , + dz llz= - au -d\·, 
rl11 O\" 

( 9') 

:_,,{/;J'wmLlr"J ( fi )·[! /1. { ·()' }·r., //mf"''l h'b.j! muf'l• "I' ,fp .J)"'~'P 

•I'" ,,,,,.,'"'flU ~Jh 1. r r tp ,5,1!1/'"' !I• 1/'P •L 'fP tp bph'h!! P'"l r m1•m w r,"' 1 mn<-{1 !"'--

'hc ""'""'lf''b ''"'l''fl• 'rrf/.1;1'/,'b!lf""LP) m'bp ~,, 1'h "'""-1!1!, 
'fP tp 1. r 1. 'h 9 ,,, Lf• aJ, 'h r 'b ''"' 1• ,,, ~'"' 1;, ''"'''"' u• J z.l; 'b r 111 'h r !I , 

IUJUpb.J)b' 

fill. u- 'b /, 

v-'b ,~,J1mf" ''""'"''""'~~~~~·'hhp /,~, J1,.,J' IU'h/1,,1, 'P'"'"''""'''"''b'bkpf• 

/j>~u b 1/!J f• m ~,/,I" 

I)[' I·'/, Ul ~ 4, <J.,'t,Ll 

f'Wf''l ·'i1, L 1,[[!//1111 ll' ll''"' 'LI'·'~'' l'L ';, :Jl'"' //!.' 

dz = (2 .1\' 3 · 2x si n Y · : - 3 : :~~~~ ,-3x\:Y) Jx ;- {21n·3x 2 co~ y- 3u 2 •• 2 xJe.< )d y= 
iJz oz 

· · ~ - · dx + --- Jy, 
dx dy · 

1/,J" 1\mp,'J/' .J!hhml'/1"' ,f(! ~~~ui.~,.J) ,{/,/l •/,u/tnfllwll'uhp w'itl""9w~ 

r,,,J'" !f."'- ~''I.'!P"'!P.'I* : '"''!]"'.[! X-/1 "I''' I; y :p,._~.l,yf•w n 1"' 2'Lm_lr I; 

F(x, y)==O 

1\w,jmllull"''-'f'"'' ff.u/"'!J'"!f/'~'.J) (:.bu,[, J"'l frJ/,n f'b'ff!: 

fil' /, n p /, ,f, 'l·Jl~JllL)! X-lt \ ' tuGr lil} .~ttnn ~ndil}glnu(i mCiJ'tii!:Jlll

fi Ul J Ul {dl. nLI m J1 tJn u[" ); 

F(x, y)=O (l) 

• III 'llfuf• § .11-n Lof 1"'- '~Ll };~'/! ,f};~ 'P"''"'/"'"'L'"~•/• '"~'I'"'!JW:,utjlll :f>nL'bll-

.7/•w;f• IU<)w 'l•!]•lw~l "'~"tl•re• IJ..I~"n"'l 'lP"'Wf'~l;l !.'i.e mnw'bAfo'b orf•~•w't~·bp ,, l!.'b'l~ 
:,lU•;IIILp rUI.,IUi o..\JI. 2_/•~.f. 'J'ufr/ 1 Rf'f~ tRIUfl lU~(IIU!JUI~W}'II :prrL~ft_!J/!'ulf wJ-tu'it!J .,.llf[~t 
/•'i'i"l.!,., fL l/i'b/' ''[Uift'JUI["u'itli[ '".f'f usf)usb!JJWff' 'f-"Jn Lf.JJw'b "lwJJut'b'bbpf!.t 
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fiwtlmuturnufllll, npmiHl F(x , y), F', (x, y), F') (x , y) tuli~:llq t-l wm Lli 
nrld; D mJ1JlOLJfl JJllJ', np~ upuprll liwlplLU •• (x, y) ltbmp , "I'll ltnnp

qlditumlihp~: ]• tmJwp tupnuf Lli (1) fiw t i ur uwp tl'tufit~ · l'wgJt IIIJ'1 · li z\ : ''"' 
~Lutl\llf F'y(x, y) =f=U: u.JI} qbutp.m tl' x-Jl y l•nLliltgJnuG ll i till 

y' x= - ~-:> (x , yl_ (:~ ) 
J· y(x, y ) 

md tU llgJ '"l E. 

fl Uf ut 9 11 '-/ !J I '/•p!JIIIJ! X-/t "f'f./; "'f'J/,.pjt"it f)UJJ11tUfU111tt"tt /um-

"itu,f I; P"'-"itiJSftu•Jfr y "'P'-JL.f!l!' /.'uut "l'"'-'t 

F(x, y)=O: 

X m"it""''" 'P"'""'""'""''itf/'lt ww"it.p ~X tub: y •'/Jtn"it",'!/tlll"it ltummhtll 

D.y -6. , "'Jufr"it.r-"it Utf"f"'Jb'i,nfr X+ ox "'I'Jb.pfr"it t:, ,,furUfullumu/trm'it w ,f 

I; f/>m"it"9P"'Jf• Y+~ Y "'l"lh.p[!_ l f.'uw F(x, y)=O t:."'tJwumpJ'u•"it ftm

"it/,~,..,"it.p. 

F( x + !:J.x , Y+~Y )=O: 

t:.bm£UI/'"'[' ' 

F(x + ~ x, Y+ ~y)-F(x , y)=O: 

•l.brtl!~ l,u.IIJ.tuuiU[tt11{tfJUib d.ut{u .ftuu[!_, npf!. /,{,JfnL +n+nfuw/fur'itfJ pmJtq-

9/ttuJJr Lr/!1 ..,b."it 1; , § 7-fr ( 5') ptu"it~nd.b.fr t:,,.,J·..,a"'J"it 't"'r"LI• t mr 
III Ull/["' l "'I u Uf /; It • 

iJF oF 
F(x + D.x, y + D.y)-F( x, y) = · --D.x+ --- .ly+·fiD.x + ·r~ D.y, 

iJx d ~: 

"r"'"'L ·11-e lr ·; "J-p a.-,mrnJ b~ qpnJJr, Ll'p D.x-e £. tl y -p a'l.mnui /J"i,. 

'l.r"JP' "f.tu'itp "I' 'F't' i fr'i. '"r"'"'~"'J"'"'-fiiJ"'"it d.tufu J.uue r:.u"i"'"mr I; 

'l.r" !P' ""' ,,£ Lfr t· 'fl''j t· 
iJF oF 
-:--D. x+ :;-6y+11D.x+12t.y=O: 
OX uy 

iJP 
!:J.y dx + '~ 1 
- =- -------: 
D.x d r ' + v 

dy 2 

D.x-e aq"'b9 "itb"itJ! 'lP"JP' Ul'l 'lh"i-1!"'-,r, t:,.,2.1P wn.."ithLntJ, "r y 1-f!. lr 
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t;,.,,,,u,nul'"'-''[~: "·J'II"L'f 

dP 

y ',= - dq~,l 
' 

ov 

dF df 
-~- 'I ~· - -= 2\" t 
dx - ' d_y · 

dy 2x x 
-==.: -- ~-

d x 2y y 

l( x, y) = e'-- e'+xy, 

oF aF 
~h' "" ·- tx ; y; iJy =e' -.:...x , 

~bUJJ,_ ,Mf'lh/' t C""' { l } pm~tmJ./,f, uutUJ~In._ ,/ L~'IJ • 

dy -e'+v pY_ \ , 
::.- .= --· , 

c't x e ·.J.- x d x 

F(x , y, z)::-..:0 

U7 bu.p.fr t:.w tfm 11 utf'm.J £! : 

~IIU7W • 

(2' ) 

(3) 

(,'ft!!. "I'/,~ utfrt1111 /ft!fr9 ''''P9{'"'c} X /, )" /.frJI•pfr J"' P"'.J!m"itt/'" [' 

'1. nL J 'I" r;, :.. , ,r Ul Uf I.U ur Ill" /IIIII "it Ill ,r I; z-" ,r ,, " ",,[ ,)' I• .f! Ul "it,, IU rtf!..[!~ b r ' 

"pn"it.j! 1'"''/'11 /'"'P""J' (;";, (•'1 ) f.wtjwuwprltu"it[! , m"lUI "'i'l t:.~nt/_muml"",rl! 
... "itf'"'9"':;111Jlll rlJ.n1_ nrll £. 1tL,r ~- x-fr " y-fr ,nt, ""',/ Jfr .ptu"itfr z 
JpmpJ-f,.p :p,L"it"9 fr"'"itbr: 
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(/Z • < I < , , ~ L k - 1/WIIUUI JIIIU IUUIIIil!jJUI[U f'/!.' 
r) y 

(}z • r l L'i :.uuiii11U-
lit•P ,rh~.J' "r"~"' ,r b~.p d-x -l!.· Y· f! " '"' "'!""' . t.p 

.,,L~t (J.J'I U[U1udimn11•/ "'l"mlul ltfrt""nbtf, I; (2') I'"'~Uia/1 /! • /,{rJ/, 
' , I 

JfrwJ~ ,,~It"''" •f.n•fmf,mlt'"~ t.. wdUIJ'L~.f' X- 1' • ,,,// :p,,~IJ!IP"' l· f! : ... •-

,{, 1Uf'U111 

dF 

' ox 
Z x=- (fJ;' 

dz 

(Jv 
z'y= - d F' 

dF . 
"I' -.- =f-0 : 

dz 

01-

!..u,fm~,t,~ at, ,[ ,,, t; ,r,.,~,f,,r L~ 9"''ult"'.'l"'o [rl•[n•f ,,,,f,fnm· 
_q_ < 1 1 "1 1 'h r L~ ~'l'"''i'9 J,., ._~ ..... 

J1 ,,'1J~/,f'P w ~i f' III!JW t:, WJUI 't''" u f!J IUIII '{'/! L 'fur Ill I 

IJw'i, ,.,J-,.,<;,9l'"l~/;/'f!' 

0['/'~'UJ't .1 , 

i.Jz :h - :.-_-:: - -·- : - ==-- :::=: - c)y z ax 2z 
~ l I ( . I { z ,, -j, Jl· U l Ul ,, Ill d /J 

u~-UJ~I !J b-[nl/ "J'''fl," l'W:JUI~fii J III tpna..IIJ!JIW ·')UJIWIIUIJIIIL I {~ . -

L ·• } ,/bu1_, J1 ,,,,u<fj, w;/•~'l" 'iuu. / 11 1ul''l J" L1.J .pr_• f" L•) -1nL !J ")ll mn 1 

Orr~'"'~ 4, ez -,- . ~y - ; z -t 5= 0: 

;j ; 4 

i) f 

iJx 
iJz 

iJx 

F( x, y, z )=eZ+ x~y + z·: 5, 
iW iW 

2xy , cJ' x~ , i.Jz ==c·"+ l, 

'2xy (Jz x' 
--= - --: - --, 

ci+ l UJ e' · · 

'.~ " Ill II 'I " L fl J n L -;, ll. J II "f IU 1''"'11' ,:p ,, I' n l "r '1:"' urn 'l"' [ri J"' · "u~IJ 
l'l! 1/"IJI'Uif"fb,'ffr~t UIJ~ /;~,fd""ll"".fdtu•tl'r'• "I' F (x, y )=O t..wtjUiuu,1.nLdf!. 

"1"' 2"·.1' I; .l/,/1 ''""P"f"wltw'hfr Y==? (X) "riLl; /f>m'itlf!Jpw. F(x, y, z) = O 
t:,u"[""""l"" ,r,, "P"2"'·'' t- z= f(x. y) ''r't·,,_ 'P"'""''""~w'u'hbrfr ,,.td; 

:p,,'h lj,']/''"' lf.,,, 'j,9 "'''i"'!J'"-.( .'1/' .'l"'J!J wm'i'.J! • [Jb phl_ Ufpu/• "f"'J,r,,~[• 

"1/;"' J! I; f'""i"'l""f'l' l-·(x . Y) •'/>,,~/1!1/11"~' ' "f'"/1'"'/f F'(x , y) =- 0 :.w
•[m II Ul !"" ,r f! II I' II z.l• y =-= <p ( X) ,J'f: "'r d-1 • .J! {/>Ill. -;,,,9" Ill : 

fiJ· h " I' L ,r : 1 }·1~~! !1 11' F(\, y) :J>ralilJgtnu li wli~GI} fhum l; (xw y0 ) 

l1bml• ;' (1 2tu lJll 'J1'11 ' U' IL tujqmLrl 111 !ij1 wG ~ liljfl.tuut tl'wutiwlJtUft lll th uG g

Jllll :i b p, ~ u u • ll jlll ltl' F'y(X, ~ - ) of=O f, l}!tgrnll F(x0 , Yo )=O: Ujl} l}bUJ · 

~111 J q•• JII L[)Jil l li ntli lt ( x 0 , y0) lJ budi ~ Grj q plpul 2Jl t lli1Jll'J J! • npm!Jq 
F( x, y) 7 ~0 I!UttjlllutHfln Ld e npn ( II Lll' ); y==<p( x) tfj l ,updbll :t>nt filJ g JHu : 

~.,,J'w 'i,f,,~, {JJ,,,,/-.f mf"IP "'· '~•/• It 1;('\ , v. Z) = () t..wtjw,w1,,,_,f,,L 

"I"' ;•/" 'f Ill b /'Ill .'JUI ;:, ,, J In {/> ,'i,ft!JP'" t" '! II J•n{fl Jill~ Uflll t ,r ut"u'irh rl• t:. wJ' "'I" 

'fo ,,,,II 'I II I. fd J II I ~1: (J.<;,,,,,., ... t.. IU.(IIl P"''i"ts/,, 'i,brf. wt!w'ir :;·f,<j. 

ftw'i,, 'i,'hl. ,,~ "'I"'""J-hlf" .tL~.p '"1""/1•9/r~•J! "'t'u UfwJ•fw'b~brf•s• "f'"'i'.J! 

h 11 I"' ;m ,)' L ~ ,,<;,{"" !/'" ;."' J"' [/> "' ~r/1!/P"'~L f'f 'Jf' !"' [o' /"'-~/! ' 

z=f( ): , y ): 

rl z - f . ( . ) rJz f' ( ) . ., < ., < , 
- - - X X' y ,, - - = y x, y ,, II/ II,,,,,, u mJ-w "9!'" l ""rf! ' ,-;,}-
dx · dy 

t:.w'i1111U "f/111 UIIJIIIJ t; lllh'J-fllllll"z.llu f /,~ _'~ k y 4Jni/IIIIIIUI~UI~~brfr f/>rii.~~~

.'JliUI~~. f'' U.t 'f Uf.U11n£.,,n,4 f/w{'/;Lf, I; ~"f'P.'/ 'JLn~hl ~f'w~9 ,fu111~111/fm~ 

Ul J,,~ .. , J Ull~/; l'l! : ~~""'' IU I'"'{'' [, ,.,,,L ''""'"' ,, '"''UI"'~" I'P {/> fiL ~~9'""~ "'-h ,, 
oz ?Jz 

l., I' .. L1.t11,,1,,t ''"'t" tl' ,r .. ,.~~"'''UI~ ,J,'byJ"'L~''r · .J!UI'i,f> "r -" --.. ax (Jy 

f/>m~fJY/111151/,['/'!J Jill r'"J!Whtjm p[! ffwf'blfr I; 11/JIIt ~I!J/,l p~t Ufbll {!UUI X· p , 

U/ Jh"f ,,. IJ I; l ['""' y- /~: 

1:1,//{"'l''l- ,fUI,5,u,/l"''i' ,J wh9JUIL~l,rl'. 'i. z. ,'iiiJ,ftmJ' 1, ~ "'l"Ufbu . 
, .. 

c: -z =i'' " ( X, )'), wjuurhrz f- {1 t:,,, )'"P'f"'f-"''f' /;{'~IlL mh'fm,_J" IUOIU~9M 
d x ~ 

tjuuf I; [! '"" \. -/r t 

- d"z_ =f" xv ( X, y), " ' J""''''l f.[! 'j, .. ,,, wJw'h.'l'i'" ,r I; l!"m X· fr, /.. 
dx ov 

UJ"f'" Ulr'fJ"'~.J/ 'h woUI~'.'I'I'"'f I; /!.""' y -fu 
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rJ~z , . 
- ·.· - =f n ( X, y), IIIJIIUIJUf f -(1 ~1111/11 
dy ()X . 

w"f"' "'I"IJ"< ~'.J'I! mJ·,'iJ!J'/""{ I; !!'"" X-/t: 

iPz , , 
- --·-=f ,., (x. y). wl""''"z f-1! r:."'P."I''I"'I""l' L 1,~,. "'~"!""/' LU<)m'iJ.'I-rJy i . . 

tfm ,r L f!11111 y- fn 

{;/,fl/11'/"1 fttu/''1[1 ,,J,,'iJ.'IJ"'l'iJ/,f'/! // 111 /'LLft !; 'bnp/•.'1 ,,}w~•:J 1'! /•~t ,> · 

"fl." /!""' X-1•• '"J'iJ"f/'" !;l /!''"' Y-/t: 1/llwm'btu'b.J! L/'/"'1''1 11"'/"J/• tlmu

'bmftut'b .. u),'b9ttul'bhp/!' ll.f/'ll:.w!m 1; , 'ilt""~'.J! lflf•'illt'b mftiL'. 

iP z ri' z 
dy;iJx' --: 

llll) Ill (i g J lliiJ~ r:.w 'j,,,, II'" 

""}wt9J"'ll!' Orfr'i""'t · 

1_"1,1::,"'~'1"""1/;" , it- [llj l[tup<{ll t.l'lllufiudpuli 

cu, J I; ( n- I )-!''I 't"'l"tfr ,J,'i'.'ll"'Li' ""L"'~'fr'b 
~"z 

--- - - -'b r:,,~,,l,,tu'buul t n-1''1 ~"'1''1'' ,,JIU~I!Jt"'[· "'!'""'"! Z- f! 
dxPrJy"-P 

'bw fu p w'b 'I ,,r "'J "'~'.'! 1 t, L 1; l!, w x -ft, I• ,f1 LU 1cu,, r:.t; ,,, n- p "'~"I ,,r' 
/!""' y-fr· 

!Jw'iJ~LU.'fiiiG ft/,,,,, ,,,,,,,,,,~,,'iJ'iJ/,f'fr t:.wtftuf' f ' UI[Idf' ft"'f"f'' ,}',,,_ 

'bwt1,cu lll,}tu'b.'!t'"Lth1,1! ,,,C,J',,CU,I,ul' t.~, ;,,,,-,cu,r,cu ill""'' 

Ot•/t~rut~ ! , ~.u:•JI• [ 

:jlu• -;,Jl!/[u.Jl.f[' Ll'~f'"l"l l[u'l''f/t rf~»,-;,w/1"'-;' uu).Ju-;'!/.l"'l-;,l.,l'!~t 

/.11 .t. ,) t1 1 rf : ~,,!,J''l'"['"'L' 'lm"itHLtf /;',,~. 

31G 

i)2 i 
2y , 

O\ c)y 

r)j 

ax 
u(2xy) 

ay 
') ... x, 

a ~ i 

r)y !(X 

/." 1 J n 1 ,f, ~w•Q"f''fWf'lll[l 'lm'iJul ,( A-;t.p. 

~ ,,_,,JI, L 

I. " L J n L 1/: 

'I :!c .\ +~ 2' 
~~ ~ ~~ . I .. 
-- -..:.... : z2 ~ . ' ·-) .. 
():.;' . . . <P •. l 

()X 2()y 
~-- :2y z:o-c' ' y ?, 

~:~IUI~III'iJ 1; 'l'iJ/,[ IIIJIIIlt/11//1 :.111f1fj• J'ft .f!m'bft ''""''"'"""fUI'iJ'j,f,f'l' 

f/> Ill 'bit.'!" Ill t I• Ill JIll t .'/ ,f"' t Ill 1"1!"' t .J' I! ~ "',, •I lilt) t· ,, l"ll "J! l'" Ill """ ,.,.!, /' 

•frn ,,,, ,, ""'"' t th/' /• LU J "'cu.'!,{ Ill~. c. "'2" l"l"''t"' t mftl! Ill ~. /• !J ' Ill! II I· t J! ~. J tIll t
'b"'l'"'l' ;:, ,,,,,,, ~!' luf•'iJ/,'iJ, ut•f•'il,~, 

d'f rl"f ___ ,, 
rJ' dy iJv dx 

rH (x, \, 1) _______ ,, rFf(x, y, t) 

at dx dv rlx iJy at 
f!J "'l"l •I ,, ,J' 1; , , I' fr !"" •I LU .'1 fr I; t, /,n /1 J 111 l fJJu, 1,1, ,r/!, 

fd'L"t''''l : bpb z= f(x. y) ~ntlilnrlnuli h lipw f' , , f' , , f"x ,. /, 
f":vx tl'wu(iUII(tuli lll()tuligputlibpe npn2•l we) h tuli[~lil} li wm .l;(i :\1(\ , y) 
l]hmn11.f h lipu• nph}; 2P~udJI"J}Jn• tf, wnpu HIJIJ lrbmnul' 

£H iP! 

o x dy dy d.x 

/J. IIJIII 9 11 L J .'1' {J.u/ut,'/"' ,'JLL"'- t,,,futf' 'lfr"'mf,J//,'iJ.p 

A=[f( x +~x, y+-'> y )- i(x+~x. y )j-[ i(x , y i-~y)-f(x, y)j 
In f' Til Ill/),, J 111111.{d JIll 'i1f!: 

hfti" ,{,, Jh'b.J! 

Cf(x )=f(x, y+6y) - f(x, y ) 

l),,.,llluiUf111LJutJ "f"2''"'f ?(X) orf,,'iJ,I"''/ f/>tiL'b~y/llu'iJ , "'"f"' A-'iJ ~'"f'/;
i/• I; 'fl'{;l C./,n!ti"'l mliii.J!"'/' 

A=:r~ x + ilx)-~(x): 

.,. Ul 'i," "I'' '""" /, h ftJ, ''II"" ltlt LU h t-' '.·· •[! I .. I; ( ) 
L I' C ·' "f"' £1 UI<T .'(, y ''"'"" 2/'?_111-

~LUJJ!IIIJ', "'"I"' <P (x)-1! 'lfrfi>Lt,f't.'I''LP I; I"' x +~x] r:. LUm•fmJ,,J'. l""l.'l' 

"'J'l 'I /;"f.J!'IL'r, ~I· t""" r. L'"l l,tu 9ptu'UJJ, ftll., l'LJ I!, ~~~~~~~~~cu~~~cu.J2 • 

A=~x~ ' (x), 

"t•mb,L X-f! "f"'t"l'"'"""''} I; x-J• IL (x+~ x)-1, Jj·z.'" J:,,J!f' 

~ ' ( X) = f' x ( X, )' + ~ Y) - j' x(x, ':/) : 

·fl
111

'bfr 11 /' f'xv -1! nl'"Z'fwJ I; (x, y ) IJbmfr 2!'2111/fw!.J!"Lil, LU"f"' (,-[! 

'lfrf/>l•pL'byl,lfr I; [ y, y -f- 1y j ;,.,,tn,J•uJ,ILJ', '"·""''' ""'111.'1'/"',} "'"'l'PJ.l'"'· -



[rllm~t 'itllwm.fu,,fl' 'itnrfr.'l 1/PI'"'n.Ll"'/ l.•u•frw'itdf1 

t/tnt/111/IIIII~UJ'jlfr ), ~Ill 'itb'iJUJ'j,J!• 

([~II Ill y 

f' ,(x, \' -'- t:,y)- f' ( ~x- v)' -- ·~ \'i" (x 
., i ., X • I _, · · • ., xy "' I v) 

" ' 

"l""'"z Y-c UfJJJI'PJJJ~·L~~Jfl 1.- y-fr " (y+.ly)-/, .Ifrll" 
::,h,lowl""f', A-fr "'l'l!''i.wllm'it utpmutr:.wl"""fil!"'5.'[' r,,,,,,,u,l' I; 

(1) 

A -/• r,,,,riJJ I' mpuou·::.m JIIIIIL[J JUI'i. ,j' I• rf•'it '1"' .I Ill r" Lfr'itL rl! "'"'lu"'"'

,,l,l"''' I[IIUIUI'j,IJJ'j,.f!• 

A=[i(x+..lx, y ~ L'ly) - f(x, Y+~y)] -- [f(x+~x, y)--t(x, y)j: 

1/',.r}l.''iJ.c 1)/;tniJJUJL od-w'it•fml/ !ptn'it~9frw'it' 

tl'(y)=f(x + t:,x, y)- f(x, yl. 

Ul['f 'I" UI.J)Ill ,j' 

"1'"'1"L Y-1! ulwr•foulttfu") J.· y-f• 1, (y + !::,.y)-/• ,ffrlb: f.w/.'1 

·/()r)~=f' , (x + .3x. )· ) f' ,. (x, y): 

1/1.11 ,'i,,,,.,r t·L llfrl'wnhl'"' I.UJ'fl""'i.d fr [ilb"rLJ'e, 11uonw'itm'i..e. 

i',(x+t~x, y) - --f'y(x, y) =--,: nxr .. J~, y). 
"l""'uL X-t• "1. 11'/"P"'II'I""J b x-fr IL ( x+t1x)-fr J'frll': 

llluuif•"""' A-fr ull'lf''j,IUI,UJ'it UIJIIIIIUr:.IIIJiniiL[J 1"'-'j,f!. ll'"r"Ll· I; 'lf'l'l 

t,l,nl'l"'l """' ./:''"( 
(2) 

(.1) 1, (!) r,.,,,,,,,l'"'fll"''it'i.t;rf' tlUJfr• ,fu,,!,f'l' J:.wt/_u'""'l' l.'i, A-fr, 

J:.hudompm1,, t,UJ"-"""ul' L'it /,_ IIJf! ,fJJJ,I•[•f!.• '"!"fr'itJ.!'it' 

"I'"' I. 'l fr .'1 

t11u ;,,"-UJ""'I""I"t"''t .thy_ w'i.9'iti,L"'I ""'r:.,J'w'itfr, Lrp ~x-- C! b. 

0. Y - -->\) 1 flu w UJ'i.w'io,e. 

lim f\V (X, ) 'l = lim f""' (x, y i, 
,\ x -·(1 · t.x ~O · 
~ ,v - - u ~ :.---o 

'/!UJ'itfr 11 I' f" '"' It f" yx mJ .,.'j'!J J"'l'i,l,l,'j' ,,'j,f!.'j,'l";,lllllt 
lrll/1. 1( J Ul 1.1(•11 

!im r" (x, 
~' -- ( 1 • 

~V - ·0 

y) =- i"" (x, y) 1. lin! f''y , (x. y) -:-.c f, ,(x, y): 
,\ , . () 
.\ I' .. () 

fr'itz /_, UIUJj:,UJ'jl2_1/tlllJ' 1; 11 >IIUIIII.CJIII!JI'l' 

t1ultu9"'!JUIJ [Jh"l'b,ff1 y "f'Ufl111 t,L tn I. Ill 'it J' II"'"' .'!'/ Ill ,j' I; I , I' b [J I; 

d"f rl"f 
~----- It ·---
oxkdyii -K 

b'it, 

:..w.Im'ittfw'it [ilbnpbtf ml'Tfr tu'itf• 1, .'!"''it!l"'!flliJ {J 1fut/_ 1f,11f 111 fl!m

ltw'it'i,/,I'P f/>m'i./19PUJJP r.u,r,,,, 

/ 0 l'l. r\11L1f1 

rl3 11 . J,, 
dx dy Uz ~ c" (1-;.-xy) cos z, --;)-~ ~' xl"'-' ~in z, 

dx dz 
- X eX _\ CO:-i Z , 

()3 ,, 

uy oz r)x 

rh rJy rJz d1· iJz ox 

'1-J.,'JIII.J) (x, y, z,) Ullllf'UI(},II[JJIII'j, J'l;r_ ~~UJ!) mf•flllltfJ, "f""J" 

mrtfmJ I; 

u=u(x, y, z) ( 1) 

ll<) 



~"·rl' "'/ 111
/Jwr 'l"'l"'· 

1·F"· D "'''!''" tl"r /.'!'/""• I; '-1ilzm 11"'1 1Ju"f '1:"''1'''1 
/, u(x, y, z, -p ·6.'h;m,J''h 1. , ""'!"' ""'"") I. 6.'i,zm,J''id.,,,, "'tu'l/ 111/' '1'" 1: 111 

[, "'"£1';" 

'l-J"'""I'~h'h.t' ! ) '"''f"lllfdfl IIIJ';, ''''"'LI'I!.· nl"''i.J.'J,,j' u(x. y. z) 
:pIll 'j,f/9/7111 ';, Ill h p C r.IU U UJ IU IFJIII ';, UJ f"f /, .f' • 

li (X, y, Z )= Cr ( ~ ) 
l/.1'1- 1/.wf,f'P f""'I'/,,{J!'"-';'1!. ft""l'lwJ' I;"/'/,/; J'wff/'1,/'wJ[rf : l:[rJ/, 

,,!.1,9 ';,/;'i.J.e c-1, "'l'P2. w 1,rJJ • .J:.'• "'"flU ~uuru,'i.JUJ'h,p 111f'P?. ,l,uiJLrl""·Jfd : 

11.1'1 ,r,t1l;r''"' tfil'hltrc ~nt'I,,J' /,'i.J tftult tu PIJ-lu Lr!1 1Jnd1bpL ntJpli bp: 

f) I' J• '\', ru ~ l r {;~' flru 'f/'1,-~~ 1) "'1/ u1 r) 1.-

u(x, y, z) 
v:! z~ 

_._ -!- -
\) ' lG 4 

"'L"'L.''"I' 'l"':'"L~· 11. ., ..... ,.,, ""''t"'l''L"'~I· ,r ... ~£trl"" Jf1~· 1·t• ~~~·~.~.~. 

X 2 y2 z 1 

4 + _,\) + -IG "o c 

dIU~ tf'Jllll JJJ~.J~ PI~, Ill .f" ,.~,,J.,I \ 2 ... l' , 

·,,L- 1'1 ~: 

/:{Jb 11 f/>w';.!J!JJ"uh /,(,//, 'P"'''"'"'u~w';,';,/;[,/• f/>wh~!JP"' t' 

u= tt(x, y) 

17 z 

~.,,. /l(j ),~ . 177 

w"f"' rfw~'"I''IUJ!tJr cr J'w'll•f,J""JfJ'h/,L'» lltf'';,f,';, Oxy ;:,, rl" m{J J"'h ,fl. t \ 

u(x. Y)=c 
'IJ-Lrc· "l"''it.P 't"t'fnuf/,'it d\ulpupf}t!dtll '1'\bp: 

( :_' ' ) 

I 

.t 

b[dh il -{t IU[trlL.e'itht·c ·l"r!J'i,b'it.e Oz umw'it9.f!/r ·II·UJ·. 

z=u(x, y), 

Ul"fUI Oxy r.wrftlmfiltw'h J't.-2 ,fw~"'l''l'"~P 'J:J-brL' ~tJ.'itl.'it w
1
'it lfJ-L

1
,fr 

"il'"lh~yfru•'itlirc• npn'it.e UUJUI.'JI/nLJ' /,'it Z=u(x , y ),J'm/Lbrl""lfdfr ,, Z=C 
r.wp[dnLfiJJm'i,'ithpfr r.wurmtfilmJ' ( 'it~ . 176): l•,J',,'itwln•J ,lw~tul"[- wltfr 
'lJ-bp£! 1 r.h2m I; "'-'"'LJ"i.Juwfrrbl z=u(x, y) J'w~hr'''"-lfi!fr phnL!flc: 

Ot•/•~w~ 2, llrnzb1 z= I --x2- y 2 fl>n'-~bfwJf .fw~"'l''lw~f· •tJbre• Uw-
~"'l''l"'~P 'l.}bl'f!. ~~f~b~ I-x2-y2-=- ' C t.u..fu.uwrn'-.t1,bp~ n,_~ban'l 

7
,1bre: ').

1
,w1'l'-

lf I - c zumw·f'ln1 2f:'l.Uoi~UIIf<lbp5t b~ (5·~. 177) : u IUU~IU"nl'"'''lb,,, "''l' C= O UlnW

~NL.tl h.{'. x2+ y 2 =..c I 2l'2"'~"''1P~/!.I 

!) "'PI'"'lf"NLJ' 'fpmtup/fl''it.e U-=t t( x, y, z) f/>m'iti/9PIUb IL A\( X, y, z) 
''h"'!!.' M t1trmJ•.'f LnUI'itb'h.e S 'l_h~m"rl!' "rfr nuz'lnr'l ~""fr'it,_ u'ithr'it t;';, 

COS ry_ , COS f3 . COS~· ( 'it'l· f. 78)r 'Pfrmwp/fL'it.[! S ,JbJi""'!'/' ''!"" 'tw'it'J"'I h 

'itpw "~'lPP9 11S t,b"""["f"".f''t'n'it'it ,,_';,b.'l"'J ,'v\
1
(x+ L'ix, y +- ily, z+.:lz) 

~hurc: 

lJ. / u utJtu ruJ 1 

l:'itf!u''l-L'h'it.c, "(' u(x, y, z) f/>rn'it~9frw'it D "'P!""·Jfilnuf IUbf!.'it'lr.,"'"' I; 
IL ,,_'itfr f!"Ln frr "'1''1"'-'fh'Um'itl.l'f• m'i.,f!.'it'l-r.ww wJw'it9!"'L'hhpt 

lJ.!'itu,hu, J·'itt"fhu IUJ'f IU["'"·" § 7-uuf, fPnL'itlmfrwJfr u•fr•L w!.c 
hhpfJIUJIU9 'j,f.'iJ.e IIIJUI'fbU, 

(I) 

npmh'l s1, e~ iL eJ d'[urmJ' h';; 'l!'"!P• bf'/1 fls~Or ( I) r.,UJ,/muw
1
uu.fil!w'it 

pn lr; [' tu';I'J-IU,fbb ('/!. f !Uit:fm'itb'it.e L'i s-fr \ 

~u = ·Clu .1x ;-- ~~ ~y + ~) u L1 z + e
1 

.:\x + 
32 

tly + s
3 

~~ (:2) 
tl5 ox 1 s oy tl s OL tJ.s tls 1z tJ.s 

lJ.~'i.Jr.UI I"' I;' "I' 

.:!x 
- =cos a, 
L1 s 

L1y '.) 
-=cos~, 
~s , 

D..z 
-=cos v: 
L1s 

~hmlttupUif'' ( 2) '-UJ'I_muw1,nfiJ!nLhf! ~UI['I•Lfr I; w 1rurw'fl'hl '"!u"fbu. 

L'l.u du du au 
- = ~- cos cc+ -----cusP+ -cos ·, +;;1 cos 1. ~ 2

0 
cos P -:-~J cos '" 

D.. s dx oy oz " ( 3) 

32! 



t.u ou 
lim-=-: 
6 , _. 0 ~s ds 

(4) 

U.tuU[fruntj, (3) t:.w<fmuwr,L{JJw'it ,rbz tUb,q'itl>£"'1 ""';.,ftU'hfr, ~eu-

()~ ll ''11 or: - rh l u . + · "O' J ; ens.,. 
-~-=- cos 7. - '- ::> ;" - ; -:- " • as ax ay (jz 

(5) 

'i,~. 178 

'lt 

tU.ltU'hsttULfr J'tUubtUtfnr 'fbU[.IJ.' U,JuUf_bu, orfr'htU~, brp o. = 0, ~ = 2' 

_,. .::. _,.t1 - Otl " ou uu uu O+ u ,, + -cos-=-: -- = --cos -~-cos - _,. ') ox 
OS ox dy 2 uz ~ ' 

322 

.J,b.,/uupwp, 

.Ou 
-=2x, ox 

IJ</ "'J"Uf.bu, 

du 2 l 3 12 
a;] = 2 . i 14 ; 2 • i 14 +2 • .y-cf =-~ y 14, 

au I I I 6 , -
-.. =2 . -= -t 2 . _r . +2 • . ! 3 = , / . = ~ ., J, 
u~2 t 3 11 J r r 3 

- 12 
~bm w'lwJf.o ' ""'"'r 'bllwmb'bc, np 2{3 > ,r - ~ - · ("'~· 179). 

y 14 

D mf•rnLJ{Jfr J"LrUIJJ.IUblJilLr ~bmuuf, nrmb'l LllrtJ.tU.l t- u :..-:u(x, 
y, z) lpnLbff,'JfrtUb, UtUC,J'tUbbb.IJ. J'fr tjbf[Lilllr, nrfr "fr"Jb~sfrtU'itbrf!. ,,nnr

'ffrbtUmhbrfr u•nu,'its.IJ.'itbrfr •/rtu t:.w'h'ffrutU'it,LJ' b'it tUJ'f lpnL'it~sfrtUJfr 

ou au au 
_,.X, J'tUuhtU~UI'h tU.lw'itsJtUl'hbrl!. r:.,..,rtU"ftULiltUu{uou'it ~bLilnLJ'' 
u ay az 

ou ou . ou 
grad u -~:: -1+- J+-k: 

ox oy ez 
(I) 

:U.n tJ.biim"rl!. ~nttJ.,uf t ll=U(x, y, z) lprn'h~sfru•Jfr qpwqpblim: ll.
um.J' fr'it, "J' [) mfrr"LJ{rJnLJ' nrn2_tjtU,} t qpwqj1bfimfibpp tjbl)_mll(lllll)_utfi 
tt-ruzm: ll1'itnLt:.bmL. tUUf_lU9"L9b'it.p. t:.bmi..JtUl (rlbnrbJ'e, "£'/!. /JtUU[ t" r:.tUu

urwuwLJ' 'fr'u'ffrb'hmfr J.. f!.UI.Ir IIL'f.'f.nL{rJJtUh tU.}tUh9JtUlfr J'fr2_ft 1 

filob, rbJ' : 'Ppgnq! mpt}wt\- }; u=u(x, y, z) ulpuump qm2m~ 

h lllJ'}- uqwlJwp '}lll 2Ul iiLU ll(III(~WO }; 

ou . ou ou 
grad u=- t+- i+-k 

ax iJy oz 



qpwq[ll1Gmfihpft qw;nne: llpltk S tlh4mnpft "''JI'JllLftJWtfp' ?~ wr)ruflg
iJs 

JWIJ! fi <llllmurup k S qhllmnpft tlpw grad U tjblpnnpft uulnJhlf g ftwJftG: 
lJ. "l'" 9 n L 1 91 '1-fumurlfh'b,e S r[b~urnf•fr'b l;ruJw"lwuHuufuw'bn'l 

so Jfrw1_nr 1_h~urnrl!.· 

S0=i cos a+ J cos ~+k cos"' 

t,wzr[L'iJ,e grad U [, S0 1_b~urnr'iJ!.rfr u~mlt"'f' wrur"''lf'JW[[! 1 

iJu du . du 
grad U • S0=- COS C'.+ - COS~+ - COS Yl (2) 

iJx dy dz 

ll.1u r.w1_UIIIW[Il1LfJJw'iJ lU£ JwunLJ 'fln'iJI/_n'[ W['lnWf,lUJinnLfJJnL'ii(! f;w'iJ

'ffruw'iJuLJ /; ll(X, y, z) lpriL'iJ~9P'"JP wJw'iJ9J"'lf!. S rfb~urnf'P nL'['[IIL• 

f'JmJp: t,hur/._wpwr, ~rul'"'l b'ii,e 'll'bl. 

du 
grad u . S0=-: 

ds 

Gflb grad U k S O 1_h~urnr'iJhrf• JpJI.k ~wqJI/_wJ w'iJ~JriL'iJ(! 'bzw'iJw~b'iJ,e 

11(-nl/_ ('iJ~. 180), UI"JlU ~W[In'[ /;'iJ,e 'ff'bl• 

iJu 
lgra d u I cos 'f=~ (3 \ 

u S 

1\,~ , 
{S I 
li I 

s• I 

~~-----..... 
iJ'k' 
~" 

'(,~. 180 

du 
np. s0grad u = -: 

iJs 
( 4) 

't.~ . 171 

ll."lw9nL9wJ flbnrhJfr l;f,Jw'iJ 1_rw w~'bwn.nL ~hrUJ"1 ~'""i I; r.wu

urwurl/_rlLJ 'ff'"''fflb'hurfr k urrl/_wJ ~burnLJ 9w'iJ~w9wJ IIL'['[nLfJJurJp 

wJwt91wL[, J'frl"-' S r1_wJ M( x, y, z) ~hur,ILJ ~urn.riL9b'ii,e gra d u •[hl1-

urnre ("'~· 181): 4wn.IIL9b'iJ,e grad u "'l'"',r"''lJn1_ uf/>hrw: M ~L.urfr9 
urw'bb'iJ.p. S 1_h~urnre: S 1_h~urnrfr r.wurJw'iJ ~hurl! uf/>brwJfr Jw~hi,[,"LJ

f"/• r..hur 'bzu,'iuulth'h,e P-nl/_: ll.!'l '1/,"l.f!"L,r ru~'bl;rutm 1;, "I' MP = 
= jgrad U I COS <p1 h[tlh 'f-'h 'll'"''IPh'hurfr iL MP r.ururl/_wJfr nL'['[nLf"J'" ~~-
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'iJbrn1_ ~wqJrjw.t w'h~JnL'iJ'iJ I; ( [!Uin nrnLJ' 'f< _:__) , "'tufr'h.e'iJ ' M P= 
2 

du 
iJs l lJ.~'iJI)UIJUI 1;, nr s ·Jh~urnrfr IIL'['[nL{tiJnL'ir{! /)W~W'ffrf' nL'['[nL• 

fJJmJp rfrnrfr"/"1/_bluL '1/;"i.f!"L,r w.tw'iJ9!"'ll!. •fru/•,ILJ' I; 'hzw'b[!, fru~ 'hlrw 
pw9wrawt1 JbJ,Lf'JnL'hf!. J'iJ,LJ I; 'hwfu~fr'he : 

t,wuurwurb'h,e 'll'"''lfrh'burf• rlfr ,ew'hfr I;UJw~riL{t1JnL'iJ'i1 [,[' 1 
1 ) Sp~luo ljbmnt_tf S ~bi J mnpj1 '"'liJHLPJ Ullf1, mthuligjw!G ndift 

mtfbGrutfb!)- mpdbl!, hr&h S 'lbltmnp[' nu1qnLpJndie fi 1mfeGqfinLtf k 
qpuuJ.JlhGmft nuppnpjmll iilno. m!)- "•ligjlulft WJI} unJ.'bGwtfb~ wpdbl!e 
fim~wuwp k jg rad u!: 

lJ.1u UJ'h'IJw'iJ frrr.utJm9frnLfJJnL'iJf! w'bJfrlru~w'hurb'iJ l;bur/._,LJ 1; (3) 
r, Utl_fr 
wl/_wuwrr1Lf'Jm'hfr9· - ruJb'iJu,flt J url'Jb,e[! ~Lfr'hfr , hrp <D==O, J._ 

Js r 

iJu 
- :.:: jgrad u\: 
ds 

2) g ra d U •lhl1mnpj1G nLqqwfiwJwg ~bqmnpft mqqm.pJWUp 
w!)-wGgJmle fiw~mump k q_llnjft: 

ll.1u "l'iJ'I"',rl!. r.burlrnLJ I; (!J) pw'iJwat.fr91 l•rn,e1 uri/_J'"l 'lhUJ,enLJ 

.. iJu 
'f=2 ' COS'f = O "- a;=!gradul cos 'f=O: 

0 [' f ~. w ~ 1' Sp</w~ (: 

:J>nL'bbfw'b, 

w ) flpn2k'bl' 'li'"''lfb'brnl!. 1\-l( 1, 1, 1) ~burnLJ, lJ.;'I 
urpmwr.w;rnriL£1JnL'bf!. ~wJw;w~w'b ~brnnLJ ~Lf'bf 

gra d u=-, 2xl + 2yi + 2zk, 

(grad u)M = 2i F 2i+2k, jgrad uiM = 2{;;-; 

p) M(], ], 1) ~hrnnd ' "'21k'bl' u :j>nL'bbfw;fr w~w'bs;wll!. 
RL'['[nL£1;wJp, <J.pw'ffb'brnp nL'['[R[''J ~nuf'bn r_ u'bkpf!. ~Lfr'bk~1 

COSCI 
2 1 

r ' 22+22+22 = y 3 ' 
1 1 

cos;>= {3 , cos' "-" {3 , 

325 



au a-:= l g rad u\• 

'1- /turn 'l n '- fi1 J n '-'it: I; ph U=ll( x, y) t/>"'-'it~gftw'it kr~'''- •ft•u/111-

fu"'~"''it'ithpfr fn .. 'it~gfr"' 1;, ""'I"' 
au au. 

grad u= •=-t+-J ox oy 
t[h~urnre. 'l:ur'ittjnuf I; Oxy ""'rfln'-flJ"''it ,fbl: u.Uf"'!J"L!Jb'it.[!, nr gradu-'it 
DLI)')Wfi.WJW9 k Qxy t:,,..pfln'-flJ"''it ,fbl. qur'ittJn'l /. t:.wJw"f_wuruwfr.•w'it 

~burnt{ w'its'itn'l u(x, y)=C t.fwlpnpqwll~ q3-Jlli: l•r".f!• u(x, y)=c J,..

~"' r'l-"'~" 'I:J-fr zn 2"'T" 'lfr kl ... 'it~JnL'itiU Jfr'h 'l" rJ-"'~P9f!. ""'""' UJU r ~Lfr'itfr 
I 

k] = - ~I 9-rUI'lfrb'iturfr k2 w'it~JnL'itUIJft'it 1fllrd-w~fr9f!. t:.mt{utUWf Jufr'itft 
LT~ 

I 

k2 = ll: I U.~'itt:.wJur I;' n [' kl k2= -1: U.J'l- l;l t:,h'itg Ul"f"'!J"' !JilL,{ I; 
Ux 

Jkr Uf'it'l-J..,'it frrwt[w9frnLfl JnL'itf!. ('it/[• 182 ): f: ['b.[! tjrntfrnft•w~..,'it'bk r/r 

!I ;;: 
,.:·C 

'..r I 

0 Z' 

.,I 
...... i' 

' 

t~. 182 

fn .. 'it~sftwJfr 'lr"''l-pb'iturp 

'I:LfuP § 6-n .. .r: 

t~. 183 t~. 184 

t:,,.,ur~nL{lJnL'itf!_ ~t:.wuurUJurtjp IX 

rnnLrl (~~. 183)• 
l. n L .1- n L rlr IJ.Jurnlr'l 

~~ =xiM=2' ~~ =,- ~ y 1.~ -
8 

~brnl.twpwp, grad \l c=-c 2l+3i' 

8 

3 

St/J"'l ~kurnoJ w'bu'bn'l rlw~"'l''l"'~fr '1:~/r ~-oJwua~pnLrl['_ ~Lfr~fr 
x2 y2 '2'1. 

2+3 =3' 
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'1-ft9"'-.J.! J,rl;m. •fm•f•nf""''l'"'i''iJIJ!'ft z=·f(x. y) tf>,,..'lt~.'lftw'b L•J• Jp'bt"

(n+ 1 )-1''1- it"'f'f{!_ 'bL-!m"'!ml ,J'..,u'hut~JUb wJ-..,'j'9!"'l'bhi'/' •:bm ,fpuJUpb 

IUbf!_'ii'J-r,IUUI I; \ '\(:.J, b) ~hutfl "f' /1/; 2/'2-'"'f"'!.[!nLIJ' : u._(lf '[_!i"f_,f2111 tf, ut~'it

Ufhu, J.'bt"fbu "'!'1- mpt{i.l I; ,j'bf/ tf:rllfm{IIUJ~w'itp t/>m'bf/9P"'!P '1-bUf.[!nL,f 

(u,_l,, [V •J!f"f• § 6), hr~, .. tjrntfmf"wliw'it'bbpfr fj.tn'itli9frw'it 'bbr~"'!"'9-

'itl,'b.e (x-a)-1• , .. (y-b)-p ,.,,_.urfr-6.,.,'b'itkrntJ. n-r'l- ~"'{''fP pm'l.rUJ'h'l-,.,_ 

Jp 1• "!'/./; J''b..,!J"f'l-'"!P'it ,'lt,_,,J'ft 'f" .. J',.,rft ml.·".f!'"/' ""'"!'!' 9"'!9 

~"'l"lfo· nr n=2 '1-b"l.f!fr r,,,fwr "'!'1- p.UJ'itwat.'b m'itp 

f(x, y)=A0+D(x -a)+E(y--b)+ 

url'".f!l!• "r"'"'l Ao, D, E, A, 13, C 'l"rJ-u,~fr9'hhre 'l"'f•uf•uJ- tk'it 

x-1·9 " y-ft9• fru~ R~-f!_ ,J''bw9"f'l-"'!fr'b Ulb'J-wJ''b i;, "fP ~UIIl.llL!JtJ.wd-.[!f!_ 
\m,f,.,'it,J',.,'it I; JL/1 •/m•fwfllw~w'bp tf>m'iti/9P"'JP r,,.,,r"'l' fd•h!l"fP pUJbw

a/"nJ ,/m u'iofi~!JII 'I_ ,{'j1U<9n f'J-111 Jfrb Ulb'J-UI,{ pb: 

lJftrwn.L'it.f! fil'h!l"fi' pm'b,.,aJ.l' J'M/ y T'"P"P'"'~w'bp f(x, y) 
/l>uL'it~9f""!P t:.wJ'w['• f,w,J',.,/,b[nt{ X-[!_ t:.uwwwurnl.'it (,,.,f,J'w'itm,pUJ~t[h'it.[! 

br~f"l''l- IJ"'l"lP w'it'l"''f'itL-i"'tJ.): 

'I ) !( b) ' y --bf'( ') I !,X, Y = X, T -- y X, iJ T 
1 

+ (y-b)~f'' ' t)+(y-b)~_, , ) 
---- yy (X, 1 · . tyyy(X, 'Yj 1 , 

I · 2 . 1 · 2 · 3 
(2) 

"l"""'l "~11= b+01 (Y --b), 0<81< 1: f(x, b), f~(x, b), I;~(x, b) 
fnL'i1~9P"''ith f{!_ tfhflnLJ-k'it.['. fil'L !l" rf.r p ... 'it,.,at..ntj f!_UUI (X- a )-p IUUU1p

f.w'b'itkrft· nwt:.Jut'buttjrw~tfbl"'' ·i'ft'itti< "rr"r'l- ~"'l''l/!_ 'itkpu"'-J"'l fuUJn'it 

,.,J-UJ'it !J!"' l'it k f" 1.· 
f(x, h)= 

=f(a, b)+ x -a f~(a,· b) + 1~_--:::__a} ~- f~~(a, b) + (x-ay f~~~(~ 1 , b), 
1 1·:2 1·2·3 

(3) 

nrurb'l ~ 1=x -+- 82(x-a), 0 < O~<I; 

f' b) - f'( b)+x-af"( b)+(.x--a)~f'"'" b), y~X, - y a, --
1
- yx a, -~ yxx~'~' (4) 

npurb'l ~ 2=x+0a(x-a ), O<(J3<I; 



(x-a)3 f'"(t b) , + X-X <;1' I 
1 . 2. 3 

b ~- x-a , (x -- :t) t _,, • b) .\+ 
+ Y 

1 
taa. bJ+ -1 -fy~ ( a , b) + -

1 
-. 2 c ~x (~z' _ 

+ 
(y-b )2 \ f' '('' b) , ~ f' "( ~ b)\+ (y - b)~ f~~; (x, 't})' 

1 . 2 y y "' .,... 1 yyx J' · 1 · 2 • 3 

'1-wuuu[nrbtn'i qnufwrbtfr'hbr'it "'l'b"'bu, fr'bt"'bu 9nLJ9 I; urr•["'J 

(1) pw'b~nalwul, ~um~n'b~n'b.[J• 

f(x, y)=f(a, b) +(x-a)f' x(a, b) -(y-b)f' y(a, b)+ 

+ _1 1 (x-a ) 2f~~(a, b)+2(x - a )(y - h)C~( a , b)+ 
2! 

+(y-h)2t~; (a, b)]+ _!__((x--a)3f ~~~( ~ 1 • b)+ 
3! 

+3(x-a f(y-h)f~~y l ~ ~· b )+3( x - a )(y-b ) 2 t;;; ( ~ J' b)+ 
+<y-b ) 3f ~~'y ( a, -r,) ], 

U~n I;;L r.b'hs (a-bnni•r r·mGwaL.Ii h n :::: 2 qbun1_nuf: 

R =-1 ((x-a)3f~~~( ; 1 , b)+3(x-a)2(y-b)f~~y (~2 ' b)+ 

2 3! '"( )] 
+3(x--a) (y - 1) ) 2 i~~~( ~~ , b)+(y- b)3fyyy a, 'fi 

I; tfli 1-.(i wGqmtf· IJ.l'b'nr.burLL, 
-rm"'r."'I"'"LfiiJ"L'itf!_ ~nt!fuuf rug n pq tUJt• • 

flz~n'bw~b'b.[J x-a=L\x, y-b=L\y, L\p=V (L\x)2 +(6y)~ , !lLLw4mfrtb'ii.[J 

Ra-1!.· 

IJ. J'l '1 b "'.f!."'-'f 11.u I' n 'I /,'it J! 'I rL L· 

R2=ao6fi:l , 

fJ·ku"I'I' ('1) pw'itmat.e n=2 7b"'.t!l• t.w.r,1, e'h7 mit1_wtt it ;_ w'i.t~nt1mJ'itb
rn'i ~IILhbhw r.hurkJUI[ urhU.[!.f!_\ 

f(x, y)=f(a, b) + t.\xf;(a, b)+L\yt;(a, b) + 

+ ~JL\x 2f~~ (a, b)+2L\xL\ yf~) (a, b)+uy~fyy (a, b)J+u0 L\r,~ , (6') 

8~n'iJffUI9Uiq f1 -p 'fb"f.[!.llld /tf.ft/lnf'p pm'i.twa/.'iJ IILhf t:.w.fw'iJJfut'iJ mbu.[!.t 

§ 17. lf~ ~WUi't l}JntfJniuW~WIJubp~ :j>nLIJljg~W!~ UW~U~Uillli[! 11 
u~ll~linui[! 

II Ul t;. ,f Ul 'it" L ,r 1 : 1/'t.'i,J> "''""'t b'i.tJ!J "I' z=f( x. y) /f>nL'h~yf,u'b 
M0(X o, Yo) IJI.LIIru.f {w!ufr'b.[!.'i.t' ''rt' X=Xo J, y=y0 (m'i.tJ• tfut}l_nptfnuf, 
bfJb 

(x0 , y0) t1Lurp'i• pmqw~~n'i,utw•Jr .tnm £ 'itr~n'i.tfry "'"'f'l'bl' P"L"r 

(x, y) ~Lmhrfr t:.~nJwr' 
U~n i\ .r Ul 'it II,_ .r 2: TlJtw'bqw.futt'i.t ::.u,f~n'i.t.f~n'i.t at,," IIIIIIILd L·'b, 

nr z= f(x, y) /f>m'i.t~spw'i.t M0(x0 , y0 ) ~hu.m.f m'i.tf, tl'pGtni'nt.tf, hfiJk 

f(x0, Yr) < f(x, y) 

(x0 , y0) ftf.LIIp~• I'"''Ju,~w'i.twt~n<fr J,, t.. 'i.tp~n'i.tfr.'l u"urpbl' P"lnl' 

(x , y) J1bLIIbrfr t:.LII.!wr: 

.'!Jm'i.t~yf•~nJit J'w.[!.updtrLdf!_ f, J'p~tp.fuufl! ~nj_qnul h'i.t /f>ttL'i.t~yfr~nJJr 

1>}:1 UUI(lbtfrll.UGbp, UIJui''b.f!.'i.t' WUnLd b'i.t, "I' mr1_w0. ~hurnLJ /f>uL'il~yJ•~n'b 

nL'i.tp I; .f!.UL11fb,fuuf, b[tfb tu !'1 /f>nL 'i.t~ ,'lftuh m i"JmO. ~bLII,uf m.'bp J ut.[!uJr

.f m .r ''"' ,r .r" 'h ,,r nuf: 

Opf'bw~ 1 , z=.-.- (x - 1)2 : (y - 2)2 - 1 :pnL'IIItsfw'b ~mu'llnd ~ Jf!~•f•Jnulf· 

X= 1, y 2 'lf."ll!''LJ, WJnf'bl?'b' (1, 2) ~l.mnLJ, /•pnl!, f( 1,2)= .... J, ['WJ9 l!"''i'f "I' 
( X - 1)~ I. (y - 21 2 .lftm 'fpw~w~• b'i,, l.l'P x,t=l, y=f=2, "'"'"' 

(x-- 1) 2 i (y - 2)L b - L 

f( x, y )> f(l, 2)• 

S1•</w~ 'll.."ll![•'b r,..,,(w,'iwmwufnw'bn'l f.J'~f'Wiw.f•w~w'b "lwurlll.l'J!. 'rrkp~'-"1"'.7</w<t {; 
'j,~ • 185-nLJ 1 

1 
0 p [• 'b w ~ 2, z = 2 - Sin(x 2 f- y2 ) :pnL'i·~ufw'b, £1,1' x=:O, y=O {•uJuf'l•:·""' 

~""L"d•'bwm'bkp[• "~'fp'bw~£-.n,L•f} r, ..,,'j,,LJ ~ ,fwl?uf!JnLJf! ('b~. 186}• 



l 
[= (0 0 0)= ·-i I 

:rt 

IUJ'l 'l/;Uf{!nLtf /;[_'[' 0<x2 -; y~< 6 ~,,.~.,. 

t~. JSfi 

l 1 
f(x, y}= 2 - sin(x 2 -j y2) < 2 , 

f(x, y) < f(O, 0), 

:hm"it~sfr"'IP J'~n.R-ufrtlm.If• !.._ J'fr"itfrJ'nLJ'fr qhp['_ pLp•["'J- ,,..r:,,J·UI

'i.nLJ'f!. ~wpb-lfr /; aiLw~kp"fb£ "it"'/, t:.b~r~h.Jwl ~bp"f: 
C"it'l-nL"itb'i..e X=X0 tllx, y=Yo+~Y- "'1'1- '1-b"lJ!"LJ' 

f(x, y ) -- i(x
0

, y0) = f(x0 -r ilx, Yo+t.y) --f(xo, Yo)=~f, 

1) b[ilh t.i<O "''b~"'fu .pn.fm{u"'~"'"it"itbl,l_. P'"''"''L"'"it"'t"'<f'. 'P"JJP 
_..b / b ,r f(x y) !l.TIL"i,t.,l."'"it f..wu"itm_J' I; tfwl!a\l -

P"l"P UIO. r I '1- "I.JJ"L I "'"l'" ' 't' 'l ed' 

tfnuf~ M0( x0, y 0) Jib~r~nLJ': 
2) b[Jb llt>O "''b~"'fu </mpn[uw~"w"it"itbpfr pmq"'ll'""it"'f."'t/t •[••'J!I' 

P"l"P "'-6brfr t.wJ'wp, "'"l"' i( x, y) f/>n•"itii!Jf•w"it ""'""itnLJ' I; rlfr"itJr,fm.Jf• 

Mo(Xo' Yo) lthurnLJ', . 
U.lu af.: w~br"l"LJ"itbp"it "'n"'"it9 •ftnpnfu11Lf'l"'"it ~r~litl"''P"P1 </_nLJ' /,"it 

9UI"it~"'S"'J- [ilqnq •frnfnfu,..~w"it"ithpfr f/>nL"it~yfr"'lP ""''''"1' 1 

fiJo b n r b J' 1 (I; .e u ur r b J' n L J' fr w "it t, r Ul J- h z Ul "l Ul I J' Ul "it-

'bb re.)• hp-b z=f(x, y) ~nt__!iqgp.tn!i X=X0, y=Yo qblll}! 0 uf fiwuGnuf 
};- UW}!U~tfnufp., wtqw 7.-lt JDLJlW}!WiiiJnLp wn.m~~li qmpq~ tfnmGw~ 
qw!i mttwGgJWl wpqnttfbGm!ibjtp WJI)- wpdb}!Gbp~ fiwllmp qmtf qpn • 

qwn_!inLU, qwu qn·Jlnp-!ndi ~ndi[1: 

~.'\0 

lf l_.m"itt[UIIr Ullb "itJ' ut"it Mutt/ ~"'r'' LP t· Ul "fUI!J"'-!I"L· , r 

r:,,..q_muwf' t- 'lf"'J/' ~unf 'f"J'nfiJJm"it l_m"itp: 

'I y (; 

U.Ju [iJbn rb J' ['_ f/>m "itfm/tUI Jll I; J!UUI[Ib tf Ul[ Ul pJ/iJ!"itbrl_. 1f U1 11!_."it r:,,, r

!J/1 IILUIII ,f"itmufr P"' "' J'""it f..wtf "'r p "'''"' rw r l_l;' PUI J9 film !l t- '""'lP" 
'I Ul "ithl Ill J'f ,, {'J- bJ!"itb r"it , J'i' '1-b "IJ!b puuf 1 b l'f' J' b"itJ! t,,,)' n 'l quut b-"it J! 

tf"'J!"frJ'm tfJr fJ"''J' tlJr"itfrJ'mJfr 'I"JnL{iJJ"'"il ,1/'l' 1_,~Uin.UI~ '1-h"/J!"'J' "l"'
t.w5t2_•/m ,)' I; lP'"H"'.'Jl' l , _,,,_J"itwufrpm ft1Jm."itr 

lJ. t. I< I • _, • t. L oz - r) :: 
J""l u} o p JUU-If· z=x-- y- :pu LIJ"Llll:"'.,' nL~" -:-=== ' LxJ - = 2\· 

ux oy 
t.u cl u•"&fl ,_l "'lbl;f'/.!.. ' "1'"~'1' 'Jl'" 6.,, •fUIII ~IJLif 1 Lpp X==O, )'~0, f"lu.'J!J UJ.I'l :pn 1 _ ~1 1!J/""~ 
'j,2~w~ tut•J£- ~'j,£1'/• 'l/;"ll'"uf 2"L'j,f "i ''"'t'"f-
JnLJ, II i_ J,,~,,llfiOLtf t / 1[tllj! 1 UIJIJ !pttL~~lJ[uu'l, 

:,tu~MIUU•f' /; '1/'"J'' ~""f"tf•~•wuo~o hpf• u~'ll''bw~L- 

uwuf /, •[i.J•fp'bfou puufw~"'~'"'i'""-' Jrouo ~b.,L

l'" '- '' ~~..,I'JIJ L.,IIILif I; ~-~~~Uf_l;U 'ff'W~UI.-,1 1 LUJ..,IULI;U l;l 

['MI9MIUW~W~I 1UfHfb~1ol.{'' ~bmfuuptup '[['" wrJ-h

{'/!_ "2 Jw.f!u[,.fu.,{ 1;. u~ I;L Jfo'bpofnuf {'b~. 187)• 

't"J"'fJ!m_"it l_m'itfr ) h ~: =--=0 (~UIJ 'l"J"'-

[t!J"L"it l_IIL"itp ) ftnl_tjuLJ' /,"it Z-=f(X, y) f/>n•'i'~!Jf'"'Jf' qpjHn{lqW~lllU 1/•
Uibpr lJ[iJk f/>n•b~gfrw"it t:.wu"ituuf I; /;.j!uurpbJ',,_J'fr "1'"-t- ~burnuf, wu1w 

(t:. ... .r,..awJ"il fiJbrrpL-J' 1-fr) '1-"' ~"'P"'l I; ~r~l.'lfr ,,."itb"i.wl J'frwJ"it /Jl'frur/t-

1/"'~'""it ~burmJ': 

It pi_. rn frt1,J1,.. 'i, ~b,, J' f/>, "it~9P"' 1/r , ,, J'"it"'u fr pm-fiJ 1~n"it t,,,f, 1' 

""'"UJUiurb'itJ! hpiJnL tJrufnfuwfJ"'"it"itbpfr f/>m"iti/9P"'JP t-.R-"~r~phJ'n,lfr 1-'"'

•Jwpw r "i"'JJ' w'b"itb re.: 

fJ' b n r b J' 2, 'r[lgm-1! Mo(Xo, Yo) ~bUl[_l tqwpnt__GUI~ll'l_ nphJ. m!I
JlllLjpnt.tf f(x, y) ~ndilJ9tHuG. ndij1 t_fjllith. bppnp!} lll"Jlq~ libpwn.J'"l 
Ut!i~li!}timm tfwu Gtnl.J.mG mbtuligj lll L lib (l· llhln L-1!, r wgll lliJ!} .~1o( Xo, Yo) 
~bU\~ fimfiq~uwfinLtf l; f(x, y) :t>nd11Ig[''-''JP llJlllutp~w4wli . ltbUI, 
lU ruJI(I ~fl' . 



of( x0, ~=O, Jt(xo, Yo) 0, 
ax oy 

UJ'l qbUJ.l!nuf, bpr· x=xo, Y= Yo· 
1) f(x, y) ~nt.liqg~wli ndi.l1 tfw}!u[urnuf, bpb 

a2f(x
0

, y0) • ~~f(x 0, Yo)_ (a"f(xo, Yo) )
2 >O h 

ax" dy2 ax ay 

2) f(x, y) ~nt.Gqg~wli IILU\1 tf[lGJnf'nt_tf, bpb 

a~f(xo' Yo) . a~t(xo, Yo) (a2f(xo, Yo))t >O k a2f(~~2 Yo) > O, 
ax2 ay2 

\ ax ay 

3) f(x, y) ~ot.G.qg\1u1G tndi~ nt tftul!uJttfnd, n~ tfJlGJi tfnuf, bpb 

a2f(x 01 y
0

) a~f(xo, Yo) _ /a' i(xo, Yo) )
2 < 0. 

ax 2 av 2 \ ax ay 

b b c}tf(xo, Yo) oti(Xo, Yo) (·a~t(xo, Yo) )
2
=0,' lUUtUl li}!U-

4) p ox2 ay2 ox oy 
mpbtfnt_U qwpnq }; l\tfibt h. qwpnq }; H~Gbt ("'Ju 'fbUf.J!"LJ' "/"'(,m'b2_-

4,nLJ' I; .. UurW'fW nLUIILJ'<j.IUufrptrLfilJIIL'b)t 
U.UfwgnLJ9' f(x, y) /f>nL'b~yfrwrfr r.."'""'r 'lrb'b.e fil'bunrfr brlt-

rn p'f ~wp'ffr p,..<iJwake (§ 16-fr (G ) P"''bu,a!L): f.'b'fnL'bb ln tJ 

a=x
0

, b=y0, x=x0+tlx, Y=Yo+tly, 

arurb'l t.p=V i."x2 + tly~ , fru~ a0-'b a'lurnLJ' I; qrnrfr, brp tlp ----> 0: 

f:um Uf"'JJ'"''b/t 
af(x0, Yo) =O; at\ Xo, Yo) =Or 

ax ay 

{1) 

~wu~UI-,.161[ 1 f. "'JL-,.' ( 
of(x, y) '\ 

iJx I x- xo 
Y= Yo 
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t;_ut'burlth"~~.f! 'f - tuf M0M r..wur•f"'dft ( npurh'l M-e M(x0 +.1x, Yo+t~y) 

~bur'b I;) nL'l'lm-fJ Jtub k 0 X •utLIUb9J!/r J'frlk b'l"',j tuh~Jtn 'be, "'l'f 'fb"f

.[!nLJ' 

flx=~r cos 'f• 

ll.ru mputiUt:,WJll1nL{iJJtrL'bbhpe urU'l1UlfrbLn1. M-fr i)IUJ'IUr p1Ub1Uail.fr J'h~, 

'lur'bm J' b'b.[!• 

1 M=2--( t~r;) 2{A cOS2?+2B cos<p sln'f + C sln2'f+2a06pjr (2) 

'1-fronL.J! A=/=0: 
'f.wniU~mufr tJ,w/lm'lJbpuLJ' b'l"',j "'rur"'t:,"'JurnL{IIJtiLbe P"'rlw'bblnt/. 

A-/r tJ.rw k P"''l'futUjwur~bln~f A-nt[, ~uur"''b"''b.J! 

M=-1 (t.
0

)2 [( :\cos'f+Bsin ~ ) 2+(AC-B'1 ) s in 2'f ] 
2 ' l A +2a0tl? r (3) 

U.1d-J' 'ffrur~~~r~b'b.e tnru t:.'b"'rw•Jnr 'fb"f.J!• 

1) '1-frgnL.[! AC-82>0, A<O: U.J'f 'fb"f.[!nLJ' ~nurnr~~~~fr t:.wJ'w

rfttl! br~nL nt_ P"'91UUW~LUb J'hJnL{IIJnLb'blrrfr 'fnLJ'IUr /;: 
1

/-rw"~~.e J'frw

JwJ'w'bw~ 'frn i_b'b 'fiUn.bnLJ'J J!LUbfr nr 1U"-1U2_/rb IUb'fLUJ'e 'l_pn /; 'flUII• 

A 
"iinLJ'; ht'P tg'f=- - , br~rnr'fe' hrp sin 'f=O: 

B 
b[Jh A<O, tuUfiU ~nurnr"'~e pwgwuU>I[tub J'hJnLf/JnLb 1;, qpn lf' . 

fWtt'bnLJ't U.Jb 'b;_ut'bw~h'b.e { -m 2 )-n4,. "'l'f 'fb"f.[!nLJ' 

1 M=2 (tip )2 I -m2+2o:otlr ], 

nrurb'l m-e ~~~~futf"'J i_l; tlp-frg, a:otlp-0, hpp t.p-.0: Z,bml..wp"'p' P"'

t/w~w'b"'t"'•/! fn.er tl p-ft f:.wJ'"'r 

t.t--::::0, 
~uu/ 

f(x 0 +tlx, Ya+t1y)-f(x0, y0)<0r 

flw/!1 "'l'f 'fbUf.[!nLJ' ( X0, y0) ~burfr'b P"'1.w~U>bwt_U>t/! J'nm 'lm'btfn'l pn

[nr (x0+tlx, Yo+t.y) ~bmbrfr f:.wJ'wr urb'lfr nt'bfr 

f(xo+t.x, Ya+C.y)<f(xo, Yo) 



w'bt.u,.Juu11uptll.fi1Jmbf!. 1 pu/1 'f"' 'bz_w'bw~uuf /;, "[' f(x, V) /f>m'bft.'Jf.-"'~ 

(x0, y0) 1/bmuuf !:,wu'buuf I; t.l'lUJ!Uinfnufl•: 

2} '1-pynLJ! AC-W>O, A> O: 1]..('1 '1/"'IJ!"uf, 'l"'mbl'"' 'btfw'b 
a/.,,,, ftumw'bm'b.p. 

f(x 0 + Ll.x, Yn+Ll.y)> f(x O' Yo)• 

wJup'b.[!'b' f(x, y) lprn _'b~yputh (x0, y 0) ~bmmtf tn'bp J'p'bptl'nLtf: 

3') '1-f'9"LJ! AC-82<0, A>0: U.l'f 'lb"il'-'ntf :p,n'bi/9P"''b l-"L'i.p 

n l J' w .[! u fr ,/ n L J, n l ,f p 'b p J' n L tl: :1Jtn'bi/9P"''b w-6.m_J' f;, bl'P 

J'b'b.[! zwrrl-1_ .. ui' b'b.p (Xo, Yo) ,,hmf•!J tfp IIL'['f_lflPt mJ'p. L_ 'btfwtztnJ' 1;, 

bpp Jb'b.p zwrJ-1_,nJ' L'b.p "'ll NLI['["L{dJwtfp: ''r"J!• <p=O -6.wnW£f1UJ{ilfr 

bpl["'/'buL{J luttfp mb'lw•frn/,tfbtfr" IIL'"ub'b.p 

WJ'f -6.umw'f"'tfilfr bp~w(ilmflt"',j'P 2_ut{trltfhlP" lptn'i.IJ!J/IU,<;. •u6.rntf 1;: 

fou~ Lpb ml,'lun/mfottfb'b.f! wJh"'_puft 'f='fo -6.UJnu"l"'Jfdp bplfwJ'bmfiiJwJ'p, 

A 
"r tg'f0=- -, w"im A > O 'fb"i.f!"L,r 

B 

M:-= ~ (Ll.r)2[AC;W si n2'fo+ 2o:ot.PJ < o, 

w l'1 6.wnw£twJfdP b p~w JhuL{ift,utf p 2"' pJ-tfl' lP, lpm.'bi/9P"''b 'bt{_u~tlm ,f t-z 
3''} '1-pynL.f! AC- 8 2<0, A < O: IJ.1u '1/,"i.f!"L,J lptn'b~ypw'k 'j,,_J'i.-

"ibu t_nL'bfr nl_ J'w.[!uptfnLJ', nl_ Jft'bp,f,,_,f: fltumtfhmup-

ptn{iJJnLbf! ~wmwpt/_nLJ' I; WJb"'_bu, p'bt_"/_bu /, 3' 'fb"iJ!'IL,/: 

3" '} FJ-pynL.p AC--82<0, A=O: IJ.Ju 'fb"i.f!"L,j' B-;-0, b. (2} ..;..,_ 

t/_wum[tnL{aJnLbf! ~wpb[p I; "'l'mw£trbl t.bmbJ"'l mbu.f!ntf. 

cp-p pwt/_wl1wi.wt_wf fn.f!r utpJ-hJ!'bbpfr 'fb"i.f!'ntf ltl"l' fwll"''tJ-bJ"IL,f 

IfUibt/_n'[ .upmwt..uJurnLPJIILbf! "i"'t,"'_wbnLtf /; 'iJz_w'iJf!, J!whp nr wJ'iJ tfnur 

I; 28-fo'b, pu~ sin 'f pw'I_J'w"i.uur~ptf! •pnf_,,,_,r I; 'bzw'i.e , ~.ufut/_wtf w1'b 

pw'bfry~ 'f-'b JbJ- ~zfr'bp 'lP"Ifr9• filb P".f!r ( 'f >O "- 'f<O f!'b~pnLflt"L
'bJry t.burn ,J'b-'b.[! ~"'P"'l b'b.[! p-i. tfbpy'bbl w1'i.,ew'b 'P"J!P' "{' 2:xu-i. 

"'Jl[,_" i_fn[up .[!utnw~m. up fw~w'ltffr 'bzw'be}r ~burb.i.upw['• 'bwb. "'J'f 

'1 b"i.f!""' t~w "l J'w.[!uptfn,f~ nt_ J'p'b{r,i;,L,r: · ~burb.w"ihu 1 WJU 'fh"'_-
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J!"'-,j ku M-1!. ,,,,,,,,_,{ I; 'bzu''bf!, mwppbp 'f-bl'f' 't''"iJ!'ntf, wJup'b.[!'b' 

mtu1.,pl'r Ll.x uL ~y '1-;,"i.f!"'-'r, t.luniLLU£1"'r• 'iJ,,L_ w 1, 'f'' "ii!"L,f l~"' "l 
Jw.cuftJ'uuf, "l tfp'bptfm ,j', 

IJ.i"''IP""''' /•hl_"'_pup'b l;l [pbp A-p 'bzw'be, tfpz_m nL'bb'b.[! t.bmb
!'"1 'fP"L{iJ Jill h[!• 

1~fJ/, ( x0, Yo) IJ'•umul AC-B<<O-py, "'"iw •ut'l- '"•muui' lpnL'b~-
9/•wZ, l'"'i'{' "l ,J',/}uptfmtf, n l_ tfp'bpJnui't IJ./'1 'fb"iJ!"L,j' lp 1n'iJ~ypwJp 
'lf""lpplf J-mnw!"'l tfw~bpk•ntfal! "'!'1 ~h-mp tfnmw~"'lJ!"L,j' ~wr"'l I; 
m_b/;'i.Jwl, Of1ftbwff, {Jwtfpft tnbu.J! (mhu tfbre' b~, J87)t ll.unLtf bl_,, nr 

"'l'l- ~bu11tul rp,n'bll9fow'b tn'bp tl'p li!nl'w_}!u: 

4} /;'bfJ•u'fpb'b.[! AC- B"=Ot IJ.lu 'fb"/_.[!IIL,j (2) h (3) pw'bwCihbpp 

t.ptfm'b t{_pw M-p 'bzw'irft tfwup'b tP ltwrbtfo b'lrw~wynLfatw'b Ef"'F 11.
1
,_ 

"ib", opp'but~, A=/=0 'lb"/_.[!nuf ~tn'bb'bw'b.[!• 

M- 1 ( Ll. ) ~ r (A cos 'f+8 sin 'f )2 I 
- 2 ;; A +2ao!l.P ' 

WJUurb'l "/_ IU "'IU b l 1[ rt L ,j I; "'IU U1 n L ~ t. b Ul Ul 'f W n L u n L ,j' 'iJ W up

r n L fill n L b (of•ft'i.wl,, fil'bunrf• .utfbtfo pwpl.r 'L"'P'IP pw'i..ul.b.p O'fbnL

filtwtfp l1wtf npkl; tnpf•z b,zw'i.wlfnt{_}: 11./""iP"""-• (iJbnpbtf 2.1! lPP'[ 
IU "I IU !JIll ,'J "1U t} b 

0 [' p 'i..., ~ 3, ~l..ntu'ln"'/.l f!_"'n tfw[>up•fnLJp It Jp'l•p•fnLJp 

z= x2- ·xv +-y2 -!- 0x - 2y + l 

( n L ~" L J, 1) fl.1n'i.nLtf /.'1,1! ~f'P"'P~lU~tu'i. f[_l..nlrpf!_. 

oz oz 
----=o2x - y + 3; ---=- x ! 2·- 2, 
OX iJy . ) 

2x-y-H=0, } 
- -x+ 2y 2=0, 

4 
X= - -, 

3 

2) fl."''i,,Ltf b'i.e lrp~pnf''E ~..,l''IP ..,,}..,'b91..,l'i.lrpf!_ ( - +; +) 
'f_w'11 ~lrmn<-J It "1..,1''1"'-'' ~l'P"'Htu~w'i. ~b"'Jt l''i.nL1 fJe_. 

iJ2z iJ2z {)Zz 
A=-=2, B=--=-1, C=--=2, . ox2 ox oy iJy 2 

AC - !-:P--2 • 2- t -1)~3 O, 
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4 
z min e - -· 

3 
0 [' f.t 'it w /1 -/, ~h"'"''l"mhl J!."UI Jwcuf.tJn .. Jft It Jft'itf,Jn._J[, 

:j>nL'itbftw'itt 

1, n L ,). 11 L ,{, 1) CJ • .,~,/;'j,l! ~pftm/t~w~w'it ~huthl'l' 1 OIJUttJI' l"'' l;l!""'l'LJnuiJt w'it

r.pwJ/:;2., "l"'JJ'u~t'itlrp/.t[J• 

iJy_ 
-=3x2. 3y-O, ox 
() z 
- = 3y 2-3x= O, uy 

lJ.Juutk'f/'9 uutw'itn 1.1f L-';,1! hp~nL ~l'J"n[tl[w~w~t ~1:;..,/ip. 

x2= 1, y 1=l It x<= O, 

2) 9-m'ith'itl' L-p~f'"l"l ~"'1''1/.t w,j.w'it91"'l'it/;l'l~ · 

iPz 
--= 3 , ax ay 

A= / -- = G, 
()2z) 

\ ax 2 x=l 
y= l 

~hmltwpwp 1 ( 1 1 1} 1[/;.,,._J mp-fwtl- :j>nL'it'J_9[tw~1 ,._ 'bft ,f{,fftJ,._J, w,l'b I;. 

Zm in= ... }, 

8=- 3, 

~h,ltwpw[' 1 bp~f'"l''l ~f'/.tut/t~w~w'b ~bmnLJ lJ>uL 'b~9/tw'b i."._ ~~/.t 11 ~ JmJ" •/r•f,._J 1 n i_ 

Jf.t'b[,Jnuf (.!f.t'itf.t,!wl!u}• 

0 I'".., w ~ 5, SptJw,j. a 'f['W~w'b flft4.1!. -fbpw.>b, l.pb,. 'll'"'~"'~' 'i ',._J.,,,,L,f.t~.IJ

l'f· "'l~'"llru, "I' 'bpw'b9 "'l'"'"''fl'Jwl'b ,._'j,/;'j,.., wJb'bwJ/i,j. "'l'Jhl'l~' 

{ n L ,j. n L J, 9-uuftuphtft'bbpf.ts WII.JIUll!'j,f!. 'j,2w'itw~/;'j,j' X-ntJ, /;[''J_['"f''ff!.' y-n-f, 
"'J'l '1/;"ll!"._,, /;l'l'"f''f/!_ 'tlft'itf.t a--,-x -y. u.,'f 'l"ulwpbLf,'bhpf.t "'l'"""'ll'J"'ll~ ~..,,,..,_ 
uwp ·1;· -

u=xy(a-x-y)• 

eutll fu'it lff'l! "l"'JJw'bft x> O, y > O, a-x - y > O, IUJuf.t"bl!'b' x+·y<: a, u> O• ~b

"'""'P"'l'' x-e It y-e ~'"l'"'L b'b l'.-,'l"._-;,1;1 -~=0 , y=O, x + y=a ,._'1/.t'l'itbpntJ '""~J ... -
'itw,f•w~t[w.) mf.tpnLJflft'b "l"'"'~w'itn'l wpJite'bbpe_• 
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uu 
-:-=y(a-2:-.: - y), 
0.\ 

y( a 2x y)= O; x(a 2y x) = O, 

.~ u.n/UIIIUI[III l.. tri.JL· p[t ufrum£tff!_ : /.nL(')Ii Jfll' "'J '/ ubuuriJ,(f~ 1 'fUI111H ,/ /;"i,/? 

~hml.l'l'• 
xl=O , 

x 2=0, 

XJ=O, 

:\11(0 , Oi; 

_\·\ 2(0, a ); 

A·\ 3(a , 0); 

r a 
M4= - , \ 3 ~) · 3 

U.nwf.f.t'it Ll'/'1' 'J_hmbp'it e_'h~u,.) h'it "'"f'"L Jflf' L'lpf•'b, f""L tJhL'2f''bL~' ~~b;tunul, Sf.t 

f'"LJ/!/• £'{['/! 4.L'"' u :pn._'it'tuf.tw'it '"'''"'""'[' I; 'll'"Jft , full m/t['"LJfJ/.t 1,/,l'.,.,._.f "'J'j, 

( 
a a \ 

'll''"ltw'it I; . r.hu.ltwpwf'• 3, 3) ~hmnLJ [I :j>nL~•~aJ•w'it ,,_'j,,, ,fw.guf.t•lnuf 

( C"''itf• "I' uw huw'it~J"'~' ~.hl'uft Jftu'll l;pumphJwl ~!.,', I;} • lJ.['"'""ll' J"'L/.t tfwl!uft,!wl 

u>pJbl'~' J.' 

a ., ( a u - - - il -- -
max~ .. 1 ' l ') 

<) , ) ,) 

_a_ \ _~ 
3 J- 27

1 

''"'"'"'1'/;'j,l' ~pftm/.tftwlfw'it ~hu,bpft p 'b n• ·Jfl/• nc unuf'itwu/>['11LfJJRL'it 1 O'fm•fhLn-f 

pw•f"'l''"l' · "l'"J'Iw'b'itbpft[j• fJ..,';,/;'1,1' 11 :j>nt. 'it~,'Jf'u'JJ. brlll"'l''f ~"'l''lft ,fwu'itw'J_w'it 

wO "'"i'.'j .. i w t"h L L'L~. 
cF u 
----a 
iJ x dy --

o 2u 
A= --- ,,=0; 

Ux · 
- 8 2=:cc ;:2<:0, ~buol.utpwp 1 A1 

1 
J/1.-mnLJ 

iFu 
M 2(0, a) ~/r.,,._J , ._ -;,/;-;,~, A ==-= a ., --= 2~ ; 

x· 

2x - 2y; 

a2u azu 
8= --= a: c - ---- -0· ax ()y - fJy 2- • 

AC -

-£3 2-=--a2·<:0• "t.2w'bwllna.J I; JVI 2 ltL,,,._,f 'l ~"' " 'l ,fwl'uf.tJ,._,f, " 'l ,f/t'bf,lu u l , 

Ma(a, 0) ~&..,,._J ,._'bb'b/! A=O, B= a, C= -2a , AC -- ·B''- - -a2 <:0• MJ 'J_/;,,,. d 

( 

a ~ , 
l.u i_~UI "i Jwl!uf.tJ, ._J, "i .!ft'bf,J., ._,(, ,\\ 4 3

1 
-I-) ~bwna.J nL'b/;'bl! c\ -

:la a 2a 4a2 a2 
B- - - C==--=- -, AC- 82=-- ->0, A<:O, ~ !,.,,r,.,,,,l'• M : 

3' - :) ' 3 9 9 
'J_I;.,,._J ,._'j,/;'ite ,fwl1 uftJnL>I, 

IJ- /r 111 n 'l n L fill n L 'b: llJr ,c..,'bJr .Jrn~Jrn/u.u~ru'b'U '' I'P q,TL'iJffyfuu ;{• 

.lru,cufrJ,L.ri.brJr "- .fJr'bfrJ,LJ'i.bpJr mbu,LfJJ"L'j,f!. t:.pJ.[! ~- !:,.n'i•'JJruu,'iJm ,f 

3r; 
22--813 



•/mrJ.'b...,ft"''u wt/.!"'l'bl.p/• r.{" l, ... 'i, •frru f/>ur'b/19/•"'bwl l[u./ut[UJ6rrLfi11m 'b'bL

l'P "'.UJmltbl'"'!J'J',,'iJ r,,J'wr J'f• Jhflnrif" 1/.l'f t.wl'Hl! 2"'l'"''l-!"L"'J i; 
§ Jfl-111 J', 

§ 13. S ii i.UfJ OliltjUJ U W p nu.ilJI:i J1 nli l! LU l i.itiUI () ti jl J!WU j; io~ n l~ nju ill lJlil lilJ I:i p p 
~ntllljg~wl~ LiwJ!u~unuir !t •ittt•iHinuil! 
( ITiw1uwtnu4mb uw P- u~tinuik:.; r~ 1.t till a t.unLtill~r) 

SJrrL'hlt9f'"'!P rlLJ"''l"L!'h L._ •/•".J?I""'l"'-1-u ...,1,Jb.[!'hbrfr n1m'bJ'w'b 

t[br"'Pkl'l"'l 2UJur fu'il'lfrr'hbrnul t.."'l'9l!. phrt/_,LJ" I; J"[r .f!"''br w 1'b"'.Jruf• 

"'n "'" ,, w~w'b'bb ,.,, f/> NL 'hlt!JP Ul JP J' '".[!" jrJ" nuf 'bh rr L._ J" fr'bjrJ, J'bb I'" 

"f'nhri'w'be l nrn'h,e ur'b~UJ/11 t L"bl UIJl J"f-J"J ... -u9 t;bur ~UJ"/.t/_UJJ b'b J"jr 

J?Ul'hp ff'Ul!JIII !J/11_ UJ.UIJIJ'u,'iJ'iJ{,ftnt/. ( Of'f'iJLU'f 1 'lf'IU'iJJ? -,_bur./? I; pu.t[IUrUJ

rL'iJ urrrfLUJ t..rmi_LUuUJ['"'-'i'fsb['p"i.J) J 

ri-JrurUI(Ifjh"i.J.r l orf l"i.JUJ/j, UIJU"/./ru/r pr'iJr/rf'l 2a dUJ~brbu m'iJb!Jnl[ 

{Jp[Jh'lf' urrfUJJ ~mnr/•.'1 "{_hurl} I; "'."'ur['UJirurbl 'f"L'f UJt;'bnwitJruurJr rlb.Jr 
rfrur~ "'1'/i'£~ n[''b 111 "i.J/;'iJ..., ruJ'&'iJUJJ'bJ Juufurlf!' 

ll.r~·LI• brftUJfrnL/J!nr_'he, LUJJ'hiiLPJ"L"hf! L._ PUJI'al'nr flt"L'hf! 'bz.UJ'bur

~b'h,c x. y~ z-nt{r 1/J'b'lfrl'l! pbrt/_nLJ" I; 

v=x yz 

f/>uL"h~sr"'Jl• dUJ,eupJ"uu i'f· nrn"bJ" .... "b'b , UJ I 'b "I Ul I J" Ul 'b ,.,,, "l' 2xy + 
+2xz -~ ~yz ·=~a: Uluurluz J"b"b,e nL'bL'bJ? fu'h'lrr' lllWJtl'tu!iw4wG );}!U

Uljd.ill'lll tJ't~ 'l'b ('Ulf'br Jill[: XI y I l 'P"'i""fu urqu.'b'hbre ~ UJ Ju "UJ J b 'b 

2xy + 2xz+:2yz=:2a ''l UJ 1 J' Ul 'b n '" UnLJ'h "/.INf"'lff'Ulfi>nLJ" J"bir.f! 

~J?'b'b,ul'l/h'b.f! "'1'1"/.P"f fu'b'fp[•'hbrJ• tmdJ"ur'b J"bprrr1'bbre: 

"""''" fnf•urUJl'~l.'hiJ brl1uL 'P"rfr"I"UJ"UJ'b'bbrf• f/>nL'h~!JP"'IP "i"'IJ" u•
'bwlfw'b l;,euurlrbJ"nulJr t..urp!J£! 1 brp "'1'1- rfmr/mfuu."LUh'bhre ftUJ•'[•JurJ f,5J 

J" b ~ "fUJ!'J'UJ'i.mt{r 

1-f'!J'".f! "l"'t,u,'iJy_rJm.J" I; qur'bhl 

!J=-= fl x, y ) (l) 

lpnL'hlt9{"uifr UIU.[!upJ"mJ"'bbre k .lfr'bpJ'm J'bhl'f! 1 "'."'!J"w'b n t[, "[' X-[! L. 

y-e ~"'"i'Juu} L'ir 

) 1'\ y =~ J . 

r:..UJ•[wuurrm JnrJz 

(2} "/.IUJJ"UJf.p u.n"UJJnL{JJUJ'b '1-b"'..fJ'IL'i X iL y br~nL rfmrfrnfuw

'tw'b'ilbpJr,'l UJ'b~urfue lufr'hp J"frUJJ'b J'h~e~ ol'fr'b ... IJ x-e, IJ"'"hf• "!' y-f! 
(!) t',UJt/_UIUUJ(INL.tfp,'J nrnz.IILd I; 11(1"/.bu x;_ p f/>nL"i.Jfi!Jp;,...r l:fl/i J'b'iJ.e (2 ) 

r.u.qu.uwrm.J"e lnulbfr"'IIJ y-Jr 'bl1u.,rnJ'...,J'p 1 "'"fur ( 1) t..UJ</w•J"'f""·P I"''i' 

a.18 

J" L ~~ y-p r/111 /u IU /' /; 'b ur b,l UJ 'J-/'f' l II r/ '/ m fll J UJ ["" UJ ;;.,, ! Ullll {J 1111 'b £! 1 f['"n w

itUJJJ.'u,e J"J,~ X r/rnr/m/uUJ//ur'ir/r f/>ur 'b~.<Jpw L fu'iuflrl'l! /ff'Ll'bfr'b,e ,[/;[! X 

tfruqmpllufJUJ'bjr f/>m'h/J9P'"!P rfUJ,euJr.fmJ'fr L. rfp'bjrJ'nLJjr 111 um ,n'""'PI""

fiiJUJ'h rfLf•UJpbrJLUl fu'brurfr'b : 

li ... ~UJ!'h rnrt/_UJJ fu'b'IPl'l!. 1/UJl'LLJr I; l"' 6bl, 

""'f''ILJ"f! x-Jr 11ur,f y-f• -u~UJurJu,fp, x-Jr ... 1-u 

n[rn'h9 '1-b"I.J?nLJ' l1 f/>rnir~sJrw'h ,,'bfr J'UJ,eufrJ,,_J" 

uJt}UJ'iJ,'JJUI['iJ [!IIUI X-p UjLur,e /; 'J-UIIl'iJUI lff"" 

}_ [Ill J/;l lltf ( :! ) :,UJ"UI• 

"'rc!b,e'hbrJr r.urJ"w1, , 

~,,)' tlp'b Jr Jm J' , \1-p 

(1) -rs qur'b,J" /;'b,e ~-c· t..jr2Lrt/.• "l' Y-r x-fr f/>m'ir~sJrUJir f;. 
«l:\ 

~=df+~<iY, 
clx ox dy dx 

(3} 

dcp ' dcp dy - ;- --=0: (4} 
dx dy dx 

U1u r:..u"f""'UJ[rmfciJ'IL"bl!. urL•!fs nLhp (2 } t..UJt{uruurrJur'b[! purt{urr'"l'"'l· 

P"l"l' X L._ y .;ur,!UJ[' (urbu VII! 'Jlfup § 11 )1 

(4 ) t;UJt/_WUUJf'lrLfiiJLUif ru'iJ'J-UIIfhhf'f!_ f'UI'fJ'UJ"'{UJUlff/,l"" UlrLUIJd,/ 

,.,'b,["'2 /, 'l"f'J"'~!Jnt{ L. 'll'"''h.J• 'l"uf,.,rbl'"' {.'J) t..ru'i_uruurrm fiJJus"b ur'b

'1'" ,j''iJ/J fl /• 'ir 1 //urn ur"bUJh.p . 

I :?I_+ ~.~~.¥)+ i. (.dtp + Ocp ~iX )=O 
\ c)x dy ox _ dx dy dx 

(5} 

.Z.br2f''b r. ..... ,UIUUJ['IILfi/Jm'he urbrLfr nr.'bp /;.[!uurrbJ'ut.Jp P"l"l' ,,h.,brnLJI 

/,-'b e'hrnrb'h.J! "'J'h"'.bu , "r"'.L"'ll' u f!>IILir~srUJtl• 1;-l?""'rtJ",_J"jr"b J:.ur

J""'"'."'urwuju .. 'b,,l X·/1 k y-Jr urrJ-b.p'irhrJr t..urJ"IU(' ( .'J) f)ur'i_UJ11U1f1111fd!us'iJ 

"r~r"l''l rfrur~UJqfrJe 'IUJn'hur zu•n* 

£!.. +'' ac.p =0· oy ay 



f:wJ!I "'J'I 'l'' "l .f!"uf x-fr J, y-fr "'J'l UIJ'd-h.ebbrft r.w,fwr ( 5) r.w,jwntu

rmfJJ"'-bfr!J r. lnnltnuf I; 

of +Adcp_=O 
dx dx 

r,Uil,IIIUUI[IIIL{JJ11Lbf!.: lJ.Ju"fpuniL, UlllUI!Jt/.111-,{ /; 1 np /;.eutnphJnuJ'fr ~Ltnb

pnLJ pUit/.UI['UI['t/.nLJ lib x, y, A brb.e Ulbr,UIJu•n•[ br,b.e r.Uiqwnu.-

1' Ill. ,{b b {' . 

(6) 

U.n r.w1.wuUipmJbhrfrs "rnznul hb.e x-l!• y-e. iL 1,-b. rfbr•tJrbu '""'
'l"'S hl t JfrwJb od-wb'fw/1 'fbi' iL (,l.tntuqUIJ111,{ ,Jb,l "{htn.[! t_/;r 

/J.ptnwJ,ulfr9 t; butlwLJ /;, np (6) (,uot/.utuUipnLJbh/'f!. UllllJUWfiWfJrufi 

kl!umpbtf nltfjl w!i fi pmdbzm ntwJtfwliG bp b G, wlufrb.eb' /;.cutnrbJmJfr 

~btnbp,L tl pw•Jwrwrt/.m.J Lb (6) r,"'t/.wuturnLJbhp/!. ' Pw19 "t w.fhb 

Jfr x-fr ,, y-/1 {It ),-fr) r,UI,riUr· np"'b.[! P"'""'l'"'f'nLJ hb (6 ) r.wt/.tuutu 

{'nt Jbbrfrb, wnllw ~Lfrbfr "I"' J't"'bw~tub I; .eutnl'b,{ m_,{t "'mr.wbt_t/.m.J I; 

~['/rtnfriJUI~Uib ~btnfr pbm.JfiJfr ll'"'!JnL9/rt mum.JbUiufrpnLfiJJnLbr '-lnb~phtn 

fub'ffrpbhp l'nJblfru hpphJb r,"' l n'lt/."L,{ I; ~tfrtnfr~"''J"'b ~lunfr pbnLJfiJI!. 

Uf"'J''lbf fub'frfr /;nLfi'Jwb (,[rrftub t/.rw: t~Uitnhb.J! 1 np (6) (,Uit/.wuw 

rnLJbU{'/r a01/u Jtunhpf!. r,Uib'ffltWbiiL,{ hb 

F( x, y, A)=f(x, y,) + l-cp (x, y) (7) 

lpmbll!lfr"'Jf tfUiubUI/[Uib "'6wb!JJUI[bl.-rb cutn x, y , A •fantftnfuUI~Uib
bhrfu 

U.Ju"lfruntj, (2) UJUIJJUibfrb PUit/.UI{'"'l'"'l x-fr iL Y-fr WJb "'rd-b.e

bhre. Cftnbli ['IL (,UIJUI['t npnb[J 'fbUf.j!IILJ tt=f( x, y) :f>rnb~!Jptub JfWJ'II'l 

I; IILbhbUI[ UfUIJJWbUI~Uib Jw.eufrJm.J I[UIJ UfWJJUibW~Uib JfrbptfrtLJ 1 

Ufbtn.e t- ~UitJtfbL (7) od-tub'fUI~ :f>nLb~!JfrUib, 'll'"IP r.wt/.utu"'r"'s~bL 

f!."tn x -p, y-fr iL ),-fr bl'"' tfUiubUil[Uib "'JUib!JJ"'Lbhre. !.. utnw91.wJ (5 ) 
"r".e r.wt/.wururnLJbhpfr!J nrnzhl ll['"~"Lfr x-e.· y-e. (!.. A od-Uib'fUI~ 
P"''l,f U1UfU1111~frtf!.)t '1-frmUirl[t/.UIJ tlhfiln'fl!. "'"'l'"'Jt/.nLJ t" !JUib~UI!JUIJ 
flt/.nt/. lfntftn/uw/[Uibbhrfr lpnt_b~!JfrUIJfr UfU1 Jtf UlbUI~Uib I; J!Ulll phJ nLJ'fr 

munLJbUiufrpnLfiiJw~ t/.pUit 

1-frsnL.j! UfUI(,Wbt_t/nLJ t- qtnbh[ fl tfrnpnptUI~Uibbbf'lr tt=f( X ] t 

x2, ... , x0 ) :pnLb~!JfrUIJ/t tf"'.eufrtl,.Ltfbhre. iL tlfrbfrtlnLJbhpc UIJb UfUir 

340 

<_ .1 X X •fr•uf•n{uwfw,bbhpn 1/w"it/."'r} hb ffi (m< n) 
,/Uiun-,1 ll(r X 11 . 2 ' •• ff 0 l L 

(,wt/.wuw pnufbf.-f"' 4• 
cpl( xl' x~, .. . , Xn)=O, 
w (x , x.,, ... , Xn )= O, 1 
• ~ 1 -

Cf' :n (~ 1 : X·2, • .. ~, ~"; ·_Q; I 
(8) 

Xn WJb utprfU nbhpf!. qtnbb[IIL r.uufwpt npnb9 'fbUf.j!nLJ 
xl ' x 2' ... , or 

Jtwrn'l hb Lfrbhl "l"'l,{"'bUI~u•b Jw.eufrJnL,Jbbl' h JpbfrJnLJbhp, Ufl.tn.e 

1; J1uoz ,{ b l 
F(xl' x .. , .. , Xn' Al, ... , Am) =I( x i' ... , Xn)+Alef'l(xl, ... , Xn)+ 

• +A~cp2( ;-; 1 , ... , Xn )+ ... + Am ef'm(X l' ... , Xn) 

< J I. b ,JwubUII'Uib uH}Uib9JU1fbhp'it 
:PIILb/fsfrwb 1 (,UI/,UIUUIJ'IU!JU ' [ 1fJ'11J/' [101 "( 

f!.UIIl x1 • x2, Xn-r· 

, 1 defm _ 0 ... , .Ill _, 
dx1 

+' d'flm __ 0 
• • • 1~ n~-- --· 1 

ax ~ (9) 

.... . .. 
of acp IJcpm 0 

- + i'l~+·· · +Amd~-= 
0,;

11 
O X 11 ' n 

IlL (8) h (9) m+ n r,UI"UI UUIJ'I1L,{bhpfr9 nl'nzbt xl, x2, ... , Xn-1!. h 

A
1

, .. . , Am od-Uib'f"''L tub(,01J111bhl'f!. ' l/.JbUfhu, frbt"lbu hp~nL •fan_PnfuUI

IJUibbh{'P :pnLb~!Jfr 01Jfr r,"',Jwp, "'Jb r,UIJ'!J/!.' pb qw01J Ul('d-h.ebbpfr r.:
,r 

01
1' f/HtLb~!Jfrwb ~nLbhbw J'w.eufrJ' mJ 1J01,/ tlfrbfrtl nLJ' ~UI,f tfr nLb -

~ 01 n t ,rbltf!.• n t ,{ J" LUf!.• J'hb.[! f!.b'f(,wbnLp 'fb"l.[!nLJ fJn'lb'"-,f hb.[! 

u. · ~ ,{hb 0 t.[nLJhb n oifwb'fU,[f /[ 2_"-UifJ-'Ulllnt. Jbhpp (,frJUib t/.J'UII 
P"'91 J'f "'"' !'9/!. or "I or ·?ilflll 

0 l' [r '1
1 

w t 1 : lJ.'i- 'll'"''l"' " itw'bl! "'lu "l"'l'"''fl'"':PP "ft'LL'nLJ J.[,..,~l;l'"l'jw.} 
fail'll'Pit• 'l'nitlzl v= xyz :pnLitlw/!wJp rlweuftrlnLJil •Jit ''lWJ •itU'itnr[, "l' 

xy-i xz + yz- adJ (x> O, y:> O, z> O): (10) 

.,J,it'lw~ :pnLil~sfrw'b: f~.,.'itlzite ilrw Jwuitu.~mit "'~"'.-,.9/"'l'blzrl!. I. r[lrr£fr'bitltru 

r.wr[ wuwrlrsitlzile 'll'n '". 



2"l'" r.w.Jwuwpnuri.£}•/• ujoll~ni.Jp l''Lo),f..,'j,l!.' (J.;u u[wmi.Jp l" Lo)bf" L ;,.,./,.,/' ( l1) 

'"'""'""'l'"'-J'bbpf•9 wn.wj}'bl!. P"''lJ"'"l"'"'~/,',1! X-n•f, "rltr"l''ll'' y-n•f, Lt'l'"l''ll~ 
z-n-/ /, 'll'"''j,l' '1"'-Jwrb'i.e "L2w'll'"'-fiJ"'-"' 'l"'rd.'i.IIln.J (10) t. wofuoumpn• .fl.l"''j, .Jpw , 

3xyz 
'l"''j,.,._J I.', I'• A=- ---, A-p 'l"'"'~ wpJI.I'l!. uob'lw'll'l,l'"/ ( 11 ) ' w.Jwuuornui'.,L:p[• 

2a 

YZ 1--· -(V : ~ ) ~= 0 r 
.)x ., 

~ ~·a ' r ' 

xz r 1 ~(x . z) .,==<1 , 
2a 

xy r 1 
3z 1 - ;;-- (x ; y ) 

1
= 0, 

-3 

fl..,.,fr .. ,. I'.'"" !!,.,,,.!! f .. r . .,,. ... f! x-r., 
.Jbpjfr~ ~w.Jwuwpn ._ J'j,/;l'PO ,,_'j,IJ'br . 

3x 3v 
-(v ; z)= 1 - · (x 

:la · · ' 2d 
3z 

z)= 1, --(x ~y )= l• 
2a 

TJ. .. ..,jfr'l. "rot"'- '"'""'""'l'" '- 'r"brfr.'l 'l'"t,._J b'hl'' x ,._ y , kl'~l'"l''l 1, kl'l'"l''l: ~ .... , .. , _ 

uwpnL.r;,lirfr9' y=Z• f/w;u "'J'I 'lf."li""-J ( 10) r. w.Jwuw1,,._,f'i,lrt'frll umw'b,, J b'hp , 

X= y= z=J/ ; I llw X, \" /, Z-p WfoJIJI''j,J.rfr ,f[rw~ upu~nb.f'i, 1;, npfr 'fbUfl"''-'' It w ~ 
I' n 'I I; l /r 'j, /; l J,.l'ufrJnuf ~wJ •f[r'b[rJnuf, 

'twrbLfr I; "'"l"'9"'-9bl, "l' ""'"'9"',} l"'-~•nJl'. "'"'LP" I; ,f,.,ru[•Juul, £.''1.'1 

"1'"'-'1 ""' "l"'l''l I; kp~f'"'i""P"'~"''i' ~2n."''l"'"'"'-.r..k,.fro (fu'b'll'fr "l"'JJ..,'b'bk,.,, .. r 
.nnul![• ~w.Jwll'. i.fr ~"'I'" 'I w'b.Jbpf JII~ tf!'bbl• t;bmhwpwr , p'b .. ~w'b I; ""lwulrl , "f' 

~"'IJIIpfr f.'l.i. - "1' "1'"2"'~" "'I'Jbl''bbpfr 'lb"le"'-J "'J'l ,}..,-/wll'. lttfr'bf. ..,,fiJ'b..,JbJL') • 

"" IMJ""l"" · "l'"lb"'l" "'"'-PI· ,)..,""'ll'. tf.'bf. .,,J/,';,,.,fLJl'., "'J'l ""' '- Pl'. "/£-... ,. 

I; Lfr'bJ:t funp,.'b..,l''l • npf• ~"'II!. r,,.,,..,.,.,,l' I; l( ; ' 
0 l' P ';,"' ~ (l, <J.m'bbl XI' X~, • • • • Xn fJ.JL·pfr "'l'"'"''ll'J"'lf.!J !l - f''l ..,.,.,,,, t, ,.,~. f. 

wpJtuUI" J/;~"''f"'-J'j, wpJ/;/!'j, WJ'i. "l"'J'f,.,'bn.J 1 "f' 'f/'"''),9 'f" L ,f..,f'£'. '"'""'"""/' /; 

mp"tu~ a P·lf!'b. ~burhwpwp , fu'b'IPI'l'. ;p.JnLJ I; ""J""l""· "l"''"'"'N"•-J I; '1"''1. 1.- l 

u=V x 1 x2 . .. xn tf>n·'h~.'lf."'JI• JweufrJn'-JI!. 

(x 1> 0 ,x 2> 0, •• . , Xn > 0 ) 

"l"'JJw'bn.J• Ef..,., ,fb'br r,/;,..[IJ"'l oJw'b'l,.,~ tj>n._';,~9,..,';,' 

F(x 11 ... , X11 , l.)= y x 1 .. . , Xn .! ),(x 1 t ·Xz + 

<J.ur't,l,-,.1' ~~!'"" Jwu'b-~..,'j, .. ~,.,';,9J,.(i.bpf!.• 
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( 12) 

I u 
F', ,=--- i ~.=0 

. - II X2 

l \l 
F' xn=~- - ,. /.--0 

11 X11 

ol."t·ff.'" r, ..,,,..,., ... L'"'-fl.r" L'i.'i.brf!o '1"'~"''-J 1•1•e· 

a 
Xl=X2= ... = Xn= -;;- • 

ll; " "lf.un.J , X T' X~ ' • .. ' X n 9"'.,~"'!1"',} 'll'"'~w'b fl•fbrfr r. wJwr' "1'"';,1' ~w"l-
.Jw.t L~, ,•; 1 \ - X ~ -f-- \- Xn -""" J ulll'b ':_ nL{J;w .!p 1 wb'lf. ,._';,[. 

n/"_x ___ x- :<: _n_ (13) 
Jl' 1 • • • " "' n 

a 
..,'b t; w•/wuwpn• £1 J"'-'bl'. { 1'"'~•/• "I' 1 e_um "'"l"'9 n L9wJ[. , --/!. t; ..,'i.'lf.u•u'bnLJ I; IIDJ'l 

11 

IJinL~f,'''"'J'' JbJw'f:NLJ'j, wpJf.e£'.)1 ll;J1f (1 3 ) w'br.w.JwuwpnLfiJIID'j, Jbt_ a-[. pnfuUil

f'/;';, ,J,'l"''ll'£-l"" f.p wpJL·/? l'. I "l'l'. ""'"'fJ•[b l I; ( 12) r. ... . , ... .,..,,.,._p ,,._..,,19 I ~'l"''bb-'ire 

( 14) 
n 

U.;u w 'hr. w.JwuLUpn '- fJJRL'b'b h•w•fwsf I; 9"'"'~"'.7"'J XI' x2' "'I Xn 'll'"'~..,.., p.Jbrf• 

r,..,Jwr• (14) am'bin'-fl;w'b d.wfu .!w,[. wpurLUfo"'J"'"'-fiJn L~' l!. ~"i4"'-J I; "'J'l fi.Jbrf. 

J~)'ltli hpq('Wl Wl~UJqwG, lll""lf.u"'[ 1 ,(,, g w'b[. 'll'"'~w'b fJofbp[. J[.f[.'b bp~pw i_ LUtpw

't..,'bl'. Jbt)- if; 'brw'bs Jfrlf!'b P.J,.,pw'bwftw'l.f.s• 

§ 19. ~nlu~bwiJWU mtltwLbh(lp fi~tlwb l{ prn :flntbljg ;,mtl• umwgnuil! 
¢n~pwq.nqb (2Wnw4ntuftti !.i p~ uhf) nqnll 

'1-ftsm-~ "l"'t:.w'i,p_t/_nul I; rfrnpap t:.Jul,..'i, t/.r"' f:.muurtuurbl X JbJ,,__ 

fiJJm-hp,'J y JbJn'-P!wb lf>n'-'i,lf9pnhu.l tullhl_m-PI"'-';,1!.' 

( l ) 

?-ft9"'-~ rpnpawr"'rmfiiJ"''i, t:.[r,f~'il t/.r"' uurtu9t/."'J t..'il y ~m'il~~ 
9frU1Jf n wpd-b.[!.'iJL-f'' mp if~ufb'iJUJ,h .t.w,ftuUfmurtuufuUib IJiptfbjl'itbpp f:.m

,[,..1" /J.r'll"'· 'b~'i,!,l ' l!. '1 t' :J.u•J h'il UJ'L!"LuwljrruJ'. 



I I 

I X I Xl Xz Xn 

I 
v 

II YJ \' I _\' n ' 2 
l 

Y=<p(X) f/HrLb~yfrwJJt mhu./!1!. :.muiiiUtUJ-JTiuf I; ~wtf mbuutflw'b /12""''1'"

mnu['bhpfr!J ~"''' '""ram I'UI[IUI~ut"it Wf''"'J!'hb-pfr'b r..wtfut "'_WUIW u{uutbn'l 

llbmbrfr' ~nnp'fpbuun..,Jfr'b t.ut[r{rlrtLfiJJu•b •frw 'fwuwtJuprJ'ut'b pbmJfiJfr 

t,pJ'wb -Jpw: (UJ'f ~G~.nGpb mb-JwbG[IIL J.'j,J! tr rflltpdurftW[IWfJwb ~L~.nb-p » )1 
'1-frym ./!• olrfr'bw~, tJ.nrJ.wputputfJ'"'b ~bUJhpf!. IJnnr'lfr'butmwJfr'b r:."'f'fiJ"•-

[riJwb t.Jr"' 'lw"w4_n1,JwJ h'b wJbu/Lu , {•btulhu "'_WUJ~hr1_wJ I; 'bt1• 

188-nLd: ~wz_4_fr wn.'bb-Ln4_, "I' 'P"f'J. lfm111w1,blfr" ~.nb-rlfr nL'bb'b ufuwl

'bbr, p'ii•ull'"'b I; b'bfJw'lrbt, "I' nrn'bhlfr Y=<p(x) f/>m'hltsfrut'b ~wrbLfr I; 

rfr'bml'bl y=-ax+b 'lc}w!fr'b f/>m'ir~ypwJfr ~.nL-u.f!'"'-' 

t' 
I • 

--. X 0 

·,,~. 188 ·~.~. 1&9 

/;[tJb fnra'bu,~w'b ~bmL·pf! 'l-""'w4_upqwJ [,'iJ mJb"'_hn , Jtbf_Ufb" 

9"LJ!f t- utp4_wJ 'b~. 189-nuf, '""lw p'bw~w'b I; y=<p (x) f/>m.'b/[9/""'i; 

upn'bbl y=axh UJGUJ!nt/ "- mu'b: Y= <p(x , a, b, c, ... ) LNGIIJ!'"'f!.b"'f!.r

rfutJ :p,,_ 'b~yfrwJfr 'lbUJJ!IILd .J''iinLJ' I; bput tfbl J'~.n'bn'J_ a, D. c, . . • 
"lwrwJ'bmrbr'ii l!.'b~.nrbl "'J'b"f.bu, , 1,..,_b,qfr fr'bt-"l' frJ'uiiJmn-J wt'b l"'-

4_wqmJ'b f[bf'Uf"-J 'bl[wpwqpfr 7-frmwp~-Jn'l "lf'"9b-"l!.' 

S[r-JwJ {11b'lf'P [mJ-J'u,'iJ ~.nwpwJ4_wJ- J'bfiln'l /; ~lll}!jllllqnLJU ~lll

nrulpH.Uillibp~ tf~orn:: lJ.J'l J'b-filll'ff!_ ~WJutbtiLd /; {:,b~.nftJutliiLd: 'fp
UIUif'~/;'iJJ! tfrnpafr dp?_nyn4_ umutyqwJ- Yt "'f'J-/;.j!bb-pfr h tp( X, (), b, C, •· •) 

f/>nLbiJ9fr"'JP t:.wJ'UIUJWLnuru{uw'b ~b-~.nbpnul mwpph-pnL?J"Lbbl.pfr .f!wn.w

li"' •-f·'LIIpfl 'l"LJ'wrl!.· 
II 

S (a, b, c, ... )= ~ [y1-tp(x,, a, b, t: , ... ) F• 
i-1 

a, b, c, ... UJ_wpwJhUJrhr'ii f!_bUJpb11~ WJ11UJ_Lu, "I'"'""'IP utJif 'I"'J'wr'i' 

nL'i.L't_,;, wJ'I,~""tP"J!I' 11UpJh..J!I!.• 

34l 

<.::( ..._ c )=~\ [y- <:D (x ,, i:J, b. c .. .. )] ~=mlnr (:-)) v a, l}, J •• • £..J t . . 
; ~ I 

l;q "'l""l''"' f_.r'b'f/'['1!. t.w'brl'nJ' I; (1 , b, C, ... 

tl-b-.f!'iiL-pf!. 'fUJbh[nLb , urn'by 'IUUf.f!"'-'f S (a, b, 

JJ{utpwJ'hUJpb-pfr utJb wp

C, ... ) f/>nL'iiit9frw'b m'it{t 

J'fr'bfrJ'ur J': 

fiJoh·,rb-J' 1-fr (§ 17) r,f,!w'b "-r"' t.b111/"'"' 1; , "I' 
WJ'f urpJ-/;J!bhf'{!_ puJIJW[IWf'IILJ' Ub 

a, b, c, 

b )l
o<p(xi' a , b. c ... . )_0, \ 

, (' , ... - -l - \ ua 
. o<p(x,, a. b . c, ... ) ::-..:: O, 
D, C, ... )j .. 

0 d , 

11 

~ [ y;-<p(X;, a, 
1= 1 

c, ... ) -0, 

. . . . . 

n 

S(a, b)=~ [y;-(axi+b)F 
i " 1 

... -fr 

(4) 

(5) 

(6) 

urb-u.f!f!.' '1-ut a J.. b b-r~"L .J.n.J.nfrtw~w'b'bb-rfr (Xi-'b "- Yt-'b mbu 
344 

l;lfr 

"''lJn<uw~f!_) :pnLblf9frw 1_;, ~b~.ni..wpwp, 



n 

~, Y-X -
....... I I 

i •-· I 
(7) 

lJ"'"'9"''b.e a /, b br~m IU'bt:. ... 1 ~.r~'bhr'"L brftm- 't.}w tfr'b r,"'"-"'""'
rw.J'bbr{• nfruurf.tft /J.~'iJf,UIJur 1;, "f' ufruuru,/'iJ IILhfr "P"2"'~P ['IL,)IILif' b._ 

nr a-fr IlL b-fr 'l"'"'t) rupdh.e'bl.rl' '1-"U-J.[!ttLtf S (a, b) :[>11Lh~9fru.'b t1Lhfr 
t!fr'bfrt! mJ*: 

II. 'Jofr9"L.f! frppfL t!nm"'r~"'l :f>nL'bl/9/rm "-''r9rt/"'6 t 

Y=ax"+bx+c 

br~l"'P'f tuuurfri!.,..'bfr b""''b'f"'tff!_: U.!'f 'fb"i.[!'IL,f (2) 
PJnLhh ttLhfr f,burl•t"'l 111 /;u.[![!_' 

Ul (ILnUif,UI! LnttL-

n 

S(a, b, c) = LfY; -(a xr +--bx;+ c)F: 
I I 

(8) 

n 

~~ l Y; -- (ax f+bx;+c) Jx ·: ~~: o, 1 
1~ [y,- (axi+bx;+c) ]x;=O, { 

1 

n 

~ [y, - (axr+bx,+c )]=O 
( _-_,J 

(9) 

346 
j . - j 

3 1 IJ , C whf,UIJinhf:tp[!_ rrpnzk[nL f,Uitftup UutLUhntJ Uh.[! 'ft)LUJph 

t..unJUiuwpmtf'bhr{• ufruurbtf, /u'itfi'P p.'hnLJPfr9 t,b.,L.wtf t, "r ufruurhtf'b 

mhfr npn2LLI~fr [IIL6nL,/ k np a, b, C-fr ULnU191·6 LLtptlb,e'bhpfr 'fb"-J.[!IIL,j 

S(a, b, c) :f>m_'b/19P"''b m.'bfr t!fr'bfrJnLtft 

0 l' I· 'b w ~ · 'J.f•snLe +nrJ.f r.pJw'b 1_rw W[''fnull.'bmf• i. "L'U wrJirp'bkrf 

,~."'l!"LJ (J1 ,---c 4) "'"ws1_1rt k'b npn'bi.Lr Y='f iX) :J>nL'b~srwlfr i_npu wrJI.I''bkp, npn'be 

'ft'1_w.} /,-'l, WllJRLIHU/[n LJ, 

X 

y 4 i 2,5 ' 0,5 

<p ~nL'b~fffr•u'b ~npn'bb~'l' y=ax -+- b 'l.}wlf'b ~nL'bli!Jf•wJp ,kui!n1_, ,w.,_Jk'bP- S(a, b) 

l.~. 190 

u.~purUif.UIJrnnLfJ J"L~(!_. 

4 

Sta, b)=~ [yj - (axi + b>F• 
j,.( 

a t. b 'l"r.}w~frs'blrrf nrnzJw'b r. wJwr 

(7} u/_ruonf.tff!_ ~w.,_Jk[nL 'b"f_Uimw~n1_ 

'bwJuw..,_b, ' w z1_1.'be 

4 4 

"\'y ;x j=2L ~ :-d=J9, 
1= 1 i=- l 

4 4 

~ ' i=lL L Yi=lO. 
i ~ I i =• l 

(2} uf,.,nb~, [!_'b'fnL'bnLJ t r.b onl./wl 

mbuee• 

21 - 39a - llb=<>, 1 
10-- 1 Ia - 4b=<J, ( 

lJ' uJUhW~Uih wdurh9J"'LP 

nL unL tf'buwfr rb Lfru: 

1fr9"'l! ~"£'{!_ "'r"-"'6 t 

159 
b=-, 

35 

347 



F(x, y)=O 
f\ou'i_ut II IU pnuf n tJ: 

IJnl'P zr~z.w'i_rn'l_p tu'b~Jm'bwtf1'b 'f"rq"'~P91! "!'"'-"-"' ,r I; 

dF 
dy ax -=--
dx 

dy 

dF dF 
D[Jb 'JPUIIU['~""'l ~"rP mrtJouct M( x, Y) ~bmnul -IL -_- Ju.u-

dx dy 
'bJW~w'ir wcJ-w'b9J"'l'bbrP9 qn'bb Jb/11! 'l_pn lP 'lum'bnLJ, w"l"' "'!'1 lJh-

dy dx 
mnLJ LPntJp'b npnz.tJnLJ I; ~w.r --1! ~'",r --e: F(x, y):=O ~~~rt '"J'l 

dx dy 
~hmnLJ nL'bfl Jpw'b'fou.rw!'b "1'"2"'~" zn;_wtpnrr ll.Ju 'lh"'J!"L,r M(x, y) 
~hml! ~nJ..tJtnJ I; un~ n pmq wli ~hm: 

f>u~ bf!h "I'lL/; M0(x0, y0) l1hmmJ ,L'bh'b,e. 

a1::.· ' uF 
(ax)x=x

0
=0 iL \aY)x~ x 0=0, 

Y= Yo y · - J'o 

WUfW ~"l'P w'b~!nL'butJp<;, qnpcJ-ur~pyf!_ 'l'""'btnJ I; ou'bn/"'2: 

Mo(Xo• Yo) UJWr:.Jur'bnLtf: bpb l;'( x, y)=) ~"rP 
oF dF 
- lL- b[t~nL Jwu'but~ou'i, oucJ-ur'byJwl'bhpf! '1-'""'bmJ b'b 'll"'• w"lw ax dy 

IWJ'l"JJrup ~bml! ~nt_'i_nLJ I; ~npp bq_1Ulll1 qbm: ~hmlLoupwp1 ~npp b'l_w~ 
~" ~burl! n rn z.tJmJ I; 

F=O, 

r.urqwuwpttLJ'bbpp upumbJn1_: 

P'hw~w'b 1;, nr nt_ wJb'b Jp II" I' ;,, 'bp b7,u~p ~bmbr: 
orJrtou~, 

I;LP"l"P r.ouJoul'• tu~'br:.ouJm 1;1 

x2 y2 dF 2x d-F 2y F(x, y)=-+--L-=- -, . 
a2 b ~ dx a2 ay =b2' 

dF lL ~ J,uu'bu.~w'b 
dx oy 
348 

y=0 '1-h"'J!"uf, P'"!9 x~p L_ y-J• w!'f wprlb.[!'bhl'l! t_h'b l:"utJ.ouptu["nJ 

I;Lf"·'I-"P r:.w,JwuwpJ.u'be: ~bmLwpwp, I;LJr"iul! !_uL'bp btzoulfp 1/bmhrt'.: 

!l~tuu•w['bl'"L brzw~p ltbutp tfnmwll'"!J!"uf ll"J'f' tJ.tup.[!p Jm'brou

Jouu'b uLunuf'bouuppnLfJJnL'b, 7-frmoupiJh'b.[! brz.u~p l1bmhp nL'bbyu'l_ 1/nrh

l'P Jp .ew'bfr opp'bouiJ'bbr: 

0 [' /_r 'b JU ~ 1, flLunLtrit,..u/_rpkl 

y2--- x(x-ar=0 (<:>0) 

'L"rf• "'l'"H' lfkutbre• 

1." L.)" L J, S•/J'"f 'lb"ll!"L'' f(x, y)=yL-x(x-a)2, nLutnfl 

JF Jf 
-. -=(x li ) (a-3x); --=2y• 
dx Jy 

JF of 
F(x, y)=O, -- = 0, --=0 

dx dy 

lrrbc ~JU"JUUJUf'nLtf'b/;pf!_ , 'l"''j,,LJ b'be 'j,l''"'j,:J L''""'"L'"'L'"'l X It y mpJb-,!'bltp/_r ''""' ~ 

~b"'ft'"P'"l'• M 0(a, 0) ~ls"'l!. ~nr/• b'l'"lffr ~b,..'b 1;. 
nLUIILJ'bJUu/_rpb'bj! ~np/_r 11Uf1j!/!_ b'/"'~" ~btn/_r ,fntnJU~IUJ{!tiLJ ft ~JUnnLglr'bj! 

ft"l'l!.' SL'if.'"J- r.'"if.'"u'"f'"LJ'b '"l'"''"'IL'k'bc 

y=±(x-a){.x 

utkucnif.• UJu P'"'b'"J.ft/_rg r,ls,..ft,.__J I;, np ~"1'1!. 1) "1'"2-f'"J- /; Jfr'"J'b x ;, O 'lb"ll!"L•I, 

2) uf_rJlr~np/_rlf I; Ox JUnJU'b91!l- ~.~'""''''"''r· 3) Ox IUrLJU'bg{!/!_ r,IUtnnLJ I; (0, 0) It 

(a, 0) ~ku,lspnLJ, />'bi"lltu 9"LJ9 ~"'rif./_r, oflrr2/_r'b lflrtnf!_ lr'l'"H' ~lr,.. 1;, 

U'/r'bj! u~'ll'P9 '1/_r"'utp~/r'j,l! ~np/_r '"J'j, ,fJUuf!_, npf!_ r,'"J'""l"'"''ullfuJU'bn.__,f /; 

+ 'b2JU'bf_r'b. 

y=(x- a) VX• 
l].ut'J./;'j,/! y-/_r JUIIJUi_/_r'b ft b-plff'"f''J JUJIU'j,:JJ'"l'i,/;p'i, f!_Utn X-/_r. 

3x a 
Y'=2 fx • 

3x + a 
y" -----, 

- 4x{X: 

X=O '1/;"ll!"'--J nL'bb-'bl! y'= ::;o • ~ ltutftJUpJU[' ~np'b Oy JUnJU'bgj!/!_ 

'lf-'bwtn'blrp/_r u~'ll''b.,~butnL•f• X=+ '1/;''LC"'-J nL'bb'bp y'=D, 

a 
X=-- 'llt"ll!"u! }' !j>n<-'bll9f''"'j, nL'b/• J/_r'b/_r,!nul. 

3 

2a va 
Y= -- - -· 3 3 

y' :> 0, bpp x-.::c , 

:H9 



·y ~ ·'-" IJ{'[' X a nL 'bb'b,. y '= v a, WJup'bp~,· .\~(J' 0) b'lwH· ~b mnul ~"t•l• Y= 

-1 (x - <t) Vx "J"L'l'b nL'bp Y={a(x a) 2"2W{"''l/!.' 

'flw~•r "I' ~"I'P Y=-(x a){x /;l'~l'"l''l 'rL'lf!. wnwtfr'bfr'b ufJIImrH 1; Ox 

wnw'b,'Jl'P 'b~wuufw,fp, w''l'" /;'lw~p ~IImnLrl ~np'b nL'bp /1 /;l'~l'"l''l' Y=·-('il(x ·- il ) 
2"2wT'"ll!. (/;L'~I'"l''l 'J"' 'lP~•)• 

b'lruH• ~/;,..,.,, ~"['~' IU~Ig'bnL ,f I; /;['~"' w~''l'"./' U..t'l"!{•u/• ~/;"'[' ~"i4.•u.•f I; 
liw!iqntgn•J[tG ljl;on: 

'J.fu•wt•~4_w~ ~"l'l' ''lw"'~/;['qw.l I; 'b~. 191-nLI/1 

0 l' /r 'b w It 2, flu,nL,f'bwufrpii[ 

y2 __ xJ=O 
~"l'l!. (Hww/u"pw'bwp'f U[Wpwpnf)• 'b~wrnf< "L'b/;'bw1nq II'lw~f ~hrnhp['' 

{ n L ~" L ,{, lJ•ttu~f_. ~bmLpf_. ~""f''fr'bwm'bbpf!. "f'" l ""uf b'b 

t~. 191 

Y=±f x3 

urbu/!"1• 'tnpf!. ~wn"L9b[nL r.w,fwp 'bwfu nLunL •H•wufpb~' -J! "'J~' &1nL'lf!.• npfr'b r.w

qwuwp•lw'b Jlzl r.w,fw"f.Wwwu/uw'bnLJ I; "'.LJ"LU 'b2w'bl'· ~"I'P w 1'b 6J"L'lf!.• "['/!. 

r.wJw"lwmwu[uw'b,L,r I; Jf'bnLu 'bzw'bf,'b, n[ufb,1,fr~ I; w '--"Lfr'bJ.'b Ox: w•<w'r-gpp 

'b~wmJwJp1 

Y :pnL'b~g/•w'b "l'"21w~ /; JpwJ'b X ~ Q 'lf"'f f!'tL J 1 "i pwgwuw~w'b I; f. 1uanL•f 
I;, bpp X-[!_ wO.uLJ /; 1 

'J.m'bb'bl! y=f X 3 :pnL'bhfwJp wn.wf.fo~• h. hp~f'"f''l w1lw"t.gJwi'b/;pf!.• 

Y,_ J_,r ;;. y"-- ~ _1-
- 2 r ·'' - 4 { x ' 

3.50 

bpp x==-=.:0 NL~b~{! Y=-=0, y'=O, ~&m11Wf1Wf'' ~"/''' 'ffrUIUIJI*"n'l .~.f"L'/L~ 'l''"i''Lf/i,wm

~,/;pf "~'ft''b,uf[/;mnLJ uL'bp y·d) 2"2'"'''"'/l!.' lp•pf• bp~['"["/' y · ' .. ·{-:z:i" ,;J "L'[(!_ 

~nLJ~ulku w 't1 o'bnL 1f t ~""i''lf.r~wm~ht'/' u~'IP~'w/li..unllf It nL'ilj. ~~~~- .J'ft y=O 'l''i...w•J•n

'1/!.. J U.JuuJ/•unrf, f/"l'f' L-p~nL IIIWJ'PLJ' .;JnL'l /; i'J.!. -~ w~'li"'fnLII L- ~·, ft'"'P'lfrhwmlti~- L'[' 
'-'~lJ.l/J.uulll,;mnLJ, nL<j1 lrU 1lf1 L.~nLJ~ :_ n2w 't'rn'll!. /, 'lwuw,fn lufwd &~ 2n z un~rrqfr urwpp&p 

ft"'l'f/; L"" ,f, u, 1,1uLfw/• L 'lw~p ~/;"'L!. ~" l'!nLJ I; um.m2t•G ubn(• qwpC.j• ljhm (idt· 192) • 

'J.f• ..," ,1 " L fi1 J n L 'b, y2·-X"=0 ~"['/!. ~wp/;tf, I; 'ff•mLI "I'"'.L·u y1= x(x -- a)2 

~"t•f• ("['/.' 'lP"""f'~•f/;l /; opf'bw~ 1-nuf) uwl,fw~.- wJp'b '1/;"Ll'• /;pp (! --+ ~ , WJuf'l'j!~'' 
lJpp ~"[''' r.w'b'[nLJ9f!. (11eT,111) J.'[mnLJ /; ~/;m >fW"-~'W[' 

0 ('" ~. w ~ a. fluunJ'bwuf•f'/;l (y-x 2) 2-x5 . 0 't"l'/!.' 

~ n L ,\ n L ,{, O'fmH• ~/;m/;pf. ~""P'lf•'bwm'b/;l'l' "1'"2</nu/ /;'b 

-4x(Y·· x2) -· 5x4. 0 ; 2(y-x2)=0 

f.wqwuwp,uf'b/;pf• "P"'"/;,fn•f, np'l• nL'bf_. ,fpw~ l"u)nLif' X•= O, y = O• ~bmhwpwp, 

~""i''lf•'bwm'bL·rf• "~'IP'b"'~"'"'l!. /;'lwH• ~/;,.';, f;, 

Sr•/w•~ r. wq<niiW['nLJ'b wpmW'f['/;'bl! Y'-" -'2 L Jf x5 mhuj!n•f • U.J'l ;,wqwu<npnL

.rpfJ ;,L·mt.. .. L.r 1;, "l' X-['_ ~Wf'"'l I; L!.'b'["L~./;l wpJ/;1'~'/;l'' O-ra Jf'b i l' ·-,x~ . 

{}pn2/;~'/! wnwjp'b t.. U['~P"l''l ~wp•lf• w ,)w'baJwl'b/;l'l'• 

y" = 2 
15 ;-_, Xt 

4 

l).~~.u1 <j1Jf1~ nLuiiLJ~wufrl'l:.-~1! ullJ"Lu L ,fp~nLu "b2.'"~~~&rl•~ 

'bn'l .. ,,_.1/;l'l'' l;p~nL 'l""li'"LI'· L·rr X ·0, nL'b/;~'l'' y 1), y' =0, 
"-.r"L't/;rf• ,,w,fwt• Ox wnw~'!J/!1!. :nzw•f•"'[ f;, 'bw/u 'lfmwp~/;'bp 

Ox wn<n~'fJ/!1' 

16 
x= -

25 

y=x 2 · l x; 
!',wmnLJ /; (0,0) [, (1, 0) ~b..,/;pnLJ, 

'1/;"[/!"L" Y=x" --{ x5 :pnL'b~gf•w'b IIL'bf· 

UIUf_UI y ~-CGI 

~WI/ UIUJUIInWUfu W

WJU~'bp~l' /;f'~IIL 

lJ.J""lP""", mpqwol- 'lh"f.{!"LJ ~""l''IP'bwuo'blzpf• "~'ll'~'w~bmnL•f :.w'b'lf'"f."Lif 

~"f'P /;p~n L 6JnL'[/;f'l!_• /;p~nL ' J"L'[/;[''j, 

'bb'b Jf,J.'bnL/b 2" 2WT"'l/!. [, 2" 2wfJw'b ~/;mp 

Jnmw~"'J{!"LJ 'lwuwqnpqwJ- /;~, Z" l "'"'"'I/1 

Jl_.h'bnLj'b ~"'IJnLJ , U.J'l"'.P"P lz,twH• !t/;"'!!. 

~, i1nLif I; l;I•lJt•R[I'I uhn.jl IJW(u\~ ljhm: 'J.f•-

wwp~•/"'1 :p .. L'b~gpwJp 'Jf'w:Pp~[' Uf<Um~/;p•fw(} 
I; 'j,~ o 193-IIL.r, 

0 I' f• ~. w ~ 4, flLuuLif'bw,f•f'/;l y2 ·- :<.4 > 
Xs=·) lt"l'l!.' 

{ n L ~ n L 1{, IJnnp'ff•'bwur'b/;L'[' u~'[[<-

'bw~hu•[!_ /;'lw~p ~/;m f;, fJ.J'l ft"l'P ,fnmw~w .l

~nLJ ~np~ nLttnL.rs,wufrr&L"L l', w,fwp lt"L'[' 

~wrfwuwpnLJ~ wpmw'Jp/;'/,{! 



Y= ± x 2-{ ! -- x" 
mb"l''"" 

·f.w'bfr "l' ~"l'P r.fH•/w"wl'"LJf!. "fWf"tLbtH~nuf I; rfpfHJ~' rfrnrfrnfuw~fH~r~rbrfr 'f"LJ'l 

tHumfr>. w'b'bbpf!., w"lw ~"['£!. ,frJbtHf'P~ I; ~""l''IP~'fH'"~'bl'fr wu.w'bqe'bbrfr ~.~wrn•fwJp 
J.., r.brnhrupw£' 1 punfw~wb I; "LffiiLtfbwuf•pb[ X-p /,. ~'-p 1lf1W~Wb W[' cf/,/,'j,/,['p ~t .;w

Jw"[wmwufutHbn'[ /l"l'P rfwue.r .J..br~f_r'it r, tH<juww['nLJp!J .;/,,/,LJ f;, "[' X- £!. ~wl'"'l 

I; rf•nrfrnfurfbl 0-fr ,'l Jfr'bi_J.. 1 r. wm•/rHrl/r rfrw, WJ"P~'P~'' 0$ X < l, 

~w~rfb'bf! wn.wj_fr'b wJw'bqJWf(' ~"l'P "'.l'b 

I; y= f-- x ~l'' 1- x2 :j>n<.'hlUJfrw.lfr 'll'wf!>HI!.• 

x(:L- 3x~ ) 

-z)J"'-'1/r t:. lUtfm£' 1 "['/!_ t. w~ttf_.uu/bnLtf 

y' 

0['[' x=0 n L'bb~' l! y=0, y' ·-= 0• ~bmlrwlrwp, ~""l''lfr'bwm'bbrf• ,/l'll''bw~bon,Ld qn{'f!. 

znzw<f-rnuf I; Ox ""'fH~'9f!l!.' 

O['p x=l nL'bb'bl! y=O, y'=_,__-,., .; bml..wpw(', ( 1, 0) ~bmnuf 2"2wf"'ll~ 'l"L-

l / 2 'l:wr.b .. I; Oy wuw'ituefr"'· 0['[' X "r 3 :P•tt.'bii!JpW~I ,,_.,,, ''"'l?t•[rJ,.,_,( ('b~. 194) ' 

IJ""l''lP'bwm~•brfr u~'ll''bw~burnu( (b'lw~fr ~b,,uf) urrrfunnp!J wn.w£ "LLJ"Lu 

h rl[r'bnLu 'bzw'b'bbrfr'b r.wJwul"''"w"fuw'itn'l ~"l'P br~nL >-.I"' '!hl'l' rf"'fuw'lwrd.wpwf' 

2"zwf,,_J b~, rff_rrfJw~•o• IJ.J'I"LP"P /,'1,.,/Lfr ~b"'l' ~"i.rf"'-'' I; hu1JwG lJbm ; 
0 [' [• 'b w ~ ;;, 1/LunJ"buw[•rbL y'-x'(x - 1) 

I." L J" L ,(, '/>rb'bf! l.'lw~fr ~/;,,bl'l' "1'" 2"'1 

r.wrfwumf"'LJ'hbrf• ufJUurirfe. 

y2- x~( x - -! )=:0, - 3x 2 -!- 2x= 0, 2y=Or 
u.J" u[rurnbrf'b nL'bp x=O, Y=O ["L"IILJ['t 

~~. 194. 

r 
I 

~~. 195 

~burl..wpw{', (0, 0) ~burr. ~"l'P b'lwH• ~bur f;, Srrfw~ r.fHrfw"w['nLJ'it "'f'"'W'f:['J,~,f! 

y=+x{ X- 1 urb"l!"rf• U.~'itr.WJin 1;, "l' x-e. ~Wf'"'l I; •frnfnfurfbl 1-fro Jfr'bi.J.. +co , 
f• 'iti.ulbu 'itwl.. e.'b'lnL'bkl 0 .,rcfbe (<fbrt_fr'b 'lb"LI!"ul y=O), 

fl,_,,,_J'bwuppb'bl! ~npp wJ'b "-J"L'lf!.• "l'f!. r.wJwul'urnw,fuw'bn,_J I; wr•fwm/r 

ttm.2_b{r ~-LLJ"'-" 'b2w'bf_r'b, O('f' x-r. w6.nLJ I; 1-/•!J Jfr'iti.J.. co y-r. wb.nLJ I; 0-fro ,ff_r'b ~ /, 

co: U.JCJ'it&".f"'te.' 

y' 

V::p X=---= l .Tc~.L- 1,1~ y' = 'Ot ~brnl..wpw[', 

wn.w'bq e fr'b, 

35~ 

3x-- 2 

2 f x- 1' 
(1, 0) ~buonLJ 2"2tH'f"'lf!. 

, "l'P bl'~l'"l''l G.J"L'lf!., "l'l!. r.wJw"{wmwufuw'itnuf I; Jf_r'bnL, 'it2w'b/_r'b, u[rJbm _ 

rH 1; wnwtfr"'fr"' Ox wnw"boefr 'b~wrnJwJp, 

(0, 0) ~bm~r n'bfr r.wrfw"wrJw'ite pwrfwl'"'l'"'l ~""l''lfbtHm'bbr, !.., r.bmhwpw['• 

"l"'"''tw'hnLrf I; ~~~rfr'b, l'"'J!J 'brw ,fnmw~wJf!"LJ ~"l'P •Lf'P2 ~bmbr i_~w'it ('b~. 195)• 

l~J'I"If"'P L qwl[fr ~[bur[• ~~~ i_rfnul I; Jb~nLuwg4wc\ hqw~~ ~ton: 

iJz ~ 
fllwm. - . =2x sln 2y, 

iJx 
2· z=xy2• 

iJz iJu 
- =- xY 22y In x . 
ily 

fllwm. -ox 
2 "' + y•+ zO = xe , 

au x'+ v' + z' -:-- =2ye · , OU 2 x•+"' + zl - = ze 1 : 4. 
dy oy 

Oil X 
fllwm. -= • ()-,. f x2+ y2.f-z2 

;----·· 
V X~ -~ J 2-i z"' 

iJz 
5. z=arctg(xy)• fllunn. 

iJx 
y iJz x ()z --y 

= -~---.-.-' iJy - l 2 ? I X·y· ·i· X y· 

.r.. y 
u. z=arct g=-· 

X 
fllwm. ~ = x2 -1- y2' 

OZ X { x2.c y2-x
0 

OZ 
- = -- • 7. z=l 11---==-._-:------, fllm"'. 
dy x2 y2 {x2~_ y2 ~- x OX y'x2 ·j- y2"' oy 

2 iJz 

2x ou 1 iJu x 
---- 8. u=ex/:: :.. ezfy , fllmm.- = -exfy , - = --eX/Y-

= y{ x2 :;:y2' ox y iJy y2 

U= 

z tJu iJz 1 
- - · ez,y, - = -ezf y, 9. z=arcsln(x --4-- y )• fllwm. - = _1 -- 2 = 

y2 iJz y · iJx v 1- (x -f y) 

()z /~y2 ~- y2 .!!:. -
- 10. z=arctg l --

2
• lllwm. 

0 
- ,r 

4
• 

0 
-

= iJy' x 2+Y X X f X 4-y Y 
- y 

J/ x4-y4 

'j.m'bbl r.bu.J..J"'l :j>n• 'b~qfrw'itkpp ll'Prf 'lfr:J>brb'bqfrLUL'itbrl!.• 

II. z=x 2+ xy 2+ sln Y• fllwon. dz=(2x -j- y2r dx !- (2xy + cos v)dY• 12. 
ax dy 

Cllwm. dz==-- -1- -, ·13. Z=e~! + y' ' fllwm. dz=2ex2+Y' (xdx + 
. X , y z=ln(xy)• 

-+-ydy)• 14. u ~~ t g(3x-y) j- 6Y+z, fllwm. du 3dx . ( ---:--- + 
cos2(3x- y) -:· - cos2(3 ~-y) 

) 

X 
-; 6y+zln6 dy+ 6ytzln6dz, 15. w=arcsiny' Cllwm. dw 

16. ~w2rfbl f'x(2, 3) I.. f'y(2, 3), bflb f(x, y)=x2-j- y3 • 

f 'y(2, 3) = 27. 

y dx--x dy 

IYIY Y2
-X

2 

fllwm. f\(2, 3) = 41 

17. ~"'2rfbL df(x ,y),brp x=L y=O, dx=1 /2, dy=l ,4, bpb f(x, y)= 

·=-~ i x2 .Ly 2 • fllwm. 1/2· 

18. lfw'lJbl pw'bw,\1.., "l'l'. x, y, z JbJnfiJn'-'b'bbrfr 'P"I!l' pwqwrd.w't_ wr-

35.3 
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X 
2 cos2 -

2 

l!lwm. 
1 

1 : -(x- y -- z)• 
2 

oz 

ox 

oz oz 22. Cj.ur'i.bf, a;-e It_ iJy -[!_, bpb z=eu---2v 1 u=s!n X 1 v= x2+ y2, fliw"' . 

oz oz ~ ~=eu-2v(O · 2. 2y)=--4yeu-<v 1 - .-.~ eu-2v(cos x--6x2), "P"'b'l u-r t. v-1' 1•"-
oy ox 
fuwpb'i. "[burl! I; mb'lw'lpb l Sin X /,_ x3 ·+-y2, 

23. Cj.ur'i.bt urpofwa tpn~o.'i.b[rw'bbp[r trr•f 

dz 
U=Sin X COSGI1 V= COS X sin~' fllwm. -=-1~ 

dx 

waw'i.sJwl'bbpf!. z = arcs in (u ~- v); 

bpb 2kn -~ < x -+· " < 2k<: ... . 2 - ' 

T. 

21 
dz n ~ 
-= - 1

1 
bpb 2kr. -t- -<x l-a < (2k -f- l);: ; -, 

dx 2 2 
du 

a sin x, z= cos X• 41lwm. =-:.= eaxsln x. 
dx 

dz 
-=- 2tg e. 
dO 

<J.ur'bbl x-~ w'bpwaw~""J"' 

~b 1nh;ml ~wof--•l'•'-J'i.bpnq. 

eax(y-z) 
2 ·1. u=-..:..:·-~ 

a 2 ~ 1 

x2 x2 y2 
26. - + --1= 0· 

dy ' 2 X 
Cl)wm. - = - - -, 27. 

dx a2 y 

y~ 
1, 

a~ IJ2 a2 b2 

Cllwm. 

: ~ ww. 

dy b 2 X 
dy yxY-1-yXIn y 

41lwm. - = ~--....::...-~ 29. s in( xy)--=--· 
dx a 2 y 

dy 
Cllwm.- = 

dx 

dx xyx-l - xY inx 

y[cos (xy)-exy -h] z2 

x{x -1- e,Y-cos (xy)l 

oz 
/,_--e· 

OX 

i)z c2x az c'v 
l!)uun. - = - - 1 - · • 3(. U · V ig aw · 

ox a2z oy b~ t. 

0\V 
!. --'i.• tllum• 

ov 
ow cns2aw ow sin 2aw 

- ::-: .. ~----· 

au -- av ov 2aw 

Bn'-l9 mw(1 np X~~ ·+ _.!.._...!!.!:. = -
1
-, 33. _z_ =,• f (l), 

ox y ay z x z 

;= c' lny · sin yIn X• 

· ·Sin yIn X• 
y' 

"P Lpb 

iJ2z slny 
fllwm.- =ex lny - --· 

iJx2 x2 ' iJx ay 

ex 
- -1-
y ' 

iJ2u iJ2u iJ2u 
z21 IU"f_IU QX2 + ay~+az2=01 

iJ2z ' o2z ' iJz 
IU"f_IU X - ...... y --= 2-· 

ox 2 • ox oy OX 

l ( 
? 027. a~z 

i = ll x -+ y~)l IU"f_IU 6x2 -+ o-y-l =- 01 

~pfi,,H, 'lf!f>bpl.'b9btf, gw'b~wswa r.r -f• /,_ 'V-[r ~wJwp• 

40. 9·ur'i.bl Z= 3x4 - xy -l-y3 tpn .. 'bh[rwJ/r waw'i.fJJIU[f!. .M(l, 2) ~brnnJ IUJ'j, 

"'· 'l'l'" P;wJl'• "l'~' Ox wnw'hgl'f ~Lur ~IU'{tfn..,f t 60° w'i.~J"'-'j,' CIJwon. 5+ 11{3 1 

2 
41' Cj.m'bbl z= 5x 2 - 3x-y-1 !pnL'i.~!JfiUJf waw'i.fJJIU[[!_ M(2, I) ~brnnLJ IUJ'j, 

"'-'l'l"'PJu"fp 1 "/'~' '"J'l ~bme Jfrwv'b, .. ,f t N(5 1 5) ~bur[r'i., fllwm. 9 14, 

.f2 . 'l·m~.b l f(x' y) /j>nL 'bll!JriU!ll waw'i.f)JIU[f!.' 1) Oxy ~""P'l/r'bwmiUJf'j, w'i.~-

< 1 (or ot ) .J'"'" ~f""f'·'l/• "'-'l'l'ILPJwJp, fllwon. -·~--- -- . .L - 1 2) Ox pwgwuw~ru'i. ~[ruw-
ll 2 OX . iJy 

ar 
'"w'bgl'f' tiL'l'l"'-f!JwJp, 41lwm. -·- ;;;;-• 

.:13. i(x, y)=x3+ 3x2+ 4xy + y2, 8"'-Jfl mwt 1 np fv\ { _!_ 1 __ .i..) ~b.,, .. ,( w-
\ 0 . \ .,. 3 

~ -UI'i.fJ J W[f!. [iW~t ~IU!JIU,} "'-'l'in<PJIUtfp ~wqumwp t 0 (c!pnL'iJ~flf'w~."' uurWfJf"'j,""f' /;J)t 
fi ~~ 44. Ufn•r.<JL 2p "lwfw'lf.J n~o.'bb-!1"'1 bnw'b~JnL'i.'bhp[rfJ npn2b1 wJ'i. hnw'i.~

J"' ~'(!, "l''j, n< 'b[r wrlb'i.wJbJ Jw~bpbu, fllwm. ~wt/wuwpw~"'TJ b,..,'b~J"'-'j,' 

<JfJ. Cj.m'bbt "<'l'lw'i.~Jn<'i. 'l"'-'f""~bnw'i.Jruur 1 "l'f!. ur_pqwJ S ll'fof rfw~bplt_n'-JP/! 

'}L uiln<tf ,,'i.f• wJL'i.wJL,},1 w~wl' I!Jwm. A;ttrwlwl''l•"l'f ~"'lf!.~wqwuwpt 1/ S, r 6 '"" 
LJ6. Cj.m'bb-l urwpwan•PJw'lt "' J'b tt<t;/!'1~'/:;f'f• ~buwqnptt•PJ"''j,f!. • "l'' ;'j,fl ~w-

X-1 y Z X y z , ( -'2 
qwuwpnt.·•f'r,/:;l''j, b'b' ------- m r - 2 - 1 I - ~ '= 1' ·~Will. -2--1 

:bn< 'bbJ!ut'bbp'b ttLunLJ'i.wuf!pb[ [!_uur Jwl!u[rJn~o.Jf! /,_ Jf,'bJ! 1fnLJf!. 

47. 

P"'-''' <IS. 

'lb"li!"'J' 49. z= sinx -h iny-f sln(x + y) ( O~x ~ ; ; O~y~T} lllwm. z-[r 

355 



lt 
~ y<JJ)r lllwm. z-fr rfweufrJnLJ'b t X=Y = 3 'fJ."f{'nLJr 

(/.uo'bltl r.J.uolr.Jwl ~npl.pfr l.'lw~fr ~l.uol.pf!. 1 nuurLJ'bwufrpl.l ~•t•w~•!J p•turL.IfJ/.!_ /, 

~w'lJ/,l WJ'f ~l.uol.pnLJ ~nf'fr znzwfn'f'bl.pfr r.wqwuwpnLJ~,/,f'f!.• 

51. xLf-yL- 3axyc= Ot tlwm. Mo(O, 0)-'b r.w'b'fnLJIJ t . zn:w•frn'l'bl.rf• r.wqru

uwpnurbl.p'b k'b' X = 0 1 y -Ot 
52. a4y2=x4(a~ - x2), 41Jwm. 'Innp'ffr'bwr.n't.l.pfr uhp'irw~I."'P. :.ut•fw~• ~L ... 1;. 

'tr~'bw~fr 2"2"'P"'l I;' Y2= 0r 
xJ 

53. y2 =--r fllwm. M0(0, 0)-'b umwi_fr'b ul.nf• '[wp<lfr ~l.rn 1;. 2"2wfn'lf' 
2a-x 

r.wqwuwpnLJ'i. t' y 2 = 0t 
5<1· y2 = x2(9 - x2), (qwmr Mo(O, 0)-'b r.w'b'f"LJfJ 1;. znzwfn'l'bl.pfr ~ wqwuru

pnLJ'bl.p'b h'b' y ~±3Xr 

55. x4 - 2ax2y - axy 2_f- a2x 2c=O, Glwm. M0 (0, 0)-'b "r'tr~t''l ul.ufr ?:wr.!!fr 

Ill."' 1;. y2 = 0-'b ~pft'bw~Jr 2"2wrfrn'l /;t 
56. y2(a 2-+-x2)==X2(a2-x2), Glwm. M 0 (0, 0)-'b r.w'b'f"LJIJ b l;n2wfu'l'bl.p[• 

r.wqwutupnLJ'bl.p'b £-'b' Y= ±Xt 

57. b~x2+a2y2=x2y2 1 tJwm. M0(0, 0)-'b ,/l.~nLuw9qw,~ ft""' f; , 

58. 8nLJIJ "'"'l• "l' y= xlnx ~"l'l!. lt""l''lfr'bwr.n'bl.pfr uhp'bw~l.mrrLJ rrL'i.fr 

'lw'lwl'fr ~/,., lr. 2"2"'P"'l t Ox wn.w'bsl'l!.• 

X 
---=1- ~"['/!. ~""P'lJr'bwon'bl.pJr u~'[p'i.w~burnuf 

l+e x 
nL'bf r.w'b'fnLIJWJf'l, ~/,UI lr. WJ'l ~J.mnLJ znzwpn'f'bltr'l._,/,'1,' W ifiJ y=O J J.wfufr!J' Y c-= X 1 

'\- l n 1• In I X 

'1-t>:htr t;u3 r>U.l ~U.t;'--lt> 4 ~ ru.n.n fl.liH~ m-.. uu t;P c t; r 4 ru.~u.q>m-..0su. u 
u4usrruu~· su.ru.un~@SU.u rrt~ 

§ 1. 4np~ liwt{wuLU(lnuibh(l[! mwrnu6nL(ilJWb uh2_ 

'1-purwp~h'b.e OA = r 1_b~urn['l!• "l'P "'tP'lPl!. t:.wtfc'bll'bnuf I; ~nnp
,1p'bwm'bbrf. u~qp'bw~burp t:.hm, pu~ •Jf'l'll!. t:.w'b'fpuw'buuf I; "1'"-1; 

A (x, y, z) t1t.,e ('z"f. 196): ll.n..,_J.uf. ·Jbt1wn1,e ~~~t1_nut 1; zmn_wtlfl'l
tlb4mn p: 

u.1 .. ,wr:.w1mb'b.e wn:~ "-"~"'nre ~""r'lf.'btUur'i,LrJ. wnw'i,9 .e'bLrJ. 

1_rw f•t• uumth~9f•u•'hht'P J'f.y_n9n1_. 

f/>nL'b~9pw'bbp 'b._.. L'b:;_u!'f 'lh"'.e"ui (1),.,piU'bwat..e.1 ~·urhtf. I; ~'ll'bl '"J"
UJhu. 

r=cp(tli+~( OJ+x(t) k 

r=r(t): 
t-'b tfrntfrnfu1_htf." •J.ntfrnpJJJnuf b'b x-e, Y-e,)-e, 
"- A ''"we' r 1_h~urnpp "-"rll!. urwpwd-nL{rJJIU'b Jb2 

~'fJp np/,_/; qpJ, nr'b~w'iJ1_tU'buLtf h'b·-f=f(t) ""~
UJnr f/>nL'hlt9PtUJP linqnqpm~: (1') ~~~~J (1") t:.w-

1_tUutu['nLJ'b w'b1_w'buuf h'b urtUpwJ-uL{rJJtU'b Jb 2 

qJ-p qbqmnpwlpu!i fim~wuwpnuf: (2) t:.tU1_tUuw

pnLJ'bbpf!. ~nt1_uLJ b'b qd-p upupwtfbmpwqm!i 6.m

qwuwpmtfGbp tniUptUJuL{JJIU'b Jby_: 11.!'1 r.tu1_tu

"1Uptntf'bh1,p oq'bnL{t/Jwtfp t-p J11L['IU.[!tu'bf_JnL[' Ill['-

(1') 

(1") 

3 ) 7 



cfb.efr t:,,uJ' "'f n f" 21-"LJ' b'iJ ffn rfr ffburfrb {:,UIJ' Ul"fUIUIUIU/utu'i.m'l_ X1 Y 1 

z, ~""r'ffr'b"'ur'hbpf!.t 

'J- fr urn 'In L fJ J n L bt 1lnp/!. urtuptuthnfJJ"'b J'by_ /l"'f"'l t" npn2tJLL 

"f"fbu bp~nL tftu~LpfwLJflbbpfr t:.wurJ'tub ~burbpfr bpffptul_tut/_rUI~Uib urb'f• 

t:.burl.tupwp, "'J'f"Jpufr ~"f/!. ~"'f"'f t urpt/_bl bp/fnL J'tu~hphnLJf/bbJ'f• 
t:.wtjtu UUI pnLJ'bb rntJ' 

<1>1(X, y, z)=Cl, 

<1>2(x, Y• z)=Or } 

X
2 +Y 2

+Z
2=4, z=l 

(3) 

t>tutjwuwptnJ''hbpf!. 2fl wbw'IJfr t>wtjtuutupm.J''bbp b'b, n pnb.[! uurtu,'ltJnLJ' 

b'iJ 'fb'l_.tujpb J'tu~bpbnLJflfr /,__ t:.tur{rlnLfJJUib r:.UIUIIILJfJIILJ' ('iJ~, 197)1 

btj WJU"fLu, ll"fl!. ~ urtuptuttnL{iiJwb J'b2 ~'"f"'l t" urpt[bl 11wJ' (2} 

"f"'f"'J'burptu~wb t>tutjwutupnLJ''iJLpntj 11wJ' (3) br~"L J'wl[hphuLJfi''hbl'fr 
r:.UI "UI UUI rnLJ'hhpu t/_t 

bfJb (2} t>wtjw"wl''nJ''bbi'/','1 wpurw.eub'b.e t "l"'f"'J'burpf!. /,__ uurtu

Z,l 
i 

~+ 197 

ilwf.~ x-e, Y-1!. "-- z-e f[W"f"'l "£"f"L t:.wtjwuwpnLJ''hbp, 'l_.pwhnt/_ fru~ 

~pptu~UibW9bbb.f! 'f,}fr "fUifUIJ'burptu~Uib ur pnLJ'p,'J tub9fiLJ' f!. J' w~bpb

"-"'·Jflbhpfr J'frl"9"1. urpJ'w'itf!.t l,wllw'fwpaf!., hflb f!.h'l_.nLhhi.~ X=<p(t) 
(<p(t)-'it ~wJ'w1w~u•b f/:>nLb~9frw t} "--

t:.w1_wuwpnLJ''hbl'fr9 'fur'bb'b~ Y-e "-- z-e "r"lbu t-fr f/:>nL'i.~sfrwi.br, W"fUI 

~frrw~wbwsf.b'iJ~ wbsnLJ'f!. ''fJfr' J'w~bpJ.nLJfJf.brfr J'fry_nsntJ urpt/_wJ 

b'lwf.w~fr9 "fwpwJ'burpw~wf. b'lwbw~ntj urpJ'whf!.t 
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y=3t, 

f,u,.[ UIIIUIJinL d~b l'l!. n •- 'l 'If' Uf wpun!l:irn pw~w"b f, u11/ WUWJinL JC,,I, l' b"b 1 lJ.pw w ~~uk l'"/ f 

UJWf'lUJbmf'f.'.• ~UUIUI'j,UI'j,j' bp~nL r.UII,UIUU1f'nLJ 1 nprr'bg[rf} JRI .f'UiflUI..,iJRLf'f!_ 'UI'ir'ffr

UUI..,nLI( t r.Uip£1nL£1JUI'j, r.UI.fUirrUJpnLJ, Opfr'i.UJ~ 1 b£1b UlnUJ£.fr'b r,UI,/UIUUif'nLJfrg Ul'ir

'fU11f Ul« UJ'i.'fwJ C.UJ'irb'be bp~pnp'ff!. /, bppnp'ff!.• Ul"f_UJ ~urnUJ'bUI'ir[! X -y- Z== ·-3• 
lou~ r.UI'b/;L"" wnUI£/r'irl•a bppnf''ll· j!UIIIIUIIfUI"'I'~l!.· ~urnUJ'irUI'bl'' x-4z=-9· UJu"lfr

un>f, '"L"fw!t "''lfr'll!. X y-z+3 =0 [, X -4z+9 ·=0 C.UJp{JnL£1J"L'ir'irl.pl• .;.,,,~:,! 

'lfr.>'b t. i 

0 f' I• 'j, lU ~ 2r 'J.frurUif'~b'ue a 21UI<UIII'fnrf IIL'ffr'f 2f'£111..,U1Jfr'j, 
0

'f[UI'j, 1 npfr •a.UI'irfl

{!f!_ r.w,fe'b~'bnLJ t Oz UlllUI1rgefr r.brn ('b1. 19S)r Sp.fUI~ 'llUI'bfr .4.f'UI rfr•f!UI[Jhp 

C 1AC nL'f'fUI'bft;n•'b bn.UJ'b~J"L'j,'j, ru;'bulhu, npu[!iu'lfr 11-.UJ'i.~JUI'j, A 'fUI'fiM£1!. q.m'irof{r 

'flUI'blr ~'bfrifr [, Ox UlnUJ~'91'fr r,UI,,.{UJ'i. ~hmnLJ, frull AC 1 t£1!. pU1fl•f141• 'fLUI'irlr 

2f'£UJ'bw;fr'b r.UJmnLJfll•'b, np[!_ 'lrn'b.fnuf t Oxy r,,p£1nL£1JUI'j, Jltf• UJ'l 'lb"LF nul 

'b£pe'bwd.fr'll!. 'fJUI'bfr .fpw UJnUI£UJg'bnuf t rlfr 'lfr~, "l'l!. ~ni•lnuf t upnnunwlJW<JJ'Il: 

'/-pb'be "f_rnn<rnUJ~UI'l~fr r.wrJIIIuUJpnuff!_, 'bzUJ'i.UJ~bLn•l 'bl"" M rfrnrfrnfuUJ~w'ir 

ftbrnfr t,nnp'ffr'irUirn'bbpf!. x, y, z-n•l'· AOP w'b~JnL'bf!.' t-n.f ('b1. 198). UJ'l 'l""lenLJr 

x= a cost, 

t~. 198 

np.,/,'f 6-n•l 'bzUJ~rw~.fnLJ t C1AC bnw'b~JUI'j, unLf' w'b~JnL'i.f!_r l.ftwrnblnrf 1 np 

AP=af' j!lU~'" np AP-'i. r.w'b'lfruw'bnLrf t a zwnw.f'ln.f zp£w'bfr lU'f"'l' np[!_, 

r.wJIUU[lU<niUufuw'i.nLrf t I ~b'i.urpn'i.w~w'ir Ul'j,~JlU~I£!. 1 {, 'i.zw'irUJ~bln.f t gO -'i. m-nrj 1 

urnw'i.nLif /,'j,j! ulrnnLrniU~UI'f~fr U[lU['UIJbrnpw~UJ'j, r.Uirlwuwpn LJ'irbpp 

x=a cost, y=a sin t, s= amt, 

ur£uen.f ( w;u"'b'l t-'b U[UI['UIJbrnp t), ftUIJ •lb~mnpw~UJ'b d.t.n•f' 

r=ia cos t+Jaslnt+kamt. 

"'u<nLurUJ1lU'f~fr "lWf'UIJbrnpUI~UI'j, r.UJ.fwuUJpnLrf'i.bpl•o r,bzrn t wprnweubl t 
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"JWpwJ£·mpe_. wnw£p'b bpf[nL ~w.Ju•uwpnuf'bbpe_ j!Wnwf[nLup pw[•J.pwg'b£1."'/ /, 

'fnLJwpb£n.J 'f['W"'I!· ftqu.'bb'bl!' x2 _;__ y2= a2 , Uw WJ"' 'llw'bf ~w.JwuwpnLJ'b ' /;, npf• 

.Jpw ~m'b•fnL•f I; "l"'"Lu.wllw'I{•de_• lJ. J'l,n L~b.,.t._, bpftpnp'l ~w.Jwuwpnul'b w'b'lwJ wn 

w'b'lwJ pwdw'bbln.J wnw£ f'bp 1pw f._ uu.wg1wJ- ~w.Jwuwp•fw'b Jb£ mb'Iw'l;:r;::, 

bppnp'f ~w1_wuwpnLJf_.g qu.wJ-A i l-p wpJbi!C• qu.'bnL•f b'bl! JJnLu Jwftbpl._nLJfl{• 

"tw.JwuwpnLJe_, npp .Jpw 'lwuw1np.JwJ I; U[U.nLu.wf[wqpJ-e_' 

v z 
-'- = t o--, 
x "' am 

Uw WJu"lbu ftn)._1_wJ- UJ'IIRUIIW~WJ~G tfu,~hr,hnqrli l; (libtn~n~q) : lJ.J'b llwl'blf I; 

uww~• wl "l'"lbu Qxy ~wpf/nLfJJw'be_ qnLqw~b.._ , ftpnwnL'l'fP 2wpJJw'b ~bu,~, bfJb 

WJ'l ftpuwnL'l'IP OWJ['C qu.'b.JnLJ I; Oz wn.w1•g.[>p 1rw , e_um npnLJ f.'bee.' ftputun L

'IP'll-'- ~wuu.wmnL'b wpwqn<f/ Jw•fp pwpJ.pw'bnLJ I; .Jbp wJ'bulb", np 'bpw JwJl'C mL·

'1 wpnfu.JnLJ I; Oz- p bpft•uJ'bnLfJ JwJp• lfJu.nLu.wftw?f. •)e_ ~w'b'lf."w'bnuf I; bpftnL .lw

ftbpunLJfJ'bbpp ~wu.Jw'b 'IPJ-• fl•uu.p WJ'b ftwpblf I; u.wl bpftn• ~ w.JwuwpnLJ'bbpn.J. 

§ 2. Ul!WLJWI' W(lqnulhlun~ qli~mnp :j>nLb~g~w~~ uwlhlwb(! l:iq 
wilwbg!WL(!: ltnp~ 2_n2_w!J!n'1.~ fiwqwuw(lnLtl(!: un11UWL fiwppnLp!WU 
fiwqwuw(lnLti(! 

U."b'1l'.,'1"'n'bw'b.[! 'bw{u"l''1 "l"'l'"''ll'"':f>P (1') f._ (1") pw'bma"-brp'b' 

r=(jl( t) 1 +~( t)J+z(t)k 

r=r(t)r 

t-'h t/_mpnp11/_blpu f tj_b~Ulnf'h f!_'iJ'ff,w'iJrwUfbU pnpnfutj_nuf t- f!_UUJ J'b-

l,ft. 199 

tj_b~UJ"I'f! r.w'b'1fruwhnLd 

("b~. 199). 

3':0 

tfnLfiJJw"b IL f'_UUJ nuz'lnLfiJJwhr U.utnJ' b'b, "[' 

[ -{!_ r.w'iJlfpuwhiiUi t- t uf[WLJW[' "'f''JnLJ'b'iJutp 

tlblJ.mnpmqruli ~ndi~gltw: C'bfilw'1rb'b.f} 

lim (jl (t)=(jlo• 

lim x_ (t)=x0 r 

t ~ t 0 

U.n lfb"l.f!mJ wun11i b'b, "I' r0=(jl0 i + 'fol +z0k 

t f=rtt) tj_blturnrp uwr.J'w'bc, "- 'll'tnJ' b"b 

limr(t)=r o· 
t ~ t 0 

..,, 

·~L/'lP'b r.wtj_wuwrnL{iJJnL"bpy r.bUt/nnJ' b"b r,b"'f.,J..,l wft'br.wJUt r.wtfwuw

l'"LfiJJnL'b'iJb['[!_' 

llmlrtt)- roi=ltm V I (jll t)-(jlof2 t-l 'Ht)-'fol"+ I xt tJ-xoP=D 

lim jr(t) [=lr01t 

t -+t 0 

r( t) = cp (t)i+(jl( t)l+x.( t )k (l) 

u~"'ll"'l' "'l''l,nJ'b'burp .j_b~"'"l'"'ltw"b :f>rn"b~9P"'lP wJ-w'b9J"'LP uwr.J'w"b

J'w'b[!_, b"bfiJwlfrLLn.J, "l' r(tl tj_b~"'"l'P u~P'lPl! 'fUt'b.j_tnJ' t- ~~~"rlfp
~wur"bbrp U~'l_p'iJw~bUJmJ': llb'iJ.[! 'fpUJb'iJ.[! , 11[' .Jbrlfo'iJ r.wt/_wuw['IILiff!_ 

"1'"-t"..,urwrw.J-w~w'b ~"l'P r.wtj_wuwrnLJ''iJ. b 
·~b['.'J'iJb'iJ.[! !t-p :f>p.euwtJ- nr"-t" ~wrJ-b.[!, =11['{!_ r.wJ'IUU[WUIWU"IIU'iJnLJ 

t" ~"l'P .Jrw 'lur"btj_u'l M "l'"2"'~P ~bUtp'iJ , "- t - p"b _:,,.'iJ_, Mlwt>: U.n 

'1UUf.[!tiLJ' J'b"b,e ~uurw'bw'b.[! 

r(t t ~t)=(jl(t+ot)i+'t(t+M)J+x.(t + ~t)k 

"'''"'"[If!_• "['{!_ ~"I'P .Jrw nrn2_n<J' t- "1'"-t- Ml ~bUt ("bt,. 200): CJ.ur"bJ.'iJ.[! 

"-'+Utnrp wii.c' 

M=( t+~t)-r(t)=[ (jl(t+M) --(jl(t) ]t+ 
+ [ •Ht+M)- Ht)]i + [x(t+M) -x(t) ]kr 

t~. 200-nLJ', "l'"'b'l :~0M=r(t),:·0M1 r(t+M),"-=..,Jif wt>c Uf"'Ut

~br.JrrLJ' t MM1=M(t). tfblt"'"l'ntJt 

?-pUt"'f'~b'b.[! tj_b~Utnrw~w'i. :f>uLh~9P"'lP "'""'"="- u~"'Ll"'l' "'l''f"L
~r(t) 

J'b'iJUtp wl'>p -- '>wrwpUrm{iJJnL'iJ[!_• uw , w~'iJf,UIJUt 1;, ~r(t) .Jbf/Utrtf'p'iJ 
M 

~"Lp"bhwr .j_I.~UJnr t, .[!"'"'" ur '1l'"''iJP9 

' c l uurwst[uul t "'t" - u~wuwr pwqJ'w-
M 

UfUIUJ~pl_nt/_ pwqJ'UIU[Wur~bliiL91 lfb'iJ.[! ~W

I'"'[ b'b.[! "'!'1 .j_b~UI"f'l! 'll'bl "'lu"lbu. 

~r(t) = (jl( t+~o - (jl(t ) i+ 
M M 

-l- ·~(t+M)-tjift) t-+-- z(t + M) --;(t\, 
. M . I t. t 'i 1[. 200 

bpb t-p c"i.UtrwtJ- "'l' 'f-/;.[!p '1-'-Uf,enul <p (t), ·~L t), Z\t) ;p,,L'itlt.'JP;;;: 

"bbr'b tn"bb"b wJ-w'b9l"'l'iJ!,1,, •uU[w i:f,, j:f,, k:p ,/.,, lfm'iu[n'l f'"''ltfw
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<p'(t) i+Ht)j +/(t}k •fl+nt>pp'b. 

lim ~=:p'(t)t+f(t )j + /(t)k : 
6-t-->0 11 t 

'-l.kp f p'b l:,un[uwwpr"-fdluul'p npnz -l_n'l .;_MI"'"I'f!. t1nto/_m.J" 1; r(t) 
qh~mnpp u14)-w!lgpu1 eum t u~wuu•r "'1''1"'-'fh'i..wp : ll.ttw'b91"'ll! 'bzw

dr 
'bwltnul b'b - ltwJ" r' uptf•[nlnzl• 

dt 
lJ.Ju"lpunz[, 

:: =r'=:p'(t)i+f (t)j + /(t)k (2) 

~= dx + dy j + dz k: 
cit dti dt rlt 

(2' ) 

clr 1
1Jwpqb'b$ tj_h~urn/'P "''l'l"' {J 1"'- 'i..f!.: 

dt 

-f.w'bp "r ''l'P t.t~O M1 l1bme J"nmb'i,,,r I; M ~hmp'b, m"lw M.\1
1 

t,IUUJII'lf! uwf.,fw'b,._,r ~nL'i..b'b~n Z" Z"''P"'IP "'-'f'lm-fJ 1"'-'i..f!. : Z,bml._m"lhu 
dr 

wtfw'i..sJwL/t •[b~urup'b Ill 'l7•[wtt I; M ''"UJI/IIr ''"rP znzw•P"7'"" 
dt 
dr 

•[hl/urnrf• /;p~wpm.fdl"'-5..1! npnz•/111 J" I; 
dt 

rw'i..waf,n.f* 

IJ mw,gmtf wi''IJ"'-'b.[>'irl; I'P t. Ju f w'b rfpw f./, z w I; 'li'''L 

r ::_-:: xi+Yi -,-- Lk 

( :) ) 

't"rP ,-\,( x, y, z) t,t.- ... , _,f Z" 2""r"7P r:. w,[wvwl"" ,J'I! , 'iJJI,mf• , _5_,/,'i," l "'/ · 

"P 't"Pf r:, 111 rf""""P'lw'b <fl. ;:_ \--= f(tl , :> = ·! ( l) , Z=/ ( t) : 

362 

I . 

M(x , y, z) ~bmnt/_ w'bs'i..n'l IIL'l'lP t.wt/_wuwpn<J"'i.. m'bp 

X-x Y-y Z- z 
--=--= ·- -

m n p 
urhu.J!f!.• npmb'l X-[! 1 Y - e 1 Z-e "''l'LP •pmpnP,wllw'b ~bmp ~""l''ff•'bww

'bbp'b L'i.. , pu~ m-e· n-1!· p-5.. "'1'1- " '- 'l'lP "'-'l'l"P'I ~nup'i..n.u'i..hpp'i.. 

(wlup'b.J!'b' m'l'l/t "'-'l'l"P'f tj_b~mnpp "iP"Ib~s/tw'bbpp'b) f.u,J"b,fwmw~wt 
J"bJ,._ p l"'-'b'bb1' b'i.. t 

u·1,._ .. ''"'l'''-'s· ,rb<;..-1! t.wumwmb9 p'i..J!, "r 

~ =dxi + dy I+ dz k 
dt dt dt dt 

q_b~mnp'i.r " '- 'l'ltJwtt I; znzwP"'l""' flLuurf• UIJ'I- tj_h~mn['/t "iP"Ib~ypw'bbre 
;:,wt'fp"w'bmJ" b'i.. z nzw'f"'lP "'-'l'l"P'I- ~nup'b,,._u'bhpp'b, 'bzw'bw~n._J" 

1; 1. m, n, p frl"-"r/t'i.. t.wJbJ"wmw~w'i.. PtJ"r' Z.bmbw"lb .. , znzw•/t"'lP 
l:,wt/_wuutpmJ"e ~,._<;../;<;..,.. 

X-x Y-y Z-z 
'dX=dx-=dZ 
- - --
dt dt dt 

UJ/,II.j!£!.1 

Opf-'i.w't_ 1, 9-plrl 

x= a cost, y= a s in t, z= amt 

"'f."'"'--"'"';_,.'ft)[, 2"2"'P"'lf-

1t 

~ ... 4_,.,, ... ['"'--J[!_ 1-f- 't_wJw1wlt_w'i. wpcllrl!/! 

- 'llr"li!"'--J, 
4 

J. n L. ~ n L. J, 

dx dy 
-=-a stn t , 
dt 

- = a cos t, 
dt 

dz 
- =a m. 
dt 

~uur ( 4 ) pw'i.wJ.I./! ,,__.-,.£-'i.l!• 

X-a cos t Y- a sin t 

- a sin t a cost 

X-~V2 Y- a V2 
2 2 

-----:-
a V2 = a V2 

- - 2- - 2-

X - a ¥ 2 
' ) 

-1 

aV 2 Y----
2 

Z-amt 
am 

7! 
Z-am-

4 
am 

Z- -;ram 
4 

(4) 



U.JbUfbu, frbt_UfhU t.wrf' 'tntlfr '1-'"'f~nLif, znzuufru'lfrb IIL'J'[W:,UIJW!J 

/,_ zn2_LUtfrdLUb qJiLnnl/_ LUb!Jhn'J nL'Jfr'Jf! J{nt_t/_mJ" I; WWfLUJm/fwb qnpfr 

urr1_wJ ,,,.UinLd lin rufwt: SI/_Jwl UTUI rwt1-w~wb "n rfr'h Ul r•JwJ qbmnLd' 

wq"bt.LUJ"' 1;, IJwJ•hzfr I; urLU'bbz w'h{Jfrt/_ l'w'zJ",n{JJu"fp 'hnpJ"wz'bb1, 

'1-rwb.f_! pnznrc lfCJUTh1_b'i.J znzLUtfrn'l IIL'/1Jfrb Ill 'J'JWr:,WJLU!J t.wp{Jm {JJtub 

Jbp_: U.!'f t.wpfJn~..fJtn<h[! "nf_t/n,_J" I; [inptl'uq fiwppnt_~Jllt_G: 

Lnt"iwz t.wp{JIIL{J,w'h J.. (4) znzwtfrn'Ifr nL'l'lwt.wJW!JIIL{tltw'h UfWJ

J"w'hf·s uww'bm.J" b'b.[! 'hnpJ"wz t.wrfJnL{JJwh t.wt[wuwrm.J"c. 

dx • dy dz 
-(X- x) + -(Y -- v) -;- -(Z-- z)=O 
di dt . dt 

X Y+mr'2.Z=am~ ~{2: 
4 

rr\ am-- - 0 
4 ! 

(5) 

U.trf,/ wrmwJb'i.JJ'. UILUfiUJLUIJw"b IJnrfr znzuJifrn'l nt 'I'll' ,, 'i.J,,,J"wz 

r:,.,urfil'"-fJJwb t.wl/_wuwpn,_J"'i.J/;/,'i.J wJb '1-bUf.[!n<d, hpp wJ'l- /In{'[! mpt/_mJ- I; 

(6) 
t.wl/_wuw pmJ"'i.JJ. pnt{: 

llt'l- 1/nl'fr x, y, z qnnr'l-fr'bwm"bbl''b ~mpmwt.wtmL'h.f'. npUfl'u n1,kl; 

t UfWfwJ"hm rfr :p lll.h't!Jfrwbb f• 

X=<p(t), y :.~·~(!), Z=J.(t): (7) 
llt"'"l"l L'b[tlw'l-r"'J" b'b.f.!, np <p(t), ·~(t), x(t)-'b t-r '1-frf/>hpL'h-

9/;lfr q,,,'i.J/J.'Ipwbbp hb: ((j) t.wt/_muwpdwb J"hp_ X•frr y-fr, Z•/t t/11tf1U1-

rL'i.J wb'lu"frbzm/_ l1nrfr IJhwbrfr t.u,fwp 'bpw'b9 wpwmt.w!:n"t{tlt"'-'i.J'irb-

1'£! t-fr J"frp_n!fm/_, qumw'itwh.[! t-r 'hfiwwJ",,fp br'tm 'bm. 1'i.J,,_f'J"'·'b. 

<t> l[cp(t) , W(t), z(t)J =0, 

<l) 2 [cp(t). 'l'(t), ;(t)]=U: 

( 8w) 

(8 f') 

(8 w) L. (8 I' J 'hwt'hmftlt"''h'hhrc ?-rfl>l•rh'hgljl'"ll'""' 1-p, '!m'i.J,,J' L'b.f!. 

(9; 

rJ¢ 1 dx + ~CJ? 3 -~j~ - - ~¢ 1 clz O. 
()X dt dy cl t (}z cit 

~cp~ ~X +~¢2 dv+ dCI)2 ~=O: 
d x at dy dt dz dt 
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' \ 

dx C¢ 1 d¢~ -- - -~ ---

_ o¢ 1 d<D2 dy a¢ 1 a<t>2 _ a<t>l o<t>2 

dt dy dz dz dy dt oz dx ox dz ( 10) 
clz a<t> 1 d<t> 2 _ d<t>1 a<t>2' dz d¢1 a<t>2 _ d<t>1 d<t>/ 
-
dt iJx dy ay dx dt dx ay dy ax 

11. b 
a<t>1 a<t>2 a¢1 a<t>2_j__ 

!""'"'I l;z b'bfJw'l-rmJ" b'b.[!, frt.wr't ' nr - - - - .- --, 
ax ay dy dx 

=fO, fJbk ~wrbzfr I; w"fwsmsbz, np (11) "- (12) 1_bpp_'hwqw'b pw'bw

aJ,Lrc (mbu :,mnrk) frrw1_wsfr b'b 'bwk WJh '1-b"f.[!nL.r, bpp WJ'f wr

wwt.IIIJUIIIIf'/m'hc t.mtjulllWfl I; 'li'"Jfrr b{Jb tJ.bry_'i.Jwqtub pwbwakbpmd 

tiwu'bmll.'ln'l 'l-bmbpJ"fr'bw'bur'hbpfr!J J"frwJh {Jbqnuz J"bqc mmppbr I; 

'lJin tfrs: 

(10) t.wl/_wuwr•nfiltn'-'b'ithpfr!J umwhULd b'b.[!·~ 

dx 

dt 

dy 

dt 
~cf? 1 a<t>2 _ a¢1 a<t>2 a<t>1 a<t>2 _ o<t>1 a<t>, 
dy az oz iJy oz iJx ox (}z 

dz 

dt 
d<t>1 a<t>,- a<t>1 a<t>~' 
iJx iJy iJy ax 

~bm/,wpw f• ( 4) pw'i.JwaJ.fr t.frJ" wb 1_rw zn zwtfrn'l "' 'l'lfr t.wl/_wuw

f"',/l! 'tn,_'i.Jb'bw t.bmLJ"'l wbu.[![!• 

X-x Y-y 
~d,_<t>-1-----o-0, c:p-cc--~ -_-_ d ¢1 d¢ 2_ - dC!\ ()¢ 2 - d ¢1 ~c:p 2 

dy oz dz dy dz ox ox dz 

X-x 
' (jcp 1 d<t> 1 , __ _ 
I dy iJz 
' ()¢~ d¢2 

! uy dz 

Y-y 
o<t>l a<t>1 
dz ox 

a<t>2 a<t>2 
az ax 

Z-z 
0~1 iJ<t>2-d¢1 d¢2' 
iJx iJy dy ax 

Z-z 
a<t> 1 a<t> 1 

iJx ay 
a<t>2 a<t>2 
ox dy 

a<t>1 o<t>l 
--· 'a<t>l o<t>l[ la<Pl u<t>1 

(X ) ay oz +(\' dz dx +(Z ) 
' -X 0¢2 iJ¢2 -y) i)cp2 acp --z 

dy az I iJz c)x I 

0 X iJy 
o<t>~ a<t>~ = 0' --
dx dv 

(11) 

(12) 

U.t'l pw'bwahbp'b fr,fw"u' UL'i.Jb'b J"f'"'Jh mt'h dwJ"w'j,,J, , brp 'itl'w'b 
:.'Ci 



snuf J".uuilln~sn'f 'ffunkpJ"p'iJ.uilln'iJkrfos fi!k+nL'l_ Jk~f!. m.uppkp I; 'lrn
IP91 Pu~ h[illr ~npp npiLI; ~lrmnLJ 

a<t>l a<t>l la<t>l a<t>l a<t>l a<t>ll 
dv az az ax ax dyl 

o<t>2 a<t>2' Jd<t>z a<t>2' o<t>2 a<t>21 
ay az dz ax ax ayj 

krlr.e 'lkmkpJp'b.u'bm'bkpiJ l;l 'l"'n.'bn._J kiJ qpn, "'"'"' "'J'I ~kml!. fJnt

t/_n._J I; m.up.uJ.u~.u'b ~nrfo bqw~p. qbm: 11.1'1 ~kmnLJ ~nril f!.'b'lll"''kr"'

"fbu ~.urn'f I; f_nL'iJ/r'iJ.uf znz.ufn'f, p'iJf_"f/,U mll'fp nL'iJlrr /l.urfil ~nr'rfo 
kq.u~p ~kmlrpn'-J ( mku VIII 'llfufo, § 20)r 

o p f. 'b"' ~ a, fJ..,'bb-1 x2+y2+z2=4r2 '1-,.'l"'Jfo'b ''"'~kp!.n._ 1pf. ,. x2+y2=2ry 
'IL"''bf. ~..,.,J,.'b 'I~P M(r, r, r-(2) ~k.,n._J 2n2w1.rn'l n'-'l'IP 1. 'bnpJw

1 
~wppn._p 

1
,..'b 

~ .. .jwuwpn'-J'b£p[! ('b~, 201) 1 
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~ n '- ~ n '- J, 

z 

<P 1(x, y, z)=x2+y2+z2-4r2, 
<P 2(x, y, z)=x2+y2-2ry. 

o<P 1 cJ!p I cJ!p I 
-=2x,- =2y, -=2z, ox iJy iJz 
o<t>2 o<t>2 a<t>2 
-=2x, -=2y-2r, -,=0• ox iJy oz 

Sp.jw~ M ~J.,.n._J w~w'b9J"'l'bkpp wp
JI.I!'bl.p('_ ~Lf."bb'b, 

iJ<P1 iJ<t>l iJ<t>] .r-
-.--2r, - =2r, - c2rr 2, 
cJx cJy iJz 

X-r Y-r 
-o-= r:r-= Z-r-y' i 

-l 

y2(Y-r)- (Z -r {2)=0 

/>'bt"fku mku.u'b.f!-

r(t)=cp(f)l +~(t)J+x(t)k ( I ) 

-'l_k~mnrfo .uJ.u'ksJ"'liJ, cum u.u/lJ.u'bJ.u'b, ll.ut/_.uu.ur I; 

r '( t)~cp' (t )t+ ~· (t )J +z' (t )k: (2) 

l1Jumb'lP9 pu~n'-J'k llkm/.n._J 1;, np :p,._iJ~sfo.u'bkpp 'lfofPkpkilsJ.u'b 

llfoJ'b.u~.u'u J1w'bn'b'bkpf!. JiJn._J kiJ ,._.Jp Jk2 'b.uJ. t/_lr~mnp'klrpp ll.uJwpr 

U mnpl• 11•uJ,m•uJL'kJ!- tfkllmnp.u~.u'b lpn._'b~9P"''blrpp 'IPfPlrpk'ksJ.u'b J/t 

J!-w'kp pw'btua!.kr: ll.n p.u'b.ua!.krc Jkq .u'kllr.urllrzm lufoilk'b lllrm"''l"'

.('.._,r: 

1. tl,blJ.mnplibpit qnulmpp. w«}wfigJWlP: fiwtjumwp k qnufwpbtP. 
tlLllmnpfibp~ milwGgJmtfibiJP. qnufmpp.li: 

1•/rn.f!-, 'fpym.[!_, opp'km~, ml'""'J k'b kr~"'- t/_k~mnp'kbp. 

r1 (t)=cp1(t)l+·?1(t)j+X1(t)k, } ~( 3 ) 

r ~(t)=cp~(t)i +·JiAt)J+z2(t)k; 

up.u'by 'l"'-""'rl!. ll.ut/_.uu.ur I; 

J l(t) + r2( t)=[ <f'I( t )+cpa(t) ]I+ [ ~1( t )+'f2( t) II+[ xi t )+z2( t) I kr 

Cum fnfnpt.u~.u'b t/_lr~mnpp .uJ.uiJ9I"'lP u.ullJ.u'bJ.u'b nL'bkiJ.[!_• 

d I r 1(t) + r2(t) I=[ cp1(t)+cp
2
(t) ]'i +I 'hit)+ •Mt) l'l+[ Z

1
( t) +x2(t) ]'k 

dt 

""'" d[r1(t)+r2(t)] 

dt 
[ cpi( t) + cp2( t) ]t + [ <J~i(t )+<?2( t) IJ+ [xi( t)+z2(t) ]k= 

=cpi(t)t+·ii(t)j 1 xi(t)k+ cp2(t)l +t!J2(t)J+z~(t)k=ri+r2· 

d(r1(t)+r2(t)]=~ +dr2 
1 

(I) 
dt dt dt 

II. tl.b~mnpGbplt ulpuuwp wpmwqpJmtP. wbwfigJmtfi wpmw
limJml[ nuf k 

(!mlimaL..ntj_: 

Ppn.[!_, bf!lr rl(t)-iJ L_ r2(t)-iJ nrnzt/_.u•} biJ (3) f'"''b.uaJ.lrpm[, "'"fUI 

J•ilt"fiJu ll.uJm'kfo 1;, tuJ'I t[b~mnp'klrpp u~u'LJ"'l' u.tpm•u'll'l"'l/!. ll.ut[UI-



/iJ'bnrl"r;, "'"1"'9nL9'i"'J 1;r 

(II) pw'bwC!.Lp9 umw9'fnuf I; t.hwf.lwl ~wpkn/1 t.lsmkw'b.J!I! ' 

4bmkw'b.e: hpb e tJ.blpnnp~ U~mtlnr k , lUJU~IiJ!Ii' lel=l, 
mupu liprn ru«)wligJmjli ~pbli' e-~li nt.q'l_wfiwJwg •lbqmnp k: 

lJ. "f W 9 IlL! 9 1 t:pb e-'b Jpwt/nr ""~IIJnr /; 1 Wia!W 

e e=-~ l r 

.J.hnp'i. t.w'fwuwpnLfitw'b br~nL Jwu'b -J"''bsb'b.e eum t-p· 

d e de 
e- +-e=O, 

dt dt 

pmlimoL..nq: 

lJ.wm9"'· !9' GliJb J·· (t) ,Jf.i.,ntl['"' [ 1 t ('} ~ ··1 [" '1. "[ L "1"'2' IU(F <; • f' I:IUIIIJ. fAtllf , 

U.I"I_UI 

, f(t)r(t)=f(t)Cf(t)i+ f(t)·iJ(t)J-f-f(t)z(t )k. 
[. UUJ (2) f'UJ'bwaJ..p UUIIU<j,ULd bJ;.{! 

d(f(t)r(t)) = ( ·df ~ d <f )' . (~ ,r d·~ )' . ic)f . ·. , · \') ._ 
d , +f . 1+ . c:+f - J+ ( - / · ··· 1 -- \ ::::. 

t _ d t Gt a t dt \dt · .:r / 
d! . , . . ( d({J d·) dx ·) df l · =~(<f t -;- · ~J +zk) + t _TH--' J+ - " k =-r+f~ , 
~·t dt dt at . dt ci t 

IV. Z.u•umUIUII1LII fl~lllj]l[i tupunuqp]·~E ltmpbtlt •• qnqm r·Lpbr 
w«)wfigju•tr li.zwli]lg' 

d(a · r( t)) 

dt 

li r , 
t-= <H (1) : 
dt 

(IV} 

rJt 
'1-m t.LmLnuf I; (1!1)-p9, L[tlh f(t) = i:i= co nstr ~bml'u'l""l'• -. =0: 

01 

V. r 1(t) L.. r2(t) tJhqmnpGbp[l t]bltmnplllltmG wpuuuqpJu•l!l w

«)wfigJlull~ npn2tJ.nuf J. 

d(r, Xr2 ) =~ d r1 Xr..+r X ~~ ( V) 
dt dt ' 

1 
dt 

pwlimolint(: 

ll."lwsms'fm J I; ( II} pw'i.w,aL /' t,lll,r.,<;,,r w'bm p !"''' p: 

§ 4. 4.h4mnr~ wnw~~b li l:i(l~(l"(l'l wbwbglwtl.lhrb (!Utn wqliq~ 

hr~wpnLlfi!Wb: 4nr~ ~n(lnLptlnLb(!: q.Ltuw!lnr bnpliwt: 41im~ 
4ni1wqp6 zwpduwb wrwqnLptlnLb(! 11 wpwqwgnLU(! 

'----" 
mwl'wJmltm'b ltnrp JV\0A=-=S "''l"'lP brlt"'P'ILfiiJnLh£!* ('b~. 

''"rl' 'frwtn'f A(x, y. z) fn1mfuwl1w'i. 

!1bmp 2"'rJJw'i, f!.hfi/ws.f!"L,r s "''lls'lP 1s1,~,u
pm.fiJ11Lh£! fnp,fnLd 1;. t.w~w'fwpiif!., S-f!. 1/m

qmfu'fbLP" qrnpnjriLd b'b ltnrp 'frw 'tm'b'fn'l A 
qrnqmfuwlf"'h ~Lmp X, y, z ~nnp'fphwm'blsrf! ' 

~b"'L"'P"'r • ~npp A fnfnf..wl[w'b 1/bmp 

x, y , z ~nnf''fp'bwm'bbrl! 't"'rlsfp I; 'fP

ml'L np"fh" S "''lb'If' bpl[wpnLfltw'b f/>m.'b~-
9PwhLzr. 

x ~=tp( s ). 
v=·l (s), 
z==z( s ), 

.' 
I 

'>0'>) •"-' ·"' I 

''"!'/' "'!" Uf"'l""Jbmpw~w'b t:. wtfw"wi' "'·J''bbpuuf "l"'l""J'lilnl' I; 

S "''L"'Lf' /,f'fl"'f'III f<ltw.'b£! : 

* Swpu~r)wfru~r ll np[1 m :lb 'i~l hplpupn Lpjnd~p uw;J.u~1"'-,f I; ut,r~J:l[h u, {,r,, :_ui.&" 

r. wl'[J ~nl'f• w'lL'lf' Lpl[wpnLfJJ" L'ilf!. (mb·u 'll• VI § 1 /, '1/· XI!, ~ ·~)' 



r= tp( s) i + ·~ (s )J+x<s) k 

r=r(s) (1) 

.uJ~U~bj!b\ f ""~Uinf1f! S Ul'lluz~ "r'JUirm.-friJwb ~mb~9ftwb l;z 

dr " 
"'wr'l"'l'mbbb.J! - wt}wli9J"'Lft h['~rwtwfw~w'il ft•lwuurl!: l>"bt-

ds 
""1/w kp/w,_J' t b~. 20.2-ft9, urb'lft n<bhb t:.kurhJUI[ t:.w1._wuwpnLPJ"'·b

"bbrl!• 
....._. 

AB =As, 

OA=r(s), 

AB- t. r= r(s+As) - r( s), 

M AB 
ES== AB 

dr M 
Ulib.J! § 2-mJ' "'1''1-b"b urbuMib.J!, "!' -=11m- 1._b~urnpb "'-'lf!'l-

ds 6.s ~ ot. s 

"fwJ t -~"''" A ~Lurnvf zn zwfn'lft "'-'l'l"' PJwJ'p' S-/t wf.J'wb ~n'lJ'l!' 

t cl r • c 
,b ,,/, w f' 111 /' 1 --/!. ,_,w"bq.ft u w um J' 

ds 
•1 fl r """UIIIf'• IUJb b L_UibUI/Jhb.J! :J -n1._. 

cl r 

411 Uf Ill 

- = a: 
ds 

l:fd£- r ·lbltm"J'/!. ,,,,,,,,; I; "il'"t '·'mf•u•bkpn{ 

r= xi + y j t zk, 

d,_ 11\- _ _ ,;z 
J .·cc - 1+ -· J-j- -1\, 

! h ·:s il3 

(2) 

(3) 

,_ lj' I. '"I' ' '"I' [J ,, "i' r '""' UJ l ' "' J 'I "',, 6 l L ~. , . 'll . v L ~ 1- nul' lf.J '1 "' /; '[ /_r " L ~. [ • 

'~o w/, l ( t} :,; ( t )i -r·~ ( t ) j / (!)K """[•wJw~w'b ~"l'/r >wdwl'• bp lr :r( t ) , ·1( 1) 1 It '/_( !) 
:jJnL'u~fJ{IIu't L-['f'.. '"- ~'L'b "'~'/~~~~1 \wm w~ w~I:JJW[~'bf' • "['"'bf' •f/_rw rfw,fw'bw~ 'f['" ~/, '!• 
'l w n'ii , L,f: 
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V(dx)~, ( cJy )~( d z .. ~ _ - -r- - - ) - - 1:-
ds ds ds · 

d ~r d rdr 1 ()J -=-- = - : 
ds2 ds ds ds 

fj, J 
l.,burkwpwp , "iburc t lfurbbl lim --f!.: 

6.s-.o As 

1.~. 2 03-fts n,_"b/;"b.J! AB=1s, AL=a, BK=c+llc: B ~burft9 

·."bh"bc BL1=c; 1._bllurnl'l!' BKL1 hnwb~JnLhnL!J lfurbm.J' b"b.J!. 

BK I:)Ll+LIK 

:~+ t.a=a+ L1 K' 

:,b.ur/_,"P"'/'1 L]K-Aa: ~wbft nr, {!UIR "'"1"'!1"'-B"'t}", a 1._/s~urnrf!' 
·" r~UI,p.n<filfnL b(! lft •frn/tlljm J' J IAIUJUI l:1l= 
=lo+ Aal. t;bUJkwpwp, BKL1 biLwb~JnLh(! 

-~w'fwu.wpwupnLb t• 
·lJ.Jq. hnwb~Jwb lfUIIfwfilft t.<p wb~JnLb(! 

~npft A ftburft9 B ~burb wb9"bb1ftu 2nzwfn

'lft "iururJ'UJb wb~Jtnbb t" , WJuftb.J!b' r:.wJ'w

"(UiurwuJuwbm.J' t w'lb'lft bp~wpn'-filJwb As 
•wi.ft"b: BK L1 b-n.wbiiJnL bm.9 lfurbnLJ' hb.J!• 

L 1K= IA:l!= 21Jiisin : <fl=21sin ~Cf~ 

( .J!Uibft "r !Ji::= l ): 
l,~. 203 

•l.hp p__ftb '-u1._wumpn'-PJwb hp~nL J'wu bp{! pw<fwbk b .J! ~S-/• 

I 
/j,a 

1 

sin A.} 
--2--
~ s ~s 



4.Lf'lfr'i.J '-unfmuu'f"'t{ciJmh br~"L dmuLruuf m'i.J9'i.Jb'i.J.e um r.Jw'i.Jfr , hpp 

~s ~ O: flm/11 Jmuuuf ftuUJwhmh.[)· 

lim - =-: 1 ~ -'0 I \do I 
As-.o\C:.s dsl 

lim 

~ ' 
sin 2 Cfl 

As-.0 T 
~co, =L 

2 

.J)mhfr 11(1 urt/JWL 'f''"f~TII.d J"b'i.J.e 'ffrurmp~nLd b'i1.[) WJh"ffrufr ffnpbf'• np 

t:.cp 
'l"J"'·fiJm.h m'bfr lim - umt:.Jm'bl!., b. r.L-urb.mpwp, C:.cp --+0, hpp t:.s--+0: 

:., ... ot:.s 
.U.Ju"ffrunt/_, umt:.Jm'bfr'b ..,'i.Jg'bbl"L9 t:.burn uurmhnuf b'b.[)• 

ld'O l=lfm\.:lcp I' 
ds .,, ... o t:.s 

( 4) 

A ~burfr9 B L,bur'b ~ w'h.'!'i.Jblfr" znzw.pn7fr t:.cp "iururJw'b w'b~1..,'1J 

~ "'['Uif'"-J•"'filJIILhf!. AB w'lb'lfr t:. s hrftmr'"-fiJw'hc, 1_br9rmJ- pm9wraw~ 
J'LJ, fJJmdp ft,i.1"' ,)' 1;. fr'i't"lbu iL t:.utp{cl ll"rfr t:.m,fmp1 urt/_J"'l 'IJ-fr AB 
Lnh'lmJ'mumJ 1.fl1~~(i 4npnt.p-jnt.li. 

Jfrp_fr'b ~npnLfiJuLbf!.= ~~; ,, 

lf/,p_fr'b ~nru•.fiJmh umt:.J'm'bl!, ill'P L\s--+0 1 ~nl_t/_m. J I; 'IJ-fr :. 4npntpjnt.li 

A ,,burnLd iL "'zm'bmltt/_nLd I; K mmn.ntf. 

'Fw/9 "'J" '1-/;"IJ'""r (4) r.unfmuml'nLf/JnLbfr,'l t:.buriLnLd 1;, nr I~ I= K, 
ds 

WJU/rb.J..!b znzmtfm'lfr J"frmtfnr tfl;/,urnrfr* f!.UUI Ul'lb'lfr br~111pt1LfiJJmh 
uu}mb!JJmlfr hf'~W[II•L{dJm. 5•f!. t:.mtJwum[' I; 'JJ-fr urt/_Jml ~bLnnLd ~npnL-

< ·{' • dcr fJJm"l!.' ·w'bft "[' ::; •Jhltm"l'll. ,Jftm•Jnr 1;, u•utm hpm - mJ-m'h9Jml'i.J 
· ds 

"'·'l'l"';:,"'.(W!J I; frJ•L'b ( mLu 'fl· I.\, § .1-f, ', /;mLm'b.ec}: 

* ~/rz6y'i..6'i../!, "I' •/ k ~urn l' p ou~w'i..y;wlf!. r.w'i..'lfouw'u n<.J t of k ~ 111 n l', nLum/t 

JL 'i.l' lt wl'"7 L'u-1! fulluL[ wJ,u'ulf J"'fP J. p ~ "'l' n L fJ J w 'i.. rfwup'u• 
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d:; 
U.J""Ifruntf, - •Jb~UJ"Pl!. hplfml'"'-fiJJ,,[P r:,wtfmumr I; ~~~rfr lfnpm.

ds 

fJJmhf.!., flU~ w.'l'l"'·fiJu11fp IIL'['f.mt:.m/"'9 I; 2"2""'"''l tfh~Lnnpfr'b: 
do 

!/ IJI!) 1J' 1U 'i1 n I . 1f: - tfbJJUIIIf'fr lll.'f.'[IIL[rlJmh'il llt.hL-9"'!. f.. f1nrfr r:,,_ 
cis 

,{,,i""""'"'""'"' 1/bu,,/ w 'b,'l'i.J"'l "'-'lfr'll!. llnt1"L,f I; qtJuwtjup finpU'mt 

.1/"J'f' "'J"L""} ll!'UJ'ILJ': 111'1- "'·'l'l"'-{iJJ"''rf' Jfrw•Jnr 1'''t'""rl! 'bzw'bud1b'i.J.e 

n-n•/: 
) d::; \ 

·l·m'i.Jfr nr - ,,M,murfr L-r't"'f"ILfrlJnL51f!. t:.wtfwuucr I; K-ft ''"rfr 
Js 

do 
- = Kn: 
ds 

lt"["'L{ifJmh flw~m'fmpa ,{J.J-,t{rlJ'n'bc ~nl_t/_uLd I; 'IJ-fr 4 n (1111 p jlllli 

z u•nmlllllJ. ur1JWL ltburm.d ,, 'bzw'bm~t/nLd I; R-n1_, "'l"fr"'.e"'' _!_=R: 
I( 

V.n "imUJ-6.mnntf J1mrn'l L'i.J.e 'lrbl. 

~ h UJ ,, "'I' IU I' I 

d2r do n 
ds~=~-R' (5) 

(6) 

( 6') 

•/,hN_fr'il pw'bwaLl!. t:,5,upmt/_npuL{ifJnLh I; urmlfru t:.wz1_11L 'lJfr !tn 

l'"'f"£"'5'1!. yw'bllm!lmJ- I[LUJuuf, bfib "'J'l- 'lfrJ-c UJpt/_mi- I; "imru"if,,. 

pwf[UIU i)w ,Jmuml"''-'f'i.Jbl'ntf, npnh9nuf "fmp..,J'bUJ[' I; t:.m'b'l-frumhm ,j' S 

m,1f.-'1./' f, l'f/tupm.fiJ"'·hf!. ( mt ufr'b,v'b , bpl.- LntfJmL l1nrfr qrntfrnfumltm'h ft inufr 

;_ wnm•/f"t •fb~UJ"i'b '"pu,uC.mJLn•fmJ- ~- "P"fbu "''l/;'lfr bp/fwp•"-{J .( mh 

:p , 'iJ 11.'1 fr Ill ) : 

'/-frUJ"'f'/[bh.[) '"Jb 'f/'"f.[!f!. 1 h{'p f ;uur.uu/_fr'l 1_bf;UJn['h "'f""'"""'J"'

-JwJ I; "l"'l[," 1/""fwlml/m'b l "i"'f'""fliln[•fr :p,5,ftyf,,' 

r= r( t ): 
• ~ ; I 



ll.Ju '1/'"f.f!IIL,r S w'lb'lfr br~wl"n{riJ"L'bf! ~'1-frmwpftb'b.e "1'"1/w t 
UJIII ,,,.rbm rfr :p IIL'blf9frwl U.Jumbrz ftn rmfiiJ"''b t.w z·L·IL" £! ~wmm r'L"L .r I; 

t.bmf, J'"l ftbr"f· 
dr dr d s 
-=--1 
dt ds dt 

(7) 

1 ~1= 1, 
~~ s 

dr d 2r ds d"s --=--: 
dt dt2 dt d1~ 

(9} 

ll.J'b,_t.bmlt, (7} pw'bwabJry t.lnnf.t,L,f 1;. 

dr dr 1 
-=--/ 
ds dt d~ 

dt 
t/.l.rt_fr'b t.ull/_lUUUif'IILfiJJm'b hrftnL .fwubre 'ffrfPbrb'bsh'b.p (!UIIf s-fr• 

ct>s 

d ~ r d''r 1 dr (it" 
- = - -- --- --·,: 

ds~ dt
2 (~; y d1 (~; )' 
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cis -'b IL d~s .';. cuur (8) b (9) pm'b ,,at...b,,,. "'['llftU~IUJlnblnt/_ r(t)-p 
dt dt2 

,<},'by J"' l'itb l'f' ,( /•z., yntJ, 't""' wiuu'b.e* 

(cl'r-)' (~)" __ (d' r ~')~ 
_ dt~. ctt ut ~ dt _ 

Rz- i(~):!}:J 
\ .ci t 

( 10) 

( 11) 

fl'b'b.e 11 mwym'b.e pw'itwalt , "!'£! t,'bwrwt/.nr,LfiJJnL'b I; "'"'LP" 

-C. mz•JLL "'1'"-"'J 't"l'P 't"rm-friJ"L'itf! 'bru' yw'bftwy~».t ~Lmm_ ,f' "'1'1- 't"l'P 

't'" ,r"' J w ~"' 'b "f"'l'"'.rburrw~w'it urrlf'"''b 'lh"IJ!"L.r: 
l;pb ,r,,'bwtJur 'fL"f.f!11L.r 't"l'l! r:....,,,fl I; lt e'b~IUJ I; Oxy t.wr

{Jm fc'J"''b ,rL2, m"f"' -;.,,, "f'"l'"'"""'l'"•l1,,.-;. ;"'"-"'"wf''IL.r'bLr'it m'itb'it 

t,[,,J, J'"l mbu.ee· 
X='fl t ), 
y =·l(t), 
z=O: 

x-fr, y-f•· z-Jr '"I" "'l'"'w;,"'Jm"<flJm.'b'blire -brz"''ll'bl""- ( 11) 
pm'inualtp .f/,l, 1/uurw'bw'b./! ~1 "'/u~Jr'bmt)\ '"l'm"'J"'J {'IL• Vl-m . .l) pw-

"LnLJ.:,'nLfJJ"L"Lf!.. , nt'[' .;,:,fmpm "'-fJ.! "'.,1 ,fl,! :,l,·z," I; :,u11fnlf.'[b·l 1 l."[J/,- ~~nt.j"unL{J J"L"L~ 
"'L""~'lrL.,, 1~ t:.limf,J!UL m&, 1~,~!. 

a2bc-(ilb cos 'f}~ = tab ,; Jn 1')~, 

37.1 



'butaLf!_ , "l'l!. UIW[pu I; UfutputJiimput~Uib Ulbu.[!n'[ "'l''LUIJ t;. Ul r fl ~nrp 
,, II[' IlL fl JIll b f!_, 

K 
l'f' <t)'ti"{t)- f (t)<p"(t )I 
{f'f'(t) 12+[ f (t l IT;2 

r = i a cos t+ i a sm t+ k amt 

"'.mnunw~w'IJfr ~npnLfJJnL"i.f!' "hpw gw"i.~wgwJ- ~l.u.nuft 

{11 LJ. nLJ1 

dr 
- = - i a sin t+i a cos l+k am, 
dt 

- x - = -aslnt dr d
2
r I i 

dt dt2 -a C0S I 

d 2r 
- = -i a cos t- j a sin 1, 
dt 2 

I a•( m ~ + I) 

R~ - l a~(l+m ~)p 

R--- a(l -:- m2) con s t• 

U.Ju"ffrun1_, "fUIIILUIUI~UI'fpJb mbft t;.UIUUIUIUIIILit ~II[IIIL {iltUJit :!_UJ

TL UJ 1./r '[I 

?- Jt tn n 'l n L fJ l n L h: G[rlh ~"/'it f!_h4UJJ I; t;."'I'{J,LfJJuth Jhl', 

"'"i"'' UJnwit9 l!.it'l t;."''bf,<fJJ"Lhf!_ fuwfuutb["', ll"'l'L-Lfr I; L'b[clut'fpb[ , "[' 

"'!it f!_it~"'J I; Oxy r.wpflnL{Jl"'it J'bl' ('l!'w'b Jpztn ~"'rblf. I; r.u,ithl 

4nnl"IPit"'mitbrfr at.UJ.pnfum f'!wJp): l•u~ b[Jb lfnpb e'bii"'J I; Oxy 
d~z -

t;.LU[•f'nLf'J-it Jbl', "'"i"' z=Q, P"'l9 "'l'l- '1-b"f.f!"' 'f bLUk -- ~-= (J [, , ::,£_ 
d s ~ 

LllkiUf'LU['J fi 1_b~utn rit f!_hiJwJ I; 0 xy t;. LU f'fl UL{J t Uib Jhl' : 11tl1utlitlft!J 

ULIILUhtiLJ bit.[! b 'lr"'lf"'9m{Jt,_'b . bflb 11nr'b e'bll"'t) I; t;."'l'fdm fi't"''b Jbp_ , 

w"l"' 'i'l'"' qLfuut,Jnt' 'bnr.iw{i• f!_hl["'t) I; '''t'l- ~"" t 'b t;.,rfdm.fJJUiit ,J'bp_: 

t., b In " UJ I' w '!- "' flt IlL h f!_ lr If f' w '1 ,, J z Ul I' cl- ,j' "' h d- Ul "' w 

h"' IJ : 'l-J'9"LJ! 2. "'['cft/.n'l ljhtnc t d UJJut'bu.ltf. n1tf, f; "i."' t;.f ,'b •t- m'btfm , j' I; 

Q\.1=r( t) ( utb-., it// . 200) zuttLLU1_p'[ -t/hfiut"f' nLhbgn'[ ;'V\ ~b,,,ui' , '""f 
t + tl t "1."' ::.1, 'b 't w 'b •I"' J' i; u M 1 r ( t + t. t) 2 ullliJJill"r 1. h/1,,, 1, , L 'b ! • .'1, 'I 

)7\) 

M
1 

l1bmmJ: U.J'f 'lb''i.[!nllf MM1 tfbll~nnf'f!. ~nJ_tjmJ I; llb~r~Jt ~nb'lu"/ltl{u

,ftuh tfbllutnl'' N\ \ \ mbt[ullfrnfuJw'b tfhll~n"l'P r.u'['utphpm.fJJmhf!_ t;.utJ'ut

Uf.UIIIIIIIU/IIuth M d·utJ utbutllp utbpb /lntt/m J I; tn'-/.t"'l durJ'utitUJ/IutJp

J_ n!JIIlJ l/•111/; tljryp'b wput'fmfJJnLit' 

;'v\ ,If\ M --V.,. =-· _._, =____:__ =MN, 
·. · M .3t 

fl'p f.ph Ulf'""lm fciJwh •fb~~nnpf!_ L.u '"'L'l1.wa I; _'1,\M 1 lUll'"{ ( ~nbu 
"ill,. 200, l; l' .'JtJl)' lfbutp zwrcfJUJit lln'lJl!. (m 'l'l"''f''J ;wpcfJutit 'lb"l

..f!"' ,[ut!h "'-'l'ltJwJ t- 2"'l'cfJ"''b t;.b~nutqJntj): 
1tL-mp "'l" "'l'"fdJ"'-itf!. 111t/.J"'I Uf"'::.p'b uwr.JUJ'btjllul' I; "'J"Ufbu, 

M d r 
'/=lim (V.r~d = i im-=-, 

~t-·0 M ~ D ~t d t 

V=~: 
dt 

( 12) 

U.t""lftu"'/ IJ"'l'bLft I; "'""I· l1hm l1 mp tuqnt.pjnt.G~ unlJ•Ul Ultufip!i 
fi tutltUUl\1 p }; l1 hm!l zwnm tlllll-ll bit U1 n p t1 wn m ~ p ft LliO tuli 9Jllll p ft' ~urn 

J mtl'mGtullll: 
~ 2-fr (:..!') P"'itwaltf• t;.pJutit 1_pw t;.LutLmJ J;, np llnnp'l-foit"'~n"'JPit 

~n/Lu,'by.f!'bbrf• tjput "'l'"' 'l'nflt"'it "Lrn!L~ypwitlrf!. ~Lf,itbit. 

dx 
Vx=-, 

. dt 
dy 

Vy=-, 
dl 

dz 
Vz=-• 

dt 

( 13) 

t;pb itbpJmJLit.[! s LU'l_b'lfr brlt"'l'"'fJtnLitf!_, ft'bt"lbu "'l'f "'l''ibl I; 

""I" '"f>Uif'"''lr"'lf>P "~'lP"uf, L. s "''lb'lp bp~utp•n(dJ"Litf!_ 'lft"'"'t"tbit.f! 
"f'"fbu diUIJUJitLU~p :[>11Lit~9pUJ, LU"fUJ (12) f'LUitUJa£.1!_ ~-pb[p /; 1ff'b[ 

u.~JuDJ_bu. 

dr dr ds V=- =---== ~V, (14) 
dt ds dt 

" rtnL'l v= ds -it "'l'w'f"LfiiJ"'it P"'9"'l'a"'tl ,fbJ,_flJnL'bit 1;, pu~ ::;-'b' 
dt 

2."2./UI.Jrn'lnt/. 2_11UpJJ-it ~n'lJit nL'l'lt/."'tt .tft-tJnr tjb~"'nr I;: 
, fs Ill fr LU f' UJ 'f W 9 IlL,{ f!_ ~ n f' UJ 'f" J 2_ LU f' cf J UJ it cf UJ J UJ-
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~ w ~~ l.wJ'w~J'w~nrb~, f.~t"lhu "'1'1 uw/)J'w~t/f•g III 'lLfufr § 2ii-mJ', 

fJN['UIIJf.J 2"'/'cfJ'w~ JUIJ'UJ~UJ"-1 fJht.nf. W mpwqwgm.U ~nl_1rtLJ' /; Ul[tUI

'fnLfJJUI~ qh~t.nnrfr wJw~9l"'l~ euur clwJ'w~UI~f.' 

dv 
w=-• 

dt 

dr 
flw19 V --- /)/iwLwpwr, 

- dr' 

d~r 
W=-t 

dt~ 

OfJb bl'hb~,e (14) pw~w.lLf.g, W"fW ~uu11u~w~,e 

dv d(v.o) 
W=-= -!_____~ 

dt dt 

( 15 ) 

( 16) 

•{br2}~ wJw~9J"'Il! pwgblntf [!Ut.n § 3-f. (Jil) p•u~w.lLf,, t1umm
~w'h,e. 

dv .. do 
W=-o+v-: 

dt ' dt 
( 17) 

wJw'hg-

l"'ll!· 

do d:J ds n 
-=--=-v: 
dt ds dt R 

Sh'l"''ll'hln'f (17) r:."'''"'""'rmftltw'h J'Ly_, tfhry_'hm~mhw"ib" ut.nw
~nLJ' h~,e. 

dv 9 n w=-cr+v--• 
dt R 

( 18) 

u.luurb'l o-'h J'f.wtfnr qb~ur"l' 1;, "I'~ , 'l'ltfwJ I; 2"2"''/tn'l""' 

'fb"lf. 2"'/"IJ'w'h 't"'l'rl!, n-e' J'f.wtfnr qL~t.nnl' I;' IILif'L'LwJ 'llfuwtfulr 
~nrJ'wln•/t 

(18) pw~w.lLc l'"'n.brntf .lL.w~b!'"itf'nJ' I; "'lu"ik"' 
11bmj1 wpwqwgtl'wG U[pnjbqgpmG ?nztut~nqf• tJ.pw finlllututup J; 

mpmqntpjlliU pn~gwpO.wq tl'bi\r11pjudi u:nm2]•fi w3·wGgjw[pG, fHdt 
mpwqwgtfm(i UlllllJbl]gpwG qJ)tnu~np !.lnptl't11L]t ~put fiwtJ.wuwp }; Ul[llll 

qnt.pjlllli l!'unwqm up[i pwdwGw~ fibwwq()~ mtJ.JWl l1bmn•tl' lJnpnL
flJWfi zwnwtJ.qfl(j; 
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-f.w~fr nr U " fl tfli~t.nnr~bf'{! t/.tn/UIII'['[Wf)WJW!J fi~ 1 W"fW UI['W, 

'l"'!J'lm'h ,}','1'"-ll! "1"'21nuf I; 

( 19) 

l' m'hw.lf, "•/ : 

1/ w . .; ,j' m h :n ,j' 1: Sr•fwu IJ"I'f. A fJ/imuuf ;_n;_uufuuz "''l'l'"' I< 

'lLi"""'"l' hnl"J'wl'"l wh!J~';,l r:.mr{cfm fJt,'hl!. IJ"l'f"uf I; A IJburf. fiuttl'mG 
n lll pp II q> J n l G: 

J.,u, 1:[cf /Lnrf• r:.,u.lwr r:.,.,,fw'h r:. ,urfclmfiJ !'"-hf!_ f)"'J'f!_hiJ'h,ui I; IJnrf• 

:.w!'fdm {d !"''h f)b,, l•u~ h[Jb 'L"l'/!. r:.'"L'fcl :_1;, "'"I"' 'ht'"' tfJ'"' tfbrg'hb
l"'i P L_ P1 /;f'ffm fJbwb[t 1 ,lf,'i.J,e Jjuutwhwh.p._ /, i,jj iiL UIUIJIPUf' f),'fJ'Uih 

r:.w!'fdmfcltm_'h'hbl', nrn'h,e J'f.,l'tw'hy !)/;,, ft'"'LJ'"' ,;' li'h t'· Lr!L'hf.uur "''hlJ

l"' "i'l! ' /I['J!"'h J'bJ I; !' wh/LJ"'hf!_, w.(h.f>wh ~"['h /•[• C!.!Lt,j wqbLf, fuf.um 

I; lll"'f'PL!'tfnLJ' r:.wr[J L1nrf.g: U.J'f P"''hl!. fl2'll'urbl"'- r:.,utimr J'ur!f'hL'h.e 
f,, ,j'f,JJ uu,/)J'm'iJuul: 

71"'.; J' "' ~ 111. ,/ 2: :,,1,,, w 1'h 'hur''"'Ll!.' "l''h ,, 'l'l"'r:."'J'"9 I; r:.c"l

,fw~ :."'rftl"L{cft"''hf!., 't"t"-""r I; !'ldin putut: 

t~. 204 

{~f.~n[llfut[p riJtw t/_hpg~b~./J b J'pwt/_n/' t/_bfJu'nf' L. WJ~ "''l'lb~J! 

""J~"fbu, nf'"fbuqf. ~ ~ ~ t/_hftt.nnf'~bf'{!_ ~wqJ'b'iJ ~nLJh orf.Lht.nwgjtw-

Jf. Ul<Jw~, fr~t L. ~""l''lfr~wt.nwJfrh wnw~g,e~brn•/ nL'l'ltfwt) i, j, k 
J'f.w•fnr ,fb~urnr~"rc ('h~. 204, 205), 

..Z.,h!Jt.nn/'~hrf. tfh~t.nnrw~w~ L. u~"'ll"'l' wrt.n"''l·l'l'"LP uwr:.J'w~r!"'~' 
r:.wJ'w.lwl~ IIL~b~,e• 

b=:J X n, bb=l, 
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db = d(aX n) =d_c:_ X n+:l X dn , 
ds ds cls ds 

da n 
{~"'!!! -=- (mbu § 4), "I'P >.w.Jwl' 

ds R 

mbuJ!l!.' 

da 1 
- X n=-n X n=O, 
ds R 

db dn 
-=ax 
ds ds 

U.1umb'lfr!! >.hmL.,nJ' I; ( qb~mnpwl1u,il wrm"''l-l'!'"LP uwr.,fwii.Jw'b· 

diJ 
t./_rJ'w'b "-rut), "I' --c a znzwtJrn'l qb~mnpfr'b 11Lif'l"'""'J"'!J tJbi[Lnllr 

ds . , 
db 

I;: llJnLu IJn'lJfr!J, .[!w'bfr "I' b-'b J'frwqn1• qb~mnp 1;, w"l"' --c "''I-
ds 

( mbu § 3, t.bmL.w'il.f!}t 

/; 1 ~~ qfi/Jmnpil nL'['["'r,"'J"'!J 
ds 

WJufril.f!il' lfntfrilbwr I; n q_M,umrfril: 

db 1 
ds q_b~mnr/r br~"'f"ILPJ"Lilf!_ ilzwilw~hil.f! ITI-n'i, 

'J-IILilhil.f! 

l
dh j __ !_ 
us I -- ITI I 

db 1 
- =--nr 
d s T 

1 
- J'bdrn.fiJnLilf!. ~nlq_,_ ,.r I; mpqwJ ~"l'P ntnpnu.L 
T 
""l'P brf["L ~bmbpfril >.wJ'w"lwmwufuwiln'l t."'J'wil >.wrfd,nflJ'tLil

ilbrfr 1/w'lJ'wJ }L bpf[ilfrum wii~JnLilf!. >.wqwuwl' I; pfr'i,npJ'wlilbrfr f[w •J

J'wd wii~Jwilcr 9--l. IX-/r § 4-fr pwilwaJ,pil >.wJ'wiiJ'mil IJ'"l'blfr I; 

'1/'bl. 

~~~=li n- P_·, 
1ds -'s__,. o l~ s l 

l;q_ "'!"Ufh-u 1 A ~bmtrLJ' ~"l'P "l"f''IL.r£!. f'"'!l'"raw/1 J'bJm.fdt"',.rf' 
r.wqmuwr I; "'til llwr.Jwilfril, nrfril a'lmmJ' I; A L_ B ""'l'''"'il J[lllnL -
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f'"L.r r,Uf.rwil >.wp{dnLf"J'nililhrfr .Jfrp_l• '"twJ }L tuilluwil f, AR ""IJ"IP !lls f. 
L1,~w[mLftltwil ""'r"'Pbl"nfdtnLilf!. , b['/' lls --.0: 

t:pb lfnrc r, Ul r p 1;, "'"I"' r.u,J'wil ""'rfllm-flltm_ilf!_ t/r '"""'Ill ,.r 
frr uLif'l"' fdJm.ilc L., >.bmL.mpmp, "l"I"'"J'l!. "'"''"'""'!' I; 'll'".IP' 

fl[nptl'mil u•u>.J'wiltnJ'p,lj "l'"l''l 1; , 11[1 "'til >.milti-/•uwilm ,}' I; r,,,l'fd 

f[nrfrH '""'l'"''hu~wil ''"['" zh'lJ'wil l_lllt/rf!.' T .Jh<Jtnfdtmilc ,,::z_qm.J I; 

~"t'P "l"I"J'wil zwnmqfr•ft 
9--milbil.[! "l"l''nJ'c >.wz,Jbl"L r.u, f mp pmilwaL_: ( ·'i} L (4) pwil•u

aLhpfry >.bmL_,_,J 1;. 

1 <.i n 
-n-= :; X - : 
T d,-

1 ' d:l) 
-nn = li (.:;x- ' 
T ds 

dn b[,b.[! qM1mnrilb1rfr "'!"Ufbu f[nJqw<J /umnc {IJw.J bnwfJ/'} 
li s 

I U (I Ullll ... 

'1-l'J"'ll!.' U.t""'P"P wrm"''l-l'!'"LP ,fb;>_, friltUfbu ' r,IUJIIIhft L ''"''"iLP I; 
utpm"''l-l'Pl'bb['/! ?_('p_wilwJfril /Jlll/''1"'' utb'l_ull{tn{uhl' f~"'.'JP "'J'l-• r,.,;_,/fr 

wnilbtnt/1 np nn=L 1_brp_fril >.wqwuw[lln{IIJ"L'4'4 w/'"'"''1/'hil.[! >.b.mLJ"'I. 

-=Cl - X n l (dn ) 
T cls 

__!_ =-a(nx dn)~ 
T ds 

d2r 
'~"'tY ,ewilfr "l' n=R ds2 I "'"/"' 

dn =R d3r + dR d
2
r 

ds ds 3 ds ds~ 

15'1. 
,, " 



d''r x cf r -0 
- ---1 

us" us" 

X d ll --1'' (d 2
r xd3 r') n -- --'-- _, 

ds ds" ds3 

dr 

T 
w~(lf r X (Pr ), 

us d s~ ds·1 
( 6 ) 

U[c/b f 1_bf[tnt1ph l.llftlnl.llr:.l.ll,Ull/_l.llJ- I; nr"ff'u t ~wJ'wJUI{JI.llh "f '"£1111-

J'bmf'p f/>m'b//9PUJ 1 utU(I.ll ~"'['f.LJr /; 9"LJ9 UJUt[* • r:..uJ~.n'bJ'm'b hp~.nh p'bt_-

dr 
ds 

d r ds 
..... --. 

ds dt 

Pw•J •fw1"l"' '"' /'!' /• l'"''l.futut•um~Jw'u ~w'bu 'hny P"'!J/;{ny W J U "'l''""''ll' J"'LC h 

'[/;'!, 'J !J J.{ny pn[n[' •uj'b w ''" f"''('iJ/;p {'_ , n{'u'b.{! "f"'f'nL'bwi["LJ J.'b p!.lln'-'l J.p~nL Jf_.w

'uJw'b tfL~mupw~w1• l''"'L''"'''l"'"'~Pi'i. bp ( ew1•/• " !' J.l,J.I! wpm"''ll'Pi1tl.pp Juw«h wp

"'"''lf' J"'L/! • nt•ft ,fl.£ pL- ~ n L'J /;{'/[''L "'l'"'"''ll'h 'i.L·p >.,u ,fwuwp k'b, r:. wywuwp t 'll'nJp } 1 

,~UUJUI~IW~I~!• 

r_{l~ p~'""lL" 1 ~1/uuui, LntJ 1 "l' 

(~: r=c: Y ~wJ \ : : Y={Cdrt Yr. 
.1S2 

T 

(6) p~.n'b,uab.J• J'by_ L_ R ~-il 

frr U1f1Ull.llr:,WJUllll_p1~.nJ'p 1 

(7} 

U.1u pUI'b~.naLe r:,<;,"'r'"1nriiLPJm'b 1; """Li'" ""' z1_ht ~nrfr nt"r"' ,r!! 
sw'b/1"'9UIJ- l[bUlnLJ' , ls filb IJnrfr r:.w.;_UIUIU[tnLJ'f! mr1_mJ- I; t "l"'I"'"J'/" nl' 

"fU1f"'L 'b"'~"'l "fUir~.nJ'bmr'"'l'"<;, r:."'"-"'""'rnLJ''bbrn•J: 

U.1u UfWrUI'fr'"lf>P 1_brlnLJ 'bzb'b.f!J "I' ~. b, n, 
wJ-Uifi9JUI['i.brfl UlrUJUI{:,UIJtnn'[ pUifiUiabbf'f! ~ut_1_mJ' /; 'j. 

pwGwcih.bp. 

1_b ~UJ n l' 'i./, f'ls 

u L-pb-~pb(i bJ 1\. 

dn 
cts 

pwJ9 

do n db n dn 
-=-, 

ds R ds T 

'trm'bsfrs 1_brlfr'be umws1_11LJ' I; "'l""lbu. 

n=bXo 

c:T b 

db do n n 1 
=-- - Xo+b X -=- X ~ +b X - =-n x a+ 

ds ds T R T 

+ __!_b Xn: 
R 

nXo=-b, 
nLutnp 

dn 

ds 

b 

T 
--: 

r=i a cos t+j a sin t+k a mt 
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d 

1

- a s :nt aco; t a m1
1 
_ 

_ r [ d 2 r d 3 r -~ 
d t __ d;l >: d!J = -a cosl -a slnt 

0
0 1=aJ m, 

- a s ;n t -acos r 
I 

[ ~ < d ~r r=a4(l + m ~) (urku opf<'uwlt § 4) · 
di d 12 I 

~I; mfLW[~Ill[' 1 

· i' _ a( I -i- rn 2) ---. 
a3 m m 

F(x, y, z)=O ( I ) 

,u,bu.[!/t ..c;uJ1_uJuuJrt•tJn•Jt 

{/', Jb'b.[! f.hurlt.Jwl uwf.tfw'btnd[!_ : 

u~IU f, tf UJ 'b tr I . d 1: fl L'f_p'f_ 'fPqf!_ ~nf_tfnLd I; tlw~brL.IILiflfr znzlll

~lllq nplt.l; P(x, y, z) ~bmmtf, L-[rlb "'l'b "r"-1; Jfr ''"l'fr znzw•frn'l t
nr'b utdpn'J2UI"/_hiJ [!_'bf,wJ I; dut~brlt.lltlflfr t/rta ft w'b9'bmd I; p ~kUJn~J: 

-f.IU'bfr "I' P ~bmnt/ w'b9'bnLd h'b ut'btfht' 'l. [rltfnt/ ~nrbr, "l'"'b.[! 

'fLn'iu/_mtf L'b tfw~bl'J,"L Jfilfr ''-!'"' ' "'"/"' Lt. ':wi'f IJbLnnt/_ ~n'b.9'b"'l tfw~h
rlt.nLI{iJfr znzmtjtnrl'bbrf!. luf·'bb'b, [!_'b'ff.ut'brw"lbu wuwa-, tu'bflfrt/ P"''l,r,,_ 

.(rl l"',r P1 

lfnLJI,'b.[! F(\, y, z) -=- 0 tfw~brLmlflfr h'lw~fr Lt._ untfnrwllw'b ~b-

mbrfr ,r,,f/il 'l'"'I""P " 'l'l'. ' 

dF dF' dF 
b[rlb M( x, v, z) ~bmmd - , - , - I'"L"l' "r".f! wJw'b9t"'L-

• dx oy dz 
'bhrf! f.wtjwuwr b'b 'll'"!P ,,w.r fl"~"Uf IUJ'f wJw'b91"'t'hhrfrs •tn'bb 

tfblj['_ 'l"["'{rl !"''b t_m'bf,, "'"fLU M ~bm[!_ li"f.t/nLd I; tfwlibr"-nLtfrlfr b-qmlt!t 
() F ar~ oF 

~bm: b[rJL N( x, y. z) ~bmmd -, -, - P"L"l' brb.f! wJ~n'b9l"'l-
(} x dy dz 

bb['[!_ Ff11[trL{rllnL'b IIL'bk'it /, IU'b[!_h'f f. IUUJ b'b, [!_'b'f nrnLd 'brw'b9fr9 flb~nL q 

Jfblf['_ 'l l' "!fr.IJ m'"l'l'bl' 1;, "'"'"' M ~bm[!_ llntt/•nd I; tfw~brbtfnLiflfr un

-tlnptulttu[i 1/L-ut: 

U.1Jtf lt"'l'"'l b'iJ.f! abw~hrUJL-t t:.lun"-I"'L flbnrbtff!_: 

frio b " r b ,/: S p tlw (I ( I ) d\u q b p lL n L J p- It' lip w P u ml n p w l11u !i ll b-
'lllnuf l'll[ll fl z n z w~lll'l n•qlt'llibr!i ~!iqw.} bli ub-q 1\wp~ nLp-JtUU 1.fb2_: 

lJ. "'UJ 9 n L! .9' ll~n~brlt.mJ[rlfr t/rm 'ffrmwr~b'b.[! "r"-1; L 'lfrJ 
.3134 

('b~. 206) , "r'b "''b.'l'b""' 1; J~n~brL.m 1pfr mr•fwJ p ~bmntJ• ?-J,9 m.f! 

'ffrmw rlf'Ln '1 ,,, t'f!. UJ rtJ•uJ I; 

X =<p( t) ; y='f(t); Z=z(1} (2) 

"i UJ ['Ill,/ b UJ I' In''"' 'b f.w ,, Ul II UJ rm_tf'b b r n ": 

!,,,,,, 2_ tr2_UII{tll']{!_ 'ufr'bft dw/fbrlt._nLiflfr 2_tr2_1Ut{tn']t u.l'f 2_tr2_Wtfrn'[_fr 

X- x Y- v Z - z 
~=cry-(lZ' 

llt dt dt 

/;flh ( 2) wrmwf.mlmiiLf'Jm_'b'bbrf!. ml"L"''frb'b.[! 

(1) :,,,,,"'""'t"f"''b .n2, wu1"' ·Jkrp_fr'bu ~tJbr~nJtjfr 

t-fr 'b~wmtf~ntfp 'bnLt'b•n{rll"''b, .[!"''bfr "I' (2) ~"l''b 

f!.'b~mJ t- (1) tfwl1krl'"LJflfr 1r"'' U.1'b 'ffrfPbrb'b9b

L"'l [!_IIUJ t-fr , 1/"m"''bw'b.[!* 

Jl--. dx + dF dy + dF dz =O• 
dx dt dy dt dz dt 

t~ . 206 

(3) 

_ d F d F dF 
i\=,-i+ ~J + -. k: (4) 

d x dy d: 

lJ. L dF dF dF _ . 
IU t/_U/fUJn rfr: - J - , -II-"/_['" I/;Jf9frw'bbft{!_ . ~UJ"It'Uiq b'b p 

dx dy rl z 
t,bu,fr x, y, z ~""r'lfr'bwm'bbrfrs · 'b~wmb'b.f!, ~- ,r P-'b untJnrw~w'b ~bur 

1;, nLumfr "'i'f "ll'"lb~9P"''bbrf!. P ~ ~burmtf tfJ.wtl-wtfw'bw~ 'll'" t_b'b 'fWIL

'b, .r IL "'1 'f "'"' UJ -6."' n, t/ 

IN/= v ( ~:Y+(::r+ (~:Y=~=o~ 
~= dxi+ dyl + ~k 
dt dt dt dt 

(5) 
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tfrn'l b IJ.n 4_h~urnrJr "LrnJb~sJrw'b/,rl!. f.wz4_n,_J' b'b (2) f.w-

4_wuwrnul'h/,rJr f.JrJ'w'b 1.rw t "i"'rwJ'burrJr "'Iii wrclk,eJr f.w.t"'r• nrl!. 

f.wJ'w"lwurwufuw'buuf t" P ~burJr'b t ~wzqk'b,e N 1... ~: ~qk~urnr'hbrJr 
U~WlJUif' Ulf'UIUI'ff'JUI[/!_• nrf!. f.wt[wuwr t- hnLJhwhuLh Uff'nJk~9Jrw'hbrJr 

U1 f'UIUilf[' JW [hk rJr "fni.J' Ul rJr'f,' 

Ndr=dFdx=dFdy + dFdz, 
dt ax dt ay dt dz dt 

(!J) f.wqwuwrn'-f'Jwh f.JrJ'w'b 'Lrw "'2. J'wuJr wrurwf.wJurmf<'J"'-'j,l!. 

f.wqwuwr t" 'lrnJJr, f.kurl...wpwr 

~nrJr p 

dr N---o, 
dt 

'lwurn'l"'-fJJnLhh Jri•wqw9Jr t" P ~kurnq wh9hn'l /._ J'w~kr,/w._ tfr!Jr 'l.rw 

f!.h~wc) yw'b/1w9wd- (2} ftnrJr f.u,J'w1, ~k.,L..wpwr, P ltbu,,._J' ., J'-..Itbrk

qn'-Jf'Jr wJ'L'j, J'Jr r'zu zwtfn'l " '- 'f'[Wr.UIJU19 t- J'JrL'hnLJh N •Jfi l,urnf•frh ,,_ 

'II'"' f.wJ',ur pntn r w J'l znzw•/m 'l'hbrl!. e'h~wcJ k'b N qb~urn rfr'h " '- 'l 'lm 
r.w1w9 J'k/1 f.wrfJu'-f'lw'b J'kz: fil'knrkJ''j, "'"i"'9"'-91.•ud- 1; : 

ll '" r. J' w 'b, ,_ ,r 2: ll1'b t:, wr[rlm_-

frltn'-'b/!. , nrf• •It"" '1-"'uu,fnr"f:uo 1•'h 

J'w~brbmt{rlf• •iJ•m 'Jmh •/'"1 /, 'hru• 

urr•fwu P ~L- mn•L m'by'bu'l ,1Jhrfr pn 

tnr znzu•tfn'l "'-'1/"J'j,b{' /!. • ~nt•{•"- J' J.- p 
~kurm. J' J'w~kr t,,._J!c!ft znzwojlllll fi lll p

fl nl. f:> J ll •G ( 'h11. 20 7): 

&~wurb'b.J!, "l' J'wiJ';t /, , JfJfr /;q'" -

1,/l' 207 ~fr ~burkrn'-J' 'J"'rn•t t" 'l " tmf'J"''i' l"'--
';,k'bwl 2nzwtfr"'l f.wrf" •"-{il l"'-'b : IJ.n

Uffrufr ~kurkr,._J' J'w~krhnLJfJfr 2n znnftn'[ nL'ffr'Jhh['/!. /fwrn'J b'j, f!_hf,wc) 

f.tfr'bkt J'b~ r:.wrf'n'-{riJwh J'bz: IJ.J" Uf£·u, orfr'bw~, 1/nuw~tuh J' tvlthl'/' "'-J

f'fr "fUI"fUif'/!_ k'l_w~fr ~bur b IJ.J'l //burnLJ' ~nhW~Uih J'tu~hpl...mtf"fr znzUI

pn'[hbp/!_ J'h~ r:.wpf'n'-f'Jwh J'kz t h'b ( 'bpur'b,e frpb'h,e ~wqJ',,J' £';, lr• 

'bwltw'b J'w~krb.n'- lf' }• 
CJ•ph'b,e {1} J'w~kpl...n'-JfJfr unqnpw~wh ltkurttLJ' 2"Z"'Pn'l r:,.,f'!.J,,._ -

386 

r 
fJJtuh f;.UI"lUUlUf'nLJ' /!_I ~whfr n [' '"l'f f.wpf'n'-filJnLhh n'-'f.'JlUf.tu 1'"9 t- ( 4) 
qbllur"rfr'h , "'"'"' ill''" f.wqwuwrm.J''b nL'hJr f.burb.l"'l urbu./!1!.• 

dF df oF 
- (X-xl + - (Y --y} + -(Z-z)=O, ox oy dz 

b{.J£ tfw~hpLmtfrlfr i:.wqtuuwfmLJ'f!. urpqwcJ t" 

z=f( x, y), l1wJ' z-f(x, y)=O 

dF df 
-= - -, 
ox d x 

oF df 
-=--, 
dy dy 

oF =L 
oz 

/1 Ul J II 'fh"fJ!"' J' ;_n L_ W tfrn 'J f.m rf' nL {iJ JWh f.tu "lUUlU pnLJ' /!_ fJI!.hlfnL hfr 

of df 
Z- z = -. (X- x) + -(Y- y) 

dx dy 

wh ".J'I!.' 

(6) 

(6') 

')· /r urn 'I" '-{riJ n '- ht :-- bfiJb (6') pw'btuabm.t f!.h'ln'-'hh'b,e X-x=~X. 

Y- y= 6y, w"iw wl'l: ptu'btuabl!. ~l!.'b,1 n._'bfr 

df df 
Z ·- z = -~x+ -~y 

d x ""~.a1ild y 

urbu.ee·~'j,l' "' wz J'wue tbr~"'l "'9'j,,._J' t-~z=f(x , y) : lf>m'blfyfrwtfr trfr"

'lfrlf>brh'hyfrwl[!l l..burbwpwp , Z- Z=dZt IJ.Ju"'frunq1 kplfnL qrnpnfuw

llw'b'bLpfr /f>m'bl;yfr'"Jfr trJr'i 'lfrlf>h.ph'hyfrwll!. M( x, y) ~kurnul, nre f.w

tlwulwurwufuw'bmJ''~.JL_ X b. y wh~wfu pnpnfutu~w'b'bkpfr ~X b. 6y wf.b

pfr'b,~ t:.wqutuwp I; urtttltud- /[>m'b~9fr'"Jfr '1[''"/f>fr~ f.tu'b'lfr"'"9n'I ~ J'w~L
t•hm JfJfr znztutfrn'Jif.wpfJnL{iJ JUih Ul"fffr~tuurfr:(z) tuf./rht 

lltul f.J' lU 'h,n ,_~J' 3, (1) J'tu~hpbnLtflfr P(x, y, zr~kmfr znzwtfrn'I 

f.wrflmfJJu•hh m'I'Iw t;. '"i'"!l mturtf.wcJ n'-'lfr'll!. ~ni_qnL J' t":',~ J'tu~kpbn'-Jf'Jr 
Gnptfwl ('b~. 207 ) : 

9·,h'b.e 'hnrJ'wlfr t:.w•fwuwrnt~l'hLrl!. ' ~w'bfr np 'hpw n'-'I'In'-filJm'bf!. 

t:.wJ'I!.'j,~'j,,J' t" N .Jb~mnrfr nL'J'JnlfJJwh f.hw 1 w"iw hpw f.wqwuwpmJ'

'bkpf!. lufr'hh'h. 

X-x Y- y Z-z 
ap-=a-p=~t 

- -ox oy oz 
IJ[.Jk J'wi/Lpbn'-Jf'fr f.tuqtuuwpn'-.!1!. "'l''i'"cJ t- z=f(x, y) ~wJ' 

z-f(x, y}=O 

(7) 
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al.nq, 1UUf1U 'iJnpJ.uLft t..uq.uu.upnu f'bbp'iJ nL'iJb'iJ t.IHnktiUL lllhU.j!f'_• 

X- x Y-v Z-z 
--=--· =--1 or of 1 

ax oy 
1-" Ill n 'l n L {J! n L 'ilt 1-ftsuL.[! F(x, y , z) =0 ~JwiJkpl..nL !fJe t. w'b

'lfruw'bnLJ I; nJrk/; U= U(x, y, z) brb.e fn•frnfu.u~m'bbbpft q,IILhii!JJim!ft 

r.wJ.ul' Jmlt.ul''l.u~ft Jw~bpl.~nJ/~ 1 .u!uft'il.e'il' 

F(x, y, z)=u(x, y, z) - C=O: 

U.J,'bt.wJIII 1; , nr N qb~IIJnrf!• nl'f! npn21nLd I; (4) pur'bwalwq ,, "'-'lf!'l

"wJ- 1; F=u(x, y, ~z) -C=O J.u~.uh'l.u~ft J.u~kpl..nLtflft 'bnl"fruln'L• 

~Lft'bft' 

N=grad Ur 

1-pw'iJnq ,/h'iJ.j! 1UUf1U9nL9h9p'iJ.j!, np U( XJ y, z) :J>ndilJ.grmJil <j[llU

I}rbfimU nupplm3- k mpqm3- ;qbmnq wGgGnq tl\uqrupqmqr tfmqbpb

tj_nLJ?ll linpuwptq: 

Orfo'bw~· '1-t•bt P(l, 2, 31 ~bmnLJ x 3 + y~ !- z 2= 1 4 '1"''11· .ru.fJ_IIL'"-" L.: fll· 

2, 2w.pn'l r.wrf/nLp1w'h r. w4_wuwrnLJ[!_ I. 'bnrJwtf• r. w•[wuwrnu!'hiire • 

{ n L .. n L ,!, 

x= l, Y=2, 

oF = 2, 
ox 

oF oF 
- = 4, - = 6· oy oz 

oF 
2y, - = 2z , 

dz 

~ b,.f.wp w[', 2"2"''fo"'l r, .,.l'pnL{J 1"'1.. r.w4_wuwpnLJ[!_ ~Lf·"'f•' 

2(x- I)+4(y-2)+6(z- 3)=0 ~wJ X-i-2Y+3z-14 = 0• 

x-1 y-2 z-3 
--=--= - - · 

2 4 6 

~"''' 
x-1 y- 2 z- 3 

--1-= --2- = --3- -' 
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'l•m 'r, /, , •fL~ ..... r'iiLrf• .... . > .... 'haJ"'L'bb l'f!_ · J . 

1 I 
- - _ -:;-! -~---- · i · 

S1 W l J - ~ t -

r - i ctg l + l ar ctg f, ''lwou . r' -, _ 
k 

2 . r ~ - ic - t .L j:!t+ k In I• "lwuo . r ' - - je--1 + 2i + - , 
l 

' 0 j k 0 - - j 2k 
:~. c= t-1- - +-· "loum . 1- 21 1- ----- · 

I I 2 t ~ t' 

-" ~ t-. ?·u.'I. II L r= li+ f2i -t- 13k ~nrf• ( 3 , 9, :!.7) ~IIuo nL,f 2" 2w•fon'l •fL- ~"'"l'f!_, 2,.2 .... _ 

•f~"'ff• r.uufwnwt•nLJ'hLre t.. 'hnr•'"'L r. wrfJn LfJJw'b ~ w4_wuwr •n J'hiipf!_• fllw 111 • r · -~- l , 

x- 3 y- 9 z---27 
+ 6j -l- 2/ k, 2 " ~ "'.f"''[f!_ 1 

--

1
- --~'=~; 'bnpJwl :. wf•fJ•nfJJ uLh/!.' X4-6y f-

I 1 I 
f) . 'J.u,'I.LL r= icos 2 2 +2i si n t ·+· k s in 2 ~"t•f• 2" 2"''P"'lP •[k ~.,.,re., 2, _ 

2"''''"'lf' r.w•fu•uw["'L•n•Lpe. h 'bnr•fwl r.wrf<lnLfJJu•'b r. w4_w uwrnufr.: "lmm . r'= 

c o~ I 1 
cos -

2 

X ., I 
-COs · 2 

- sl nt 

+X ~i n t -

t t 
- Y cos 1-- Z cos 

2 
= x sin 1- y cos t-z cos 

2 
"l'"'b'l X-f!_, y-e., 1.-f'. ~"t•fo "' J'b 

ltiiu,f• ~""l''lf•'bwm 'b iil'~' b'b , "l''"/. mwp{·.._ ,f I; 'bnl'J"'l r, ,.,rfJn L{JJ"'-~'l~ (wJufo~•to'" X ·co 

I 1 t 
cos 2 -:- , Y--=-= - sm 1, z= sln-)• 

~ 2 L 

t 
z ~=4 s in-

2 

'7. 'J.u,'I.IIL Z= XZ - y2, y=x ~npf_.' ~""l''lf.'bwm'bbpf• u~'ll''bw~IIuon L •f ~'"l'''"'L 

:, w['{jlnLPJw't ~ wt/UI"WL'"'-Jf!. : 8 n L 9 n L ,(, ""i'J' f. w,Jwuwl"' '- J/!. 'll'bl ulwltwr!L·mpw

qw'b ,,buen•f• llloum, x+ y = O• 

S. '1-m'bbl r=i(cos r+s rn 2tjt j sin 1(1 -cos 1)-k cos I ~npf• >wJ,up 

1 -5i -4J-k 
~bmn L J 0-'1. , lJ-f!_ , b-~'t "lllllllo 0 ~"' -r-- -(-l+ i+k) , !l oc --:;-:::::::---

)' 3 i 42 2 
l-2jf3k 

b ~' . { H . 



9 • 'l-uo'blr l 
tJ 

y= -, 
3 

z- z0 x-xo y-y0 z-z0 

-2t~-t 0 ' --1-= -21
0 
=G• 

t2 
z= 2 ~"l'P (xo• Yo• Zo) 

Y-Yo 
t-t~ 

10· 'l•w'blr 1 y2=x, X 2= z ltnt•f• M( 1, 1, 1) ~L· uont.ol r,"I.Jw'b t;wpfJnt.fJ J'"'b r. w

ywuwpnulf!.' Glwm, 6x- !ly-z+ 3= 0, 
II, '1-m'illrt x2 -t y~+ z3-4 =~0, X+ y-z ,'""~ O ''"Y'""'"l'"'-J'blrpuy .npywtt lt"l'f' 

~npnt.£1 J'"'b 2'""-'"YI!'ll!.' tl)uun. li = 2• 
12. 9-uo'bLl r = i COS t+ i Sill t t k S hI ~npf• "l"l''lw'b zwn.w•lf''ll!.' llluom. 

T= -Ch I• 
13. 9-.,'b/; 1 ~, l'"'"p J'"'b 1.. , t"l'J w'il ~'""'"'"'71!. r= t 2 t + 2t J J ~"l'P ''"'''"l'. 

2 9 ' 3 . T tl)wm. R =-ttl+ t-) . 2 , =<X) • 
3 

111. U.ut'"9"'-9L l• "l' r= (a 11 ~ + b1t + c 1)l + I a 2t2+ b 2t+ c2) j + (a3t2+b3t tc3)k 
~"l'l!. r.wpfl 1;. lllwon. r ' " ~. ll, '"J'l "l.'"uoG.wnn•/ "l"l'"'-Jl!. r.wywuwp I; 'll'"J"' 

1:'). 'lom'blr1 X= et, y= e-t, Z'"'-= 1 ·{2 ~"l'P ~"l'"'-fJJ"'-'bl!. I.. "L"l'"'-Jl!.' lllmon. 

""l'"'-fJJ"'-'bf!. r.wywuwp I; f2 ' "l"l'" '- Jl!.' _f2 ' 
(x +y)2 (x + y)2 

16. 'l-.,'blr1 X= e-ls in t, y= e-tcos t, Zc= e - t ~npf• ~"l'"'-PJ" '- 'bf!. 1.. "l"l'" '- -

x 1x y 1y z1z 
r.wpfJrrt.fJJw'b r.wojwuwprr•. Jl!.' l!lonm. - - - - -=1• 

a 2 b2 c2 

f J S, 'J.u/iJL·I (2, 2, 3) ~lr.,nu/ X~ - 4y3+ 2z2= 6 ,f,u~lrpltnt.Jf'f• 'bnpJwtf• >w
•Jwuwput.Jf!.' tl)won . y+4x = 10, 3x-z =-~ 3 • 

19. 'l-.,'blr1 M(2, L 12) ~lr.,,..J z-2x 2+4Y 2 .tw~lrpL.n .. JPr t"l'"Y'"'l r.wp

p, .. pJw'il r.wywuwprrt.Jf!_r Glwm, 8x+8y-z= 12r 
2(), X~-t 2y2 +z 2= 1 Jw~lrpJ..rrt.JfJf'iJ Ufw'iJhf znzwr[rrr'[ r.wpfJnt.fJJnL'iJ, U('f!_ 

Vn 
,, .. ,wr. lr,.. tf•'ilf x-y+2z~O r.wpfln'-f'J'"~'l!.' lllwuo. x-y + 2z ~, + 2"' 

'Hitl,lu X 
u.unrm; touSt;Q.PU.l 

Ill •ufurrLtf 'IP"'"'l'~b.'lfr'it.J! ~»Ju"'frufr fu'it'ffrr' urptjw6 I; F(x) 
lpnL'itlt.'lfrw'it, 'lm'itL1 'itl'm~ wqtu'itg!wll!.• ~»Jrrp'it.[!'it' f(y)=F'(x) :p,._'j,/1-

Sf,tu'it: 

U.J" 'Ill"'"'' Jh'it.e. 'fpuru•rlthlu'- b'it.[! 1\w~w'fwpa "f"'it'ffrt•f!.· "'t•t/.tud-

1; f(x) lf.w'irlwfrm'it, U[tul\w'itr_t{rrLd J 'l"'""L w!'it"'.fr"fr F(x) lpu .. 'itltgfrm, 

n['/r rud-u•p!JJ"'lf!! l ( X )-'it 1;, ~»Jufr'it.[!'it' 

F'( x)=f{x): 

ll w t. ,f m 'it";'- ,r 1: r:·( x ) Ef.r,..'ithfr~»'it IJ"l.'/"'-,r I; f( x) tpr,..'itlt,'lfr"'tf• 

'itwfu'itw~w'ite [a, b I 1\rumt[wd-rrLJ, ''fl" "'J'f f\wurtJ.w6fr P"l"[f t,hmbJrtiLif 

m/u/ p rn 'it p -::F'l X) =f (X) ; t.wt{IUu "'l'"'fl J nL'itf!.t 

~bzw I; 'itltrurnl.l, np~bflh uui.Jwt. f(x) :p,._'j,ft!JP"'JP ~ t:,.,,r,l' qn

!"'-{JJ•n'it_~ ,'itfr 'itwfu'itwll"''it,".;,"'"'"' "'!?- 'itwfu'itwft.w'itf!_ ! Jfrwltf!. S'tJ : 7 l.tu-. 

Uf"U, 'itu+ n J''f ': 0/rfr'itw~nLd: frpf'f,_ 'itrufu'itlll~lll'j,'j,Jr r fJIU f'b Lft (oJb f'!J'j,fi [ f\fi::. 

x3 xa 
uri'J"'l lprn'it~sfrtu'ithrc' F(x)=-·+ L F(x)=--7 ,,w.r c'itr;.f\w'it['W"f.hu 

3 3 
xJ 

F(x)= S + C ( "l'"'h'l C-'it fJ,,r"'J"'ft."''it 1\wuurururrrL'it 1;), .e.w'itfr np 
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'hbrn1_ "Uf"'""-""l:, b'b X::_-:: :f>nL'b~9P"-'JP P"L"l' 'bwfu'bw~w'b'hbre: '1-w 
pfunuf!; t;.Lmi•Jwl fJbnrLJ'"9' 

fil'bnr:bJ: bpb.F1(X) -e. ' IL F2(x)-e [a, bl fiwunl_w,,mlf f(x) 
~n"LG~gJlwJ~ bp~m GwJuGtu~wfifibpG bfi, wu1w fipwGg mmpphplll
PJIH!ie fiwtj_wuUJp }; 6muu1wmn ,_fi fHjp: 

u.UfW!JirLj!Jl bwfu'iJwf[ut'hft uwr:.J'w'iJJ'w'iJ r:.wJ'wJ.wJ'iJ X-p' la, b] 
r:.wmqwJ-py 1_bryrwJ- yw'b~wywJ- wrr!L,e" r:.wJ'wr , _'bb'b,e. 

F;(x) = f(x),l 
F;( x)=f( x J;{ 

F1(x)-F2( x) =- cp( x ) : 

U.l'l 'lbUJ,enLJ' (1) r:.wqwuwrnLfJJnL'h'hbr" t;."J'w'b 1_rw 

F;(x) -F~(x )=f( x )-f(x)=O 

rr ' (X)=[ F](x) - F2(x )J ' == ') 

(1) 

(2) 

x-r' [a, bl r:.wmqwJ-py 1_hryrwJ- yw'b~wywJ- "'l''lb,e" r:.wJwr: f:wl9 

Cf '(X)=0 t;.wqwuwf'nL/JJnL'iJ"!J t;.bmkmJ !;, "f' cp(x)-f! t;.wumwmm'iJ !;: 

f>rn,e, /,w'lr'u'bd" fJhn1,bJ'e ( mbu 'IL· IV, § 2) ILJ.rwnh'h,e cp(x) 
ir:..~'h~yfrwJp 'bllwmJ'wJ'p, nr'h, w~'br:.wJm !;, w'be'iJ'ft;.wm iL 7:rf/>Lrb'h-

9bfp !; r a, b I r:.wmqwJ-nuf: l•'ht Uf"""'b !;L [p'h" [a , b I >.wmqwJ-" X 

~hme, J'b'h,e /,w'lrw'hJ" tJ-1.-nrbJ" r:.wJwJ.wt'h nL'hb'h,e. 

<p(x)- <p (a)=(x-a )'f'( ~ ), 

nrmb'l a<~<x: 
'l~w'itJ• "!' cp(~)=O, "'Uf"' 

cp(x)-cp(a)=O 

cp (x)=cp(a): (3) 

IJ.J 11 UfP"""-• cp( x) f/>tn'h~ypw'b fa , b) t.wmqwJ-" yw'b~wywJ- x !1bm 1nJ 

Ufwt;.Ufw'iJnLJ'!; cp(a) "'f'J-/;J!f!• puff 'JLU !;f 'bzw'bw~nLJ' /; 1 nf' <f(X) 
fm.'b~yfrw'b [a, b l r:.wmqw<hnJ' r:.wumwmnL'h !;: cp(a) r:.wumwmtn'b[! 

'iltw'bwlfbln'[ C-nq, (2) k (3) t;.wqwuw['tiL/JJtn'h'bbl'"9 umw'hnLd b'b,e. 

F\( X )-Ft( X )=C: 
U.Ufw !JIIL!JLU,} [Jbn r"J'"y t;.bml:m.J' !; , n I' btJb .. Ln l'"wJ- r (x): q, m'hlt

!J"LUJ" t;.wJ'wl'~'tm'bqwJ- !; pG~-np J'b/1 F(x) 'hwfu'bw~w'b, LU"f'" f(x)-" 
r:.wJ'wl' 9 w 'h,~ w 9 w~J- w J L 'bw[u'itw~m'h'h ;,lLLr{F(x )+C~ mLu.ee• } nr

mb'l C= const: 
l£ ~U~w t;. J':w 'b, L ,! . 2: UfJb~F(x) :j>nL'hi[!J"'"'b: . 'hw"t'hw~w'b I; - f(x)-/• 
r:.wJ'wr, "'Uf"' F( X )+C wrmwr:.wJLntrLfJJnL'h[! :~nf_q_,;LJ-'Tt in7t; q,,L'b;; 

!J"IUJ" lllfill(lll2 [llimbqprut J,_ 'iJz_w'iJw~quLJ' !; Jr(:J?X U"dt[n[nq: U.Ju-

h[JL 

F'( x)=f(x): 

U.tu '1-LUf.e"uf f(x) :j>m'h~s"w'b ~ w'bqw'bnLJ'- b'h J bliratu~GmbqptutrnJ~li 

!}unfiqgpw, t(x)dx-e bGp w~GmbqprutmJJlfi . wpmwfiwpnmpjmG, J 'he-

zw'he' 1Jfimbqpw 1 t~ u2tuG .· 

U.J"Uf""""-' _w'hnrnz "'bmh'll'"'L'b;"rb'hfrs . ~ 'hbr~"'lw!J'hnLJ' .it y= 
= F( X )+C :j>m'h~s"w'bb rFie'hmw'b",e: 

f:l'~f'wf_wpw~w'b mbuw~bmpy u.'bnl'"2 p'hmb'll'wl'b /•[tb'h"9 'bb/,_ 

~wJws'b,LJ' !; ~nrbr" pwqJ'nL{JJnL'h , (e'bmw'b",e), " nrn'h9"9 J"Lrw,ew'il .. 

f_J"Lf'f! umws1_nLJ' !; ~nf'bf'"9 J'b~"'~'f/;Uf" 1_brk _l[wJ' 'ff,Uf" 'iJbf'.l~£. 1 
LUJu"'b,e'h' ··Oy UIILLU'hs.e" "r'L"'t'h,enq "'h,e'il "r"L 'l"L'fUir:.bn mb'lu.tftnfu

,j'"' 'h n.- 'h"' Uf "'r r;., "-, 

l~'b-~w'bwpu.r r:.wrs!; J-w'fnLJ'.'u.J'b'h J'" f(x) lj>nL'h~s"•J" r:.u.

J'u.r 'flrjtrL/iftm'iJ IIL'iJb' 'iJ 'iJwfll'iJUI~LU'iJ'iJbr ('iJz_u.'iJw~nLJ' !;, b_ w'iJnrnz 

"'b"'b'lrwL): qlu.rq1_•nJ' !;, "l' nt u.Jb'b . Jb!Lr';, t;.,.J"'l'' ~wJb'hwJ'h 

'l-bUfu 1 wnw'h9 "'Ufw9nL9Jw'b 'b~wmb'h,e.;.nr bpb.,.f( x) !}>mlil}gpwG. wli
efiqlimm }; I a, b 1 fiwmtlw«)-nd. ~:lUUJ.W WJif !}>ndi~g~WJ ll liwt.l'wp qn
jlllpJlnG mG~ liwJuliw~wli ('bzUI'bUI~trLJ' !; :;_ L wfinpu2 aumbqpmt): 

'Lbr~w 'lf"Lfuf! 'h1_"r1_wJ- !; "'J'h JbfJn'l'hb1,/, Uf"'l''l"'PIIJ'bJIIJ'b/!, 

"f'"'iJ!J O'f'iJnLfJJwdp 'fm'iJuuf b'iJ UIW['f'w~w'iJ ~f/>nL'iJJf!JIIIIJ'iJbf'"~J'" ,ew'iJ" 

q.IIJubpf• 'bwfu'b"'llw'b'hbrl! (k w'bnl'"2 "'bmb'll'IIJL'bb/'1!): 

S .J(Uif f( X) fl. nL'h~9""' J" t;.IIJJ' w I' 'bwf,'bmlfw'hp 'tu.'bblf! ~~~ t_1_11LJ' !; 

wfinpnz ~Gmbqpnuf: 
b/fiiJLnb'iJ,e f,butJ..JLUff!• bfl/i Lnlll[lf'UI~UI'iJ ; f/>nL'iJff!J"LUJ" UIJ-w'iJ!JJLUff! 

J'/t;Jut t;.IIJ'iJq.f,uUI'iJnLJ' /; UIUif'f'"'lfw'iJ lpnL'iJJf!J""'' Ul"fLU LnUI['f'"'//m'iJ q,,L'iJJf

!J"LUJ" 'hwfu'bw~IIJ'bf! 'L"'l'"'l !; '"'bbl ,[bf'P_IIJ"-"r pq_,,J miiJrrwll"''b q,,n'blL-

9"w'hbr" a'f'iJnLPJUIJ'p t_'iJbf'J/'"JUI!Jt[n'f: U.Ju ·. t;.Uif'!J"'iJ ffUI'iJ'ff'UI'fWn'iJm'iJ,e 

""LJ'h 'ILI"r 1_hry_nLJ': 
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UIWI\J'wbuuf 2-fry 1\burl.nuf !;. 

I. U.Gnpn2 Jt!imbqpmtr m3wGgJmt~ fiulllwump k blipwp.Guthq
ptutruJJtG ~m. G~gP,ulJJl.G, WJUJtfi~(i b[:tb F'(x)=f(x), wu1tu J, 

<j'f(x)dx)' =(F(x)+C)'=f( x) : (14) 

.Z.brlf•h 1\.utJ•uuwrm·f'JnLhf!. "lbu•,e. !; f\wu~wh~»[ wJh frJuiUm,f , ur 

ym"hii"'!J'ml ht.nfu"bt.nf[t.nhfr t.n6t.nh ,lJJt.Ulf!. 1\t.nt/mut.nr !; b"bfJUJfr"bmh'll""lu'Jf•h 

:p IILh~yfrut Jfr'b: 

2. U.lln pn 2 Jt li mbqpt11 tJ1 I} P, ~bp hlig Jnut~ fi tu tl w uw p h bfip w Jdi m l,q 
pmt w J JtG w Jl mwli w jUlll'-fl jutll ~' 

d( jf( x )d x )=f( x )dx: ( 1S) 

lln uur!W,9q.n.r !; ( 4) pt.n"h.ual.fr "I"' t.n'b t/!'t.n ' 

3. npLJ. ~mG~g)HuJr qp.~bpbG!JJtwtJt wfinpn2 JtGmliqpwt~ ll m
tlwump };- WJI} ~ndi.~9P.wJJtli qnut'mpw3 lputl'WJtU~mG fimuuuumn•ll' 

J dt(x)= F(x) t C: 

•{brr_fr'b t.t.nqt.nut.nrm{tlJt.nh frru•<[UJyfrm{tlJmhf!. IJmrLLfr !; """n'lbl 'lfr

:p b rL"h,,1.r "'" p ( 1\t.ntJt.n uru r"' f" 1u."h b r't"' ,r IU ""!' fr •tfr:P J.-1,J."h,gfrtu 1"hh re. 

1\IU'ft.nu.ur b"h cW(x)-fr ) : 

bt.n/ll,f!t.Uh f•"hmbtu•Jm"h ,fbfJn'l"hbrf• zmru"lr"t.nhh t.nhyhh[£!. > l'b

,,l,"h.['. Uf'ur'l""l"'l"h q,,,"hf1yfrt.n'thrfr fr"hwbqru•{i.J,1,fr ""ll" '- ..,l.ll~£!. ' 

/•"iJwf.tf1"ul"iJbrfr ""lJULnmf[f!. m"iJJfr pruUJUII p:um.tf !; 'Jl • :'\, ~ 1-fr 

cr llt.nr:.,fw"iJu,f 2 »-py /, uu)m"hyJ•u["hbrfr ""ll'"''t.n~fry {'lL · IlL ~ 1 .j) : 

(~' l'"'"h"' .r ,11,tJwJ- r:, ,,""'"ml'"'·f" l "'·"h"hhrfr fri'""I"'!Ji"'Lf'J"'"hl! r:. 1. 2m { 

um"'·'l b l '1/•f/>brb"hyJ',,J'p, "'l"fr"h,['"h' !J'" ! !J """[ • "I' w y_ ,{,,,,, mJw1•:J 

l"'ll!. t. m't"' " "'f' I; h"bftlmJt"buduf1'u'[IUJft'b f/_>,,_'j,J/.9/r"'JPh): 
" -'-l 

\ . { x"dx=:-''<+'
1 

--j- C ( a--; 'o- 1): ( ll.l""""''' ::,"' f "r''l- f'"'"b mah-
- cl 

2. 
r d .\ , 

J 
- ·r' •"l · C· - - - 1 1, ~\ ---;- . 

, X 

3. J sinxdx = -cos x+C: 

4. J cos xdx=sinx+ C: 

s. - .-, =tgx+ . J dx C· 
cos-x 

6. 
· dx J --= - ctgx+C: 
sin2 x 

7. Jtgxdx=- lnjcosxl t- C: 

8. J ctgxdx=ln]sln xi+C: 

9. f edx=ex+c: 

10. J ax axdx=--+C: 
In a 

1 1. J 
dx arctgx+C : 

l+x~ 

tl!. --=-arctg -+C: 5 dx l x 
a2+x~ a a 

1') J ~dx ~ ._1 lnja+x I+C: 
a-x 2a a- x 

13. 
· dx 

J Vl-x~ arcsinx+C: 

J dx X C 13' . 
v·a " -- x ~ 

=arcsin-+ : 
a 

14. J dx 
V x • ±a~ 

In tx+ V x~± a~+ C: 

'7- fr w n '1. n L {J J n L h: ll6t.n"hyJt.nl"hbrfr l.ll'J.JIIL UUJ~nL.r (•u· IlL § 1:J) 

f..~t.nh 7, 8, 11' , .12 , 1.'] ' f, 14 pt.nhUJa!.kl'fr"h r:.w.ttu"fuiUrwufuwhn'J. pw

"b.ual. b r' U1"hm.u.tb"h.u 1"hfr•l "h rt.n't9 fr L'"''[t.nsfr"' f" I"• "he r:.h zur !; t.t.nuu.w

urbt '1frf/>h['h"hs.tw"h o'lhuL{J Jt.nJp: 
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( -ln/cosxl)' =- - sin x 
COS X 

tgx, 

f.bu.l.twpwl', 

~ m I' 

( 1 
, COS X 

rqsin xl) =- = ctg x~ 
Sill X 

jctgxdx=lnJsin xi+C: 

(2~ In J:~~ j)'=2~ [lnJa+xl - ln/a - xj]'= 

= -1 l l +-1-J--' 2a a + x a-x - a~-x~ I 

r.b UJ /1111 (' 11/f' I 

J, dx l ~a -;- x I - ---- -- = -In - - -+C. 
a~-x~ 28 a-- x · 

b;_L~.f' ' "f tfbl'2fr~ f'm'i,waf,c 

'"I"IJII• ~.J'~hrfrs: 
Pw~u.a/, 1-1--r 'fi'Uf.f'm J' 

(lnJ x+ 1/ x" :r:-a ~ j)' = 
x+V x ' -': a~ 

t,/,,J, w I"" I'' 

~UJdW~dW~ afwq UUJTIL'fqmJ £~ 11' k 1fJ' pw~waf.lbf'{!_l bf,w

Uib'il.[>r nf' WJU pw~wafLhf'{!_ t,bUJW'fUIJNLd f[Wf'UIUTJ1_h~ 11 k 13 pw~U.t

,o£b[l/19 ( mhu § 4, orfr~U./~~hr 3 t._ 4 )r 

fiJ. b n I'/, J 1 : bp4n'- 4wu tilt .}!wlilt ~DLiill9ltwGbp~ fiwlipwliwz
·tlwlpuli qnul'wp~ tulinpnz !tlimbqpwn~ fiwqwuwp k GpwGg ~limbq

P tut fi bp]t fi.mfi pw li w71ltu q wG qr11 uw pftli' 

(1) 

1l.Uf111.'JIII9J'u~ t.wJU./r 'IUJ~b~.f' WJU r.w,JwuU.t[INLPJw~ Ull_ t._ aU./{11 

Ji'muhftfr wJw~9JW[~hf'{!l bwfriNJ''f "fWJ'W'ff'UifPr (4) l.wljwuwptn{tiJW~ 

l.ptf w~ </i'w 'lur~nLJ b~,J!• 

(J [ f1(x)+f2(x) ]dx)'= f 1(x)+f2(x), 

(ff1(x)dx+ Jt2(x)dx)'= 

=(Jt1(x)dx )' +(jt2(x)dx )' =f1(x) + f2{x): 

ll.t"UfPu"q (1) r.w,jmu"'r'nfJ!w~ J.wfu iL w2_ Jwubpfr wJw~sJwl~brl! 
Jf,ftm~s t.wqutuwr b~, WJUP~.£'"11 aw{u Jwufr sw~~wswJ ~l./1/II~W~w~fr 

wJur~9J"'lf! t:.wqwuwr I; t.mqwumptnfJt"'~ "'l Jwufr sw~~"'9"'J 

lpnL~~sfrw!fr wJw~9lwlfr~r t,hLniLwpwp, euu. 'll• X § 1-fr [Jbnpi.Jfr 

(1) ""'"WIIWJ'III{iftm~ aw[u duwfr sw~ffW9UJJ lpnL~~9/tw ~nL~~ /:,wqlU

TJWJ'TILfitw~ W2_ dmufr sw~f,wslUJ lpnL~ffsfrwtfr9 UIWJ'Pkr1_nLd I; t:.wu

UIWUITII_ ~ qutdwpb[pn•f: t,b~9 "'l'f frJuwu.nt/ /;[ Ufbtn.[' I; [!dpn~bl (1) 

r.w,Jwuwprn{il J"'-~C' 

(d· b n I' b ,r 2 : 1, \llUlUWUlll di lU pmul '}[llli ~ 4 lU [lbtll ]; liru G bt II G
mbqpllllll G2mlipg . UlJUll£i.}!li, bp-b a=const, unqw 

Jat(x)dx=ajf(x)d~;: (:.!) 

(2) r.wqwuwptn{J JilL~~ "'UfW9111 9h[11L ""''["'/' 'fLn~/,'iJ.f' ~/"" ~111/11 
/, IUJ tfwnbl'f' ntJw'i':J!"'l~/;!'C• 

3~>7 



(J al(x}dx )'=a!( x), 

(a~Jt(x)dx )' =a(Jt(x )d x)' =af(x): 

ll.t. (,_ J..wfu .lwubr" w.tw"iisJwl"iibre r.wt/wuwr b"ii, r.b~ni1U1f..;r, 
""iit"lbu iL (1) r.wqwuwpnLfJJw"ii .lb2_, J..wfu iL w2_ ~·.lwubr" bp~uL ~w

.lwJw~w'i., /f>nL'i.,~9""''i.,bp" ~nwppbpnLfJJnL'j,f!_ r.wu~nwUJnL"ii b l,b"iiy ..,1, 

".fwumnq I;L "Jbln.[! I; [!.lpn'i.,bl (2 J:r.wqwuwpnLfJJ"L'j,f!_l 

lJ.<j,nrnz ""iJutbqrwlilbr r.wzqbf"U O'flnUI~Wr I; f"'i.,nL.f 'j,~Win" IIL<j,J.-. 

r;,..,l r.bmbJwL ~w'i.,n'i.,'i.,bre· 

}. J;pll 

Jt(x)dx=F(x)+C, 

sf(ax)dx=+F(ax) + C: 

Ppn.[!, 'l"f>bpb"iisbLn1. (3) r.wqwuwr"LfiiJw'i., tlwfu /, "'t. 
ltumw"bw'i.,.[!• 

(Jt(ax)dx )' =f(ax), 

( 
1 )' 1 )' 1 -;F(ax) =-;(F(ax) x=-;-F'(ax)a=F'(ax)=f(ax)z 

lJ.r_ /.t awfu .lwubp" w6w'i.,!/Jwl'i.,brt! I)UJ1_wuUJp b'i.,. "';.,}_ "{• "'"'·' 

n. vpb 

Jt(x)dx=F(x)+C, 

Jt(x+b)dx=F(x+b) +C: 

vm. apb 

Jt(x)dx=F(x)+C, 

(:J) 

( -J ) 

J (ax+b)dx=+F(ax+b)+C: (5) 

(-J) b (5) /)w1_wUIIIrtiLPJnL"iJ"iJbpf!_ UUJUI91.nL.f b"iJ r.wqwuwpnLfJJnL"iJ• 

'i.,Lr" ,uy_ iL J..wfr~ .fwubr" '1-l•tf>bpb'i.,s.lw.fp: 

Or[•~,.,~ 1: 

r (2x3-3s lnx +5{x)dx~ r 2x3dx-f 3s\nxdx+ J 5 viC dx o.o 
~ v 

. j' j' I 
2J xJdx---3 siuxdx +5 x -

3 dx ~ 

or L·-;, "'~ 2: 

J( 3 1 _) 5 _.;_ 1 J -+ r +d Vx _:.
2
yx+xfx dx=3 x 3 dx + 2 x dx+.x x= 

I 
---L I 

3 ' 

_2_+1 ~+1 
I X 2 X 4 9 Jr - r - 4 2y- . c· 
2 1 +-5--+C= -2 yx2flx-9XY X-t . 

--+1 -+1 
2 4 

J~=ln\x+3!+C: x+3 

o r L• ~. '" ~ 4 : 

f sin(2x-6)dx= -+cos(2x - 6) >- C: 

§ 11. p\Jmt;qrnul tflnt~ntuw4wll~ t~Jntuwr~utlwu Ub~nl}ntl_ !JWU mhtlUI-
flf\ tl wll b fl w h wt1 ml 

'rfi!Jili.C ,,,,r..w'bzqm.l I; 'l"''bbl Jt(x)dx [,'bmb'lrllll£!• c'b'l- .,,,,,{ 
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f(x)-fr f.~nJUir UlbJfryUIUfbu bUifu'bw~Uih f!_hmrbl ,fb'b.f! J..A'i'.J! 

flU1J9 Jhq {:,UIJUlbfr 1;, nr WJb 'f"JnLfiiJnL'i. lll.bfr: 

b'i.fiiiUfr'j, wb'ff'UifUIJfr'j, U1 f'Ul wf.wtmnLfiiJ•u'j, Jby ~UIUIUI pbh.j! 

fu ... ~w'i.fr qm/uUipfr'i.,LJ, f!_'i.'fnL'i.hlnq 

(1) 

npwb'l cp(t)-'i. w'i.f!_'j,'ff,UIUJ /f>nL'i.~sfrUI I; Ulbf!_'j,'f{:,UIUJ IUJ-Uih9J"'L"1f.. IIL'j,fr 

'i.wf._ t:,UI~UI'fUI['J,_ rp fiL h~yfrul/ U.n 'fbUf.(!11Ld clx=cp' ( t )dt, IU "fU19nL9Uh.(!1 

"[' wiLJUI[ 'fb"f.(!11Ld UJU'lfr nL'i./1 f.hLnUJU1f f.w1_UIUUI[IIILfi/JtiL'j,f!_• 

U.Juwb'l f.Uiu~IUyqnuf 1;, np fr'LwhqprnJfr9 f.bwn t:,,..,JwuUI['IIL{tiJUih u•r_ 

dUIUIILd l•fr lfrflfuUirb'i. UfbUl./J I; wb'l1U'fr1r 'i.pw UI['UJUII:>IUJLniiL[' JtlLhf!_ 

X·n{ (1) f.UiqwuUipnLflJUI'j, t:.frJw'i. 1_pw• 

fJnLJ8 UJUI[nL f.UidU1[' 1 np Ull_ J. J.Uifu dwubpm d 

{:,UIJUIIILfiiJnL'j,'j,h['{!_ 1_apnf.fr2JU1f frdwllwnq bnLJ'j,'iJ !J'iJ, 

!J"L9J.L, nr 'i.pU1h9 UIJ-UI'b9l"'Lhbp'b /!.UUl X-/• JfrJJIUh,'J 

9-w'i.b'i..JJ J.Uifu dUiufr w<lw'b9JU1lf!.• 

(Jt( x)dx )~ =f(x) : 

'fUl~tqn 'l Ill ['UIIU• 

UfbLn.IJ I; 1UUf1U

r:. ,,, Ul u IU I' b'b: 

(2) f.w1_tuUUI['nLflJUib Ull'_ dUIU[!_ Jnfrf/>1trh51!JfTh./J f!_IIUI X·fr "f"'ffitt fliU[IIf 

~"Lh~yfrUI, npwb'l t-'b Jfr2_U1hllJUIL Ulf''l"ufh'bw l;t t-f• llwfu,uf5, X·/••J 

dx_ '(•) Ulf'UlUI{:,UIJUJ<{nLd I; (1) f.U11_UIIJU1['11LfiiJUidp 1 f!_IIUJ nptJLd dt --<f> ' J. 

dt l 
-=--
d X cp' ( t) 

=f[cp (c Jcr'(t)-
1
-=rr'f'(t) I= f { \ ; , 

cp' ( t) 

~bUJJ.U1pU1[1 1 ( !) f.m<{tuiiUI[IIILfiJJUib IU2_ fL J.wfu dwubrfr UIJ-III~I!J£ UI /ilbf~1 

f!.UUJ X•fr f.Uit,WLIUI[' bh, frb}_ Uf• UIUf,: 

4 ')() 

x .=..: cp(t) :p,,'iJf/9/""'b Ufbm.f! I; !!.'"~""I'Ll "'t5'"ib" • "I' llu'l'blfr Lfr'"~•fr 
f.IU;-'flif (:!) f.IU1_1UUIU['I1LfiiJ1Uh 1Uf. dtu11111.1f 'ftn'f.u[:ll[ fr'iJwl.'ff'Uiff!. ' 

'Jo fr m 11 'l" L {J l" L h: l•'bwb'!nlilfr" hi'Pb,f<j, '"~•Ufww1Uff111 t:,w 111J'wl' I; 

•fr•,frnfu~nf[tnhfr •frnf,wrfrhtnJ'i, f!.hw/'/;l n}_ fJh X=\f(t) , '"l/ t= ·cp( x) 

wbu.{!nq: U.l'f 9'"J,'J ur~nh.[! opfr'iimli/• t/t'"'' 'tfryw .{! Ufbw.j! 1; '.wz•fl'l 

I"'V ( x )dx 

~ •f(x ) 

•;/ (X )d A=ci t. 

J··~ ' ( x) dx sdt 
-· ---= -=lnlti+C=Ini'P(x)/ +C: 

'f( X) t 

l~hrh'ii.J! •fr,,fr,fum~UI'b'bJ.1,p '""'"Uirfr'i~Jw'i, "'t-"'"'l' 1,,r1, fr'i,Lnb

'fl"fu,~. ,.,, J!LU'ilfr orfrbUI~bl.pt 

Q [' /• 'i, w ~ l; .r y~in-:t COSXd.'t ---· ?: IJwmu•p''1•p. I S ! iJ X u.b'l"''/Ltn<f/ ,; "L~'£'.• 
"'J'I '1/,"Li'"uf dt . cos.~dx L, ~b- .,,/,"'l'"'l'• 

0 L' p 'j, "' ~ 3: 

. · d x I •· ad I I J' d 1 
'f '"'f1' "Ltf uX ·.- J df, 1-_ .--. ~-"-. j ·- -. = - -- ... c J... . . fui -'- C --

J ~! 2 ·; x..! a 2 1-; -t2 a l -:·· t2 tl aic h • . 

I X 

... -;-JrC I ); -;- ~ C: 

a 
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d x 

X 

I. dx J (lnx)J-__ " tJdt 
J X 

(
. xd x 1 j' d t 1 l -- ·c_, --=. --=- - arclgt · C --~ -arctgx~ - C: 

.J 1 - x' 2 l t~ 2 :2 

!f'n fn f'"''J"' 'b'i,b rft •Jrn fu "'l'ft'b,l"' 'h J' L {J "11!. w'bn pn z Jr'hwh'lf'"'l'hbp Jr 
'-.mzqJ'w'il t.ftJ''bwiJu•b J'hf:ln'I~'J.J'Jr .'l J'b~~~ I;: 1m. l~'""~ utjb '1b"IJ!hptnJ', 

b['f' tlL'h.[! Jr'hmlull"".r L'b.f! ,,,L.t IILrJrz ,fbf:Jn'fnq, t:.u,-6..ufu b'i,J! cu

urft"f1.lL'U fftbm_J' tfJrpwb/IJUI[ '-.wzlfuuf'itbpmlf 'ffttlb[ IJrtrpn/u.u/JIUbbhpft 

'"" fu Ill rft "i,fw'bc: l•'i.uthiiJIJ'm~l t.w y_n 'I'lL!" J"'-'be b 2"' ~IWIJm Lft9 UlU urJr-6.m'hiiiL 

IJ.u/111/wu !; "'Jb l'"''hft.'l• 1/mf'"'l b'b.f! J'b"it.f_! f!bmpb[ .pnfnfu.u~m'h'hbl'Jr 

mJbUfJruJr t,"'l"'l 'Jrn/'""J'Jr'buuf, nf'{! ~"l"'l''Ib9'i'br mqJ"'L Jr'hmL'll'utlf!.' 

/onuL[n•/ (!_utn f;m{t/J"''i' , f,'i,wi"IJ"lw'b J'b{t!"'l'j,/s!'/t tnunLJ''it.uuJrpnLfi/JnLbf!. 

f,J'I'''""f I; ml'i' fllubJr ''f"'f''I"'P"'bJ'mbf!, (rJL Jr'ilt"/JruJr t/tntJrnfulU/fwbft 

'P"l""J•f•'i,, u" "'""'.[! t ''""""'{'"/ L'h[t!wflbmL·,ff'IUl"'J'''j, "'f'"'Uit;IUJUIIII

I"J"''u "'l" ''""' "'l'i' "'''"J.!/' 'II"'IJ!"'-'r' 41•'h9 '1rw'h t"t 'h1.Jrr1."'u I; 'hbr

'' 111 'JI fu Jr ,fl, J J' 111 11 L~ : 

~ ,) t2umwljntull tnwlqwu liJWflnLllwlpHJ. d~ ~wll~ :pmll4g~wllh[1~ 

ll!Jmliqpw(ili.ip(! 

/• h m lui/""[(!_: 't, 111 /u ""'f /,, il.fuu •Jrn fu b'b.[! r:, 111 J UIIU ["" /' /• /.,,, b'lwJ' (!_ 1 m J 'j, 
q()) 

'hbl'~"'J"'9'bbL"1. .[!umut~muJr'hbpf• 'l"uf.upJr ~unf mmppltpm-{t!J"'b 111 /,u

J!"" 

2+b + ,- "+ b c J ax x c=a x- -;-x + -;- = 

r ( 
b )

2 
( c b~ ' J ,. ( b ) =a _ x+.- + ----.-) =a x+- ± k2 I, 

2a \ a 4a 2 2a . J 

~-~-±k": 
a 4a" 

t!Ju," ~"'.r J'Jr'hnLu 'hz.u'he qhp9qmJ' !; ~utJr.ttJu•u '"l'h pm~'Jr9, d.utfu 

,r,,Jr utt•m.ut:.wJm"'fiiJm.'he 'f{'ut~.u'h ~LJr'hft, [ilb p.u9.uuut~ut'b, "'JuJr'hJ!'h' 

ax
2+bx -[-- c bn.u'h'f"'J'Jr utpJ'utm'hbre ~tft'hh'b ~nJ'unbJ!" ~.uJ' Jrr'"~utS.: 

lJ.J""Iftunq, f1 ft'burb'fput['il (!'il'fnL'ilnLJ' f; t:.buriLJ"'l urhu.[!l!• 

•V.nJr'il Jr'hmk'l('ut[IIL J' ~uturwrb'h.[! •JrnrJrnfuw~ut'bJr fn"'utpJr'ilmJ' 

b 
x+-=t, dx=dt: 

2a 

11=+ J e~tk2 
rl-l'wb.[! "''/J"L"ut~utJJr'il Jr'h~nb'lrwt'ilbr'h b'h ( mbu 11' £. 12 1,ut'b111 -

~J..b !'I!): 

u,.,,'J,.,~ I: ~"'2·fbL 

/•'hm/;'ll'"'/1': 

(II L ~ II L 1/: 
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iltwmwpb~'l! """P"fu"'~'u'bp .j.nJuwpp~mLJ X :-2= 1, dx c~dt: Slr'l"''ll'bln<f p'hmb,lf'"'"' 

,,fJ.-£ uU<W~<nL<f b· ~'{' "''lJ"Lifw~wJp'b p'bm/r'll'"'l' 

L <. I _ I _ .f <. wpurtut.IUJUlnl __ pJnL"i,.'jl J..-n•/ 1 r[bpO'btu~Uir,IUIIIJ£- ,, t-/• pnfu wpu" ""''l"''ll'"l"~ "I'"' ~ L 

,1 m ~mul lr'he. 

1 X_: 2 
1= --=arctg---== C: 

2v 6 r 6 

II. 'l-frmmp~b'h.(! uuJkJfr J!.h'ft:."''hnLr mbu.f!p f•'hmk'lrwL 

I.=f Ax+B dx: 
· . ax 2+bx+c 

ltmmUJ 1,b'iJ.(! b'b fil"' J1'bw b'II'"'L"'JPh lpm 'hii!JP mJfr hm Jhw~,.,'b aluupn Ju nL

{J JIll. 'b . 

J
f> ~-" ~(2ax+bJ I ( B-~b) 

I -- ~x+~dx= 2a ., ' 2a dxr 
~ - -- ~ axtt ox+ c , ; ax-+bx -t c 

•l.Lr2fr'h fr'bmL'fl""ll!. 'hbp~w1 ,u9'bb'b.f! h1"J.n fr'bmb'lrwl'hhrfr 'l"ufutpft 

mbu.f!nt/.t ~IUUIItuttniiL'ft ptu'fdUIUflUtn~p}_hbf'J!. 1JIIL['U pbp/s[nt/. f/i.tm/s'f/' 111[

'iJhf'fr 'i.t z w'hfr.'J• 1/umm'i,u'b.f!. 

I=~ j~ ~a x+b dx+ (B-A b) (' dx : 
1 

2a ax 2 +bx -l c 2a J ax2 + bx +c 

{;l'~l'"l''f fr'hmb'lrwll!. IJ ft'bmb·'lr"'L'h !;, "PI!. ,f/;'b.f! ~utrn'l h'i.t.f! r:,,., z t/.bl' 

. U.nw 2./r 'i, fr'hm b 'II"" 1 ,, ,r 11m mtu rb·'b.f! 'P np n p~tu!Jut 'hfr 'P n P' ut r fr 'h"' tf 

f. (:hi x _,_ b )d x =--= j·:~!,.:....=ln l tJ+C:=ln j s x '+bx+c l + C: 
. ax~ -i · bx + c 

.f,4j,,[;,ll''ull!.: 

'tf.t•mn.lr'bl! 'bzqw~ L· 'l"' ~""~£! -

_!_ j' (2x 2)d x _ ? (' __ d_x~-
. 2 x2- - 2x-5 - J x2-2x-5 

_!_ ln)x 2 --2x-51+ 4 J ~x, 
6 

-~ 
2 ( X- )·---

I ., , I 1{ 6-(x-1)1 . ,,, - Jn jx·-2x- 51: 2 r_ ln . :-C. 
2 l 6 { 6 -~ (x-11 

f dx 

. Vax"-t- bx+c 

,ph m/"11'"' I I! ' I 'l' mnuf 'fpmw I"Jt/.mJ- alw,fm fum fJ JIlL 'b'b/; rfr "'f<jllll fil JUIIr p, 

IIIJ'l· fr'bmh'friUL/!. 1 ,,11/,tttfmJ a-11 h2_tuhp!JI phptfmtl !; 

.tnhu.pf• ""ll"'- ~~"'~"'JP'~' p'ilmlitll'"'L'i.tJ,1,J,, "I' ,fL'b.f! wl"lb'b '1P""ul,Jibl 

h'i.t.f! fr'i.url.-rll""l'bbl'fr ""/!"' lltu/J'ILJ' (mbu 13' /, 14 pwhwdk/;1'1!. ) : 

IV . 

mbu.f!f' p'i,urb·,il'"'l/! t:.ruzt/.tJIIuJ' I; t:.hmlt !"'L J./,,,pn/unLfiJJnL'h'id,l'fr o'l 'i,,

fillw'fl' , n l'n'i•.J! ;:, ,"{ m'btf wh l.'b II /Jhmrntf 'fP"'"'I"Jt/.wJ-'bL-!'f.'i•. 

l A . / Ab) 
\ 

---{:.?clx+b) + ( 8--·-
. Ax+B _ _ :!a , :Za r l . __ 

I - d X= I u X -
, t V ax"+ bx +c ~. V ax'+bx t-< 

AJ Ln- b , ( Ab ) ,. d x =- ox+ B- - - - . : 
2a Vax~ T bx+c 2a, . 1 <l X"-+· bx-j- c 



J (2ax+b)dx J dt .1- V V ax2+bx+c Vt=2 v t + C=2 ax
2 + bx+c+C: 

Gp~f'"l''l fr'burh'fp~»(b l;l J'h'b.e 'lfrurwp~bl b'b.e um 1';, "i"'l'"''ll'"'lf>fr Ill 
1/b·ullnJ' r 

Opf•~ .... ~ :r, 

f r 5x+ 3 dx= J+(2x +4)+ (3-10) 
.,Yx2+ 4x-IO , r 

r x2+ 4x + l0 

5 j' 2x + 4 
2 -{x 2 . 4x-rl0 

dx-7 j. dx 

. f<x-r-2) 2+6 

~;5r xl+4~+Hl-7ln J x +'2+ ~' (x T :2) 2 -,-tij ;-C= 

=5( x2+4x+ I0- 71n x i 2 + f x2 + 4x lUi +C• 

§ 6. trwulipnl( ~bmliq.pnui 

'1-frs"LJ? u-'b b. v-'b x-fr brl1m_ 'ffrlf>brh'bsb1fr tf.,L.-,~!Jfr-'bbr b'br 

IJ.l'f 'fh"f.J?IlLJ' t:,LUjUJ'bfr 1;, "{' UV IUf'lnLUIJf'JIM[/r 'ffrf>bpb'bsfrwlf!. t:.urzt[

'[nuf I; 

d(uv) = udv+vdu 

uv= J udv+ J v du 

J udv=uv - J" vdu. (1) 

tf.brrfr'b pru'buralrf! ~~~t.•[•nJ' I; UUiubprnl. tdimbqpuutG J•wfiwnlu 

U.J'l pm'bwaft['_ ~/·r-•uJrnJ' I; -Jl.'bf•!J t:.--6.-fu LUJ'bUf.frufr w[•urmt:.u•tm•n

{riJIIL'b'bhpfr fr'bmbqpJ'm'b 'irl[mur,fmJ'l'' "1'"~'9 ~urpbLf• I; 'bhrllu'J"'9'i,J,.l 
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tJ J, dv /,f'f[m. fW"LrfmUf.rumlLf,t.'bl.l'fr mru""'IJ'Jwlfr urhuJ)u'[, "l'Uf.bu'lfr 

v f/>u,'b!l!lf"uJfr "l'"~""'f'b euur 'brm dv 'l:l•lf>bJ,L'bsfrmt/• IL j'vdu fr'burb'l

J""Li• ;, ,, 2. '/"'-'f/! f"'b'll'/• r:.urri'mf,,{I'"'{JJm'b ,fLp_ Lf•~,L~, w'[bffr "fWI''I• 

.[!UI~I .rlld \· fr'brnLrfl""lfr m'b,ffrrmltm'b f•'bmL'Il'm . .f['_: S•JJ'ul b'b(rlmfr'bu.f;-

'ff'lll["'t/'~' ml"'""r:.mturmfdtm 'i.JL' f"Ll'uyfrnrb'b u /r dv f!U''f.fm"'mur~frt.
~.1.1,/• "'J"'I:,,fm'b l[ml""flll{tl!lll~'[~ rf;rull1_w.rf I; fu'brlfrl''irbpfr l'nJJ'w'b 

"ii"'!Jb"111 J', /r. ri'L'irJ> rf/r zmJ'J) "i'/r'irmlt'bhrf' rJrur 9111-J!J ~urw'bJ), fr'bt_"fbu 

~- 'f'" ffurrnwf'rf'"''· 

0,. /• •,,"' '' 1: ('xsitndx -- >, t:''"I"L'l.b~'l' 
.J 

l11 ,f1J- '1/'u[{'"L'f 

v= -co;x: 

;I."''''"!'"'!'' 

Jxs ln xdx=.c- .~cu ,; x ;-J cosxd X= --xcus x ~ si n x -~ - C: 

'r fr m n 'l n L {J J n L 'b: l,'uur d 'I 'lfrlf>brb'iryfrwlfr V :p,L'irl/9/r"'~' "1'"
z l•Lfru rfMr.J! ff"'f'"'J /;'i.J.J! rfhp,g'bb[ ym'bf/m!JmJ f[m.fWJUI~UI'i.J t:.wuurmmrn'i.J, 

.J!"'~'fr "I' •JbJ'f.'bwf[w~r ruf"l-.(111-'b.J!fo .fbp_ w1'b t./r ,fm'b,uf ( "['/!_ r:.L,zw I; 

IIU1111 'ff'f ( 1) III[IUIIU(,tUJUIIILfiiJw'b .f£2_ V- fo '""''""J'b'j, urb'l.ur'ff'b[lll' V+C 

"'l"'""r:,"'lrnnL{tlt'n'irl'_): '1-rur r:.w,f•u[• r:.w,,fml' I; '"J'l r:.wummuruL'b['_ r:.m

,{,1'/'l 'II"'!/' t:.w1_wuiiiJ•): 

(j',,,,J,f""' f•'i.Jur£1ff''fm'b f[w'bn'b['_ fJ/r[rwrufuuf /; z_wur 'f£Uf..J!/,f"'uf 

ll.t" ,,,, "• "''''..,"'''' 

Ill ''".P /• J.5, ur/"11"" L ~.~. ['/!' r:,lll,, UIIJ-111 r a ,, lllll..,,/l'".., IU l."'''' u.!JUI.., f/> IlL..,,,!}'"" 'j, !, [' 

"!"'!"" ~'"''i"'l ,J} .J'III'irfo fo~""'"ll'ml'bb1, t:.m z•J•JLJ' L'ir ,fmuhr'"f fr'irml•

'1/"{"'~' "'.' ~llu{tfJuiiJ'[': 

o t' !· ·,, "' 1. :.!, q,..,, ... ~·J·fn,_.r t :. ... : ·f"L j 'a rc tgxu x. ~··,,,,,_.,,,,·,,,, u oarc tgx, 

dr U x. 111 , 7_ ,1h "ti'n' ,r J n __ -·-- r .:.. -~ x: ~ 1. ,t,w1,mr , 
, I · :- X ~ ' 
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f
. j' xdx I arct gxdx =cxarctg x-- --=xarctg x---ln ll-f-x 2j+C· 

~ l+x 2 2 · 

0 l' p ~ w ~ 3: "Jw r. w~' i'fnul t r.w2-/kl r x2c' c.J X: 

" 

I xeXdx=xe"- I e"dx = xex- ex + c: 

-l,krj_~•w~w~w"'.lsu ~nL~,b~w~ l'• 

u=x:!, 

I x 2e' dx = x2e'-2(xex-e') -C= x2c-'--2xe ' i-2e'+C = e'(x2-2x+2) +-C: 

{'(x 2 +- 7x-5)cos2xc.l:<: f.''h'lnL~Ii~P-
'-' 

ll=x 2+ 7x- 5, d·;=cos?xdx. "'J'l 'l"'"umul 

~ in 2x 
du = (2x -:- 7) c.Jx, \· ~ --, 

2 

(x 3+7x-5)cos2xc.Jx~ tx 2 7x-5) -- - (2x ' 7) --dx: J
. s in 2x j' sin 2x 

2 2 

-l,lrri_f.~ p~ml.•ll'"'lP ~~wmJw,fl' 

2x -1-7 
Ul= -2-·-, 

llf.l!w"b~l' ,fwubrn-/ J.'innb'll'"ull!• l!.~'lnL~bln{ 

l OS 2x 
Vl=-~; 

f2x -;-7 2x + 7 ( cos 2x) I· cos 2x) 
. -2-sin2x dx=~ \--

2
- - ( --

2
- dx = 

(' (x2 ~- 7x-5)cos2xd x 
.; 

" ) Sill X 
=-' (2x 3 i- 14x-11 -

4
-

(2x -7)co;; 2x s in 2x 
4 + -4---'--C• 

, _ _ si n 2x 
, x- :- /X-;:>)-

2
-

co;; 2x 
(:.!x ~ 7) --- -i C: 

4 

dv -' 

lrwmwrfr~'l' ~. "'· J~""'l"'~' J.f,w-/onfunLfil 1'"- ~~.bp: lJ~•P wp~mb'll'"'I"'JP~' ip•n ~,fi_ 

..,<WJ/'wlr l'w'l.Jmll[mm~/;1,{' /, p'uJm~,//'i,-1! J' 33~-X2_,,, •/['"' : 

[ 
r -.. --, ' ' l' .t·-x- ux ----, d" a2 ('. c.J x 

- 0 f a2-x2 I x 2dx 
. r '" a2 _ _ x:! 

r ---,_. --'-l a2-x3; 

'«~Lt•PI'~' Ulf"l.fnL'ill_!/!_ rnk'IW'Jf'L-Ln'f Uf1JUif r~mi,,JL•Wfl• ,,WlfO['N{' IIUIW!JUI~ W('UJW~WJ-

<!IINI . f.l.t"'~' J(/:,J.~I ffnL"bb'bw'jl{'• 

Sb'lw-fmfubln-/ p~•mb'll'"'ll'. wj_ ~"'I'{Pr/ J.wfu /, ~"'"'"'l'hln-/ UfW('('W~W~ J.J..w•f•n

Juni{J,f'"~'~'bp, 4L·ri_~'"'~"'~'"'"lbu ~'"""'~"'~[?· 

r a2 x x r--
., {a2-x2 dx=-arcsin - · ··-l' a2-x2 + C: 
_ 2 a 2 

12= Je2's in bxdx 

f•~"'"'ll'"'l~bl'l!.' 1Jf.pwnb·ln4 ,fwubrn.f f•~mb'lr''"'~ JbfJu'll!. wnw£f.~• P~""b'lrwlf• 

"b ~Wtn 1/ w1f l', 1u mw"bw"b (.!. . 

dv=cosbxdx, 

du = aeax dx, 

1 
v= -sin b x, 

b 

4Wl 



1 
d v= s lnbxdx, v= -bcos bx. 

S ax 1 b J 1 ax a f e s n x x=-b e cos bx + b eaxcos bxdx: 

J eax b d I ax . b . a nx a2 J · cos x X=o-e sm x + - e' cos bx- - e•xcos bxdx : 
b b" b2 

•l,/;t•2Jiz. ~woju"'"'l'"'·P J"L 'bfrs 'l"''j,/;~,l' 1 1_~, 

(I-f- ::) J e•xcos bxdx oo e"x( -!;-sln bx+ :
2

cos bx} 1-c(1 -, :: )= 

npmlulfr9 

I f ax 
2 ,. e slnbxdx . 

e'x(asinbx -b cos bx ) 

a2 r· b2 
:-C: 

I§ 7. fl.wg~nUWL ~nmnrw4uhr: lflwpl{_wq.nqb nwull nlHUL !.j ntlln pwltl.ll:i(l[! 
till urmug ~hmhq.pnuif.! 

/ •'iJ t ulbu uwupl• ~wLu'i..b'i,.[! , wJb'i.,/,{,'iJ 1;1 " Z , 11[£51 1J'J1 ""'' f'{'wf/ 111 'iJ 

/f> ,, 'i..lf9ftw IlL""" Ul Ill r l"ullw'i.. /f> nL 'i..~yft UJ~Ib !""' UJ rm UJ t:. UJ iw'fu•t I· ~llllh ,,_ 

l""l ' 'l-t"11 .',t:.wJUJr l;l zww /Ju•rL..n1, I; u,•w'i,a'IJ,9 t.1 /f>m 'i.Ji9 /,.,'i,l.f'f' 

UJ['i..Ufftup 'fUJII/,-(1J nf,n'i.,y ,,'iJ,/;'ff'Uif'j,/,f'f!. UI['UIIII t:, UIJUlljlll ,j /;';_, tr.Uif' fllli 

~UJ'iJ q,,t'i..~sft•u'i,/;1""'' U.t'f 'f"'uLr'{' ,'l 0 ! "'r 'LUJ 'l'" (i1 /!. '"" .'Jprr'i..wl /f>m.'i.JI 
yftm'i..bpft 'fWII'i.. /; : 

U,,fh'i.. Jp n.UJyf•n'i..UJf :p,, 'i.,/l9f•UI llml'l'IP I; 'i..h/'lt"'l"'.'J'i.. Lt '"".'J/'" 'i"" l 

~rtlllltf'Ullt ft urbu.[!'"'' IUJup'i...[!'iJ ' L·r~"'- l'"''l'f"''i..'I,J'iJhrJ· r:, ,,['"'i ''· t" " -
[cl J u1 'i.. w b u ,pn 1_. 

{) ( x ) 

1 (x) 
F3oxu'+ Blx '"- l+·. -+ Bm 
A0x11+A 1X

0
-

1 i- ... +- A0 

!!umt:..fw'i..UJ•I.UJJ.f,ln'/ nUJmn'lmr.l 111,""l,
1

,J.. <: J:. 'j 1.-1 o:; l c L~ "1." "1. r fY > UU (' f!.U'fo1111f'llltUJIILUf!. 1 oii[CTUI-
410 

'ff!.f'hflll. /;'iJ.J!_J II{' UIJ'l pUJt['{UJ'iJ'fiUJ'iJbf'f!. f!.'iJ'ft:.UI'illu {' UJ{'JUJUJ'iohr }_m'iJh'iJ: 

l:[Jb t:.mJUJrrtr 1UUUip-6.ut'i1f!. 9UJ,)f' I; t:.mJUIUI['III['/1 IUUUlfi-6.UJ'iJfo,'JI 

"'"fill IJn'no'l""'/l!. IJnl_l/u,f I; qwlinliwtlnp, !:,,.,JJUJIIm/1 '1/;"/.[!'ILJ ftnurn

l"u/11!. IJn }_'f,J I; lll(illtuGn!i; 

l ;fJh ljumnpUJ~'iJ ,u'idj•v'iJn'iJ 1;, UJ"fm t, UJ,fu,/'P l. l!. pmdm'iJ/,l'"/ t:,"'J

u•wt' "' !' /' •IJ•m ( pUJtl'f"''i"IUJ'f'i..brft pu•d UJ'iJJIU'iJ ~UJ'i..n'i..u•f), ~UJrbtft I; 

mr•Jutd ,, ,Uin,.wJ,f!. ""'' t''l"'iUJY""''L PUJ'I'fUJ'iJijUJIJ'ft ,, nr!.l; ltw'i..n'ilw1_nt• 

''"""'ru"'" 'l ' " .!wrft urbu.IJ-"''· 

u/i,JJ,~'n"it u w9f'tt~ tuL ltn utnf'W~f!: : 

{iw J w~. L- 1"1 l' u:Jwpfr';[' r. w .l" ·"'l'"' l'f' oJrw { J ' "'~'''"~' 'l"''/~,/. pf• pwJw 'l..fw~• ~w
~~~~~ n•J ) 1 ~lllnW~iiW~I{~ 

·J!UJ'i,p n/' pmttJw'i..'JUJJ'i..brf' f•'i..mL'l/'mJl!.~J 'Jd'f"'t""fciJ"' 'i.,'i.,/, p . t/• 

'i.,/; r't'" JIU s'i..m. J J UJ UfUJ rr UI.'Jr n'iiUJ l ,, n UJII {'UJI,'i..L l'l!. I· 'i..wL '1 rL LP u: t:.p,f'im·l,w'iJ 

'fd•fwl''" {J l'n'i..l!. ~wlw'i..rruf t· ltUJ'i..n'i..•Ul/nr : ·"wsftn'i..•uL llnurnl'w~'i../,l'ft 
fo'i..wh'l/',j UJ'i.. ,Jbl_t 

J U UJ t:, tfl UJ 'iJ n L J, L JI, Ill /, IV Ul~UJ.Jl lllUJ pqnHjlllJG ~nulllf'UII;-

'iJbl' h'i.. f1n t_1_m ,J t:,/, wftJUJ l mb "J!P llUJ9P"'i..w l ftnw n ['UJ~'i.,/; ['£!.• 

j . 
A --, 

x- a 

A 
Jl. ----

]][ . 

( x - a)k 

Ax+B 
x"' + px+q 
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Ax+B 
JV. ., , (k-h unlf"''l2. 'fl""ffwh {rJ/11/ /;, "['/!. ?- ~. r..wJ-

(x•+px+q) '' 
wwrwrJt wr.fuu.nhht'l!. ,,,.r .. flb.[!_u h'i·): 

~burw'fw[nLJ' ~WUfW9fll9'/fr ( udiU § B), "[' w.fhh .fJt nw,9f•nhw[ 

't""'"rwll ~w1rbLf, I; hhrl!'"l"'9hhl "l"'l''l"''f'ILt'i• ~nurnpw!1hhpfr '1"'-.r"'rfr 

wbu.[!_n'[: U.n "lwurb.umn'[ ,lbh.[!_ ull'lPJt9 'IJturwp~hh.[!_ "i'"l''lw'l"' t'ir 

,,,urn rwl,hh r" Jthurh lfl'"'lhb {'/!.' 

I, II "- III urfr"lfr UfW[''lwlf"LJh l["rn"l'"'lthbrJt J.hurhq-pm.ff!. ,f[,,J 

'lrf,Jw[•IIL{rlJnLhhb[' 1_/t hhp~wl'"9hmJ', WJ'f UfWUibwnn'[ J'hh.[!_ h;•mh,'f 

p'illnU'ff'"'·'ff!. fJ'fW1nUI(I£h.p. wnwh9 "('/,/; ff'"'9'1L9/t 1_ UfW{''f"'pwhullfhb[''' ' 

I. J~ctx=Alnlx-a!+ C: 
x-a 

U.'[blfr pwr'f r..w2'[11LJ'"bhr I; "l"'r.."'"b2.m.r IV urfr"l/t UfWf''l""l'"t'i' 

,,IIUJII(IW~hhfrfr frhwf''ff111.ff!.t '1-Jtym .[!_ J'bq mr'[wJ I; "'l'f urfr"fJt f/b 

u,/i'lf'WL• 

dx= 

=AJ :2x+r dx+ (n - Ap) r dx : 
2 (x ' -r- px+qJ" 2 v (x2+px+q)" 

ll.ILiu r_ph Jthurhq-r"'ll!. ""''9""'.r I; x2+rx+q= t. (2x+ r)d x=dt urh~ 

'L "''fl"l"' ,J'p 1 

f -·---2x:+p - ·- dx= J~= {'t - ~<dt= t - k+ l +C= 
. ( x~+rx - 1- q) '' tk . 1- k 

p 
x+-· =L dx=clL 

2 

2 
f) 0 q--=ll\-
4 

f fldt 

. (t~~- m'' ) k 

= - td . I f ( 1 ) 
2(k-1). W+m2

)"-
1 

• 



lf.t" "'{'mw/)wJurm{tfJuL'h£! urb'l""ll'bfnlj (1) /)w•fwuwrm f1Ju''b J'b l , ft£!" 

urw'bau'b,e . 

U. 2_ J'wum J' "i"'r"''i-"'~1111 J' t" <;., t'h urf."tf. J.'bmb'll'"'l• f.'bt Ik- 'b I; 

f ' "'t9 /, 'b {tlau" 'b Ln "'1 r "'L Ul! I• 'b l/> nt 'b ,, y{ "'!P ""' t ur "'{'"' ,.,, "'ll ur f.-6.w 'b "'.'1 IlL t 9 £! 

Jh/1 J'f,w'fnrn1 .'l"'c}1' I; ( k-1 )· f..'!• "'l""tP""" J'L'b,e Ik-'b IU[•mw/)w!

urbgfr'h,e 1,_ 1• n•J: 

(;"'(''IL'j.Uiff/;fn1f 'f<j. '"f 'j.,LJ<j. -6.w'bu•uf"'{' l) nq, ~ ~l)w,"j,b<j..[!.,.. !)bur/, J"'f 

r.wtm'hp fr'bmb'li'"'LP'h• 

11- = -arctg - -1 C. -j dt 1 t 1 • 

F+ m2 m m 

t-p /, ffi· /• 1mfuwrh'h wJ'/,<j.,IL['b.[! mb'l"''/{'b[nq 'bf'm'hg':fwrcff,.j!'j./,-{'l! • 

,,,urw'bw'b,e IV f.'burh'lt"'tl' wrurw/)wturmfltm'h£! X·/• J'p p_ngnt/ ,, A. 13 · 

P• q mJ•qwJ frl•[LJ'{!' 

o L' I• 'lr "' ,, 2: 

: 1 I 

\

, -2 (2x+2) . (- 1-1) 

dx= 
(x 2 - 2x + 3) 2 

f_ j 

I 

2 (x~ - ;- 2x -; 3) 

·• dx 
2 J . . (x2+ 2x -+-3)3 • 

r· dx r d x j' dt I J (t J.:_:i ) - t2 

)( x2 4- 2x t 3) 2 J [( x-l- - lt 2 • 2J2 = W c- 2 ) ~ "" 2 (t 2 . .L 2 ) ~ dl = 

~ , -~- J t J :t 2- ~ J (1 ~:2)2 d l = + f ~ Mc l g .r':r-+ J 11:2-td ~ )2 
·i 14 

I I 
--:-- arc t g -;c----=-
2v :2 -y 'L 

{ 't_wJwJ'uftur'b .;uruUTurUTnL'b~. WUWJJ ,f ~ L l! •fpntJ . m/b f. m 2-/Jr ~urn'b£'bp olfour;'l. 

ofL·r fkw't_ur'lr '"P'IJ"L 'br.nul}: 

~ bmkwpwp 1 

r dx ' 
~~ ( x2 -: 2x -• 3)2 

I X . I I r X ,_ I I X , __ I J 
= .r- arct g -=- - -

3
) i ,,.1 .. 2 

arctg .r '
2 

:. 
2y 2 v'2 2 2(xL 2x ' " Y r 

---~dx - -- !_ ___ a rcl g r - i C: J
. x- 1 x- 2 -T x --' 1 

( x ~ '- Lx t· 312 2(x~ -· !x ; 3) 4 · l' 2 · 

8111 [,'J LIIUI<j..j!r mt'hrrLI)bmflr nr unl li'b J'p fttu'bn'bw1Jnf1 llutyfrn"iuur 

J1nurnrwi1 ~wrhLf. I; ,Jbrw.th1 "t'"l''l""t'n t'h /l""'"l'"''t'bf,/'1' '1"''/wpf.: 

'1-f.g•n.e J'bq urraf.wJ I; 

F(x ) 

f( X) 

1/m'bn'bw'fnl' nwyfrn'illuf ~nurnpw~£!1 

{;'b[tfw'l·f'/'<j..j!J nr 'hrw 1f!i't_ br/wJ f'1U'fdW'b'fwJ''i.bpft 'f"{'JUI-

//f.s'hhpf! Pf•LU~w'h F'·l"r b'b It nr Ul(lqLUJ ,,i1LIIIIr1Ut,'h w'biJr -6.•umbLf. I; 

( af.bt'lP'bu 'b zw'bw~m. J' 1;, "{' /)wJ'wrft t £! [, l)w!m"'l'"'l'f! t •nhlih f!h'f/)w

hnLp LU rJ' wurhh(' ) : 

fiJ' b n {' b J' 1: 'l-l1911LF X= 3 ptuJJ! fiwfi!J-iluw!inuf }; fltujUitupmpl1 

wptfwm' k pmq_tl' tuliLtuUip.qnl.pJ ; ~Jlf (l • UIJUl~fi~[i f(x)=( x-a)' t1( x), 11(1-

. P( x ) 
muq f.,(a)=f=O (m bu § (j, qL. VII). UI J'}- 'l bnwnLtf uqujm o - .-)- lt mfi n

t( x 
liw~np lpJmnrmql! lpupbL11 h G.bpqwjwgGbt bp!Jn•. nq1r 2 q a1linlim-

1lnr qnmnpwl1 fi bp~ qn ufwp!1 mbuP-n tl fi bmhJWt IJ bpuL· 

(1) 
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npmLlJ. A-f. (j_(lnJP9 mu'PI'bp fimumu:mndi },, JndJ F 1(x)-r' pmqt.fwli
q.ull.f };, npj1 wumjdhu f.~:~: gm3p }, (x - a)k-1[1\x) h WJIDlll(llU(lll tuumJl

uwGhJ= 
fl. "I Ul !I n I. I y: <J.rl·'b.[! 

!:( x)--- Af
1
(x) 

- - - + -----'-'--
f( x ) ( x-a )1

' ( x-a )kf 1(x) 

P( x ) A 
(2 ) 

'bmJ'itmf'tm'Lc ( nr'b rr""'UI!Jr I; yu.~'b~UJyUJJ- /J. -r '1/;Uf.[!."LI' ) IL A t:.mu

UJUJinlll'b[! "I'" ; L'bJ! u.~J'b"ILu , "l'"l"" 'l r F(x)-Af1(x) P'"'l'fu.~Cj,1 u.~,fc 

puulw'b•J/• (x-a )-/r <fru.~: '"r"' t:. u.~.r.,,,, C!""' f.b'l"'r fdbnrhJJ. ~~~~~t:.rw 

J h;m I; I, pu"l"'f'"'f'• "f'Ufbuqf• mb'lr m'bL'bu.~ 

I:.' ( a) -- Af 1(a)=0 

t:.m "Ill II"' f'"' f1 JilL 'i.e : ·f. m'i.J. n I' i 1 (a) 4=0, F (a) =;1~0' IU "flU A-~. .r ,,, {'

d "./!"{'""' "1'"2''"''f t-

nrmb'l Fl(x)-c P"''l""''b'J'"" 1;, "''" UtUUirii."''i.l! g w.>r I; ( x - a)k- l fl --(x) P"''l'fu.~'i.1 ,Jfr ""JII•I•f.,.,'i.r.'l ' (2) fl"''i."'J.hJ. ''"'""f'UJ~[! /ll'ii."'mblnt/_ 

(X --· a )-n•/· uurUJ'buul /,~' .[! (1) "UJ''"'""'f'"'-PJ"'-"'£!' 

:. " m /1 Ill 'iJ .p: (1) f:. tui{LUIIUI('IIL{ifJIU'b tfli'f lfLUu'i.w~yn'l_ 

.ftw'i.ri'i."'<f.nr• ""'Yfrn'i. ml !1nmnrm~f· 'i.~"''"""'1fp ~"'rhLr I; ~rf•u.~nhl ""' 

Jm'bJu.~.'i. '1"''""'!"' fillm 'i.'i.hr: U.lu"/runtj_, b!Jb r.."'Jmu.~rwr'i. 1n'i.p k 

pwczJ"'u;wmf.t1m .. fJJwJp x= a "'f''f,, , u1Uf"' ll"'f'hlr I; qrhl . 

F( x ) _ A + A1 + .. +Ak-=~+Fk(xJ, 
f(~-(x- a)k ( x - a) k- 1 x -a f1(x) 

Fdx ) 
·" f''"h'l - --e l1w'bn'b,,f,f' w'i.llrii.u.~wL· tf• ~'"""{'"'~ 1;: ),,,.,~ Cj,[/wm -

11( X) 

J'mJp .,,, J'b"'bu ''"'l'blr I; ~rrwnhl t:.M,y "'"r "'Uf"'!J'IL!J"'J- f1b"r''"'£!• 

f'.[iJh f 1 ( x) ~ /! m'bft lllr/• z /t('UI~LU'j, IU('Irllllll'b/i [' l 
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fl.l~~"' "'""" ,t.f,uw1,11f.t.f.? " "'t"'"'l""t'l• f1 ,,r,,1 ~;J!" .,1,f,ur'i.Lrf• 

lfh"IJ!f'.' :.f• z '· .'J~I/, 'i, J!, "I' l•f' u.~llu.~'b 't"f1J-wltf•y'bl.,,,, l'u.~'l.l"''b'1""'1• r,,,J'Uf -

1/,.p, ,1.,r,,,~,/,1,,! J'f• ; m 'l"'-!'l "'" 'lml'l t:. mJ'wrm.J- L'i. ( mbu 'll"'-/" 

VIL ~ 8) : 
f:,,1Jw'b'fw•l'f,' Pl""llu.~~• mrmw'l-r•/• t~•/;rft •Jb/'l"uhu filtw'i. 1fh2 

1.,, ,, ,r, t ,,,,r /• 11" J' Uf 1 r, J!, UJ 1 .. r """ ~.[; r•r 1 IlL r "'.J!UI., t 1, _ r ,, IlL 1 •If• 'it ;:, , .r ,.,_ 

"/"""'""'""'"'"'" I; x2+ px f- q mhu.J.!r wrmm t:.m!'""'filtm'b / l· ,~ h[dl; 
flntJ'IIflf•.f!U IU('dlllm'i.br'iJ tn'i./i'iJ !L f1U1'llr111UfU1UI"''"'1"t"'"' l 111Uf111 ~I['UI'iJ f/ 

t:, ,,J',"'I"'m u.~ u f,m'i.m J' I; (X~+ p :'\ +q )>'- "'r•mw t:.m! mm{d J m.'i.[!: 

-+ fil· /,,,,,.r 2: bph t (x )= (x: +p x+q) '' cp 1( x ). npmh'l cp ( x ) f!lu rL

d ' u : liq.u~tJ1~ i ll J•wdmlit[nuJ' ( K~+ px+q)-jl tJ p111 . mu1m ~~(:)) lpulinu lll 

tJn p nwg!ul UW[ ltnwnpmlt~ lpuJlhLIJ I. GbplJlUJUifJliLt ll'-JlP 2 hplpn. lltu

!inliull]np lpnunpu:lj!Jhpll qnt J'lllpJ• mhul!ntl li bmiLJUil llbPttl· 

r-::r x) 

\(X ) 
;\ \ x + :-\ + (P 1( x ) 

( x•+r x+ql"· 1 x'+ r x+q )'J. - ' tp 1( x) 
(3) 

ll(llllLij <j) 1 ( X )-t~ J•lliC[ UtUfi!J.llllf J; , np]1 tlllllllJdiwliJ~ gttt<)p k ( X: :- px+ 
,_ q ) •-1 CP 1( X) J'lliC[ t.flllliq.rut.f!J u1u mJ1 limli !1 ~~ : 

r 1. ,1 , 9 , ,_ t .'1' '1·1, bt 4• 

'· (xL= F(x) 
I ( X ) ( X c_~ p X -t- q )'J. cp 1 ( X ) 

l :( x ) - ( \\ x+N)cp 1( x ) 
T ----- ------

(x ~ -;- p x+q )~' 9 l x ) 
(4) 

'bml'b,,fdt"'- 'b/!_1 "f'"' rrmt/_w.'fft t- !I"'"''IIII.'JIIIJ 1\-\-f• {, N-fr '1/;Uf.[!"Lif, II "1'"
z-'·~·.[! ;\ \ -e!. f\-c "'!t"lhu , "I'Ufh"'lr F( x )-( Mx+N )tp 1(x) P""LI'"'"''f""rl! 

l ' wJtu'bl{/1 (x 2 -t pxtq)-/t "'""' .,.,,, r:.wlr,, w'i. t:.rwdhzm I; It flUJt{m

f""f' • "I'UfL"'l/• 

"""'"'""If""-""' ,,_~,L~"" t, 1'i. 1. :i.~ i~ "'l"''""'tl.1,c f•'i.tl! "I' x2 + px + q 
I'"' 'l J' , 'b'1"' J [!t :.,1; ,,t, "'p,., I' 
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F(:z+i~) 

'f',(a. + i~) 
r'·tJr t- 'frLL K+iL ml•u.f'-'"1· , 1,,1,1 1{-h Lt L-1.' f'r"''t"'~' frl•fbl' L~ •. 

U.l""'P""''' 

M7. , :--; .-.:. !\ . 

L 
!-."\ ==-, 

" K~-L'J. 
. ' 

~ 

M {, N 'l"I'J "'~P!J~' L ,,,, WJ'l UI !'" /;J' 'j,!J rr '1/, "/.['Ill J' F (X)- ( M X+ 
+ 1\ )'f l (X) PUJ 'lJmhiJ UJ.r ,, :,.,.r UI r J:+ i p {J" </h Ill l',r,,, J;, t.b utU UI -

f'UI['' mr.!mw I; bUJ{, h['UJh r..m.rlllfni,} 'J. - - j~ {Jp</['1 f/mJ,'J '"!'1 'fb"f

.f'_lll.r pUit['fmh'lmJh mnmhy J'i/IJI !I" l''il' pmJmh</n,f I; x--- (:z + i~) L 

X ·- (Cl-i~) lnUif'Pf'f'nt.{rJJIIL'jl'jl/;[' " tff'w 1 {,_ f.,fanflluptuf' bf'mhy mrurm 

'1/'JW[pJ UIJuph.f'-h\ (x'+p x -t q)-r 1rm: u•J'f pmJUJhJ'mb .jiUJh11r7f: 

h{'_WhUJ~/i[nl/ ¢ 1( X) - ntJ, ~IIUIUibUJb.j>• 

F( x)- ( Mx+ N )op1( x )= ( x~+ px+q )¢1( x ): 

(4) t.m1_muUJrmfrltwh •L"rtr'h ~nmnrmltf! t1r-6.mu,bL"1 (x~+px+q)-n•/ , 
ftuLnmhUJh.f! (:J) r..w,fw'""l'"'· fi't"'h[~· f!h'f "l'"'J ."1"'/''l L "/' cD 1( X) -/> 

muutpfi.mh[' 'P"J'f' I; r..UJ!UJ"'f'IU[t/1 tlllltnfr6.m'bfry, Jth 1~ "/' ''l"' ;."'h l q"uJ' 

/;r ""lfwymyL1, 

a/u..
1
J.r F(x) !

1
LU';Jn'butrJnr t1 ,,,, 1,,~,, '/,~mwJLUJp fi/,rwnbt'"l {Jf,,.. 

I( X) 

rbJ .1-Jr L. [ilhnrL,r 'Z-jt mr'l!"Lh.f'-h[,['f! • JLh.f'- ltmr"'l L'h.e '>UIY"l''l"' 

P"'l' m'bzwwfi[ P"l"l' mt'i' "i"'f'l"''fiiLJh ftnmn[""'lhiJ['/.' • "l"'h.f'- >.UJJ.u:

"i"'urUJu/uUJhtiLJ /;';, f( X) r..mzullllf'l" rl' pn l n r Ill I'.r w urhli rfrh: lJ.l" "'P ,,,;. 

hw/Hnf''}P!J pfunuf I; i:,l,.,bJml w/' 'f!"'b.f['· 

tuupu 

·1l fl 

bpb 

f(xl = (x-a)"(x- bF .. . (x'+p x+q):' .. . (x'+lx+sj, 

F ( xL lpnn n p ru lt {l lpu pl,t!1 }; lib p 4111 Jw g li bt fi brnh Jm t 
t( x) 

i·(x) A 
--=-~---- · 

\(x) (x a) 

\2 .. 2 A 

(X ] )3 

• B~ -- 1 -
X b ' 

A, 
i X I)' 

\ 

ltumnt'wft.L!.. 

A 2 i) .-- _c.. --, 
x l x- 2 

41 9 



~"'"'" -

( iii 

. .• ? x- ,· - (A~ · B)xJ (.\, .3 B)x~ 

: (A-- A 1-3A 2 i 3B)x -i- I ----2 A~2A ,-2A, , B): 

~unfwuwrL-. .,~.L-£"•1 xJ, x 2
, x1

, x"- /• ("''l"'"' '"~"I'"'') 'I"P'*"'~rs'bb·r~· 'l"rJw 

't/•.'J'iJb1,J, npn z_,lw'j, fl~n,ftnp llumu,'j,w'i,.p t.br.nltJUJl ~unfutuUIP"'-'/"i,L· rJ' uf!ullf:&,/1!.· 

0=A~ + B. 
1:.-, A, ·'.- lB, 

0 -- A- A1--3A 3+ 3B, 

2 -, -2A-'LA 1-2A 2 -~ B: 

-B 2i9: 

'''"L"' LP l;p •'f 1'"'~•1• 'l"r.lw~fg'l.L,. r.wzrfLt .,,., '"'""'""'t""'J~.brf•tJ• "r"~'l ' 
uwwgif.•nJ /;'}, X-p ~·~wonJwJI' hnLJh"'-fJJnLh r.w'l.'IP""'fl"'l (6) '"''''"""'P'"- {<1 J"' -

'bf•rJ' x-p Jf. ""'"'" J'"''~'"'''"r wrJbr~·brf 'lb"ll'"L<'' 
U.J""l/;., , f!.~"I"L'l.btnif. x -1, ft""'"'~'"'~'l' 3= - 3A t,..,,r 

l;f1L· UlJII iJpft_nt_ l, u,/_uiiiUJ['n Lif~£·pf'J, ,/frtnfl~/;'j,{' /,, h-pftn L ~uufu1111Uf"'-'rr,fif'' nr".,'/) 

uwu•y<[n <J b~, X- /• JpL.~w<. ,/'1. wumf&w'l.'l.bpf• 'l"r,)wflf!lhbpf• .:,m<[wuwpt!J" u !fo:t , 

"'"lw ~,ur,'J,w1'l! :_ npu f.u.,[u.~uUif'"'- 'ri.,L-r' '1. "1'11 w~l:,mJm 'l"ri-w~fr.7'blrrf' "P" t 'lu~·i, 

r.w,fwp• Ur'IJ" L~' I'"LJ ~nwm'l.ur'bl' r,/;.,{,J"'f <[bp[nL,}n• .PJ"'·"'r · 

:! 2 

(x -~- 1) 3 (x-- 2) 
---+ 
9(x -1) 9(x --2) 

4!W 

f.'bur/,,/f""ff!l U{JL """"'l ~niiifi[IUJ~'b w 'b~ 111 'b n 'b 1;, "'Uf"' Jb'b.[) w(i
1 

'bl.l'!i"'.(l.ll[l'bnuf I. 'b.[! M(x) P"''l""''b'lwtlfr L.. F(x) '· Ul 'b n 'b Ul •I n r nw-
f( X) '1 

~";~:"/ ll"""'P'"~" •[nLdwt•f. mbu.[!nt/_ { IIIbu § 7 ): tJ.bnfr'bu l;l /!""' 
§ I (ii) pw'bwJ.L..f. 'bbrftw!tu9'bb'b.[! Uf IU r '[IU 't n (_! 'b ftnmnrw~'bhrf. 
'fm.rf"'f•/• urbu.[!n'f: 

§ 8-ft "'P'l!"''b.f!'bl,l'fr9 t.l.·urfunJ 1;, nr Uf w r 'l w 'In._ J 'b ~nurn-
pm~'bbf'f. urbu.[!f! nrnz'{nLd I; f( X) f.wJUIWrwr{r "'r""'ur'bbrn•/t U.Ju-
ml, ··r L 

'[ "> ltutf1U11nr u'i.J f.b·urflJIUf 'fb"f.[!bp(!t 

I 'I h Uf /)' Z.mJtlllU(Hupl• wptl'tumtibpe f•pmlpufi bfi L. mwp11bp, 
w Juft~•.p'b' 

F(x) =~+-8-+ ... +_Q_ , 
f( x) x- a x-b x-d 

r F(x) dx= s~dx+ j-8
-ctx+ ... +f___Q_dx= 

. f(x) x-a x-b x - d 

=Ainlx-aj +-Bin/x-bi+ ... + Din jx-dj+ C: 

II '/ b Uf .[!' 1,wjmtupwpl• wptfmmfibpG. !1pw~wG bG , {!UIJ- npnt.tf 

Gpudigh tf~ J!wGj1uE ptuquunqmmldl bfi. 

f( x)=(x- a) "(x- b ) ~ ... (x- d) F. : 

l F(x) 
/.!" 'lb"f.J!'ILJ' f(x) ~nur,rw~l! qbpwtf•/rnJ I; I !.. II mf•"ffr Ufwp-

'l"''i'" t'i. lt""'nrwlt'bhpfrt 

()I' I·~. Ul ~ 1: (Opp'l.w~e onbu X 'llfur § 8-nLJ). 

~ J x~~l _:_ 

' 2 r· dx 1 - ·· - - ----' 'I ='·' -
• u ), -- 2 2 

2 2 
ln(x :- 1/ -1' - -lnl'-?1' -: C· 9 . 9 ' - ' . 

2x-l 2 ~x-21 
fi(x+J) 2 +g-In~ r C: 
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III 'fb"i.f!' .!.mJuHnJ•wpl• wptfwwGhpr 1..l'bj! ltwli ~ntfuub~u 

2 4 pli fitl ntt Gbp ( \11 Jllllli~G \ UHU PP bp ). 

f(x l = (x'+px+q) ... ( x2+tx+s)( x-a)" ... (x-d );;: 

F(x) 
fl.1u '1-b"f.J!"u! - - -- lt"utnpUJftf! t.Jbpmd</_nuf I; L II /, III utp"fp 

f(x) 
"fUJf'lW'lnt Jh 1/nurnpwfi•£['P' 

( x_·d_x __ 

J (x2 : 1)(x-1) 

j.'lw•b'l.P"'LI!' b'i.£1wf<'i..,b7l'"'l"'Jf•'i. ll""'"l'"''Ll!. of.brw~b~1 1! "l"'l"l"''l"' · J~''t'/1 ['/• (UJiru 

'II• X,§ 8 (5)) 

X c 
., ' -~~- --: 

x- ·-1 x-1 

x =· (Ax ! BJ(X- 1) , C(xz : 1): 

~ 111 f.wuwpbq'i.b l"'[ x2_.,L 'f· "l'~wH•s'i.ltpf!., ~umw'i.w~'l? O o·-c A -f-C, "L'UJb IJhJ A ,-~ 

1 
=,--, lJ.IuuJ/wnq, 

2 

I xdx +J 
x-1 

_]__ J~= 
lX 2 :-1)(x 1) x2 + 1 

dx !-
2 x- J 

.J 

=--1 J xdx 1 (' dx :+ J xdxl = 
2 X 2 -!- 1 +2J x2 + 1 

1 1 1 
-='-4 1nlx2 + 1! + 2arctg x- -21njx- l! + c-

IV '1 h "I.[!' t. m J mw 111u t•l• w ptl'tu mli bp !1 1.fl;2_ lpnG 4 n •fnn h filL I'm q_

um Ulllitn ~ lJfibJl• 

f( x)=(x~+px+q):L ... ( x'+lx+s)''( x-a )a .. . ( x- d) '~ : 

F(x) ·1; 
u.!u 'lb":J!"L.r ~ L[nmnrwftp •[brL"LJm{rltm'bc "fUI[IUI. ~IIUIJm J 

1t. IV UJPJJfP "f"'l''lw'l"'·Jh ltumnpmft'ilhl' : 
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x4 , 4x3+ llx~ : 12x+8 

(x~+2x '3)~(x •-1) 

x•: 4x3+ llxJ ., 12x c 8 

Ax -i B Cx D E 
._: -L -1 ---, 

(x~ t -2x '3f ' (X 3 '- 2x ; 3) ' x-! 1 

' c( t\ X T B)( X...,. 1) + ( Cx -i- D)(x 2 ~- 2~+3)( x-;- 1 )+ E(xl -t LX -i-J)l. 

A L B= -L f) .o, 

lJ.JIIUJ/tUniJJ UUJW~nl_J IJ"it{!• 

r x• +- 4x3 t 1l x2+12x :·8 j' x- 1 ·' dx J (x2 • 2x :- :.P(x '- 1) dx = (x 2+2x + J)Z dx+) x+1 .,... _ 

x '-
2 _fi arctg-,; .!-

1 
+Inlx : 11 +C: 

2(x~ ; 2x -+ 3) 4 y 2 

U. ~ 'ln'IJf< umw£/<'i. f<'i..,b'il'"'ll!. 'lf<UJwpftof.bl t X 'Ill-/< § 7-f< opfo'i.wll 2-nLJ, l;rif

l'"l''/ f•'i.uoh'fl'"'ll!. •[hr9of.n<.J t w'Iulfotu"'l.bu, 

U..!pnt/l 2. "'f"''ff<{U1J[I9 t;.bmbnuf t, nr 9UihftLUsUIJ ruugpnhLU£ 

lpnLhftgfiUIJ!t phurb'ffUIJf! JfU1fTI'f ~- U1fLrtUif,UIJLn'{b[ UlU1ffU1ftU1h lpnL'iJft-

9PIII'ftbrf• .!pynsn•[ <[bpp_UI•[nr ur/;u.en1_, U1Jh 1;. 

1) l"'fUirfo[rl.r'bb1,p .!folnsn{ I mp"fp "i"'f'lm'fnLJ'il ftnUJnrLUft'bbl'f' 

'I /; "I .['J ll . .r' 

2) nUJgfm'bUJL lpnL'bftsfoUI'bl;r{• .!folnsn1_' II UJP"fP "f•ur'lw'fnLJb 

ftnUJn fUI~hhpfr '1-b"f.[!m . .!, 

3) ln'fmrf•{J.r'b/;rfo iL "'rftu.UJ'b'fb'bu'bbpfr .!folnsn1_' III UJP"ff• 

"fill f '[111'fU1. Jh ftn Inn fUI~hL fP .'fb"f.f!rtLd! 

4) nwspnbUI£ :P•nhf[!JpUI'bbpp iL UlrftmUI'b'fb'b,'bbrfo .!foln.'ln'f' IV 
U1pui/t "fu'l''lUI'lntJ'b ftumnrUJ~'b/;rfo '1-b"f.J!m.r, 

fit UJ,[/;'b .!p pnmgfm'bwl lpnL'bft,'JPUIJf' pbUJb'fr'ul 1;, "I' "'l'mw

t;,,.J<n<{nLd I; u"urrUiftUI'il lprn'b~sfo.n'bhrfo .rp2, 9 n<[r ll.J" L. ;.LU 2n1•'f U{w-

4~ :3 



f'"''l{'"'f/>ithr,,f 'lf"nwl'~hl"'- hit.e "'Jh frnwypnhrul tf>mitft.'J/""~'I'l'l! 
II rnits phurb'll'"' lh "N! mhrz U1'ff111Lf' JilL iti..L {'P O'fhnt p l""lf' pL /"{"' ,f hit 

rrmypnh~nl {[>uth~ypwhhpp phmlull""litbrf• /,, t.brnl""f'UI['• rffoit.'f, rfl'l' 2 

p 'h m b '11"1"' ,r /,it: 

n s 

ur L 'l"''ffln' p J'IL i.e: 
U.Ju 'lhUf.['"Lif X-p J"L('W.['UI'ii }_JIIL{' ~11m 11 /'"'" ur J /• h ,,,,,-(.,<;, 

IUfllllUJt,tnJlllqm.rf I; t-p w ,[ p 11 'l2 wump-6.urhnq /r , f, /,,J.,uptn[' • /,itfrJ~n

phurh'll'"'l"'JPh t/>uth~ypmh af,tnr/1111111/m . .r I; t -p n UJ !1" n hUll :p II l <;, ~
,, UJ J pI 

0 I' f 1r w ~ 1 , "'w,w1•£4rt u ! I; r. w zqlil .; £,/,Jml f1unh'f('"'Ll!.' 

1 :~ 
/, n L ,)- u L J : 

2 
4 ~nu.npwll'blrpf l!.'b'lt;"'1'"'1' '"'J"'"'l'"'l'l~ cl -- ~• !, , ri!II UI {I 

'""'"'l'b'be x= t•, dx= 4t3d t ,b,l"''ll''np J"' -1'1'' U.J'I ''"''li'"LI' 

Il l 

R(x, { ax,+bx+c) , R(s!n x, cos x) " "'JL mbuef 'll'"'"'u"urr,lrrl~ ' 1J.; u

u11.u, opfo'bwft, R(sln.x, cos x) 'll'"'"'unLJ['_ IJ"LJ8 I; , ... Lfu, "I' s!nx-f IL c•Js:<-[• 
'b ftwmJurJp fturmurpqn t J lr'b Jfwl'b n.urufn1rurl 'l"l' .. "'l"Lp J"t'b'bl.pr 

424 

rr. 1/.JJ,[ '1/rmtn/'~hh.[' 

IT! -r F( I X . ( ax+b )n 
cx+d •· I 

"''"' ·J'P /rhmb'll""ff!' 

U.J" phurl'll'"'lf! 

( 
r - -

ax+b ) ' ldx 
cx+rl 

ax+b 
ex + d 

rn 
~ -h - . .. .. 

n 

,:, ,u~'"'l' ::, ,UJLnlll[""l'h 1;, p/'1"/m ,[ I; ll m!lfon"itwl [/>u t h//!/P"'J/•!1 
'II"" Lfr: 

{

'{ X-r 4 
- - dx· 

~· .\ 

( jf I d II ; d : ,,,,,,,,,L ·;,,, X--7---·f .:.:....: P , X== t:!--J , 
ll l,i l! ~~ ~~ 11j / l rll tf 

d X=== 'J.t J t; wL 'f"''Jl'"Lfl.fnL"itf!_ • 

. , x~~ 
---dx 

+ 

phrnlrfJW'[l! ' 

2 /·_,_' -- d[ ) /'('I ,.--:--_,4 )dt 2 
t'- 4 . I --4 

.· r I· I d t+8 - .• l-· -= 
. j--4 

l{.x-----=l- 21' 21n -rC: 
{ x -,41 2 

( 1 ) 

1/.J''UfP"/' p'irurl''ll'"'lf! pb["/uul' I; hut' rpnrptrfutn~urhp nur.'/puhur L 

[/>mhff!I/""Jp phmfi'f["u[p' t.h·m/IJUI[ /,•Jlb('p mb'fu''ff""{cfJnrhb/;f'p Olfhlll 
f" 1"' .r1., 

J. ~Jlhpll Ullllll 2ldi ualJllWI}pnt p jlldir: f:[cfb 
it,, rl J.~'.J'· 

4·r .:... ,_, 



flruzmltftmftiJw"h t:.wJu'l' {a· u'l"tmwfts mnu•t_ •fLl'!l"b"' J L"b.[' "'ll"'" 

"bzw"bl!' lln 'lbUf.pnul 

t~ - c 
X 

( "bz w"budl"' J !;, "r dx-e "b, t"h"'b" "'"Sf""b"'l"!,/,"b ltu•rmw'>mtm•L/• 1-/• 
Jft'!."B"t/.} 1 :)bmltutpm['• 

1- . .r- F-e 
· .. =l a x -t t=v a +t, 

b -- 2tv' a 

WJuft"b.('"iJ' 'I·"L(tU ~- 'fUit/ttt, t1(1 t/ ax~ -t bx + c-"b t·/t nm,'Jftn"bwl f/>llt. "h~

yftm t·: 
•f!w"bfr "[' v· ax 2+bx 'f C -"b, X•[! it.. dX-[! nmypn"bwl"['L"iJ "'('UIUI • 

r.wJm•fm.rl L"b t-/• Jfl"9"t/.' t:.Lurlt.mpmr, mt/.J"'l (1) p"bwh'll'"'ll! dlrw 

•f•n/ttl/m J ~- 1-ft ""'!IP"~'"'l q,,L"hlt9P"'!P fr"bmL'fl'"'lf' 

f•'t•mL 'i fW lf! ' 

1: n L J II L 1/; 'j? UI'il[~ "[I 111 .! 11 111L'J (1 =-.:::: l > O, tU II[UI J.!.~"f" L~n L if £.~,,~ ·{ x-:.!-..;-c ·. :· 

" t'm i '!/'!] 

~· kmkw/1111[ 1 ' 

' J . , .., 
~ - - ·- \.... 

t= 
'2t 

t/. h fl/J.J IJ IUif 'j, U f 1 II 1[ 'j, tu fu ~I lL!,, I J.i t 

J
' dx 
{ -x, . c 

( whu ,,~llmL- '/f'UIJ~'~~['/r W'JJfiLIIUI~~~ J.J f'UI~IUH~f.lf~ )! 

:>. ~Jlhp!• bplJJlllJl'} miJ 'l_lii'}Jlll l PJBdi~: Uftlb c>O, W"fUI f'"b'J"'" 

"b "' ,j' /, "b .J' ' 

''+ b "(" ~ IJ r- + ax· x + c=x·- t :::x / c c: 

X-
2v'c 1~- ~. 

a f~ 

·flu,'uf, "f' dx-,, /, Jl ax~-+bx-j--c -~, f,u '"".'J/•n"bwl"l'L"b ur 1ruru•-

t:. m!""i"' ,!' /, "b t-1• ''"' 1'"!1""-' "'"fUI wh'l""l-l'bl'"L x -f•, yax~+bx + c -r 

21-1 
x =·=--, dx 

1-t2 

2l~-2t- : 2 

(l-! 2)' 
dt: 

Uurm ,'l'fUIJ. mrmm ~wJm"' f.JJnL~'"i'bl'l! mi.·'JUI'If'lrln'f •;,w[u"bm4m"i, [•~•mb'll'wLfr 1fli .. ~, 
,UI,.,IN L I( J.u~. . 

4:!7 



.. 
. ) . 

=2f-12-dt=-2t+ln\~l+C= 
. 1-1 2 1-t 

______:_:c__ _____ t- 1 n -,- = 2("{ 1-t-x_·+x2-lt lx+f l+ x+ x2-l I C 

x x--{ l +x+x~+ 1 

')(J I+x+x~-1) 
- r -f lnJ 2x +2{ 1 1-x+x2+ 11 + C: 

X 

l;nbr\l bppnpq. wb'l_wqpnt.pjnt.lie: '1-"sm.e a:-il "- ~- ~, 
knw'b'fwJfr "f'UI~Uib wr.!wmbbr'b bb : r:t'fm'bb'b,e 

1/ ax,+bx+ c =( x -;~. )t: 

•f!w'bfr n f' ax2+bx+c=a (X - :X)( X-~), UJUf_UI 

\-/ a( X -ex)( X-~)=( X-7. )t, 
( 

.._.,2 ., a( x-:x)(x --b)= x -,R; L 
a(x -~)=(x-a:W: 

a~-.J(t~ 
X =::. : 

a-t" 

:1 x-''+ 

·flw'bf, "I' dx-e lt. 1/ ax~+bx+c -'b 'hmt'b"il.u ""'S"n<uwl"l't.'b L'i, llwfu-

1_wd- t-f1y 1 utUfW u 111.Jwl "'iJmb'/:pUI[[! J.l,wtfrnfuz/_IIL,{ /; t-ft llUI!JIIH'jiUI[ 

!p, 'bits" "'l" "'bmb'll'wl"' 
'1-" m II 'l n L p J n I . <;, 1: J:ubr" br/'"1''1- urh'l"''l-I'"'·PtnLh[! ~1'1""-

0 ' ,r l b > O Jf 'b tifb a x ~+ ,.,_LLf, 1; " f.. """'til a< '1- '; Uf..e"L , wll L /'P a , 'wl t' 

+bx+c putq_Jtu'b'fwlf'iJ rn'iJIJbw bf'f[nL "f'w~wfl UIJI,{Uitn'iJUf'l 

{ (x -t- 4)( x -1 )=(x+4)1; 

(x-+ 4)(x- l)= (x : 4)212, x-1=(x+ 4)1', 
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x ---- dx-
1- 12 

l1+4t 2 J 5 t ft .\. 4,(x-I ) ' -~ --.. r4 t.= -
1
- .. : 

1- t· -t· 

r~i~----== f .. J01(1-12J di = J-2-. d i= L ·~~~-t- C= 
.J y' x' . :h-4 •. (1 --- 1 2 )~51 1- t• 1-1 

I 
/ 7-=T I 

1:-'t/ - l 
i i X -j- ~ 

=·.:.~ IIi ! . - i 
' ' x-1 j 

1

1- '; / ----
y .\. 4 ! 

l_;- X ..,_-4 -+ l/ "7-=1 I · . ' C · In r r· C. r x -: · 4 -, x - 1 

'/- f: w u 'in'- {tl l" L 'i, :! r 't-~u,nh'b.e., "I' (.1) "'bm/;,l/""ll! tuusfn•hwl 

:p,,_'bfm"wtf' f,'bmb'lrwLf• pbrbl"L t.wJwr' puuJwltw'b M, l: uhr" utTLm

J'i,'b ~, :.N"' t''l- ,h'l"''l-r"'Ptm'h'hb1.c" 'l·f.rmwrt1h'h.e. ax~ ,- t;x+c tliLu.b

'1-"'.rc : l:[J-" bt-- 4ac>O, wu1w btLw'b'l-"''if, "'rJ'wm~'"re 'l-l""'t"''b !.'b 

l.t , l)/,n!.w p w 1., ltf'!'""'!tLf, I; l;llbl'" bl'l'"l''l- ""' ·7''"'1/"".filt,'bl! : I:[<Jb 
b :' -- .. _l, m "I"' w J u '1-L Uf_ ,enLJ 

" 1 r , +b) ., . ' t .. ) ] """--l-1>){ , __ ;· := _,('·"' X - t ( 1'ilC- ) -c. . \. I ..._, ; " t ...... ( t • ~ I 

4a 

/, , ;. J,,/,u p m1,, b,.w'b'f""i'b "''bf, <l -/' 'b zw'bl" flt'"ib"'lf' f 'ax" t- bx I c -'b 

tf.'itfr "''W~W'h 1 Uf_"Uf.e ~-~ nr biLU1b'fU11l(! Lftb" 'J-f'UI~UJb , /1 t.bm/IUIJ'UIJII 

"ih"' ,e 1; :1>0.- tl.1u 'l-lu'i.J>."'-'l ltf'rwnbl" t- wnw2"'b "'"'L"''l-!"" fcltm'he: 

§ 12. l:; n :u J ll! nLUUJ2. w !f1 w !p.u i! :P n L~l ;HI~ m'tl :, J1 j1 u j1 ~lli.llt il llliHl ii p ~ 

illlml:ii.W nu.i[l_ 

(f"'b l_b "'!J,{ .lh'b,e ""uwlu.lwmf•~nrb'b nLu u: ,J''bwu"rbl /;'b.J! 

,.ffrwJ'b t. w'brwt."' 2-'fm ltw~• f>m'blts"w'bb['/' ( nws"n'bwl b. "n"'9"n'bwl) f•'b

,J,'I:I'"'l'bbre' tbf'J{w Uf_Wf'UI'ff'"':f>mJ JL'b,e ~'l-""'wf'~b'b,e nf_ t.w'brw

t.wzz/_wf{w'i• "I'"Z '1-"'""r" • wtLwlf''b t.LrfJ"'b lmw'b~tm'butf_uufowllw'b 
:pIlL 'bfl!fi l Urbft f'" "'btnb '/:f'tU t'hh f'{!l '1-"ur Ul r~b'b,e 

j"R( s in x, cos x)dx (1) 
, ; 



!Jill/!/ mW"il.f!J "{' UIJ'[- fr'i.tnfnff'Utl(l 

X 
tQ-=t .. :2 

< 'j, 1(1 Jp .fJrzm ph[r-l_nLJ I; 
rnlill"''ff"<{JJ"'u oq nr l' J"' -

Jr'irruh'lrwlf" IJ.pmw h.wturhh .f!_ Si 11 X-t• f, C 'S X-[! 

ur/r LU f' IU[' 1 t-fr tf fr l"9'"' ,J 
X X 

2si n -- -· cos - -
'? ~ 

X X 
·l >i ll - CU.'· - -
- - (~ :! 

si 11 x=-------

IIU1!ffrrt~1Wf f/>rrrhlt!JIILUJi~ 

X tg--· /• .Ffr2"fl" 'j. ,, t, /,. 
:2 

• ! r 

Ill I' Ill Ul ·~ UJ .( 1.11-

ILIII!Jftnhtu _: 

/ 2t l - t" ) 2 ell : 
_f. ' <' I Sil.l _,- , CO " x)dx==JR( ---, .. , , ., 
- r \ ·' . " l +t~ l+t- >[ l -

r d x 

J sin x 

•/JJ'l!. 'f f •fw ;t l""'i.walobl'[' '. /,.fw'i. •/J•W nL'j, /,~' 1'· 

f' _~'t. f ... l-~ ' . . · ( ~ ln\1 !--c ln \tg--7\+C 
J slnx __:}_1 _ ~ 1 ' -

t 1--r-- t' 

'/ofrmurp//r{uuj ,,/; rl""lf"</JJ"'hf' r:.'i.rufrw1_"[""{dJIIIh t- ur"'lfru fr'i.

urL'/I'[;l 1((.-;i n x, co-;x ) mbul!fr tu.fb'i. Jfr f/>rrr'i.ltsfrw : 'tr"' t,..,J'-r "'J'i. 

/:,,..f,m/rr w'i.r[w'i.,,J' /,'j, ({ mhfr-l_br""'l hrrwh/IJ"'·'i,,..lw'f'"''tm'i. urb'l"''fpm.

[tiJu~tJ,M llmlt'"Jh 'J"pa'i. ... ~w'imLJ "'l'j, r. ... -6.wfu I'LpnLJ I; t"''P"''l,..'i,,'/ 

putp~ uu.!!f•nhwl .'pm'i.~.'lfr.,.'i.bpfrt /1rumJr tern'i.frr[L['""'l mli 'I_Ut'ffJ'tu'i. J> 

r.J.ur oqmwfJutf' /; L/rhnL.f frJwhut[ hltLJh"J/;11 mrfrf' rnb'l_"''ff'"'.fJJn<'i,'j,/sf', 

"l"'h.f!- "1"' 2. 'fb"l.f!-brn<.f uu[bLf, mpwq b'i. pUpttr_.f h"Jmmtu~fr'i.: 
,. 

1) l:[Jh fr'i.ml>ttrwl'i. nr'i.fr ) R(sin x)cosxdx urLu.f!-1!• IU"JLU sinx= 

=1, cos xdx= dt urL"'I_UI'ff"'fiJrn'i.'i. UtJ'f ,,'i,.,[;,fl,Uil[! pUpm.f I; f R(t)dt 

urUrr.f'Jrt 

2) l;-p /; fr'i.,L'Il'wl'i. "''i.fr J R( cosx ):; i n xd X """'1!£!., u.u1w "' t'i' 

\.USX= t , sin xclx= - dt •/rrrfuurrfr'i..fw'i. .. . ,~,, fJJu"fp 1'[;1"'"' J I; ILut

!!l•nhtU[ :pm 'j,J/9/'"'tfr fr'i.mLqru.Lfr' 

:1_} f:[rJI; /,'i.{Jrnfr'i.uoli'lr"'l"'Jfr'i. f/>m'i.lmfrur'i. ltmfrrrfwJ I; .lfrwJ'i. 

x=arctg t, 

' -. I t 

I l~ (tg x )dx= \ l ~ (t )-( - ., : 
,_ J I - 1- t-

-1 _} f; f jf, L'b[i wfr'i."' /;,/[' w l ur Jft'i. !p m ~•'Js [11u b '" 'bfr l( ( S i 0 X 1 (' 0 S X 

''""'.f!l!' f'WJ!I stnx-e ,, CU~- X - f!. rlmbm ,/ /,'j, .Ffrwt'i. '! , L J 'l Ulurnfr-6.ur

bnr[ , "'"/"' IJir,rrutTtr[nul t- hu<Jh mb'l w 'l-1"" fJJ'"-bf'' 

tgx=L (2' ) 

.J!rubfr TI J' S iD ~ X- {r /, C0 S,
1
X• f! tgx-fr Jfr l'" .'f"'' IU[IITIUI ::.WJUIIL/11 .f /;b fltu

.'JfrnhW[II f'J.~t. 



Sb'llll'frmfdJmh/•9 '.limn rib'bJ! lJurnmbruhJ> p'burlil/1'"'1' lllll.'f[rn"iturl 

$ m 'hLuJI•lU Jl'9' 

or !• ~. w ~ 

1 

. . sin~_,slnxJx . (' 1-ros ~x 
. 1 ::;i n xd x: 

~ L . (h.\ ,1 :2 CO S.\ 

''( :l ) 1 z :2 , -~- .c. ; d~. 
~ . . ' 

z~ 
- ---'>z :lln(z 2 - . 

I dx 
v 2 -- , In'.\ 

,,c;1111 /,,lf' "'f(~: //IIIIIIUIJ'f, "ti .J• 

'It, I J~l,! Ill .,,,~. 

' dx 
\ 2-=~;-

r' d I 

\~ 
J 

1 t _ l 'lg x ) __ _ 
- - - -,n·•n -_c:__+C=~ -'- arc tg (-,o= - ,_ 
- . I I ' ' -~ I l ' . ,: 2 . . l 2 ' 

) U -' • 1. ll~ j'' 1-'(.;'J IX cu-;x !Jx "'''".J'-1. ''" ,fi,JII.'burl•'ffm/• 5 ·J•nl 'lr """/'I '"./-' ' ' . ' -- I' I' 
,) 

m) (sin"'xcos" xdx. "!"""'' m-r· L ll-[' Wfh"f/"'PJ' L'b, "I' iTmJ

I'wr:.h'l '1-L"lJ'"'-,r 'hrw'hypy Jb//1! Lth'brn {JJ,J 1;: fll'"Zru~pm{dtur'b r,,,J'rul' 

ll " I; { 1" "b" n-CJp ' I ,, J.lr Ultl.,,,b'b n lr'bfdm'l-rb'bJ', "I' n-l' 1 ;urn : ,u'fmu u.e -- I' "'-

/• .-,,,b 'I l""LP · 
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'f ) fJ[tlb 1''1' 11'"- s•ns/•t'libr'b l; l 'l'" !'I ' /,'b , f''b'l- "f'"''f 'ui' UJ'bgf•!! 
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fiitU •fu.t~,~- ln'f l;;,~ ru_ af'· llum!u~~,w:Jf! :, ~,..,I'n zul l'w '!J rn .\ hf!._ : l;plf!'"l"l pwi ,rnJ.&['_ 'l:n '- f" I; 
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.:., 

=~\ (11 1--T~l)X 
__! ( tn-:- T1 I 

sin(m n)x 

2( '11 - n) 
(: 
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~• ;:_ IUhmiL'Im-J I; ¢(x)-r"j: 
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-,- C : 30. 'ITlw•• · +C • 31. I --.- dx .- IQan•. -- '2- t . 
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t. cu~ 2 x 

(
• co ·2 ~ dx J 

;{g, - - ----- -: fllullh - -
. u (2 -'- 3~ i n2 x) J 12 

2 -----.,...-
- :;;- ' pgx + f) J + C: 

l 
+C: 

(2 + 3sin2x) 2 

l 
1
.-._, ; ,, :3 . dx 

40. . 1 ·,~=-: fllUim . 
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UIJimUI'Jf'JUil';,lirf! t:..uJ'IU"fUIUJIUU/IIIU'i.lllpUI11 fi/1.-"fltu (,IUI,IUUIHr /i';, 

AL,L2B c'i.lrr'l,}JUIP ,, 'I'L"'-;,~1 UI-;, J.. AL1L2B or.,1,,,.,,61wp ""l't"''i..-
~1--;, ,r w~J. rl.uUpJr'i. : 

§ 2. 0fln2.JWL ~IIU1h~f1WL: fi'hnphu npn2JWl ~bUib~flllll~ q,nJnLftJtt1b 
lhuu~b 

bUipm ';,.,.~lt'i..e 'i.wjunl"f "fUif'"''fl""'P t:,Ulf'(JP .e'i.'i.u,r~"L"f!' [ Xj, xl]' 
I XI' x,j, 0 0 0 

J [ Xa - )' Xnl f.wuo1Uid'i..J.pjr!J l'"f'UI.[!UI'hlJnLpnuf "-'r.'l'ii/t,';,./! 

J"lt~UIIfw'i.. ~~~u. , "1'"'1..[! 'i.zw'i.UI~h'i..e ~ 1 • ~2 , ... , ~n ('i.~. 21.'1), 

·Ursr•u~ J"LJ'UIJ!,.,'hlJnLr ~J.,,,r f.w;qlt'i.J! ~tn'hl1!1f""l" !(;
1
), f(;

2
), 

· . . , f(En) UlpJJ.J!l!' ,w'I..Fii'h.e t.ltuoi.JUIL '1"'·""'1'1!' 
400 

n 

Sn=f(~ 1 )Ax 1 +f( ~.1)Ax 2+ · · · +t(;11 )Ax 11 = ~ f(€1)Ax1, ( I) 
I ..I 

ll.J" 'i"'"'"rl! ~nf1.mJ" t- Ja, bj t,UI,qwdnLJ" f(x) f/>nL'hl1afrwJf• t:..uJ"Ulr 

p(imbqptuttUJilli qnufmp: ~UI'i.,fr np [Xi - I' X;j t:.win</_wJfr';, "fiHUf~Ul'i..n'J 

~'"''"'1"'~,-;, ~ 1 -fr 'lL"I.f!"''f m1 <. f(~ 1 ) < M 1 1.. P"l"P Ax 1_:>0, "'"!"' 

m 1Ax 1-s::: l { ~~ )!lx 1~M 1 Ax 1 , 

n n n 

~m 1 .h 1 ~ L f( ~ 1 )Ax 1~2:M 1 Ax" 
i= l j " , J id 

'L"l'ffr'b t:,,.,""'""'l'"' Pt'"'h 'r~
l'"'l""r'"~'"-;, [uJ"wu"'l! I ( x) >O 

., 

'fb"fj_IFIIJ" ~UIJW'hmJ" t- 'i.pw'i.mJ"1 np UIJ'h "fWm~brf!J nrfr J"w~brbuf! 

r.wqm111up t- Sn-frJ Ulut:.J"wbwtfrU1/f1.U1J t- J"fr pb~JU1f111{J nre "fUIIII/fbr

l/md t <r'i.br'IJ1.,.,,h ph/IJ'"lfr [, crwr"''"'IJ1.,.,,h pb~lwlfr "frt."' 

sll 'IIIL""'rl' llmfuqwa t- I a, b I t,,,m/wdf• \ I X;~]• x,J r.w,qmJ

'i.bl'fr f''"Jw'i.J",';, b'lw'i.wlffr9 IL ""'"'91.~nJ t:.~nur•{wJ'i.LpnLJ" ~~ lfbu.bpfr 

e'hwpm fJim 'i.f'9' 

li.IJ,f 'i.z .. ,'i.wi1L'i..f' max[ X;-:.' xtJ-n1. [ X 0 , X 1], [ X 1, X 2 ], • · • , 

I Xn I ' XIII t:.u.,lj.uJ'i.br" b 1'~"'1'"' [il Jnl 'i..'i.brfra wJ"h'i.wJ" LJI!: '~-f•urwplfb'i...[! 
[a. b] t:,,,</_wJfr' [Xi-]' X;] /:,winqu•J';,bpfr IIIJ';,"ffrufr tnUI[lf'£·1' urpnt:.nLJ"

';,bf'J "I' max[ x1_ 1, x;] -+0: IJ.Il'i.t:.u,l"' t-, "I' "'l'l 'fb"l.f!"''f t:.wur•{wJ'hbpfr n 
Pfr1.1_' urpur..r,,-;, J,.,J"UI';,IU/1 a'l"''IL" t- w'bqbppnLfltiU'i.t Bm.p~neUI'hl.J•nr 
mpnt:.J"m'i. (,UII(Ulf'J (!'hinrbtn1. (,UIJ"Ul"fiUiiiUIUfrllu'i. ~~ wptlbe'hbp, lfwrbtfl 

k ~w'iJ"bl 
n 

511= ~ f(~ 1 )Ax 1: (3) 
1= 1 

fr'i., I. 'II' IU I"' 1"';, 'l"L" IU l'l!' 
1

tfrurUIII~b'i...e tnpnt:.nLJ"'hbrfo nrl.t- t:.wp_nf''f"''fUI'hnLfllnLhJ urfr 'fb"f

.{!fiLJ" max A X; --+0, £!""' n pnLJ" 11 --+001 Bmr'".f!"''i.l.Jm I' In ,,t:..r ~n'i.. Jw

J', .. 'f.,.~ f!'i.mruuf /s';,.f! ~~ Ulf'Jk.e'i.Jspf!' G'i.fiUI'ff'b'i.,.f!, II[' Wf'/ S~ p'i.urb'ff'lll

f"'lfrh 'f"LI'Uir'i.lsrfr* f.wt_II[''JUI~Wi.mfilnL'i.f! a'fillnLJ" t nr!..t- IIIH(,I(Ul'i..fr' 

~51 



11 

lim s:.= lim ~ f( ~ ; )~x 1=s: 
m a ~ L\ Xi->0 m•n:. ~xi ->-0 i 1 

(4) 

11.1"1,/ J'hh.J! ~"'l""l hh.J! J.l.mlfLI'''f"L t:.hml.l"'ll!' 

fJ In " ,{ Ul h II L ,{ 1: l;pL I a, b I 1\murt[~.nJf, .'J"'h't"'.'I"'J "'l'i"'"'"i' 
UJpn i\ ,,J''i,ki'P '1-h"l./!"uf, J./'P m a x~x 1 -·0 !.. f Xi-1' x 1j 1\,,,,,,,}hl.-p,,J' 

~~ ~/ilnh pft .'J"'h~m 9""} {'hill pnLp l"'h 'fb"f.f!"' 1( 

n 

Sn=~ f ( ; 1 )~x 1 (.5 ) 
i - 1 

phwh'tl''"l"'JPh 'l",_,f,/'1!. a,'1,,,,r I; J'plthml'i' s ,,,t,,{,'i,fr'i, , ,,.1,, 

"'1'1- ,,1\,J'mhh mhtjmhmJ' Lh (a, b j :,"'""f"'J,,f f(x) f/Hn'idt.'fP"'If• 

npD2JWl p limbqpwl I. h2"'h"'lf"',r bh 

b 

J f(x)dx: 

n b 

lim ~- ' f(~ 1 )~x 1 =Jf(x)dx: 
Jraxtn; .o1_ 1 

(6 ) 

" 
a filr'[h ~nh1mhtnJ' Lh phmh'll'"'IP umnp]t!i utufiuwfi , b-h' fthmb'll'"'LP 

tlbppli ut~~fi.tfwli: [a , b] l\mur1wJf! lf"l'["uf I; plimhqp.tfmG fimmtjtua 

X-{'' !•limbqputU!i l}un}m}mu~w!i : 

Hm i\ J',hn L J' 2 : t;pb f( x ) q,,,hft9P"'IP 1\ ,,r,l' ( (j ) ,,, :,,r,hf!. 

't"l"'ftllmh IILhfr , "'"!"' lpnLhl[ypmh ,;,ht/_UJhlll,r hh [a, b 1 .c, ,,,,,J,u/ 
~Gmhqpbtr : 

tlt"'ml.h.J!, "[' S11 uUJnpph phwk'fl'"'l"'IPh 't"',r"'/'1! f._ S,: t[hpfr'h 

phU1k'ff'Uil"'JPh 't"',{"'/'1!. (•1) phmb'tl'"'l"'IPh 't"',{"'l'P ,r,,h"'""l' 

'lh"l.f'hrh hh, IILuUJfr h[Jb f(x)-£/phmk'trhLJ> 1;, "'"/"' uUJnrf'h "- 1"rfrh 
phurk'ff'"'ltuJph , 'JIILJ'utphkp[! a'furtnJ' kh J'pf.hmlh S umi)J',hph , f. 

'II'"' :,"',r"'l' (6) t.m1muwpnLfil"''b 1\frJ'wh 11'"' lt'"l'"'l kh.J! '1/'kl . 

n b 

lim }: m1 ~x 1 = f'H x)d x, 
m ax~ x i~ o l= l ... 

" 

(7) 

n h 

lim L M 1Ax;= (l( x )dx: 
max~x 1 ~ U i _"' 1 •. 

(7' ) 

45'1 

lpft!il! , "'"!"' f(x) > O 'lh"I.J!"uf phwl"ll""lf! fr/1"'"1"" r;"'""'""'l' I; h£!2-

""'J 't"l"'" ' X cc, [] , x=b "'-'IP'Ihb[""' "- Ox IUttlnh!J.J!"" ( ht,. 2 14) ""'"

,/~.n'itull/•mlt'ful(} "'l""lbu li"l'f""} lpljHU<jp<) ~IU'lmlljt ,{ miJ b !'/; , ft 'in 

lhumfr , l.[rlh "l"' r;"''i' l 'i"''r I; ;:, ,,t. 'l'·t y= i(x) 't"l""'' x=a, x = h 
m•ti"Lhbpn1 ,, Ox llllllllh,'J.J!" '' ,, r;,J',h~ntp 11'''''"'J ''"I"" 'IPJ "'"L"'h" 

,/mltb/,/; ,l! , "'"!"' "'1'1 Q ,r,JILI,h"f! " "' t. 'l'f"'J' I; 

h 

Q= Jt(x)dx (8) 

phurh'lf'"'/P Olj <j,, {J I""' I" 

11"/"'!I"'!JLh.[! r:.hw/, J"'l 11"'/,/'"1' [Jfw

pbtff!.: 

N' h, I' h ,t 1: b t1 li l( x) :fn• liltgltwli. 

Wlif:l:li'}lltulll };- [a, b I limmtlm«) lltlf wupu lUJii 

m~J'ul fi wmt\ \ll<)nu.f \•llmbqphtr 1.: 

!I 

11."1"'!1"'- JY' 1,,,,,,9 fa, b] (a<b) ;:, ,,1,,Jf! "'l"' " "'i'.J.' [x 0, X 1], 

[X X ] ... [v. x-],··· j x 
1 

x ]r:.,,,,,Jhf.1,fu
1t,,z,fhh"'""'"-

1 , 2 ' ' . '\.1-1, · 1 ' • n- ' n . '*-

l'f'h J, ,fhrf•h f,'i,.,b'IJ'lUL"'Jf•h '1"'-,r"'rh"re' 

n 

~n =~m ;~ X;, 
i ~::.' ! 

11 

-:-=--= \, \\ ~ X - : !:' 11 1.- ' I • I 

i -~ · 

(9) 

(10) 

~""""'I"'Ji' ::,,,r"'l' l:' hrhh.J! 1hrfrh " """'l'Ph ph"''"II'"'L"'IPh '1"'
J'wrhLf'P ,fp .J!"'hp r;,,,/1, f"l"'-'i,'i,hp : 

~ ,, 111 It , L {J J ,, , h .1 : f! m d m fi u ud1 l1 n p l1 hm lip. m t\b [lD g !i b L m fi m

!imupup. ti nt\ tujli timmqm•\libp]• pptlli m~b(lllgfiht\m , npnGg pllldm
fin LU h61! [a. b] fimmtluu)~, umnp\trt \dimbqp.mtmJ\tfi qtntfwp[_l llw

pnr1J, tf\nujli mfibt, lntl.J. tlbpJdi \•limbq[llll(lllj[lli. qlll ump~' tl'\nujli 

fi~mtthl : 
11. " I Ul !J II L J y: '1-r.'I"' .J! [a, b I r.~nur1mJe hnp ,,hurli [l ,,,LL"'.'Jhf.

l"' {,. ,'j,,."l"'l':, ,,, l'"'""'h"IUJ I; n' (n' > n) r:.wur•fwJhhf'p : li [Jb frl! l_ -np 

[ xk- t, xk ] " "'""'""} I'"'J"'h'[hL I; ''r .J! "'hfr, "'"''h.J! Pk " """"-"'Jhhpf•, 

"'"!"' h"t' ~ 11 · '"""!'Ph fthurk,11'"'L'"JPh 't'",r'"t'P J'hr [ xk- 1• xk1 r; ,ur-

1"'Jf,h ~r;,,r"'"l"'""'"''""'hh'i, Pk 'l,_,r,1,hLf,hh1,, ,,,,.,,.J! ,J'I,h.J! lfh'-"'

hmlth'i,,e s:,k _,,, Sn 't""/"'I'P ,{/;2 llll'f ~"'""'"'Jph ;;,,,r,,f"'"'~~u/u~n-

hm ,r t J'bt1 'l""'"'rl.Lf,' mk(xk - Xk -- 1 ) : f!,J,'/ s~k '1"'-''"'rl• iL !11 1, ( x k - -

.J:-,3 



-Xk -d JhJm-{JJw'h t:.w.fwr Jrrw1.u•,'JP t- § 1-p (4 ) w'bt;.w1.wuwrm

{JJ,'hl': t;.,uJ',u'h.fw'h ~n'ht;.w""'""'l"''-fill"'-'hl!.: Tfb'h.JJ 'L,.rn'l h'h.e 'll'h·l· 

~k~ mk( xk --- xk --1 )' 

fJ, {'"'.JJ"'hlJ"'-1' r:.wm1.wJ{r t:.w.fw{' 'f['bl"'' r.wJ~n"fwmwu/um'h w'bt:.w1.w-

11111/'111-{JJm.'h'h/;{' "'- 'f"'""'rbln1. wy_ b. J.wfu ,fwuh/'1!• J1umm'hw'h.JJ• 

(n'>n)r (I I ) 

(l.wm/Jm{JJ"' 'h 1-'h "'"1"'.'1"'-91.w~ 1;: 

. l,wm'Ln'-{JJn'-'h 2, ~wdwGtfwG linp ~Lmbp wtlbtwglibtnLiitu
hmt'{tUpfintl fiwuuj w~· libpjt tJ p~G. mliumfitfwGwtJtwq"PpbG wtJbtwgG.bttm 

(!>) umnppli jdimh'lJlUttlltjpli quuJ\up~ l.t ( 10) llbpltft jtlimbq]tUtttuJI•Ii 

qnttfmpe oqmnu.f bli-.:? h s umfiu'wlilibpl•: 

1/. "I w 9 n '- 1 9 ' § 1-p ( 6) wtr.w1.wuwl'"'-fi1Jw'h t;.p,fm'h '{rm ""'
[In 'l h'h.JJ 'll'"L· 

Sn~M(b-a), 

WJuf'h,e'h' P"l"l' n-'•rl• 'fb"f.JJIILir ~-1! uwt:;Jw'bw,pwll t-: ~IUUJ~IILflJ"'-'h 
1-Jr t.p.fwh 1.r•u fl-/r w{ufmh 'fb"f.jJIILd s .. -f! .fnhnurnf. IU6.uuf b .t,b

mbwp.mf', uwt;..fw'h'hbt'P dwup'h filhnrluf 7-p ( mku § 5, 'll• IJ) f\/1 -

,fw'h •Jrw "'1'1 '"n.pnf,u'Lw'h ,(/iJ,.fiiJ"'-'h'h nL'hp uwt:.Jw'b. "'J'h 'hzw'hw

'Lh'h,J! ~-n1.• 

lim S0 =Sr 
(12) fl -1> CD-

l,unfw'h.fw'h at.n•L 9ni.J,'J t- mr•l"'-"· nr Sn-1! uwt;.Jw'h•u•Jrmlt t- 'hltr

.JJ"P!J [, dnhnmn'h h•fw'l"'-,{ b l,L·w/,,.."fbu, s
11
-/!. IILh/• ,,..t,,{IUf.

1 
nf'/!. 

Jh'h.JJ 'L'hz-'i, ... J,h'h,e s-n1.· 

lim~ 5, 
11~ ao 

:.wml[n~filln' 'h .1, bph l(x) ~ndiltgluuli m[i~[i'llitum lo [a, bj 

~null finnntl m h·n uf, tut4m s u s u mfi tl'tuli li bp~, n pnli.f! uwfiu'tuli.~ wo bli 

!itumlpttppnli 2-r UU~, rriax~x i ~O llJlUJUwfijt 'lbUJJ!Iltlr fiwtftuump bfi: 
l/.1" l!.f.'1t:.-'hnrr uwt>Jw'he 'hzm'hw~l;'h.JJ 3-n•[. 

S= S= :; : (13) 

fl. "I"' y, ,_ 19' '1-pm•ur~b'h.JJ •L'•t•ft'h f, ,ur,rJ.'h p<i,nl.fl'"'lwlp'h 
'lm.fwr'hhrf' mm1,ph1,~~.p1 ,,_'hl!.. ) 

·l :j 4 

n 

· · · +(A·\n-mnPx.=1:t/'\; - Ill ;)t.x 1: ( 14) 
j• -· 

S.LJu•L "'rnt:.Jw'h '~-'''1./J"'',. cM, -- m,) UIUIJ'I'''""Pl"'-'h'hl.rJ•!f ,{l.,)u,'l"'-1-

'h(! 'h2m'iim/JJ.'j,.JJ ~.-n1.• 

""'l'blp t "'"1"'!!"'!1/sl (nr/• •Jtuu JJ.'h.JJ ·IJ"''h'l l.li<;,J! •uu'bp), nl' l.flk 
f(x) f/>m'hi/9Pw'i, w'hl!'i"r:,,,, I; *f•m/1 t....,u,jwJ,,f, w"fw Ia, bJ t:;uun

-JwJf• u•rnl\,f,u'b !l"''h/1"'.'1"'.>- li'l"'~iw'LJr 'f/,;UfJ!"uf E11 ->0, J.{jJ. ,J"pm(iJ 

maxt.x 1-.0r 

lim s11=0: 
tlltUdlj ~O 

(15) 

_,;;,." t;."'"'"-"',},,_,r ,'i,e'i"t.,"'"' :p,,_'h'L.'IP"'JP (1.j) ""'''"'""'t"" .t .. 1. 

"'l'"'"'t;."'J"'""',} r:.~nmlf"'fill"'· 'hl! 'LnJtJuLJ t f/>m.'i•'L.'IP"'JP liwtjtUIIlllJI<Ilpmp 
mli ~ li'l fimm n Lf:' J• L li: 

IJ.Ju"ffrun•f, JJ.'j,.JJ IJo'lu"Jh'h.JJ "'l""!P"P fJI.nrl..fJr9• tlllll~ lhum

qlll~nu.J' tulieliqlimm ~~~· li~gj~tuli limt~mutupua~tut}t mli~li'lfiu•m l: tliJ'l 

fiwunlmc) nuf: 

•/.hr"''l'"n'hw'h,e _(14 ) r:.UI'I.muu'l""fiJIUhf!: A\ -m 1 I"'I'"'.J!"''bl.l'"l' 

mu•rphrwft!1,'h '"nfuwrJ•'hf.'i,.J! /rrL'hJr!f "l •/m.er ~;a ,{L.)m{tiJ""fl': 

u m w 'h m.J J.'i,.JJ J:,J. mb J'" l w 'j,t,, 1.•u ""'f'"'.fil Jill. h[!. 

lim tS:- s"l-< lim t.,(h- a)=(b - a) lim s.,=O, (16) 
maxAx; ~ V maxi~M - 0 nra1Ax i - •tl 

lim ~=lim S
0

= S ( 17) 

~ ... J S= s= s, ft'h~l! "'ml\m'ht•Jm ,r t "'"I"' !I"' !11.1.: 

:. w m "n 1.. fl J" I . 'h 4: 'l·jtgiiL.}! Sn -f u Sn -e [a, b I limuujm.}e 
_l 2 

n
1 

U fi ·t~UitiU)'tiUl\Uu}undimpmp fl~ fi\lluttlull\ftbpjt mpnlinuflibppfi liimtl\u-

upuuuuu ~Hulillll :uuuqajtli u •I Lpl•li ~ &m1"1«j Jltli}IU J r" •tn• t.l'tuplibpli bli: 
lJ.pt I] blljJ!nl U gUtlilJ.'II!:JUI~ IJ 1- It J.t n2- r fiuufm Jl mbr}lt ndijt 



(18) 

m G liwlj u.u m pn'-p J n dir' 

11. Uf m 9 n L J 9' '"fJ.rurmr'fh'b.c 'I a, b l t:.wutl/_.udfr Ul['"r:,,,re nJ=nl + 
+n2 r:.wml/_mJ'bbrl•· ••rrnlnz pw<f,,'iJ,fw'b 'fburl·r 'ufr'bh'b wnmlJr'b /, "r'r 

r"l"l urrnt:.mJ''bhrJ• pw<fw'bJw'b fthmkre: 

§ 1-fr (.1) m'bt:.,,l/_mumr•ILfJJ"''b t:.fr.!m'b t/r•u m'bb'b.c. 

( 19) 

(20) 

( 21) 

()'1 1111/_btn•{ ( :!0) L_ (21 ) wn'btm{JJm'b'bbpfr9• ftwrLtfr /; f!'b'ltmJ'bht 

( 1 9) ,'bt:.wl/_ouuurp•1LfJ J'IL'b[! 

Jr'b1 U(lUf,IU'iJ21'1Ld l;f' WUflll9nt,'Jh[ : 
~ 111 UJ" II L p J II L 'iJ :;, br<)b l( x) i>ndi lt!lllUtli tulirll'lfiWU\ •• [a, b] 

liwunJtu,)nuf, utUJtU [a, b] limmqmbl• j X i -1• xd ll wuulw•HbpJt mpn
finttfGbpJ• gwli~wgwc} fitutnpqwlju•lin•p.Jwli qbuwnul', n~ wfiupuJtfuoli 

linp pm <hu!itftuli l1bmbp mtl~twgli~t"'- nwfiwll{wpfintj_, bfd O uiiUIJU 

max6x;-·•O . "';n umnppli J•limbqpmlmJl•G qn•tfwpr h s~ •lhpJ•Ii plimu

qpmtwJpli 'l'~'-tfwprc O.qmnttf bli limmltnLPJ''Lii 3-l• tfbt uwtitfwliljtu,) 

S u mfitftu G Jtli: 
lJ. Uf '" .'1 n ,, J 9' '1-frmu•rltb'b,e C.IUur'f•tL{tiJ"L'b 2 -,uf umt:.J',.,'b,[wJ 

g11 •fl•t•J•'b Jr'burb'lf""L"'Jfr'b 'I"' ofurr'bl.l'fr t:.m 2 nl''lw~w'buL{t1Jm'b "'!'":,"' .f
'bLrfo t:.u' 'l"l"l'"lt"''b"'fdJ"L'bf! : m-fr /, n-fr 9w'b'fm9mJ wrJL.c'bbl'fr '1/;Uf

./J"''t ((18) ,'i.Jt:,,,j,,""l""-Pl"''b r:.J.r.f,'i, •lr"') 'fwrn•t b'i..c '1/'LL . 

45Li 

~w.fu,'infm'b "'l"''bw~"" 9"'!!1 ~urm'b.c, "r s "'~ s:n' 

IJ.J" Uf'"'" 1.' 
S • <:"'" _,.- s" _m-- -.:::.:..., -:--:: m 

(22) 

11•wppbpntfrJJw'b uwr..rm'be: i<.u'bfr nr f(x) lpnL'b"-9/•w'b I a, b l t/rru~ 
:,..,u,'[wJ-nLJf w'b[!'b'ff,"'"' 1; , wu1m (fr'bzutbu f, l:,ww'fm1t1!'"'b .1-'b wUf'"~ 

9•"-9blfru ) .'J"L[!/ urm'b.[> ( urbu (16 ) t:.m'[w""'l'"'{tlJnL'bf!)• np 

lim ( s ~ - s~t}=O: 
ma '< Ax i -+0 

lim 
m ax~xi --J-0 

(~2) mn'b1"' fJJw'b t:.fr.!w'b 1/_pw .cwnw~muf• •frw'f•u'fJ-brfr ,fL2 'lur'bl/_n'l 

J"'P"'J>'"'iJ1J"Lp UJUI[tpbp,L{JJnL'iJ "l f' '".'JIIIUIII/fwb t1 ~Umf.,upwp 1 

lim ( S,~- s )=0, 
max6x i ~ o 

lim S~:=S , 
max.6.x i --io- 0 -

/· ~•t u/wt:.w'b21/_nuf l;p wUfw9'"-9bl' 

lim (s--s~: Q, 
m ax ll. xi ... ;, 

lim s,~=s, 
max.1x i 4 0 

(23) 

ll.tcl.f 'f:urbtfr I; wu1w9 ,L,'J !'L 1_bre J.ILw'fbr"lzuJ [JI,,rh.!er '1-fr~ 
9"• .J! t(x) lpm'b'fyfrw'b w'be'b'ft:.wur I; I a , b l t:.wml/_wJnLdl '7-JruJiur~b'b.[! 

Viturh'fpw[wJf>'b 'fnLdwp'bhpfr 'fw.!wlw'fw'b t:.wl"r'fw'fw'bmfJJnL'bf!, wl'b

"tfrufr"U, "r maxllxi_,Q, ~i~'b' [ X!-1• X ; I t:.wurl/_wJfr ~wdwJw'fw'b 'fhur /;t 

Srnt:.mJ'bbrJ• wrl/_wJ t.w2"P'f",/Jw'bnL{JJw'b t:.w.fu,r ']/•urwr'fb'b.c 2 
" Sn "-"rJ·'b £ uurnrJ,'b f.'burh'frUifWJJ•'b qnLdutp'bhrfr :.w.rUI"fUIUJUIU{rlw"U 

:,"'2"r'1wllw'bmfJJnL'b'bhp[!t ll..!b'b .!fr urp,t:..fw"U t:.w.fwp frl'w'lw9fr b'b 

{~} urn'bz.nL/JJnL'b'bb/'1! 

4.')7 



IJ.~y'itl.["'' uwt:..tfu.~fr. "['/' lllax.:ix;- •0, ,, "'f'"''J.,,,, (:!iJ) ""'"IU
""'J"ILfiiJ"' .-,,~l.r/r.'l /, 'fl· 11 § li-ft pb,rkJ -4-f'.'l• um, .. ~, ,f J.<;'J!· 

lim :'n==S , 
JU.H."'·Xj - fJ 

ll(llll/;f{ S-f! r:.wmf[llt.ftfJ"'-~ ,'/_,,_,{ lllltt:..tfm~II~IIIJ- IIIUr:.Jut~'it 1; : 

U.l'f ,,::;,r,.-,,1!, ft~t''f"" wr•f1'~' '""'I"L t ql.,,/,,,_,r, 1t"f'l"'-,r I; 
b 

Ji(x)clx "P" ZJUIL f•~'"b'fr"'L· f:,f '"l'"'f.l.·.,, lrftll. t(x) ff.,,_.-,,lt!JI""~ ~~~~~-

1l h 

litn L f (;;) ~x; = (i(x) c: x, (24) 
m cn~);i -0 i I ; 

L 'f,lt"""''~'J! • "L' f•"t'L"'I f/>m- ~tl/.'1/""'bbl'ft ,rLy_ 11,~ ft~ l "~''" ,,~u .. L·
'IL'''II'• UtJ~'''fb" ~[ "l /•~mL'fl'Lff• f/>m. ~l/.'1/tw~bl" 

'Jo ft,, 'I,'· f1 J,, ~ • .I: &1/'""'L~.f!• "r "P" l l"'l P~""'"ll""ll! '''"/"
,,,,} (- ,J'f,,J.-,, f( x) q,,, 'bll.'l/""il• mbu.f!f'.'l f, ft'bu,L,11,J',,~, ,,,r:,,J',,'b'iJL-

rft.'l • 11111 /.'J "l f•~'"l"fl"f"'~' 'P"'P"f""''l"'~'/'!1• "1'1!. 11"'1'1•Lf• I; ~'2"'<;,,//I'L 
!J"'~'~"'!J'"J '""""'"-' lhumft, l. 'r"'P"I""L"'L "J"' l l"'L Jt'buri"II'"'L/r ,f(;J-,, __ 

fc'J"'.-,'1!.• lt"'I'I'LP I; X"'"'"/!. tpuJumf•ft'i,/,1 .'1"'~11wywrJ- '"f'f• ;_ ,,,,,,. 

,, h " 

Jt(x)clx=Ji(t)dt= · · · = j't(z)clz: 

h 

• .,.,,,, 't" ,_ ftl 1, ' · ~ :!: Jf(x ).;x "r"N"'J ft'i,,f,tr•wLf' 'f""l""r"'-

re ,r,.,,'l'iJI.Lf,, ,f/;~1! L~,ftl•"'fr"L "~'.J! · "r a<b: b< a 'I'"'IJ!""t l!'"" 
"'utr:.,J'm'i,fu,~ f!h'f"'~b~, .p 

h 

(f \ x)dx= - - j'f( x )dx: t2o) 
b 

li 

1 x dx ==- x-dx. " ., j' .. 
5 u 

,.,. I• Ill 11 'L n ,_ [tl J , ,_ 'b .'J: a= b 'f" "f. .f!""r L! II Ln II,, r:, ,J'"' ~,/Ill 'b I!~~

'P"-~L~.f!· "r 9 ,,<;tfl"'.'l"'o !(x) f/>m. ~tll.'li""JP t:."'J''"I' 

4511 

" 
Jt(x) d x=O: ( ~6) 

'/-,, p~w~w~ I; 'i.twf, b-rlll""} ""f•mllw~t wbumlthmf'9' / •['"./! ' lt"l'"'

'lf'J ,/,,[w'iJft t:..pJ.f!f• bf'f/wf""{JJ"'~'f! 'fP" 1; , t,burftwpwf' • 'itutft "-"J•ut

qpJ ufit[ut'bft .fwf.tbpb"'iJ /; r:.u,fulltW[' '{p"['" 

h 

0 rl• 'b w ~ J, ~'"21b'h,_. Jkxdx (b> ·•l /<'"-

{" '- c) n '- J , U['~f'"' < "'''"' {'£'1., fu'b'lfrf'[!. ~w -

Jw/"/1'1! I; y ~ . kx , X = il, x-- b, y=O ,~lrn1 uw~
J ... ~,, ... ~ uh'lw'bft (,) tfw~brbu[• l;wz•[.!w'be ('1 .. . !U.J), 

l•'bwh,Jrwtf> 'h2w'hfr ,..,~ '1"''1.'{"'1 y = kx 

f/>"•~·~u/•w'b ,.-;,l'-;,'1'"'"' 1;. ~bml..wpwp, "r"2J"'t f'i. 
mb'll'"'lfr 1;,.,2 </ .fu,~• l:, w.!wr ,(/;~,1!• f•'hi''lbu 'b~wm/;l 

b'bl! •[brl..nuf , ll"'l'"'l b'bc [~, b] l;won1w•\f "'t"' 

t,,,J1~ IJwu•wrbl {wtfwlw~w'b £'lw'bw~n1 1.. ~u,.!u1/• 

215 

l;l e'hwrbl Ek .! fr£w'i~J"'l ~bu.Lre• 11r"7J"'l "~' "'"'lr"'LP r. w2tf•fut'b 01P'I.I'"'hn~ ltwfu

t{w~ 21; f'bu.b'll'"'l"'lfr'b 'l·n•.!wrfr llwnn•u.!w'b b'lw'hu•~frU • .!frw/b pb, "'tm:.Jw'b 

I'"'JLe J.,,f 'IL"'Jfr• 

[a, b] '"'"'1wJe pwJw'bb'bc n r. w1wuwr ;..,u.,fw~'h£rf• 

fJn•rwew'ltun•r .!wu'iw~f '"'"'1"'"/r ;lx br~"'l'"'PJ "'~'r '"'1"'""'1' I; ~x= 
h -·· d 

=-- . "'I" P/•1'lt I;[ r.b'bs ~Lfr'bf• "'l'"J:,.!w'b I!"'Jll'' /lwJuAJw~• J1b,b;•'h h,_',/,1, 
n 

S 0=k~ 1 6x >· k~~i.\x + ... +k~nllX= 

= katl. x-t [k(a + tl.x));lx + ... + (k(d+(n -- l)Lix] : ~x = 

=k(a+(a + tl.x)+(a +2Lix) + ... + [ ~ -Hn-l)~x])6x= 

= k(na+ [6x+ 6x+ ... + (n-l)tl.x])tl.x= 

=k(na+[1 +2+ ... n- l)]tl.xpx , 

b-a 
6x= -- • ~wztfl• "'""'"'""' "I' n 

tt2 ... t ( -1) 
n(n-1) 

'1 



(nf'llf/,-11 f/ t/u•pmCjtuiJJUIIjl "Jf'"'f/''""''U' .f'' lflll.tfiMJI) 1 fJIIIIfiMCj1111 ';,,. , 

[ 
n(11 I) h - ~ -~ h a [ n--1 h a l 

s., = k na · \ 
2 

-- --~- k a-;----- (b a)• 
n n . · n 2 

n - I 
-f? ... ~.,. "(' d ill --=1. 

u ~ CD n [ 
h ·t ., h' - -a 2 

lim o; 11 ,= Q co k il \ - -2·~·.:_-__ (I> -a) c k--
2
-, 

n -,. 01) 

).!} 
y~.~;' ,-

li.J""I''""'' I 

Al..lba ,(..,~J.l,J."I!. (1.1{· ~J.i) >':m I; ~ m; •[b· L '"'ul'l''"~'"'l' 
"r 1u uu l '"•fr·n • fl J'"'b ''"I'" 'l'bl.,., .. ,, 

lt,tmlll ,'f'//• ";,,,*J"'i' lll[''f .ln'"i',pf!.. : 

h 

{) r fr ~. '"~ 2, ~ u• t •J b l f X ~d.l:: 
(' 

I." L. ~,. L ,f: S1•tJ•u~ [/i,,L- 'ff'~Mff!. :.~~~ 'J'"'""J' (· y -=x3 
11f111f11UfU'fn'j ' X*:·: b () /''//'~uuru-11j /, y -:-::.· 0 "' 'l["L"'' tiiU ~ tfUI"it.u

.[•'"'l'lwJ It" I'"''"' .. u4 'I"'~'{• Q ,(..,~/,/'' .,,.~, { ~./(• ~16): 

b 
x" 0, x, =· ..l. x, x~ ·-- 2 ..\. x , .. . , X11 = h-·- n..l. x, ..l.x= 't'm't""[ 

II 

(a, b) ~ IUUII/111~[!_ /'urdu/:ttL~te n ~ UI"IU11U1f1 ,(..,,J.1t[r : ''f'f'/1 ; i f1b,l.1, ,,,. [,,'fC,I/,.,,~ JIIL.

f'III,PIU.,ti_,l"L/' f. mm«/_•u~/_r Ult J u' .l f""*""'f~ : 1/lll'llfb"i,_,. ~ '"'''.f"'f fr~lln/.· ,1 /""f"'J/'"i' 'l_n• 

,,"'I'[~ . 

n LIIUI'I 

·160 

sn =--~ n(n - I l( 2n ! 1) ,. ~(/ I _I_ )(
2 1 

.!.._ ·) , 
.. 11 3 6 G n . 11 i 

h 

Jmdx (m=consll• 

1. n L. f") l' t •* ,rt 

h 

Jutdx= l im . 
max£\ :t. -... u 

,I I 

n n 

2: 1!1-.l.x;= lim m ~ :lx; ·c.c 
i 1 m a16xi -.• O i -1 

n 

= m lim ~ ux; =~ mth -· :t )• 
i· l A1i11X.l. X j .,. Q 

" 
{f. .l""',.'l L ..l. x;-~• u•.r~' >uun•[w_.'b,l'fr 'f.""'"'('~' 1; , "1"'~' .'1 I''"Ju,1u/uu) I; [a ,b] 

j , I 

t, IMmtJ 111 r)p : Spn~tfUICj, !f"'~~IU,'fUI~ l.'l_ut~""*'' 'lJ.·uf,pn Ltf IUJ'I '-nl_rfwpe_ f, au4_auuaup I; 

~ ....... , ..... ,, b- -a ,,.,, ... , ... ,I' I"'~' I!.' 
h 

0 r l• ~."' '' -t, ~"'t·l"t J e'd.~:: 

h-a 
..l.x . .. . , .~:., ... ·. a · 11..\.x; ..l.x =.c, - -, 

II 

f/i,,/,¥/"~f"'J[/it 1flll .lfU1fll!_t ·UI~&U.,~'rll ~~•rufr 1Uf11111U f., WJinnt..fl'Jn L "11{! ·f'~JI&U';_IUI"W~UI~ 

"'__fln'f[''II"UI /; 1 11f1ll ~ UI J111Uif11M['~ I; e !~l I /111~ &UNIM!fr~ ~~~~,UIIft~' 1 1 nLIIW" 

Sn 

lJ./itn L~ ,,/,, ,,_Cj,#. ~,,. . 

en ax _ I 
_l. x , cell (e"a.t_J) 

.h 
ea 

e'\' - 1 eA'- 1 

..l. x 
llll :'l : ·b- a, l!m _-, I' 

a x- o eax_1 

lim ---= lim - -ooo l : li.Ju"t/'""''' z I ) 
z .• o ez-J z .• oez 

lim "n ' .Q · e• (eb - •-1). J=-,· eb-e•, 
n - -)o :)) 

b J e'dx -.-.- e~>-ea , 

,,. "W u 'f n L {J J n L b 4: t.J.'iif/ br<[l 'ffturutpffi{IUJ orftbw/fbhf'f!. 

9"'19 k'U urwlftu, "I' "l'"Zl"'l ft'iiurL'fl'"'L'i'J.I'p' "l'"lku ft'UurL'll'"'l"'lft'ii 
,,ufu.r'hk1,ft uwr..FIU'U"Uk1,ft w'iiJftp_w~w'ii >.wzquufl' lt"'"l'fwJ t" JkJ '1/!tl

'l.wrm.ftlt•n'i.'iibrft >.kun &,. J'iiftuf[ IUJ'i' lfb"/J>.bpuuf, kpp b'ii[tl•uft'ilmh•tJ"u-
4bi 



[wJfr'b lpnLh~9frw'bbpf! 2_UILn "fiUp'f b'b (kX, X2, ex), UIJ'f U'fwhwftf! ''fUI

f.wh2_nuf I; r, U~WJW~wh f.wz1_m J'bb pt U.tfb Lft P"'P'J :p, <j,~yfrw'bb-rf· "pn r 
JW[ fr'bmh'fpwLf! 'lm'bhll! r.,.,'b'lby'bn,_J I; w•J'-tfr ,f/;c} 'fJ1_UipmfJJmhhbpfr: 

fl,_umfr p'hwl[whwpwp fr/'b'lfrr I; J"''l"'-"· 'fm'bbl "P"2_JUI[ p'hurh'l/'wl

hbpfr f.wz_1_Jw'b 'fnpJ'bw~Uii.tnl'b'b f..u1,J,ul' Jb{Jn'ft t 1mmn'bfr b J."'Jp

'hfryfr f.wJmhw'fnpJwJ "'1'1- JhfiJn'll! o'lurw'fnpJ 111,f I; fr'bmb'Jptfw'b {
1 

'Jfrlf.bpb'h9Jw'b Jfrtk '1"1"'-fJJUL'h nL'bbynrz funp ftw"ll!' U.l'l ,ff.{dn,
1
fr 

zwr•u'fp.!w'bt ,,_ f.frJ'hw1_npduthh L'b 'btffrr4_UIJ "'!" 'ILP'r f.wl"l''l "(UI

rw•Jr"' fl. 'bb r /!I 

f§ 3. npnz!WL ~(unliq.pwl~ fi~ubwlJWLI fiwm~nqajnLllllhp(! 
~ w ur ~ "'- {i 1 n L h 1t Z,wummmndi wpmruq.pPi_~ lJmpbtit k 

IJ-m-pu pbpht npn2JWI pGmbqpwtr G;mGpg. bpb A=const, mu1w 

b b J Af(x)dx=A Jt(x)Jx, {I) 
a 

lJ. "I Ul 9 n L I 9' 

n b 

=A m!~: 1 .. 0 1~ f(~,)~x 1=AJt(x )dxt 
a 

~wurftnL{JJn'-'b 2: lT~ l!wGp ~m.Gq!lpwGbpp 6m6pw!iru2tlm
qw6 qm.tfmpp npo2JUil !1Gmbqpmn~ fiwt}wuwp k qnLtfwpbJplihpll 
npn2Jrul pGmbqpwtGbpp fiwGpmfiw~nl wqruG qnt.tfwppG: U.lu"lbu, br

~m 'lmJutphtfr'ilbrfr 'lb"'J?"L" 

b b b 

J [f1(x)+f2(x)ldx =J f1(x)clx- Jt2(x)dx, 12) 
a 

lJ. "I w !J n L l 9' 

b n 

sr fl(x) +ft(X) ]dx":ax~,~ .. O I~ [tl(Et )+ i~( ~I) )t1x1= 
a I 

452 

n n 

=- lim 
llt.a x:1'<i _,.o 

~ r l(ed~x, + lim ~ fz(~!)t.x,=-
j _,.j IIU,~X~-+ 0 1-1 

h h 

=-J 11(x)dx+ j\(x)dx: 
• 

!Jw'b~w,qmJ {11_ntJ 'f"'-''"'r'tfritl.pfr r,UI,ftup w"lw!/"'-l!Jf! lfuturwp-
1_;,uf /; f.utJw'hJw'b ~k,1_: 

:,w~nlf"'fiJmh 1-/! It 2-1! [ll.~m'l b. "'"I"'!J"'ItJuttJ b'b JfrUIJ'h 

a < b 'I'"IJ!i' f.wJmp, ,f'b,,f J,'L, "'"" "'t b. a ;;;?;b ,.,."l.f.!"'-''' 

Uw~WJh f.l.mllJIII[ f.unnt,,p,,_h'b frrUitJw!lfr I; JfrwJ'h a< b ,.,"{_ 
.[!"'-": 

~UJLnff"'- fiiJnLh .1: bpb [a, b) fimm4mt\-nuf, npmL'l a <: b, 
f( x) It q>(x) ~ndiltg!nuliltpl' ('mtlwptt~pnuf bli f(x):,;;;q>(x) U{WJUmfiJ,G, 

h h 

_( f(x)dx ~ Jq>(x)dx: (3) 
a 

IJ. "'w 9 n, 1 .'1' '1-fruru•pft/,;'b.[! t.l.mltJ"'l ur"'rt''l'"'f'J"''hL'· 

h h h 

J q>(X)dx- J f(x) dx = j'l'f(x) - f(x) )dx= 
<l Cf 

n 

= lim L [1'(~ 1 )-f(~ 1)]t1x i' 
max~'; -~n i 1 

U.1u,,b'l 1"'-P"'·Wuh!._J"'-r "'"'Pflbl'"'f'J"''b' 'f(; 1 )- f(~ 1 )~ 0, t.x;~O: ~lturb-
1Uif""l'• '1"'-"Wr/r J"'I'"'.J!W'hlJ"' r '1"'-"Uirbtfr n!._ PW!JIUIIW~UJ'b 1;, "!. 
P"'!Jwuw~•uh I; urdpn'fl 'f"'dUipf! /,_ n!._ pUiymuwftw'h I; cJkpt_fr'hfru uwf.

,fUI'bf! , •Jufr'h.JJ'b' 

h 

J l'f(X) -f(x)]dx > O 

lJ h 

j''f(x)cJx -.f f(x )ct<>O. 

npmbtt/r9 t.burbmJ I; {:J} m'bf.w1_wuwl"nfiiJm.hf!' t~. U7 

ll[Jh f(x)>O k qJ(x)>O, w"fUI Jwur'hUI'bz,LUI'* 

f..u 111 /Lmfi1Jmh(! wft'bwnm ~bpu1ntJ ,fbft'hmpw'htJnuf I; uplfpwt_w•frnp/,~, 

('bll. 217 }: 1~u.'bfr "!' 'f(X r:>r(x), "'"fur aA18 1b lt"l'UI'ffrJ "b'lw'i,fo 

Jwftbplwl! JJ.J t_l; aA~B2 b ~npUI•JfrJ uhrz,u'bfr Jwlthpbufr.cp 



~ ... rnllnLfl J"Lh 4: bpb m-e IJ M-e f(x) 'l.m(il·gl•u•JI• 1 
't' 'i '•'"1!-

pwqnLJG h. tfb~wqnlJG mpdb~GbpG bG l a. b I filllutltlt!(' nul' I, 
d~b . 

h 

m( b-a)~ Jt(x )dx :o=;M(b-a ): ( 4) 
.. 

m~f(x) ~A1r 

( 3) llwrn~nL[il J"'h llpJ' u.h </rm rrL'ilb'il.[!• 

b b b 

J md x < It( x )dx~J Md x: ( 4') 

b b J mdx= m(b - a). I Mdx=M(b - a) 

( ~nbu 'IL· . XL § 2-Jt, orfr'itur~ .1): Sbr[UJ'fl'bl"'' UIJ" UI[IUIUtt.UIJinm.

(rl J<n'il'ilbrl! ( 4') ur'illlur</_uruur l'nL{il Jurh ,lbl, ~urnu.hwhJ! ( .J) ur'itt.ur•Juruu.

l""fil JnL'il[!: 

f;f'Jb f(x)~ O, "'"'."' urJu lluru•~mfltm'ill! _t.bzur I; J'/,~'ilwp.,'iJbl b1,,1_ 

l'"'turrfrnrb'il ('il~. 218 ). aABb t"r"''IPtt ub'lur'itp J'u,t1LrLue "f.Uir•f•wlr 

1_ ... J I; aA181b L.. aA2B2b "''l'Lur'illtJ"''il'ilb1,1, ,r,,~/;rbu'ithrfr J'pp_lr.: 

~ Ul UJ ltn L fiJ J II L 'it fj • ( [ilf.· n r U 1l rJ" /r-

y !f•'ilp J'urufr'il): br)L l( x ) ~udil19llluti 

o a 

wfir;Gqfiwm }; [a , b] fi.wunjw~nuf, tliiiJlll 

WJ'} fiwunl_wonuf qqmGt[[t WJfill![ntjt ~ t1Lm, 
np Jl.ptutlmgp }; fibmL.jtll[ liwtjUiuwpnt_ 
PJndie. 

b 

Jf( x)dx=(b-a jf(q, (S) 

u. "1. IU 9 n L J 9' '1-frsnL.[! nrnzurHu ... -

31 PJm'il t.wJ'wr a< b: b[Jb m-e L.. M-c f(x) 

:fm 'it~9PUJ JP J t.urJ' Ul"f.UIInUJUfuur'iturpur r. ·fm.e
rur'lnLJ'il L.. J'bJu.qmJh urrclb.[!'ilbr b'it [a. hI 
t.u.rn</_urdm.J', ur"i"' f!"UJ ( .J) pr.u'bwalr.p 

1 ~ 
m~-- j l(x)dx<-Mr 

b - a; 

1 -~ -- j l(x )dX=f! , , 1,,1.,1 n!· -~ ~'-' ' ;:\\: 
b - a: 

1?w'iJp "I' f(x) f/>m.'illly/•w~l ,'iJl''iJ'J;:.UIIII I; [a. b 1 :."'""'"' J, ,r 
"'"/"' "'J'i' l'h'fmhmrf I; 11 1-p [, N\.-fr J}p_l, ''I"'I"P"''J'frud l'"l"l' ri'J.zmh-' 

~J"'l "'I'J'iiJ!'i'll'l!.: :J,urL..u,pu.f' , "l'lrl; ;(ao.::::;:;,< :b) urrclb.f!f' 'fl"i.J"" ,r 111:_

Lp'ilfr p.=f(~), "'J"Ph.[!h' 

h J f(x)dx=f(~)(b- a): 

~wur/lnLf'JnLh 6: 3, b, C \jlttfilpugutb l.;pb_}:' ptfhplt fiw uw p 

ppmt\mgjt ); 

h c b I f(x )dx= J f( x )d :.:-t-- J !( x )cl x (G) 

l)nH\ wu w (I Ill p J n di~ , bp h tflttu J li tllj ·~ bpbp jtlimbqpw[ G f, p~ <jll J n 'p jlllli 
IILfi bli: 

u. "I Ill 9 n L J !J' ~ •• ,,, b'il[clu.'II'M'.f! • "I' a<c<b, lr. [a _, b l r:.wm-

1_wJ-,,r i(x) f/>nL'i1119t,w1p :;,,rwr ll"''l'fM,.J' fr'iJ,,b'lr'"l"'!P'il 'l"ufmr : 

·~w'ilfr "I' fr'ilu.J,,frurt'"JP'il 'I"' ,J'ur1•J• um t:.,J'ur'ile 11urju1_u.J- t( [a , !lj 
t.urutt[wJe J'muhf'p "'f"';:,,j',,'iJ br[Uihtult/•!J• "'"f"' J'b'iJJ! [a, 'b ]-'il '''".[![' 

t.urrn•jwJ-'iJ/,/'P ~purcftu'i.l;h.[! UIJ'itulbu, "!' C IJl"'l! tfr'itfr pwJur'iul'm'it ~bm: 
b 

llJ'itrnt.lunl. [a, b l t.urrn</_rudp~r t.urrfru"f_UJU1trrufnur'itrr'l L fr'ilrnhllfiUI[UJt/tb 
a 

c 

1fnLJ'111rf! UIJ'I1t,/;'it.j! brltttL 'lnLJ'IUf''itbrfr' ~ 'f11LJ'rurfr 1 nf'/!. t,llllj"IUUfW-

b 

lnUJU,,,....,IIL .r 1; r a, c 1 :.,rnt[ura1,.., " L '1"'--

J'urr{t 1 nl'l! ::.mJ'urUJmmruufuw'ilmJ' I; [ C, b] 
'.ru~nt[urJfr'it: 

ll J'1- 'f b Ul.f! tiL J' 

b c b 

L f(~;)t.x; = ~ f(~;):h; + ~ f(;;p.xi: 
c 

•(brp_fr'il t.ur</_wuu.rm.ftlt•u'it J'bp_ ur'it9 -

'itbln1. uu.t.J'ur'ilfrJ brp maxt.x; ->0, ~IILnUJ

'itur'iJ.e ( 6) u.n'itt_nLfiJJnLh£!1 

~0-813 

0 

t 
I 
l 
' 

l.~. 219 
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c h c J f(x )dx =- J f( x)dx + .1' f(x )dx 
~ 

h c r 

J flx)dx"""" J f(xJctx - J f(x)dx, 
h 

(' h 

Ji(x)dx~ -J f(x)dx. 
h r 

b (' h J i(x)dx =- J f(x) !x + J f(x)dx, 

:.1-lllflll'iufmb J./1111, IIIJII r:.ullnfflllftltm'ilb IUl'flii!JIII,'JI/111-1( t- (}, b b. ( 

1/h"'l'f'f' .'/'u'b~m,'J"'t) 111 J•J.£. '1"'""''/"1'"'{1/"''b 'fl.·uf.J!"',j'' 

't,t1• 219~,,( "'/"/"'') t- r:.,ur~m[IJm'b 6~fr '•r~!'"'i'""""'l"''i' ,J'I.Ir 

'i,,,,,'i,,f'J"''i,'b "'J'b 'f'"J.J!f. ;:,""'"'!' • "t'f' f( x)>O J, a < c<h· aABb 
,J,,l'"'bfr J',,/ll'l'b"l! ;:,,,,"'""'!' I; aACc /, cCf:3b ""'l"''b'iJl,rft rlwlllwf'L"-

'bhrf• 't"'''"'J'f.'b : 

§ 4. nrn2JWL ~umliqflWLil llwzt[nuil!: 
uJnLmnu-LwJpll~g~ pwhwolll! 

"'''I'"'H'f"'J 1;. ''"'' b •l"rl•~• ,,r:,,t,'bl! ,,,,,.,,,,,,,_,r b 11.1" 'f'"'l.f!"'J' 

ltr/trll/rufurflt 'j,,[, /r'bu,/, ,JI""tf' "'I'J/,.J![! 1 "'J"J.'irJ!'i'' fr'brnf. if""lf! IJ'flllnblU 

rf/, {' " 'iJ II Ill /:, 1J' Ill b /t ~J rr I. 'j, {/ !f /t Ill I 

:.,/i'f'wt:.urJ"' 'lu.r/'d"''} 'it; m'bmftrnJ''i,/,1' IIL'bh'bml"'- t:.wtfm/'• q!.
f'f.'b ,,C,,(w'irc 'bzw'bmt1L,'iJJ! x-u•f, J.ult "f'"fb'"Jf. rut'b tz•fu•fil•lr J.'b

mh•uufm'ir rf"'rftnfuru/1,'i,J. t,b,,, rfl'I'P.J.'b, 'itzw'b,~b'b.e t~nrf: (/•'bmblf:f'"'Lf. 

IIIJiff/;.j!{! f/w{tllflllJ l_~- fr'iJm/.rl/tJ'IU'iJ lfllll/rnJ.tlU~IUb" b2_UJb111fft1LJ'f.s)t lt{!u-

X 

UllllblU'iJJ! f f(t)dt ,,'j,,b,ff'"'lf!' ~mummuuu'i1 a~f. 'f.f'uf.J!'ILJ' "'!" 

fl.!'f 

X 

ct:>( x )o-=J i(t) dt : 
( . \ I , 

X 

ct:>(x) = J f(t)dt. 

~~ - 220 

x+&x x X+t.. 

<l)(x+~x)= J f(t)dt= J f(t)dt+ Jxf(t)cJt, 
a a x 

x x+ 6x 

~<I>=<I>(x+Ax) --<I>{x)=J f(t)dt + J f(t)dt - .\\t)dt, 
~ f.! 

x+t.x 

...1<1>= s f(t)dt, 
X 
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•l,J.rtftit ft'i,,[,,li'"'LI' itii"'"'J,,ft' 1/Pl'"'"''it.f! ,fpt_pit "'r.lk,cp ,J,_ 
ujl~l jtlkurl,fr! ( "1"'2l"'L p'i,,£'1/""LP {:,UIUI~III I' I"'<;' :;). 

1'1¢=f(~ )( x +t~x- x )=f(;).lx , 

"I"""'L ~-it •tm~"{nuf I; x-p /, x+Lix-f• ,ff,tl" 

'I·UI it J. <;,.p fl. IlL it/1!1 ,, wlf' "'-6.f, r..w r IU I"'["" l'l"'.'i'f!. Ill r 'I lll.lf/iitLn" ,-6,.,, it. 

f( cJ.'\ x 

~X 

'"''() 1· t.¢ 1· ' ( ' ) 'I' X = 1!11 -= I lTI 1 ; : 
~x .... o t.x .\ , .. o 

lim f(~)=lim fl;). 
A x-+ 0 :~11 

lin1 f(;)=f(x ): 
: · .\. 

"·I""IP""''' cf>'(x)=f( x): fii'J.,,,J..r<;, "l"f1"!f"'!J'f"'J 1;: 

11.1" {JJ., 1,J,J'l! "l"'f1'f ,fb/J'h"'l'"'it'J""' I; l..rftr"'l"''P"l'J.-it ( 'id1 . . :!20): 

Ll(l>=f(; ).:lx '" 6.[' ;;.,,,,,,I"'"' ,j' I; .'\X r..prf,e'i• " '-<;,II!Jn '1. II" I"" 'fPtT ,L'l.w

itf• ,r .. .J1J.1,J.,pt. puft ¢'lx)=f(x) ""}"''i'9I"'Ll!. t;,,qwum1, ~- x X ::,,,.,_ 
•fm.tft L1rftwrmft1Jmhc_: 

'1- p,, 'I" L fill, L 'b: ff.,1,9"'·fJ'i'"J fiburhrl'f•!J, ,f,,,<;,,,fni'"'"IJ.,, 

t;L,/,,,r 1;, "I' nnl'h[i tfl1 tulir.liltfiunn ~ndliJ!Jl1m ndiJt GtuJuliwlpufi: 

/•["I.J'• f..{Jk f(t) :j.tu'ii/J!J/IIu'il mitf!.~"ff;.IUIII /;[a, X] r..mmtf•uJ,,_,f, "'"f"'• 
X 

ftitt"t'" !1"'19 /; mt"fl.l 1/L' Xl - p § :!-mJ'I "'1'1- 'f'"'fJ!"' 1f ,\'t(t)dt "l'" Z-

X 

<!)(.\)=.\· f(tldt 
a 

f/>•n'it"!Jpm'i~: 1:,19 l!"ur •fbt,'h uwl"'!J"'9"'.tfr, "'lit r:,,,it,fpumit,J' I; f(x) 
:j> IlL it/1.'1 /r m IP it mfu itur //'"it/!: 

fdo b "I' b ,f :!: bpb F(x) -1! fimliqputu[inul' I; f( x) mli~liqnunn 

~ndllJ9(• w J p ldlz. 11 r [jIll )tl [j IU ~Ill G, lU upu I' p nnl mg I• k 
d6R 

h 

.\' i ( x) d x=F( b) -- F( a) (2) 
a 

1.u.[iu• i•hr: 

flJ" pm'i,,d[,[' ff"l-""Lif /; "lJJIILIIIIIU-llliJplil•glt J1 1UUIUUi.t*: 

fl. "i m 9" ' · 1.'1' 'JoP9"'··J! F(x )-/! t;,<;,ff"'"'ituuf I; f(x) /f>•niti/9/""IP 
X 

uri,/; it,f,it~ull"''i'l!.' f,'um ftll.,I'J.,f 1-p \. f(t)dt fl.u,_itl/.'1/""it it,,_lit"lk" 
0 

r..wit'fflllmituuf I; f( X )-/• itmfuitml[ulit: j: m I!J Ill r•Jm.t f, itft!Ji'"' Jl• h rftnL 

!J"'hl[m.'J"',} 'i•mf,itmftw'bitJ./'1.!. "'"'l'P'"r•J,,f /,it C* r.,,,,.,m.,.nLit 'l"'·'fw-

1'/;LP'"f: ~J.,f.,,f'wr , IJ"'rl.Lf~ I; 'ti'J.L. 

X J i(t)dt=F(x J+C*: (3) 

C*-/• .;.,,)'m"lu""'""{""'it f!.itUI[IIILl'l-it 'fJ."I.J'"''f tUJU r..mqwumpm f'l'"itit 

f•t""li"'!Ji' I; x -t~ I'"L"fl '"t"lJ.,citl.rf• 'fl.1'f.J!"'- ~t~ "'I"Pit.cit' r..wit'lP""'ituuf 

I; 'hm/umftll"'it: C* r..wuurwmnLitf.!. "("12.1.['"· .r..w1fmt1 "'l'f it,_lit"'ftllmit 

,r t, y f!.h'f'" 'i1J.it.t' x = 3. , J'f '~-' "'"'"" .r 

' 
.\.f(t)clt= l (a)+C'" ~ 

' 

O=F( a)+ C*'~ 
II f' Ill 4 If" ,'J 

C*=-F(a): 
..:, J. ur [, 111 I' 111 [' 1 

j' l(t)dt=F(x) !;(a): 

f:it'l"' itf.l'"' X = b 1 ~uurmiturit,c ~~ 1"'-"' nit-/,1u I Pit /•9P pu,itu,l,/, [!_. 

h 

.\· f(t)dt=F( b) - F( a)~ 
• 

* fl"''t"'""' ~ U< I. ~.2bl. "L' (~) pw'bw.ll•f.. "'J'f"tl"'" w'b.[w~muf r "l"'J'ful'bw~ 
f[UJ'jl /; 1 n':_ "i.fnLUirYC,Ifl 1fnm 1 n ' ~ {auJ[I~Ifrflfr 1fnur ~r l,'llff lUJfUJ[Iu[l f!UI~auJ.fL UIJU 

pwuf.r A:_'IL'['m {ufiUIIfllllt/ : {:"'.19 ~IU['L."L' !; UIJc;,, "/! ;J_.c;,l/ '-"".IPC,'{'!I~' IlL 'i.,Jn' mnC,f!. 

"'" w![•~• ..,·,,.,,,.( r, wumwm b o{•~~ ""'"'J..'fpJ .. ~~ /, •tf..flo l'b'b!JJ "'~' ~tf..!lt. b· ,_,,.} II"'"Ll!. ' 

"1'1!.. (ti"L.fl t mwJ{•u umb'lttLl llw.,,,c;, upn:jwl f~u'l;'ff'UJ~bp" ~UI:._r[,fu,c;, ::.u,fmt' t 
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J [(x).l x=Fr.h) i:(a): 

't.2b'bJ!, "I' F( b) --F\3) urwl'l'br, ftlt•nhf! f[m/•,/wJ t_l; F 'tuuf,'bm

f[m'bf, f!hmpnL{"t•n'bfry, J!Uihf• nr P"Ln[• bUifu'bwf[ur'b'bl./'1! mUirt"''"''",r 

L'b r:.wumuu11mh JbJmfJJwtfp 1 "['/!' Jf,/•huLJhh ~-, ;:.,u'btl"mh .J,ml"m'bur/l 

"f.hf_ruy'[nul" b 
lJ[rJ!. Jm9'bh'bJ! 

F(b) - F(a)=F(x ) \ ~' 

b 

J f( x )d x=F(x ) \~ =F(h) - Ft a ): 

1!"'-mn'b-f.,.tr'bfryfr iP"''bmabf! mUitfru I; "1"' 2Jml fr'bml"fl""l~'"rf• 
f.ru2<[Jw'b 'JnpJ'bwf[w'b r:.w1nf"'r J'L[iln'f r"'t'b 'fJ."l./!"uf , hpp :,,,Jm'bfr I; 

L'irflwfr'bmh'lr"'L"'!fr'b f/>m.'bf[yfrwtfr 'bwf,'b,.f[w'bc: lff,,t'b "'!'f rw'bmalrf• 

r:,,.JmhUI'fnpJrnJfry {:,burn npnLJwl :fr'bmb'fpwlf! f[w["''l /;[• J'wfJI,fmmfr

f["'J'nJ uuru•h"'L "'Jh h£_whwf[nLfJJnLhf! 1 nph WJh ~m'bfr 'i.l•r"-"'1"' r(ur 

!!-b.u JWJ n l'n2JW L fr~urblfrWLf!. n ru,bu fr~.n.nLqrwLw Jft~ 'filL,[ Ulrfr lltuf..

,fw'b t;.,.21bL"'· t;.,.,r,.c;.,f,u'b "lf1"9bufr r:.bur Jw'bn{J ~l;fr'b 'fbn.lut C.'i,,, ri" 

(UrJ!frJh'f), wJhnLwJb'bwt'bf,J "'J'f Jbfl,'ffr f[frpwn.nL{riJnLh'irbpf! ,,,,_ 

Jwhwpwf['/uul l;fr'b WJh "l"'l"l '1b"l.f!bl'n<[, bpp fr'bmb'lrruLw!fr'b •tm

,/'"l'fr uwt:.JUJhf! qwpnrz l;p t.w2•J•JLL ,.'i.Jfrp_"'f["''bnph'br 'f,tmmn'b-/,wJp

'bfryfr p,.'b ... a/,1! 'b2,'bwf["'tf•nph'b f!h'fl"'t'bky npn2J"'L f•'bmk'lf'u•J/• 1[/•
P"'nnLfJJtiLh'i.hpfr n[npmf!, J!Wh/r n[l Jw[JbJwurfrlf"''i. J',.,.'bw1nf' 

mbuJ!fr mwppkf' Ju'b'ffrr'i.brf· [nLJr]w'b t;.,.Jwr umwsw'l. {!..,.:'f.;"'..,." I I' 

J b [tl n 'f /.. 'fP"' r.wJwl' f[wpnrzwsw<[ h2w'bwf[wtfwl'[;<;. f!h7-l"'t'bf.t 

n pn 2Jtul f'bm/.q!'"'tf' ltf•f!"'"-"LfiJ JnLhhkpf! mbfu'bfrf[w 1m J, t!b/, ru'bfrltu.

JnLJ', JUUm'l'"'ffrmm fi/ J•uh Jb2_ b "'JLhl 

* \ ~ "'l'"'"'r,,.JUinLp JnL'i./! ~ni.JnLJ t ~l'~'l,,.,~p Ullr'J"''ll'Jw'b 'i.2w'i., '1-rw~w
'l.nLpJ,..'j, Jlr1 r,..,'t.'lf>"tno.J lr"b 'll'na.p1.,'1. lrr~nL J.l.br' 

F(b)-F(a)= [F(x )~' 

F(b )-F(a) = F(x))\~t 
:,JrUIUI'fUIJna.J ~O'fUIUI'fnpMi'J.~ 'f('n'·PJUI"J. f. 1UJU 1 b JJnLM lr'JUI'/,,.,~'/,Ir('/!.1 

470 

h 

() I' f' ~~ , II ~·J: 

h 
. x"+' lh h"+'-au.,_, 
\ ;~;"ux= --- ----11 l - (n ·"' -J) , ,. . . ., 11 : t . 
~ 

h 

.\
, ~'dx coc e' ,b __ 1 . 

· w ---- e ~-e <1 t 

o L' I• ~~ ,, 11 .;, 

\
. I . j2• 
Sill X ( X =c -CO~ X O = - (ros 'J • . Q· --0 .. · ~:t- -- e o. ) ·- · 

I 
' xdx r -

l) ' lx2- flx2!~{T- 1 · 
0 

J f(x)dx 

]dimb~tlllll~· npmLr1 i( x) 
,, 111 d' . .\ x = <y (t) t•uo(iwolt.ntl 

fl1l lilt\-l]nu[i u,lirdi,1filllm h [a. b 1 
tl\u\llibli.p t li11p tj11to]wJum4mfir 

l.;pb 

t; <yto. )=a, 

2) <f( 1)-li ll 

<f(fi)=h, 
<f, l t)- G tuli~ liqfimut bii [ 

1
, ::ll filllull[ we\ nuf, 

:; J I[ <f( t) 1-fi n pn;_'t]tu~ iL wfi~li'l illllu 1 1; I 1, ~ I ll.ttHntltu<\-nuf, llllljlll 

b 

\'l( x)clx=\' f[<f(t)l'f'lt)dt: 
, . . (1) 
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U. Uf"' 9" .. 1 9' I: filL Fix )-e f(x) lpw.'h~sf.wJL• t.,,f"'r 'bwt_..'b-

IJ"'<;, b u•Uf"' ~"'1""1 /,t.p '11'/'l t.LurLJ"'l r:. u.,[wu.urm{JJ,<;,tbrl!.• 

j' i( x )dx=F(xl +C, (2 ) 

I i[cp(t)jq/(t)dt=!~' ['f(t)J+Ct (3 } 

•J.I•r2J•'il f.uuJwuiUI'"'-fli"''b f.rw<JIUSJ"u[il i"'-'he umm'I<JnuJ' I; 'hi'"' Lrlf"'

Jwubp'b euur t-p 'lf.:f.brb'h.'l'bbln<Jr (U.J'h i:.Lurlwuf I; 'bwL. 'll· X § 4-fr 
(2) l'"''b"'d.Lf.s r (2) t,IU,JwuwrnLfilJm-'bf.9 uurm'bm ,( L'i..c• 

0 . 

j" l[cp(t)jcp'(t)dt=F[cp(t)j i f'= ': ['f(~)] -- F[cp(7.)=F(b) -- F(a)r 
/ a 

•l.brlfr"ii wpurwf.wturm-{JJ"'-'b'hbrfr "'l ,f ... ul,l'e "-IU<JwuiUI' b'b, t.Lu.Lm

l' "'l'' "'-"'""'""'!' b'b 'bwL awfu J,..ubre' 
'1- fr"', 'l, .. p 1, .. <;., )~zh'h.c, "r (1) pw'ilwat.,L "r"2l"'L f·'h.,h-

'fl'"'Ll!. t,"'z<JbLP" JL'h.c t_b'h.c <JbriU'I'"'•<;.,._,r "-fr'b •frntfmfuiU~w'bp'b : /;[J/; 

t.wzt[h'h.c (1) t.u,Jwuwpnt.[t!JIU'h hplfl'"l''l "l'"ZJIUL fi..mb•f1•1Ufe, "'L'f"' 
~umut'bu,'b,e nphl; [ilf•<J• "'1'1 'bnLJ'h [ili/fr~• l;l "-w•JwuJUI' I; ""'JUt_fr'h p'b-

"' /; 'ff'LU te I 
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t~. 221 

T. 

r 

0 l' J.., w ~· ~-24b1 I { r~ - x~ dx J.h,£ -

0 

[. "L J" L ,{ , ltwmwt•b~'J! ""'"-"'Juw~w'bf, 

P"P' "'rf'bm.J. 

X= r sint, dx o~ r co ~ t (.] : , 

1t 
X= r brr L=::: -, 

2 

r :L ~ Jf r2-x2 dx = I y r~ - r ~ sln • t r to~ t dl o=- r2 J fi-st 2 1 cost dl =--= 
0 u 0 

~w~.fwJ f•~'"'l"ll'"'ll' br~t'"'~'u4_•u.t1 w~• urlruw~bmft.'! 'bbr~'"J"':J'bnuf (; x 2+y~=r 2 
(5.11· 

1 
;!.21} ~t•£w~1181 ,1 it-tuf 11m ~,fw~,,~~J,ult:/wf) 4 :_[• £ w~t/! ,f,,t,_b·rhul~: 

§ 6. U'wuhpnrl !1innhqpnui 

'l-p9 nLJ! u-t f, v-'h 

'lL· ''i.J! ,..,r 
(uv)' :.::: u'v+uv': 

" Ll " l l r ' "· t." ' - l-l"'' a-"." ,(t.<j.,f. b u•u:..r,'b-'iJ,,_J""'-r J"'" 'I'["'- u muuru l.umu'lr I l'C1 l' L 

<;./, 1,, ,r, J1uurm'bw'i•.c. 

h h b 

\ ( uv) ' dx = .\· u'v dx + S uv' dx: 
a a . t 

(1) 

h 

-f.w'hp "I'.\ (uv)'dx==uv+C, Ill "I'" .\· (uv)'d :~=UV I:. uLump (1) t.w-

l
h ~ ~ 

u ·1 a=;,\ vdu+) udv, 

\ 
1

1

; u Ltv= uv 1: ·-.~~v du' 
a a 

~) r ft ~. w ~ · ~w~·l'• t In= (' sin" x dx p.,._b'fl'"'LC' . 

0 

" 
- .) 'j, 

1
11

---o J ;;tn" x dx= J st n" - 1 x ~In x dx= - J~ x ~x= 
() 0 0 ll d' 

1!. ;'1 

(n _ l) J slnn - 2 x cos x c.s x dx= 
l' 

- •>') 

llln-txcosx \ ~~-
t\73 



nLuur/-

7i !:l 

:::=;(n-I)J sinn - -2 x cos2 xdx ~= 
0 

~ ~~ 

~~ <n-l)J sllt 11 -- ~x(1 -- sin2:x)dx ~-c 

r-/ ".!. 

=(n-J) r ~!nn - <x dX-- (11 - ]) r Sinn X dXt 

~ ~ 

/{'b•••puu) "r'2"'~•wftnL,(~,I.pni <{!.1•!/<~• '"'""'""'f'"LfiiJ"''bl'. ftwrl.l~ I; 'fl'/ti "'J""I""'· 

ln= (tt-1)1 11 - 2-(n-l)ln, 

n-1 

n 

n- :1 
--3-]11- 41 

n-. 

('2) 

lJ.J'b" L r,l..,.l.., ~wpn L ~•wftl. L"i 'bnL .I~' ftl.t'"l , ,(L'bl! ft r. wu'b&-~'1' ftwd •f{•'~•~ /, (
0 

ftu,f ,f/o'bll' ll' ftu•/uiu•J 'bt•"''~•f•lf 11-(' 'f"' J'f /;, pi. 1/l'bm , 

'J.fnnwldtL'l,l' l.rftn L '11."11! · 

1) n-t• 'f" LJ'f Pfo•{ 1;, flc c2nt 

2) n-c 

:.?m - 1 ?m-- 3 
!.2m =oc--- · ---

2m 2m-2 

ftlr'bm PJul !;., n=2m -i I. 

2m 2m- .2 
r2 .. +J .. ··---

2m :- I :.?m--1 

'~ 

n/2 

11• · J sin x dx . ] ., 

.. 
;:fl 

! 2111 -·c r sin 2111 X dx 
2m-! ~m--3 

2m ·2m-2 · 
0 

.3 

4 

5 3 .-.-
6 4 

n: 

. :! 2 

I - [ sI n 2111 ' 1 '" d X ::nn+ 1 -· • , · "" • 

IJ 

2m 2m-2 
.. L1:1--'l ·2m-!· 

~'uJ"'"''' }_; "'~qL·l'£ IIIJIIIItiii/-J' JIIlJ/' mLu,pnq: 

6 4 2 .-.-.-, 
7 5 3 

l'pn~, ,fkrtfr"l, Lt,JJ'tl..- t;u,fuu,up,LflJnL'b'bkr/'9 w"l,,u,/ wu. Ul"ltrlw'l pUirlu.~"lulu.~'i, 
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1. II.~,, hI' l II IU .f, ,r, ~ ~ k I' n •/ fr .,, tn IJ 'f I' Ul l .,, I, I" '1-fr!l"' I' f( \:) 
:P~~~~~!Ifr"'~ "1"' 2'i"'t} 1• "'~l!'i''fr,,,, 1• x-f• "'J'~• r"L"I' '"l'JI,.c~'·rl• :, ,_ 

J'mr, "I' a~x< + ( >1 : '1-fru""'f'~b~.p_ 
b 

I( b)= J f( x ) dx 

p~mL'ff""lf!. ' •J,bl't.f•'i,, /•J'wllm ,'i,jr 

!!"''~"t"'!J"'t} b> a 'f'"'f.f.!"'J'' 1:-~ ,,,,_ 
'P "J•"fb Lfr II /• ~, L 'I l"'' Ll!. ,,, /u 4"' ,f ~- . 

"'l~ r, ,.,,f,"'"'~"' ,j' I; b-fr ,.,,l!~'f :; "'"' 

/f>m.~II.'!P"' ( mf•ll § -1 ): tl-fw•mr.ttf.~.e 

"'l'f fr~~nbrl f''"IP •J"'I'.J!i• r, , f'.'ll'' lirl' 
b-, +co (~1,. 222 ) : 

Ill~,. 

h 

llw f, J' W ~II L U: l:ft/11 'f"!"' !"Jill~ 

llm J r(x ) dx 
b-> + .. 

"-"r P."''I"r ""' r.J',~f!.· m''l'" 1."r•d•~" '"~"-"'~"uf b~ :(:x) :p,_~II .'IP"'Jf> 
mli\ndpulpuli l1fimhqpmt [a, + co) J'frt."''l'"!.f"uf L ~Z"'~"'~nr_ J' L'/, 

Ul J u "1. J., • 
+ ~ 

Jr( x)d x: 
;j 

+"" b 

J 
.. f( x ) cl x= lim C!( x) dx: 

• h- +"' J a 

+ .. 
/J.umJ' Iii. , "I' w1u 'fL''IJ!"'J' J f( x) dx .u'bfrullw~w~ /•~'"1.'1/""LC qn-

a 
u 

-j- CO 'fl."f..[!"' ,f f•n~fr •fbt' !.."'1.nr• uw ::.J'"'~' "'"i"' mu 111 J' L~ , "I' 
+oo J f(x) dx~c qnJmpJntli 2_ndi\1 l1wJ' mwpunl'~mntl.l' 1,; 
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fr•fu,,tn~ ,, t'~• 'f'"'f.f'"' tl', 1.1•1• f ( x) _:;:. () . f,[J 1, j'i( x) dx -e , 1,,,,r,"' l"'"' ,/ I; 

y=f(x ) il"l""l• Ox "'""'~S.J!'"I /, x=a, x=b o1"lf'~"'"'~h 1,,j ""' ;:,,J,. 

~utlfrwfttj_wq "'f'""'ff/'I'P ,fu,f//'l'/'u[! 1 "'"I"' p'i11ull"'~ 1/lfr~fr f!~'/"''i'Ll , "/' 
+ .. J f( x) dx ,'i,frultw~w'il fr~ml,,ll'"'l~ "'l'"'"' f,'"!"'"'·J' I; y=:!{x), x=a 

'fq/;f'P /,_ 111 #' 11!JPII~hf'fr "'""'~.'f.j!f> J'fr f.. l' ·'["'~'''"I ut'iJum /:, tfut~llll/tmlt ( m'il

•fL·[' ~) Ul ,, {"" J{J fr ,r udll't'" II l!. : 

1,,J',,'i,J',~ d.f..,,J u11,.::, ,r,'i,1_, ,f 1. ~ w~fr"ll"'ll"'~ f,'i,tnL 'll""l~L-1,£!. 1, 

IILr/r z Ul~""f' l ·'l•pwf[UIJ.j!/;['/1 f, ,UI,UI(I • 

:1 a J f ( x) dx = ll m 1· f ( x) d x, 
a -., -., ,, 

- ' " 'l 

< aD c +eo 

I' i( x ) dx = ( f(x)d x + \'f( x )dx: . " 

•/.hi'P.f'~ ""'""'""'f"'L/JJ"L ~£!. ''lliw,e I; f.mull'"~"'l "'1""1.1." . hfiiL mt_ lt'"l

,J,, J' 'flll~lfn'l JIIL(I UIJ.!UI~lJ·L~ w~fruftw~:JI~ Jl'iiU,/<'f[IUI[ 'f" J"L{J Jill~ fll~~~ I 
"'"!."' [!.Utn .,..,J:,,f,u~J'u,~ 'f"J"' /JJm'i1 m~/• ( 'I"'·'I"'J'fltnnu f I; ) f, l!mJum
~"'lJ'Jw~ /r~wL·'ff'"'lf!.' 



\ 
dx 

+<» 

ti 

'J.[uuwp~m~ p'bonb· 'lf'"'l~' 

~"I""'IP~ ""'I ... ~•/• J...,~brhur• 

lt 
11m ~rctg h 
a~+"' T ' 

0 l' I·~."' 't ::!, IT).,.L''l"l• tJh 1- [• ,. ~./. """''' u., .. 
-+ :0 dx 

Jl.l'~'br[• .,h .. Lf!'''-'' ~- (~·~· ~2.'1) \ ~ />~ .... 1.- ~I'"'Lf' 
j X 

'f"L'f"'''""''"-'' I. f.'b~"lf.u[• wt•Jhe~·"rf• 'lbu/1~ "'-''' 
llfwpw•lfrurnLtl 1 

I." •- ~" •- .r, ·f!.,.'bp ,; ,. ( L·rr a=f= I ) 

~ <1:< I lb I 
\- co= - - -xl-• : .. - - (b ' - oc- l) , 
; x"' 1-•1 1 1- .1 

UIUJUI 

+;vbx I 
\ - , ,o, lim - --(hi-•- J), 
i. x b~ + ,. 1-a 

~~•111/IUIJIW[I J ,,IUfUIJI~-~n'l 

fl Ulff U1 f/ n 1 .. J:l.f II I _.,,';, b r {!_ . 

~.-~ .... L'Ir"'J!' 'bltu""''"'''l' ~"'t• 1•Lf• t- ~"'"''""f'bl !',l.u.I•J"'l t-.-.,. 

+f"'dx 
WII(_W -

X'l 

I 
--1- ' "''"""'e~· P~""""''u'LI'. ., ... _.,,""""'"' ·' t-,_ 

"'"!'" 

+ <>: 

\' ~= ' ' '"J"P~' I'~' /<~tuob'ff'"'lf'. mwpw•f/<mnuf l;. 
. xz 
1 

'rt· L - I 

'• II 1. ,\- II L 1/1 

; IUI,JUIIUir 

[•'bon4 'I f'JU lf~ 
0 II 

' dx r d x 
\ --, =-- l11n - - -;; --' lim 
< I x- • -· -- -· I -x- ~ _.., 

rtrct<; xl0 ~.- lim (ar c l~o -arc t!:a- - ; .. ._ _,. __ 

~'""'''"'f'"'l' -' 

&u.m 'l/."1-/!lt;/"" ./ 1'""/ruiJmb I; Lf•'b,uf l>wumwmJ.l• 'I"' 'I""'''""",{ 
I; uufJwl ft'bur/t;"'"'ll! 't_wJ mUJruufpurm ,}' I; ut(h , I. 'f'b.., r:. mwl•[ ~'!'"' 

"'I'JJ..J!l" '1-rm r:. ... ,r ... r /1..,1""1 l.'b 011"'""1"'1' Lf,'bJ.l r:.J.,nt.J'"l ftll.nf•lt,i'bl.-l'l! • 

II[WbJ! Jf.b.['. f[utfln'f Ji'b.e f'l.f'/,;[ IIIILIUb!J U•"fUI!JII'J,'/b/,;rftt """ bf'III~I!J 
'tl•rwn, .rc '.'1'"19 ~-w'b.e "rft'b ... 't_'i,s.l'P tft'"' ' 

flo 1; n r .4 .r 1: bf'lb l'ntnp x-bpl' (x::>a) li m1fwp mb'll1 11di I• 

O~f(x ) ·--::~ lf(X) 

+• 
1u (i lhu tl \U n 111 pn1 fl J n • G l! lL ht'l b ~· 'f ( :x ) d x ·c 1111 upml'jHn n uf }; , 111 Hjlll 

+ • J f( X) d x -[! !i 1n J li ''iLu q 111. "'unl'flmn LU ); , [_1 u Ill n pnuf 

• 
+• +• J f( x ) dx ~ J cp(x ) dx: 

dx 
.\ ~-e') 
1 

,;~ .... t..,, .... ,l'.. 
f.u .. ~n L .!, 

+0:: I l +• 
1 -. dx ~-'- - 1 =I• 

• x 2 ) 1 
1 

~lu;f,,,r.,,t,, 

+or 

j . __ d_x_- _ 

1 
x~( l : e 

m (i r o-c:~9 ( x ),s; 
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.; ... 

__ j( x) wGfiwtl ummpn'-pjnt..G~, -enm npnul' J <p(x) dx-e mwpwtfltmnuf 
a 

+• 
},, UIUlUl UlW(lUIUjtmnuf }; U J f( X) dx-e: 

.P~,,b,r.uLr.' 
tfJWUINLtf b~I{J 1 "(• 

X : I X 
- -···-- -....... ---- ---, 
f X3 - r "7l - v x-

+~ d;: ~ -·u 
j ---- --- Iilii 21" x I= 1 :n: 

• ~ X b -·+ oo I 
I 

~L- ,l,_ u,pwL' I ,.,,,u.,f/tmnLtf I; !.L mr4wJ· f_.'ltmLq{'WJ/!_1 

•f.J.[''iP'b /,1'/i"L filk"p/,,j'j,/,1'"'-,j 'fpurw[.Ji1_byp'b w'bfru~w~w~• fi"nb

'1/'"'l'i'b/'' "l pw9wuUII1w'b :;~~,'btgf.m'bhrf.s: ll.'in[l.r2 Jpf!wt1"'JJ!"uf 

<;,2u,'i..l! 'r"/""'l f(x ) :f.,L'i..t19p"'JP 'fb"l.[!P r:.w,f"'l' "'"'LP IIL'bfr r:.bu.t<Ju'l 

{tJJ. "I' 1,rl!. .. 
+ .. 

/11' b" I' I. ,r :1: bpb ,1' p(x)l dx plimbqptule <LnLqwtf[tmnuf t;, 
a 

tliUjlU q m.qtu•rjnunul' }; L. .\· f(x) d:\ ltliutbqpuale: 

" 
l/.1" 'f/;Uf..[!"',f •JI•r'if''i' p_'bml•w•wil!. ll"l1.uuf !; t•Ulglllplnull <l n~_qw

tf[lmn'l: 

~ ~H.uJ. '//'"-' "' 'f nL'f 1U1f/1111 n Lfl Jff L 'il f.: 

_, .. -
\

. ~ In X 
--dx 

xl 

!, n <- ~ "L ,,, II.,~ ..... L? l.~.p"'''~"""'ll""lmJV" i#>•n.,~sf•w'ii ~., ... ~'"''""'" 1;: 'i.~w 
IIIIILII b~{!, up 

4HO 

I sinx 
1

1 

I I 1 +:- dx I I+.. I 
- "" -,. J:, .. J:J \- "-- -- =-· x3 x3 • xJ 2x 2 2 

I I 

2. lu 'l'i" 'l rp II L ~. 'ts" Ill I,, "~I ur '·'II' IH ll~ ' '1-p!JIIL.[! f(x) /f>m'blr 

.'lf'u''i' "r"Z-'fiHJ L w'bl!'b'f~"'ur !; a~x<c '1-b"l..[!"uf, pu~ ht'P x= c 

:f.,'t,~.'IP"''b 1t"''r "r" Z-'["'d- z_l;, ,,,J l"'l"-"'-'r b 11.1" '1-''"l.f!"',f tp 'L'"l'"Lfr 

'"""''L \.f{x) dx p'bml•'fr"'Lfr Jwup'b' "r"lbu p'burl.-'ll""l"'IP'b 'f"LJIH1,_ ,, 
a 

'bbrf. uUir:.,rw'bf, , .ew'bp "I' f( x)-[! [a, c] r:.wur•[IHJ,,r Ul'j,f!.'b'fr:.Uiur z_l;, 

,,,n/• 1HJ'l- ,,,r;.,r'"~'l!. 'L'"r"'l !; t._ 'l"l"'{"J"''b z_m'bh'bwu 
c 

c ,,,,Inn L ,r '" 'l "- n 'l f(x) f/>m'blt9P'"JP I' f(x) dx 
,; 

" 

,. b 

\'t (x) dx= lim i'f(x) dxr 
· h~c- -0 · -
a a 

l:[tlk "'l ,fmup ""'t;.J'w'bl! '1"/"'fiiJ"L~' m_'i,fr, '""I"' p'bmb'lr'"L'b IH'b

•Jw'b"''f /,';, u•'bpufttultm'b qrnqnll.l']tmn'l p'i.urk'lr"'L· r:.wft"'"mft '1-b"f..[!"'J 
p"z,.,/,-,lflUi ['j, w'iJ1jw'iJ Ill ,j /J'j, \IllU (lWtfll Ulfi'll 

f:[tlb f{x) /f>m'bf/.'/Pw'b 111'bp {ll'l_IIL,j [a , C] t;.l-Uur1_wJ{r J.wfu J-IHJrmJ 

( wJup'b.e'b' x=-=a lfb"f..[!llllr), Ui"f.Ui f!_UIIr lliHt;.,j.,'iJJm'ii 

r c 

\'i (x) dx= lim lf(x) dx: 
• b -i> iJ t- (J J 
a b 

I;[Jb r(x) /f>m.'b~spw'b IIL'bp '"'l"''r [a, cJ r:.IHUIIlUid-p ';, b r u" nr/..1; 

x=x 0 ~1;,,,1 , Ul"f."' f!'b'f"'~""'r J.'b 

<.' x0 c 

.1' t(x) dx = .1· f(x) dx + s r(x) crx. 
a a x0 

h[tlb :.m1_UIIli11Jtlll PJ"''b '"'!. ,r1Uup 1.-r~nL w'bpuii""L"''b fr'burL'Ir'"l'bbrl!. 

'In/"' {il Jn< 'i1 IlL itb'b: 
-1-'\ l 



l.nLf)-IILif: 

I 
" dx 

Jv-~ 
0 

h dx h 
lim J -- J,m 2v· r:::::~l 

b ~ l -0 0 Yl --x h.! - o i:J 

=-->-- lim 2( t - 1- b-1) = 2· 
b -> 1 -0 

1 
·• dx j-:-:;- {<'i,u,L'fl'"'f/!_ ' 

• x· 
-I 

( n L J n t . Jt ·J!~n"bf "l' [t~twb'f{'Jw"b ~JUmtfulr)[, r;,b· l'"l~ 'I"J'II p,, ... ~, nLC,[, X :··-0 

qbwf!_, npmb'l k'hfJwr"""L' 'fL'"'L"'Jf~' !j>nL~•ltfJI"""' '"'L''"'L 1;, IU"f_IU l·~ .... L-'IL'"'ll! "1/;"'1' 

I; ~'/;['qu'.l"'fJ~'/;l npn[bu kpqnL 'l"L 'Jwl'htl•'~•bpf• 'Tnufml'• 

1 ,, 1 

f
•dx 1. Jdx . ->dx 
- '-~ 1111 - - l1m j--, 

• x2 "t --n x2 E2 ~ -r O. x :!. 
- 1 -1 ,, 

BnL['UI(!tu"b:.J"'-l' llw;,(w"b ,;,~,fL~,l~ "'"JU~,,lft~'• 

lin1 s''~ - - lim _!_\'' c.o -lim (-
1
- _ _2_) -', 

, , -- - 0_
1 

x2 , , ~ -ox - -1 s , -- - - 11 c 1 -1 

~bmb.mp. UJ[I 1 [ -1 J 0] ..;UJ II11Uif) Il L I( /t~IIJI/, If f'Wf f!. U1Wf1Uttf[ttn11 Lif t. 

- ~ ~ . :.:.::u 

4)2 

I~ dx ( I ( lim ---:-;;- • , _ lin! 1- - _- ,.. _ _-,; , 
<,- + 0• X , , . , -H I ' 2 

:.2 

l/.Ju"lfrun1 WJ'•/wr)· f,";,,l:, ,f['UIJ/!. IITW[Iutrf[••·n"' ,( 

!:· ' '"'L'"'ll [ - 1, I] _,,, ,,,,.>[• •It''"' 
'izL~'l!• "L' b[Jb ,fb'h1, nquL- ~'1' >u•z•[bl "'1"/"'" 

,,~, ,.. , /, · 'lf'Wlf~' " '-21JJ 'l.f'"'-fl .f " '-~' ~1f-W[' iJ.~,£· ln 'J X :. 0 
~b"'"'-'f J,r;,{Jwf.'i,,b'IJ'W[w.lfr"b :f>nt.'it't_.'lf"" J /• '"'I'("~~~ 
t/['IU 1 II:UJ.W ~IIU'IIII~IIIIj"~' {! n ~ ~/r2_ut U1f11f.I"I. ~I/J: 11[1"-J'' 

I 

f d ~ •• _ _!_,I ,-- -(1 ~-- -~ - •

1 
_ _ 2, 

x' x -I . I - I , 
-! 

"l''b w~•> 'iuut•{•'h I; ('hq. !!!!(j) , 

r 
I 
! 

'1- fr m If 'flll fell II L h; IJfcJ/, [a, b 1 /)mm-f;uJ/1/d 11(11121/UIJ f(x)' 
tf>.m'b~sfrw'b IIIJ'f /)ww-fwJp 'b/,/','b lnhp a], a~, ... , all -fLr?.wt{nr fcl•[n•[ 

fu•[durb f£';m/,p, w"iw [a, bjl)mm'iwJ,,J' ~r(x) f/>m'blfyf•wtf' p'bmLlfl""

LI! um'.,fwh1ju11f t 1)/,,[.J"'l 1//'f'"/• 

, , <i 1 a,., b 

J f (x) dx = \. f(x) dx + J' f(x)dx ~ ···+ j't(x)dx. 
a <.t 1 ;1 n 

/;{J f, i~IIII,UIU1Uf111Ifc/J1Uh Ul?_ dw11p JIII-['UIJ!UI<jli_JIIL£1 mhfii1~UI[f111<jl phmL'f['W[ 

'fill 'l""fpmlluJ' /;: /•u/1 /;fell; {c/L~m.TJk "'J'f /•hm/,,ll''"lhUppy ,[f,Jf{! mm
b 

pm•l'frurnuf 1;, "'"!"' f,_ .i'flx) dX -[! 1/"l'L"''J' l· """I'""'P"""l' 

/ill[''"'! q, Ill 'blmf/UihL /'P w'bf· U~IU~Uih p'b ""''fl'W l'b/; l'P 'l""f Ullr 1/UII/L

[if tw"h npnzdm'b ,, "hrw'by wrclb.[!'bbrf• 'l'bwl)ulmlfm'b /)wdul[l l)w-6.wfu 

~wl'"'l /,'b llf'J""'"fbl mh•fl•f'l u/U/),fw'b'bLpn•/ p'bu,/,'ll'wl'bli['p q'bw/)mm

J'm'b fclbuf•/,,f'iJ/;J'f•h /)w,lm'bJ/Uh [Jhnp/;dhUp: 

frJ· /,,l'~;,r l' : br11J [a, c] fiwmt[tubnllf f(x) lt <p(x) ~ndillgJuu

libp~ C l1l.umuf ]nqtlnTi l;G, ~UUI npnul' lUJIJ- liwunlmilp pntnp llJ;miJ
pn d' mi;Ttil 111 Gbli 

<p( X ) .> f( X ):? 0 
c c 

ud!l1nlllwtuupn•pJudi(iiJp~ h \'<p(x)dx qnLqmtf[nnnuf);, tun[tu\' f (x)dx 
n 

lin LJ :iulbu !L•1Lqllnl'Jlulnul' 1.: 

fd• " II [' ,, ,[ II': b p b [ a' c I ntu U\ tlm ·h uf f ( X) 11 Cf' ( X ) ;p ll di 4 g Juu
libp[! [uqt[n'l b(i C I1Lmn u J', ~uu1 npnuf lUJll fi wunlm!) [1 pn[np 4bmb
pnuf m hq!1 n di hll 

f(x) ?><p (x) ~O. 

c c 

lll (j r~ l cllt IU ll Ill (1!1 1 fl J II di (j b p~ I.L ('<f( X )dx UllU pwu[nnnuf h' lllllJlll r f( X) dx . . 
lin 1 J !i Hl iHt u1ul p tutf[nuntt1' b 

~1· /;,pL.l Ill': bpu i(x)-1! [a, c] fiwmt[mh·nuf G(mfiwltln}u

~ndiqgl~tu );, ]u!ttlntl };- tl'!lllljft C lJbUIIILU h lUJIJ- ~nLfilJgpuij[l ptugll!p-

c 

);, \u upu <tnLqudjuunt..tf }; Gwlt Jf(x)Jx JlUu•bqptulr! ' 

/•/'[,{' mJhUf/IUp f/>m'b//9/ILuhU[' , n['nhy /)/;m /)m[ll/111[' I; l),llfb,fw

-!g3 



c l 
"r I dx-e 

(e - x) • · 

c 

I dx p'iunL'Ir"'l<ilbrf,<il: 
a (x - a) " 

0 l' /! 'b w ~ 9, !/.n L'fw'IJ.ouonul l; "'1"1.1"1' ,. dx J.o"bmlr'lt'"'ll!' 

0 -{x + 4x3 
~ n L Jt 11 L ,/ , b~•flwp"bmL'tl'"'l"'JP'~~ :J.nL'i.~H/•w~• /n•t1"'l l; jO, 1) ''"""''"~/• ;;.,.,,., 

1 
~"'Jf'"LJ, IJ..r'b r,.,.,fb,fu,,.l.-1noj --;=- :J.n L 'i.~sfou• .r /• :, /..,, ~~~L~.I.~."'~'I' 

l X 

1 1 
<:--, 

f x+4x 3 fx 
I 

f
' dx 

-
1
- w~•/u•~w~w'b 

0 X 2 

I 

f "I'(' l/>" L ~"w/•w Jf• "'~'['" ltu•IL"'~' fo'i.u,lr'll'"'ll!' "'.l"f'~'l' ~'' I --=:----
0 I' :x ,. 4x 3 

dx ~"" .r'h-

?-tm/tt X-p tfb£'2."ul <ilttfkl 1;, "{' " l unlli<il .lp m<ile<il'l f.mm q,,<il~-

9/•mJJ. f.w.lmr <ill'"' <ilmfu<ilm~m<il<il '"{'"'"'""'Jut</"',{ I; m'"l'l""'t'"<il lj.m<illt-

9f'm<ilkl'f' .lfry_nsttt[r lJ.J'IUff'uf• 'lbUf.j!bf""'' 'hl"'"'"<il-(mu•<ilf•sf' pm<ilm

aJ,,,, "l'"2J"'l ft<ilmb'll'"'l<il/,l'f' '-"'ttfnufe 'IJ,Jmr 1;, /, ltf'l"""'f"uf b<il 

"l'"21'"l fr<ilu.h'lr'"l<ilkrf' ""'2'L.Im<il "'"'£'1'"£' .r nUl m "II I' '"'fil"'t<i~Lrt 
f;l<iJLLntf "l'"ll"'l ft<ilu.k'll'"'Lf'' "l'Ufku 'I"' ,fmp[' um'..fm<il/_1 'l""l'"•/•mr/•s, 
"'JJ,f ,/L<il.e 2"'f'IU'l£'b<il.e ft<ilwk'll"fm<il .If' .em<il/_1 ,fnmm<fnr L,1 ,.,'j,,~<iJhr: 

I. n L 'I 'l "'<iJ ,, J n L <iJ <iJ L {'" p m <iJ m elf, t!' '""·""'.[? I a. h l f.mu.tfw
t), ,/ '"l''i"'J- I; y=t( X) m<ilc<il'lt."''" q,, <il~sf'm<il: 1flwt.m<il t•/ttuf I; t,,., ; •I'' l 

h 

If( x)dx 

"l'"21"'L f'<ilurb'lr"'Ll!' a=xo, xi, X2. ···• Xn = b ''"'"bl'n1 I a. b J ;:,,.,.,_ 

qmJ-c pmJu,<iJb<il.e D.x "''~"'l''"fiJ""'l' n ""'''"'""'/' .lmut.,., •• 

b-)1 
~X=--: 

n 

lJ.I<ilmt.J.u,L. Yo• y
1

, y2, •• • , Yn- 1• y.,-,,/ <il2mbmi[LhJ>_ f(x) q,,,<illt-

91'"'1/' mrJI..p<ilbt'l! Xo• Xl' X2' · · '• x, 11L"'bf"tL.I, "'I"P"iiJ>."i.' 

'I"' ,f,.,r<ilbre' 

Yo!::. X tYI ~ x+···+Yn -t ~X. 

y/:.x + y2 ~ x+ ···+y,flx 

li.J'I 'l"' .l"'r<ilbrf•s I'" I"".J!"'<illJ"' l'f! t,,<iJ'li'"'"<iJ,uf I; 1( x) q,,n<il~-
91""11' ""'""''' I a. b] ""'""'"'J-, • .1 f•'i,,h,fi""L'"Jf•<il 'l"''l'"r 

1
• "'""'" 

Jlllllllll/11(11'11"/£-, IIIJIIIIIII/'.,1-tiJIIIIIIIf !; 

(1) 

ll b-- a J f(x) dx ~ -n-(Y1+Y2+··· + y,) ( l') 

Jr<ilml11J['"'ll! ' '/-1,,.,<iJ.J! l;l ;,,.<iJ'If'mu<iluuf /,<;. Ill IJ'JlllliiiJill.lllibpjr l'mllm

oubp: "t,~. 227-f'!J Uf"'l"l 1;, "I' /;filii f(x 1-l! 'll""'J'"h f, ,-[.,,/ /f>m<il~-

9/'"' 1; . "'Uf"' ( 1) l""'i,uiJ.f,'j, "'l'"'"'""'J"""'r I; <(h/;1'" ''"""<}» "''f'l"'<il

fu,<iJ<ill,rf'Y 't"''L''"-"''• ,.,,,,,-[.,<iJ,.,.tt, "!"""'"'''" ,rmiJ'·r''"l!• ""'' ( t') 

¥ 

pm<ilma/,1!.' «'f"'l'" LllmJ-» "L'l'l"'"ilftJ"L<ilhhl'ft.tJ II"''L.!<fmu muur/_Ji.m'itmiJ.h. 

Uf"'mllht,l• ,fm~h1,L,e : 
flul'/"'<ii~J"'<ilbLp/_J pmhmiJ./111 1_ f•burLtti'"'Ll! C.m z•fLLf., ftmtnutf''",) 

"'"'"lfl liLfr<ii/_J "'JhJ>_tuh •f'"J?I'• "f'.j!"''j' .f/;c} /; 11-[! { mJuf'h.IJ"i. "f'.f!UI'it 

b-a 
'""$/' t l'lX= -- pmJm<iltfmb J!"'!lf!)t 

n 



II. 111, 'LIU 'b 'b ''I' /t\ I' Ill<;, w a,,£!.' f>'bml,m'b I; III.LJUIII'·t· ,,. "1'" 2-
!"'l /•hwh'f{'m[p ' wijb[p l;.2'ff'pil• "'fHI/;J!f!. ,j'/;<;,J! /fllmUJbtuhJ!, b(J-'f,"· mf'1fu1 tf · 

y=f(x) ft"f'f!. ,,,,,...,{'/t'bb'b.f! "l fd-h m•unfrlunhmaf, 'lJ-ntJ, fr'bt"lb" m!'f 

"'t"I'·.'J , IJ.'I"'~"ll"''b'bbt+ ,,,'bmJ.i,,J, "'Jl 'it/; p q J ,, m c} pbtnu..Ln.J 

( 'bt1. :i28 }: U.!" 'lb''i.f!""t aABb l;"rmq.frJ- "'"l"'~'/' ,r,,f1J,1,b,l!. ~~l~~~fum-

1'/''b'ffr mt'b''lfo"l' Ill 'l'l"'lff•J ,l,· ,l"'~''bhrl• ,r,,t,t.,,L,<;,L·rfr '1"'-''"'f' n 'L' "r"'it .f! 

•JLpf,/,!1 ,m :. ,tm~tmtf,mlt'L"'J- L'b /'u \ 1, A 1 \ ~ , ... , An- 113 lmf'l'l""'' ·f:m'bfr _ 

I'" I"lfr 

h 

f (x)clx :::- --· 0 · Jn I. h -- a ( y -L v 

J 11 2 
" 

yl) .. ,+y,. 
() 

+Y1+Y2+···+Y"-')' (
<) \ 
-'-I 

Um t ·l i)/,'b,'f :,,,<;,,!l,um'bu,f t· uhrpuGllhpl• [•lltlituldl~: 1,zl•~•.f! 1 "{' ( ! } 
p.w'bmJ.bft '" l tfu1111111f 'fmhtjtlll {rl/11/f!. t.m'btff"""hnuf L ( 1} J... { L') f'"'

bUJJ.hhf'p wy_ tfm,mtf ljlllhtJu'T. {r/•/ht'fo ,ffry_/th {rltJ~npm"itmfJmhf!. : 

n frlfr,f'it l!.~'"'t"L"'- 'r 1; t1,,r,,J"t" flr./!"''it Jh.t Lf•'itf• "'!'1- [rlf"Li!.• t. 
b -- :1 

t.bml""l''ut•• "!'./!"'<;, •f"'.f!f' Lf•'bf, t:.x = -- ./!"'!ll!• "'!~'./!'"<;, ,fi,J- t:..l!z-
11 

,,,,{J!""fl' (2) Jrnnullfnt' t,,,,"'""'l""·fd-J"'h "' l ,fmu,uf 'll"fmJ- 'l"''f,_ 

f'l! It"''" ft'i~,L•u•mLf' "'t'dL./!1!. ' 

I I I . 111 Ill I' IU f'· , l <;, b I' fr p. Ul ~I ,, a ,, 1!. ( 11 fr ,r t.LJ II n <;, ,, p Ill b In-

a,, 1!.}: [a, b J t.tuuiiJUid-f!. pmclm~tL'b.f! n=-<2111 'l n L J 'f p,,,,, "'"''11111111[' 

,)',,,~.,," I Xo' xl] ,, [ xl, Xz] mlf.wl.f•"' [;{'~"'- t.uuntjmJ'bl,rft'b ;.UI,flllt.LJIII

IIIIIIU,/111/hllll /1 y=i(x ), 't"l""' Ulll i) lflllbiUI,IUI~ILUIJ 't"f'""f/11} "''fJIIIh/t tfm 

'"'''''"f!. 'P"f'""f'f''b/,'b.J!. "'!~'"(/'"'' ft"l""'f/H} ""'f"'hf tfmftkt'huntj, "f'f!. 
umi),f,'bm,/tml11mJ I; ;V\( x0 , y0 ), M1(x 1, y,), M~(x2 , y~) brli.f! IJhmt,1,,,, 

wh[Jhlll[ /, Oy "''""h,'fJ!f•b 'l"'-'f"' t,l,,_ 111/LIIIh,'IJ! m.'bh,qnrl L /' /1 I'"/' 'f 111 u 

m p 6 m'b /• "lm /' wp 11 l" •/ { 'bff• .:!'.!!~ }: IJ,JIIi'f/'"'' fJ"f'""IP,j- ub'f.whh w'b

t/UJ~,/,l'IL Uh.J!. 1tllli!Hilf'lll'lil[tll(j "'"L"''b : 

Oy IIII<IU~I.'JJ!fh 'l"Lifiii ;:, /,,L IUillllh!JJ! IlL~'".'/ '"/ "f"'f'111f"'l" :,,H,,UIIJUI-
1' Ill. r~·~. Ill~.,, 

Ill "".J'l! ' 
-IH<·, 

1.1. ,f ,f "" bpb J1npnHJ]H) ub'lwliE uwlhfudiw•J"uli•Jw•' }; 

v=Ax 2+f5x+C 

. 1 () (i 1 I hJllJ•• OJlnh(iwudil;J•n•l· HJllllig liunm-U(UlJllllJ'"ln' , X UIU.lll l!J}!lll 1 I I -1 ; " , -

tlnJlllL['JJl"lir. linnJmHLLI(l l; :211-l•• ntn['ll lipu• •.l'nal[bpbul~ nnllltunt~1 1' ], 

h 
S=-(Yo+4y, l- yJ, 

0 
(3) 

npmbl] y
0
- !i h y~-~ bctpu1JJ1G upq.jdimullibpli bli, ]ttd[ y 1-~~ iiutullj cu.\[• 

uJ•21iutll bullll !(' lplp II () Jll} ]dilliUJ G k: 
fl. t.LJ 111 .'/, ' · ! .'!' IJ,,f''l·fr'bwm'bbl'fr o•fm'b'fmlt ,/,umh,fc 'f"'"""f"-

rb'bJ! 111Jh11fhu , /thl_I.Ljbll .9'"!9 I; 11'f 1 t/.111 J ~,/, , ',! ,'J()_,,J': 

y=Ax~+Bx+C I.LJUII""f'"Lf' t."'q""""!"J'm'b 'l"l"},,/tf,.'l'b/,.f'l!. "1"'2-

tjuuf b'i, {:, /;mftJIUf t,UI,,IIIIIIIIJIIIliJ'h/,f'P.'J• 

bfil b x0= - -h, lU '-'/"' 
y0=Ah~--Bh +-C l ( 4) [, [rl h x,=O. tUUf111 y l= c, 

I ,, I"'· x .. =h, IU"JIII y~=--=A ~~+Bh + C: 

A,· 8, C '1"/'Jm/ffr!J'bb/'f! ::,,,J'mf'f'l'"' i)w!m'bfr, "!"':'.Jill[ /•~tmfilff""
lP 0 '1'b 111.fJ! 1111ff' "I'":'./'~'.J!. "/Uiftmf"'l,;/w'b ,/,,l,'b/t tfmltf't'/;,/!· 
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~/.J tn/,_ u1 I''" I' 1 

S =~(Yn+4\· 1 + y.,) • 
~1 . J -

foilt "i"'r."'i.'l.'l"' ,r 1;r "'"i"'.'JIIl.'J''u 

~~nrf•y w'i''lr"''l"'''i."'i..f! ,n.,. r.p,fi...,fttn'i.. fuil'lt'f'i. (ml.u 'bit· 2:.!9): 

O't""l'· l'"{ ( 3) pw'i..~nal,fo.'l • 11"'1""1 b'i'.f! '1/'ht r.b,,£J,l J ""'114t{rr r r,,._ 
''"' ,..,,,, p 1, _ i.i.hpc ( h=t. x), 

. . . . . . . . . . . . . 

(.5) 

lJ 

r
. b-a 

, f( X )dr::::-r..-[Yo+Y~m+2( Y~+Y~+···+Y2m-~)+ 
o/ orn 

+4(Y 1+YJ + ... -:- y2111-tlj, 
f}w /;l r.h'it.'l lJ[nfUjllllll[t t•tu(illl(ddi J,, fl.lu"'L'l l"'"lw'iufu,';, ~l,wb

rfo 2rn 1"1•1c ,,.,,r,J"''t"'i. 1;, I'"' I.'! "r.f!"''i' ,fhJ I; '"1'1 PI"Lf!· "'li..J! m'i, 

(S) ;,,,,,,,..,,,,.fJI,<;., "'t Jw,fo 'I"'J',rc tiz'tl'""'l'L';, 1;- urmLf,,. fr'i,,J,_ 

'll""LI' wr<~L-.cl!""' 

* /•rfw~'"'l"L ~"'''"'/'' }//, pmrfw~11fwC,, l'"'C,'f' ~/.,, Uf.L· ml~ I; •/L·p,y~r£-l' /1~1 mf.· '1J'UI _ 

ll!. "'1"/uJ () w"'"fr~"'~J• i.i'"'"f'Ju"fl' ~"'2.'/f.f" L ;uufwl' ' lt"'I'L·lfr I; OlfuJrj£-l f'~tml.'fl'"'l/' 
tfnmUJ-/"J' ~"' i'[Jtu"'t #.Jm,fUI~IIU~ 11111111 ,9t/"'1. ujuw[~'L· [•/• '1~'UI~UIU'IIfw'it pw~twJ/,{•,•f r /.AJu 

utLI[ ,f/. ~11/~ ~ ~•.,l.f' JI/IJIIILif UIJ'J- '1- ~~UI ~ UIUIUI~UIC,IC,,fi [IJ~: f:C,,fJ/i[I.'Jn'l.f~ 'Jl~UI.,Ij~ ~"'f'"'[ I; '1J!..W

.,,,( .,-;,,lf"f{• w1Ltfr ,fut"iip'"J"',c,' '1"'"l!..~'fl•u,'l4j,L·rn ,_ ,f , m~,, opf,.i•~nlt, <f>tt:x reHI" OJibiC 

K~· p c .lfttl•¢c peultl1 i1Ji bHOro 11 mne rpa .qbuoro IIC'f fiC JIC!IIIIII, 196:.!, T. II . l rl. 1 X, § 5. 
4XK 

( U L J n L tft ~UI."'Ifbl Jnwtut[ti[IW ull'u 

2 

l
·dx 

In:.! -, 
• X 

I 

2- 1 
~ X _1_0_ 0,), 

I 
II I X I Y• 1 X X y Lx 

' 

Xo I ,0 Yo I ,00000 x6= 1, 6 y 6=0,62500 
Xr · ·1, 1 y 1cc· 0,90909 x7 -"- I, 7 "" 0,58824 
x 2 d,2 y2= 0 ,83333 x8= 1,1'l y~=0,5555b 
X 3=},::\ y3 = 0, 769?.3 

I 
X 9·-· 1,9 yg~=0,52ti32 

X4= l,4 y4 ="0, 714:29 X 1,, - 2,0 y 10=0, 50000 
X5=I,S y5= 0,66667 

I 

I. (1) ,,. '1'1"'-,~J"'"'"'Lrft umu.ifli. pu.'l. ... J.t.f_t9 ~""'"'"'"'.-,1'· 

2 d 

j• ~ ~o, 1(y0+Y 1+ ... -t y9 )=•0, 1 · 7.1 R773 0,71877· 
• X 
I 

~""' (1'} nL'l'l"''b~JnL'b'hl.pp /r['~l'"l''J pw'bu.J.bp ~uon,.'bw"bl'• 

2 .rd: ~O.I(y 1 +y.+ .. .f y10 )=• 0,1 · 6,68773 0,66877. 
I 

I 

~'t• 231-pq w'bJp£u.l[w'l.npiJ'i. r,£-.,b,.LJ 1;, "l' uufJwl '1/,"ll'"u/ --iJr'b 1""
'i.wJ.b~ l_.'i. ... b'll".,Lf ,.,pJI.e~ "'"'lP" I; .; ,.. .f L l,. r 'I,. 1_, b,.,lu'"P'le' "l"' ~ • u n l' 'l "1• 

-
0 
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I! . /.'nm ( :!) 

2 
''d X ( 1 ;-0, ,') ) j- :::: 0,1 -.-_:_6 ,18773 

i X I 2 

,., .. ,,,,.,,.,L<, In :2 - JJ: = 0 ,693 1472 ( ·'l·~·l'' .!nfJbl'"l"l ~· : w't•[• ozmnLfiJu"'r)• 

I 

fl.l""l'""'4 ' (0, l] ~ ww'l_wt)f' 10 ,(,,,b-[''' ,,,, ;·Ltf•u [~ ""' l/f"/"1""•"{' pwC,,wd. l,{r 

,/J.~~I' uml.u,'fw t''l' :, f,c,"l ~~'11'/"'' ..,,~,,"J,~,Ll', ,b,lw"l,'i,Lt'f' L'"'";,,,:;./,,4,' ''f'"' J~' J .. ,,J., .. i.J!:. 

'11'/",., ~,, ~ w~J rrl... '['fUI~,/1.1'" ~,,~1 /, 1,[, I''"~'UIJ.b..nt/ ,fL~,(~ 1/wl'"'l 1.~'1' /•J'~»:/"u"/''['61 d{11uJ~' 

UllrUI~'\f/1t •;1~111"11 /1 ~IIII,Ulfl; 

Sh{u'i.Jfrll"'ll"''i. ""'2'1"' ,f'i,/,1"" zf ::,,.,-(;.,{, I; '"1"'""1"/'J'i"' ,f !!Lpfr2'•1• 

1f 111111111Jnr {•'i..mbrJp•fm'il f""'i.mJ.I,l!: 
h 

'l-fr9'".f! 'i'"I'P!f Uf"'t:,,'i.,l'l""' I; r:.u• z •L 1•t l f(x)Lix -e: 

/;'i. (tl. ~u {•~''" /; 'll""lm tfr 'j, lp"' 'idl.'lfr "''i, •fm fu "'{' fr 'J.b'j, .[! f.m 'II'"' 'i.Jf, p ( X ) 

fr'i.JmLrUJ.'' ·l"'.'lfrn'i. I'""L'f,'i.J,1,,r,,l (§ 9, 'll· VII) [ <'f, h l r:."""·~l"")"' ,r 
•fLI'!I~'Lln.f fl.w'h119 frwJfr npLI; n ,,,Jt.J!'i,/,1'' f( x, ), f( x2 ). ••• , f(xn'), 

"l""'' 'l xl' x~, ... , x ,-, -1! [a , b l """"'/"•Jfr ,,,,J'ml"''l"'~' 11/,mbr'i. h'h. 

.. .. .. . .. . . . . .. . . . 
{1) 

490 

b !, 

Jr(x)d x~ (P(xld x, 

Jfr .J'"''i'f' t:,"'2.'l"<J'j,bi'P9 t:,/,,, m(k 1/f!'j,'f'"-'i,f, 

b 

I f( X )d X ::::;Cl f( \ 1.) +C:~f( X ~ l+ .. ·+C ll f( X 11) 
, ) 

""""J!l!• "rmb'l C; 'I"I'J"'Jifr9'i.Jbre ;:,,,z•J,Ltf h'i.J 

b . . . 

C (
. (x -- x1 \ ... (x --Xi- l){X-X i+ Jl ••• (x - x11 ) • 

;=== t lX 
" (X i - X 1 ) • • • ( X i - X I - I ) ( X i - Xi+ 1) • • · ( X i" - X -1 ) 
: 1 l 

J!"l ~~ .. ,aJ.,, •J: 

(2} 

(3) 

(4) 

. ( 3) l""'j,LUJ.££! ,fbJun}uii/_~»L /; [, t:.mz•fm J"'j,bf'f' t:.mJwf' w'i,t:,,{'J·,,{', 

J!m'bfr "I' cl 'l"l'JwHrs'i.Lp'h "'f'UlLUr:,WJUI<Jmtf L'i, 1'"'1''1 ''""'"l""~'j,L["'"-' 
!lbl'fr21'1!. 'lf'bl I; t:,"'~"''l"'I'J. f"'i.J'lfrrl!' mtut nl_ flh XJ' X2' ... , Xn 

mp.usfru'i.Jk/'1!.• "'!l CJ' c2'"'' ell 'I"I'JwiJI·s'hhrc [, nrnzhL X], x2' .. , Xn 

mpu,'lfru'i.Jb['/!.' 

cl 'l"l'Jm~frs'i.Jhre mr<Jmtf h'it m{llu[liu, "{' (3) l""'j,,J.£1! :.u•z

<jmJ'bhrfr t:."'Jmr Lf•'i.Jfr t:.'b"'rm•l"I'P'it l"''''"'i Uf"'f''l' lJ.~<;,::,,,1"' 1;, "f' 

'1"' 'llfr'i.fr "'1'i. 'ILUJ.J!IIl,r, hrp P"L"l' C; 'l"rJw~frs'hhre Jf,J1m'i.s ~"'
"-""""I' Lfr'i.Jb'h. 

Cl=C2= ... =Cn' 

/;·[til• C1, C2, ... , Cn 'l"rJu.J1fr 9 thl'fr e~u1 t:.m'i.mr• ~~.~·rtfhJ!l!. 'ilzm'i.Jm

t1L'i.JJ! Cn- nl/_, "'"1m ( 3) p~»'i.mJ.£e ~C'i.'lm 'i.Jj. 

b J f( x)dx~Cn [f(x 1 l+f(x 2)+ .. ·-+ f(xn)] (5) 

wbuJ!f!' ( !j) pw'hmJ./,1!. e'L'lt:..w'i..rm"'hu ,r n m, •Jn I' t:,,.,/"'""'l""{tiJ'IL'i. 

1; , 1'"'!9 1.- f!b f( x )-e t:.m'i.'lfrum'i.JmJ ~- (n-l)-/ry nt f'Uif'al' Ullllllfr-6.u,'i.Jfr 

f'UJ'ldlllh'JUid, UIUJ.UI t:.w<jutuUJrntfltnLhf!. 'ufr'i1{1 b 2. 'f ('" Lnl lJ.1u ~UI'j,']UI

dw'i.J"J!'j, l;l f'mu I; LnUILfru nrnzhL C, , XI' x 2'"'' Xn JhJmfltnLhhLrl!.' 

f.'i.Jwb'll"J'"''i.. smt~"'9mc} Jfr2."''t"'JJ!P t:.mtfmr t:.wrtfmp pm'i.,J.b. 

umm'i.JmlnL t:..mtfmr fr'i.mh'll',rm'i, [a, b]t:.wml/_mJI!. J.lt..mtfrnfuh'i.J! [-L 1] 
t:..mmtjLUJfu 'Jot'"' t:.mtfmr lll!'i.'lm'i.Jh'i,.p 

':+ '- b-n 
X=--+-- L 

2 2 

~~.~ 1 , 'lhUJ.J!III,r, hpp t= - -L x=a, "rP t=l-fr, x=b: 
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..! Lul/1111 ~ Ulfl J 

h l l 

f. b-a · ((j+b b-a ) b- a (' 
t(x)dx= - -J f --+ -- t dt= --1 'f(l)dt, 

. 2 2 2 2 .. 
" - l l 

"I""L'I 'f( t)-utf 'it z m"itiU[f'fwJ I; f•'itmlnfl""l/t 'itz•u'i,f• ,,,¥ 'Jm'i"/."'1 t-/'9 

¥"'/"'f"'J /f>m.'ittl9frm'it: U.I""IP"'"I' fa. b j :,,,,,,,.,,, ,r mt"i'"" f(x) 
f.,,'itft.'lr"'Jr fr"illlrL,fl,{,'j, fu'ittlf'rl' "''2 111 1/111/'"'l I; pl.f"I''L r -L 1 I 
!:.wu,fwJm tl "It!' I; "'!'r2 cp( x) /f>u<'it~9P"'i/' f•'i"n/,1/,f,'it: 

1;,/ m/""1''"' fu'it'l}'rl! t.w'it'l/'.'1 'itl'"''it , "I' 
l 

Jt(x )dx=C,[f(x 1)+i(x2 )+-· ·+f(x.)J (6) 
-l 

pm'itmd/,u.f C11 , X 1, X~, ... , X11 f/•Jf•·r'it f!.'i""t"f£'i, "'/'i'"f/"' ' "[' '"/'1 pm
'itwdf, l! 6.z'lrf•m tfr'itfr 

f( ·) ··- a ...L· +·x~+ + a· xu - 1 X ·- 0 , d 1X a~ ... n-l· (7) 
rnl.·,./!'i' 111 'itf.!/'"1 1111f /,'it ,f/r f( X) /f>u• .'itf/!1/•w Jfr r:,,,j'"'f" ),~,,,J,'i,.f', "[' 

l l 

J f(x)clx= J (a0+ a 1x +a~x "+ ... ·:- a n - I x ·- I )dx= 
-- l - -l 

/ 2 (a + !l + a4 +~ + ···+ ~)' biJ/, n-l! t,/,'i,n 
J 

U ') 5 --, {' I 

0 • ' n 
= 12 ( . a. + a., __ 2 ) I. 

3 0 +--;:-'- ··· +- ' l.fi • n-l! 'I"' I'! f//11[ t: 3 n-1 

fii"L I; 

(8) 

1r,, u 't"?'lf,y, {f1) r:. ,"-""'"'t""friJ,'it "'l. ''"'""''r 't"'.,''''"L 'l"''f,,_ 
PI! (7 )-fr t:.f,J'ut'i, 'II"" r:.u,fmttutp lllfr'i,fr 

Cnf rw0 t-a1 (x1+x2+ .. ·+Xn l+~U xt+ xJ-r ···+x,;)+··· 
+'I (v ll - l+X n-1+ +x ll l) .l· • • • <-n - - 1 ·" 1 :! • • • ., 11 • (9) 

Z,u"f""'"'f'J.9'j,/,·lntf (8) /, (9) "'f"'""r:,"'jlniiLfJJm'it'i.t/,f'l!' *Uurut'itm'it.j! .!fr 

t:.mt/_""""f'"'.frl/"'·'it, "l'f! "ff.m.j! /; 6.z_.f"'/'"'"'.'IP tfr'i•p .'fw'itftutymtf a
0

, 

a1. . .. , an - r-fr 'I'' "f.[!"' .r. 

2(a0 + 3~ +~~+a; + .. ·)=Cn[11a0+a 1(XJ+x2+"+xn)+ 

+a~(x ~+x~ + ... + x,;)+ ... + an- r(x1"-r -f- x~n-I + ... + .x
11
n-r) J: 

~IIII,IUIIIIIJII.y'iti/Ld /i'it.[! a0 , 3 1 , a%' "'J 'Jn-t-/.' flullfllllltll(llll-f'l"''jl 
d•ufn I. wl. .fw,f.l''" J '"l"'u 'l"rJ"'*''!I'itb/'1!.· 

' 492 

o,, •t /•~·"" ... ~. "rl• 
flfu/1!.' II 

3 

I 
4 

5 

6 

•j 7 . . 

I 
9 

I 

( 10) 

I 
c, '1"1!" "'~''61!.\ XI' X:!, ... , Xu wr",,,,,.r;,,,,,, 

IUJ!Jh/'~'"J!l' 

I 2 
.'\1=-'- Xa 0,707107 - 0 I 3 .'\~ 

-

1 Xf -x4 . 0, 794554 -
2 xl ' -· XJ " (), 187592 

2 x1c • -X5 '--'- 0, 8J'>498 
- .'\ 2c.·--x4=c 0,374,)41 

5 -~3 ·- - . 0 

I 
x 1 .=- X0= 0, 856247 I 

- x , -x5,-,0,422 >19 
3 x;c-c- :'(4 '- - 0, 2666:15 

l x 1,- -x~~ - 0,88386Z 
2 x 2 c= -- :'1 6= 0,52~651 -

·'• '·"-x5 ~= o, 323912 

I 
7 

:<4 =··0 

:'\ ) . " -:<~ .· ,o, 911589 
2 x 2=--.\• . 0,60101_9 

- x3 =---: -x~ c-=0 ,5:!H762 
9 X~ . ---x6 .. -o. 167906 

x5 ... 0 



li.J""fflUlllf [ ~ L 1] t;. IUUII,UIC}IIIlf '' ~""''ai""Lfr ''"Ul'" ''"'' . 
1. 1 ,.., ,, ; .. ,/ 1•1 tl /' 
.,mmwlufmJ I; ~bpl1 2h l• t;. Lmf,Jml l'udiuu\lt ntl. 

I 

J f(x)d x= ~ [f(x 1)+f(x 2 ) + .. . + i(x
11

) ) , 

- I 

1.· v b+a b - a 
nrm 'l ->;=--+--X {i= l ry 2 2 1 J ..... , .. . , n) , '"'~ x;-"r~' "' _ 

'iJf.'iJ wrzJuUJIU/f"' J 9111·J8 mfufJUJ- 'upJbJ!';./;f'f!. ' 

~ 

0 P I• ~ w ~· ;w:o/h Jdx ( '--=In 2 )• 
1 X 

( n L J n L ,/, /J,Jb~f':J w"w£ ""'"'"Juwl•w'bl. .Luju~~>pL'bJw'b JL9 .I / ' L ..,_ c "1: c t· .. _:•sn 1 I!UJ •:• 1[, _ 

:· 'fPWL/!. J.b.w.fmfub'b{! 'i.np p'i.onk'll'W[f• "Pf f•~mk'll''l"'~' ,.., ~ ,(..,'j,'i,bp f!. ~~~-~,/,~, · ___ f 
1 , 

1 + 2 2-- 1 3 t 3 + t 
x -= - 2- + -2- 1 "-'2 +2 :.!. 

· 2 I 

J dx r d t 
--;- =. ~· 

I -1 

C'i.'ln~ 'i.b [" •/ n .-.c3, !lkpf2b.f• pw'i.wdt.ni ~ -2-l.b'be 1.kr£f.'i. p'bmk'll'"'ll!.. 

"'"l"' 
I 

I 

f f( t)dt = : [f(0, 707107J t- f(O)+f(-0 ,707107)] • 
- I 

'flw~•f "l' f(0,7() 7107) o --- = 0,269752 , f{O) o=- 1-
.J+O, 707107 3, 707107 3 -! 0 

= 0, 333333, f(-0 , 707107) = 
1 1 0 436130 

. 3- - 0,707107 2,292893 ~ ' , 

dt 2 f 3+ 1 "=3 (0 ,269752+0,333333 + 0,43GI 30) = : • I.o3921s_o ,6928 w~ 0, 693• 
- 1 o.J 
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U,/ 11 W["LJ"LU.ff! ;m,l/,,fmmL/'"' /~'"" 111 'l'l"''I'~J'"· b~ f,L'/• f'UI~IUJJ.f,/• 1 l~um ,L_ 

qw~/t1 /, 1,f, f "'~UJJ.ltf! /, l"" " IJ[uln1un "t•f' L"'/ltmd..Lf• -i m ~ ·[•u. rrl, b L'f' u'L"I J"L ~'1!1-'bl'/• ~b., 

( mliu •,, 111 junp'l "l"'l' ""ll'"'•'l'/' " l'f/t, ,/JL~} , t!L"I•J' "1,/JUI"'"L'I L~'l" , nl' l~"'" fliip[•i_l'f• 1,,_ 

.-,,u ~U1f1 11111 u1,,1.fuul "' l' 'l.l'" ·'''l'r ( II[,l;/' ,f/t f u/t,/l.fUJl ltL·mhl'"'f } 1 Ul '{ lr Jf, lu"f I; )u,lmJ."'.I},_ 

,;n L ,f f•"!J, {,,fl ' wlf' .; ~ '!!'/'"' "'l'd L-J,/• ~ l. w , ~ ~ ,u~' Ul.f~' tut''l .f" L"t,rf~ , "!'!~ umm!l'[bl I; /!_""' 

,L'lw"t/t,Lrf• 1,,"l,,,l/,f, ( fo '''l~ ,f{,!UI"l,~ .f "'l ltbmL·l""f } : 

'(, ;_/,~'./'• "/' f•'IJwfu{/""f~'LJ'f' ,J'IItnllllflll' ::, "' 2'/tfmh mUIIIIt{r/Jmh(! t;.l,

"'""l"' 'l"'l"l"'9m'J' ( ""'"'9/'l"'ll"''f/"i'f>ll"" {f. . ·1 •• ''"frL"t/fr ( 18fi .'J-J!J.J.j ) 

UJ z /11 Ul til Ill ~I ,p ~1/1 JIIIJ 1f: 

•lj Ill I' UJ J /, Ill /' fr !/ ft Ill /u 'f"' J /• :. "' L '/ / ' UJ l h /, /' fr 'I fr p /, /' /, h

.'1, L J l' ' '/·f:ym .J) wl"f"' J {· 

(I) 

/t ~Jmf.,f {'"'/l'• "{'{' ,J'/;l /,~,{r/mfrbmUJ/1'"'/"'Jf•b /f>llt'ilff.'lf"u~J ftm{ulfmJ 1.· 
111,{11; :J. "f"'f11UI{/'III[I/I,'/ : l;fr/1.- 7. "fiUfiiUJ{blllf'f!. llllllfrllllllffr , 11111f1U fflllllllllflt 

'!,,/, "f" ' ( f"'l fr~'"'I"{[""Lf' "'f"/fJ.j>[' : ff.J""ff"""f• 

7.- /1 :p , ,~,I/!JI"" L·, llllllllfr ,fL'IJ.e "'Jh lf1Ufl111f I.~ • .J' 

r . l:'ufrlul'ft'''~'.J'• "!' f(x, o. )-~1 ,, f~ ( x. o: ) - ~1 

f!b'f ::,""" /f>m ~,[/.'J/"u~,/; /' , /, 1'1' 

"!"' 2 J "'l fr 'b wl, 'II"" II! 

b zmbw/1/;l l ( 7. )-'"f' 

:.mb'ffriiUI~IIII 1f /,'!, 111~1-

lim ~( J+t.(;t)- l( o: L=l ~( 1 ) : 
• .\ ·> -- 0 t.":J. 

Ji?+ 'h) !(7) 
6.?. 

1 I 1: I~ 
t.o: j i( x. 1+ .. h) <J \ ~ .J i(x, 7. ) dx ·I= 

d a 
b 

= J JJx. 7.+t.7.) -- f(x, 7. ) dx: 
!J. 7. 

(;'iJ {rJ Ill flbutb'friiiLW Jflb !f. 111 hff!Jfrm J ,, bffUIUIIJ' n11f p /ffr I'IUtr.b l tllf f,"''fr"' ~,J Jt 

{J Lui,[;J [', //"' hl.bmb.j' • 

f(x. 'l+t. o:) - - f( x . 11) 

~ 'l 



nl' f;(x . ~)-~ m~l!~'lr:,mur t· (2) •pw/1 urpf''"!f:lnul, '""iw f; (x, a. -;- FJ-.:.x) = 
= ( :(x, cx)+E, "{'urb'l X-fry, a.-p,'J• !l?.-py ~wfn'/mJ ::. ,f/.Jmfc/!"''j'/' rl["f· 

u,,J t- 'l£"'tfr, brp t.a._,.o, 
u.JUUfpUII 1_, 

b 
I • . I(a.+•h)-l(a) j~ , I" , _.:..______:__;___~= [fa(x, a.)+~ ]dx= fa(\, 

!l J . 
a.)dx + I e dx: 

b 
l(a+llcx)-l(a) 

1
. 

lim :::: !~(,.)= f~ ( x, ']. )dx 
Aa ... o oil 

" a 

.Z,brt_fr~ pw~wat.e ~nttfnuf t ltuJrGpg~ pmfimnL: 

oJ 

2 • U.1JJ b~fiiWifllb~J!I n r (1) "~ Ul b 'If' Ul l n f. ,/ "'iJ In b '1 r ,J W ~ 
a /, b u .., f, ,( w ~ 'b h r £! 11 Ul 'b '1" u w ~ nt. ,/ L ~ a-fr :pIll 'b ,, 9" Ul ~ L /'· 

b(a) 

I(a)=CI>[a, a(a), b(a)J= J f(x, a)dx, ( ! ' ) 

" (a) 

<P[ ll, a(~J, b(a) ]-~ ll-/r P"'P'l :p, .. ~~ypw t. {!_UUI ,,,,,/ a-~ " !' - 'j, 

r. ... ~'JpUUI~m.J £~ JpJ!.wb~J"'L "'r'lnt.Jb~ur~br, I(a:)-/r u•Jw~9J"'ll!. 'ff!/11• 

~bln'- t. ... J"'r ~Pr"'n.b~J! Jp J!"'~P t{rnt{rn/uw~w~~brfr :pn .. ~~9P~'~JP 'l-P" 

:f.brb~yJm~ ~"'~n~l! (urhu 'll• VIII,§ 10) 

I, (a.)= a<P + o<P ~ +ocr> ob, ( :i) 
oa. 03. da. db da 

flpn2J"'l fr'i•urbqr"'LP' euur t{rnt{rnp1w~w~p tfbrfr~ umt.Jw~p 'lfr:f.l•-

pb~9Jw~ J,..up~ [ilbnpbJfr t.frJ ... ~ 1_pw ( urbu § 4) uurw~m ,f bbJ!. 
. b 

d¢ =!_j't(x, a)dx=f([b(a.), a.J, 
ob ob 
b a o<P a -· o · -=-j f(x, a)dx= - - J f(x, a)dx=-f[a(a), o: ]: 

da oa oa. 
a b 

b 

• l = JEd a p"i.u,b'll'"'L"'-.r b"i.flwf"i.mls'll'"'L"'JP"j, :pn~..'i.~s["u"i. J.'lmn1..J 1.: 'IP"JP • 

l.pp 2l, - ~0, IJ.J'i. pw"iifs, "l' u"i.p...,p'b'"b'll'"' t•u.rf•'b :j.nt. "i.t'lfw'l. 1"'-l'"'l""<j,lJ"'·I' ~L- 
urnLJ J.'l"'"'-J (- 'lf'"JP• "l •fp2_m I; ~bmL.nL•f, np p"iimb'll'"'l"j, l;l J.,Jm/• 'll'".r/" IJ.J-
'bnLwJb'bmJ"iip1 m1J"'l 'fh[,p.nLJ I .l'lm"L'' I; 'll'"JP• L·pp ~a--0, U..:" "'"'""''" e"ii-

'f"L'l.nul L"i.e "'""'~'9 "'"l"'9"'-l9P• 

()¢ ~ 
---11 

UJ. 

(•1) l'"'~mtl/.,f, JhJ!. mi,lw'f/'f'l'"f mJu,'i':JJWf~Lf'f' "'/"""'""'Jilu11 -

fi/J"' 'j,~/;1'1!.• /Jm. ~L'iuu~J!• 
b (a ) 

l ~ (a)= r t;(x, a) dx 4 f [b (a.), 

"( c: ) 
l db . [ ( ) J da 'J. --"I a 1. , a -: 

d(l dJ. 

{"'JP~P9P P"'~"'J.J,f, u'l:~"'ft! !w,fp 1/u'I'I'LP t ;;w;_,Jbt Jp J!w~/• "1'"?/"'L 

fr~urL '1/'u'l~L I'' 

1... n • - ~" L J, [J.Jb~f•y w""'! 'b/L•uurL <t'l; , n!' IIIJ'l f~mb'll'"'L-,' w·,,Jf•.~wll"'~'"l'l' 'u ,. 
, JL •~ I. '1.. .,.· lllaX 
""2'. t l'"'l' "~"'1"''1• l"""t· n1• e - · -- :f•n•'"'t9/"".IP ~ .. uju'i.w~"'~'l!. ~/· "'l'"'"' ;...,1 ... -

x 

-Jn~..J "'"'1'1'"''1"'<;, ~.,,<;,'t9/t"'.,_,Lrf• Jf•J.••fJ"</• Spqw•l l•~""L'll'"'ll~ '"'~1/•t"'- ; ..,.r,.l' 
"'J~' ~'"""aup'tb~'l' "l'"ib" a "i"'I'"'J/,..,p{> ~n• 'i./19/'"" L/,.1'1 7£''11!"' ,f -,_,,,,.. m<lu• ''• :J· 

J"'l'i. r"'" a-p ft'l'"'l.1f 1L·,,t.n,_J uwws'fu•J ~w.rp't.fa/• p.,,'!..,,a.L.nq*, 

I ' ) 
00r1 -•Sill ax ,.rJ ": _, (" . c -,_-. - 'x · J e · co .~ "x dx• 

ft . a 0 

flw,19 •flipfJ•'t. P~'"'"'ll'"'ll' .; /.;2"'"Lf/ ,r wJp ~-211"• ,f ( """l'l'"'~w'b i/> 11 • 'i.~s/""~'!•l'f• 
I 1 

IJ'f~nLfJJtuJp, Ul.f~ r.w1Uiuwp t --, 1/Luu•/• 1'(~) .:-: ::--. , 1 ,•,~U1l,i!J'J..l"'' 11111 w!J-
l + a2 ] , , . 

qm~ 'i.nL/lmLf/ J"'-'i.p, 'l"''i./."i.,p. J(a)-1•, 

!(a) =- a rctg a l r , (5; 

u~., .... J I; "l'"2l;L C-'i. t 'J.pw r. ... J ... l' 'i.~wmntJ L~., •• "l' 

"" .. s in O.x "'. 
1(0)-o- f e -· _ dxc" IOd x o. 

• X J 
0 () 

f!wsfo 'll'"'~'Jt9, Jl('l go·· o O, {5} >w1wuwpn•. f/ J"''j, J/.; i_ mb'l"''ll'btn'f :r 0, 'l"'"-" ,_ .r 

* {wJp'i.fsfo pw"i.wJ.Itp 'l"Lf'U ~ l'l;l'1"'~ WJ'j, b'i.fl ... 'll'"'-PJ"'''l'· "I' a L. i; 1!~·
mb.[pJw'b ""'~Jw"i."iilsre 11•pi_w-fnp 1.-"i., l/wlcw.r'i. m1J"'I 'lb"il!"'-'' {wJp'i.fsft l'"'~'"'
J.I.e "iinLJ~"'L"" Pl'"'1"'9P 1;, fli.-Jc"'-'1 I. '"r"' /•~"""'ll'Jw"i. uw:.Jw'i."i.br/•9 Jls~'b w~n/Lpf 
1.:: lJ..r'l. "L"'JJw'i.'l.lspp Jwu[/i•, " i '"1'{f 'lb"li?'"-'1 fln•J[Wmpb[p I; w'u/m~w~lu'l. {fl-.,{;_ 

'll'"'t"iibt'P 'lr:J.bpb't.snul'b l!."m "l"'l'"'Jhmpp. mbu. "l'r"iiw~, r. M. <:!>H): ~ ,,. H

I' o .1 h L~ . K ypc ilH¢¢ epeHulla.u noro H llt! Te rpa.1 bHoro l!C411C.H' Ill: 5!, Cjlii3M i!·r l'H3, 
1962, T. II, r,, _ IX, § .3. 
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L#"''l ~ 1~0) arct g·u ·i C, "L""i4'L''" c 0: ~/,,,,,Uf1Wf1, .1-ft !J"'~"t'"!JWJ ,,,,,JI,.,,,, -~lurlwr 

m '"If' , L C,,J, I ( :l') a r r t }..!" 7. ) u.u{ ut" wl'" L fl.f'''· ';,l~, •u l"f•'~• 1:. <;, "-

"" 

J
• __ ,Si ll >X 

e -- dx 
X 

arc1 ~ 1' 

ll 

0 L' {t '}, IU 'L :!, lJ. Ul ,,,, Ul- ·1- ,, L. ~. It !II' W: 

'J•J,mutf'~£ .. ,,,, '1. "f"'l'"''f/,,['''!1 "w{u•/utfl -~ 1.-,,/,Ju'l {t'ltutbttf'U'Jf.'" 

"" 
\ e d .-:: f 

'J.-· 1 -X 

() 

(6) 

/JuL.I!f UIIU'jlff, "f' WJ'f tu'Lf,uffW~tll"'j, ,,...,,,L · tff'"'ff~ 1f-NJII L{JJIII_'"jl IIL'Lft (tJnLlfiUrf[tuttJLtf t-) 

'1 ::: -0 ,1/,,f/'"'-'f: {/,_,'1, 'j,L· p~utJ1119~'/,"j,/) IJIIL_tfutJI[t "'''"/'" ''' 

ao 

( 
,, -I _, J 

.\ (' X 

I) 

(x '~. -l,_. -x dx 
.-
u 

J• a-1 . -x I 
X L' l \ t 

I 

I 

0 -~ J- ' - I ,. - X l-j ,- < J,-"-1 cJ•- -r ·-. "\ I.. · " ' .-. · " 

"l 
0 G 

f;f'~f'"f"J ,,'j,IIJ~'ff"U/1' ~tiiLJ~bnfb" 'fnLIJtUtfjrutii L if /.1 /'['"/'' 'fflf"LJ~ 1 ~-f' :''J~'"f[t-

11[' ""'I''"Lt flf,J I; J "I' ll ~ a. }, if.J't 'lb-,f{t"' ,(, tuf/t')'"l"' l;_, "I' 

"" "" 
U-< J x" - \ >-' cl\ <: f-'n _.-xch < -", 

I l 

•/.f•[•ff'~' [t'bmhrll'url/! t..m;rfl,<t.,[' rlrrrulr/'"''' t.mz_r/lr "'"~'LI"1• "I' .'J"'~/Iw
!1""} "",.P'"l'l k-[t 'JI;uf.f>1" ,r 

(7) 

f:,J ruJUUJUII J {(j ) fr'!Jur/"1/'"'ll' "1'"2""f t- 7.-/r "f'lz.l; lpm'b//.'IP"'' l/,J~' 
'ii;_w<t.w/1,,r /,'b f(-7.)-n•/ L ,<t,,,,~,,,r /,'iJ 'l'"'r,r,-rp,_<t./1.'1!""• 

00 

f(o.)=--= r x ~ -l e - :' ch: (8) 
.; 
0 

lJ.J" lf.mblfyfrwb t.wf.ru/11 t- O'f"""'l"l'J'fmrf rfw{J/,fwmfriJurJft ~frfriUnm
frJJ•nbbb:l""'f: ').,'i,L'i,4, f(7.)-/• ,,1,J-J,-l'<t.l,rl! ,,tpn•u o.-<ttbrft t..mJ'urrt 

(].= 1 t.w,J'mp ,,_<t,/,<t,.[!· .. 
r ( 1 )= J C- x d X = } : (9) 

0 

f( :x)=.i X"- 1e --xdX= --X " - le - :; 

0 

f1,.,,r, t:.wz_1_/• mn<t.L1,1_ (7 )-Li, 

+( IJ- I) Jx o--ie-x dx 
0 0 

f(a)=(o.--1 )f'(::~-1 ): 

(10)-fr L (.9)- /• t.fr.!wb '""" 7.=11 'fbUfJ'"Lij' 'l"'brn.f b<t,.[!· 

f(n)=(n-1)!: 

( 10) 

(I l) 

9·L· Vll-p § 4_,,f uuri\J'wb,1_f,l t- X ftJrwlfwb r[tnpn[trwlf'wbft f(x)= 

=u(x) 1- IV(x) ~,,j'Ufl/'.[!" lf.mb~yfrwb f. . bpur 1(x)=u'(x) + IV'(x) m

Jwb9J"'lf!' 

flwt:.J'w<t.n,_J', f\x)=-U(x)-1-iV(x) f/>•nbljyfrwb ~nf_t/_,,J' t"t( x) 
Pl'"'~"'b •/t•~pnfrllu~urbfr ~nJ'uflb.[!u l/>mb~yfrwJfr bwJubw~ur'u, hfrlb 

i.;- ' (x)=f(x), ( l) 

U' (x )+i V'( x )=-=u(x )+iv( x ): (:2) 

(2) t..w1_wuwprnfiJJ"'-~P9 t..Lml.mJ' 1;, "P LJ'(x)=u(x), V'(x)= 
=v(x), WJufriJ:[!b\ U(x).:/! 1\wb'lfruwbnr_J' 1;- ' <t.wptbw~wb u(x)-/t t..wJ'Uil' 

L \l(x)-1! t.wb'Jftuw~nLJ' I; bwfrtbw~wb v(x)-/• t..wJ'wpt 

1/,.,t:,J'w'i-mJ'py lz. "'Ju 'J/''-""'l"'fii-Jn'-bfty t.bmluruf 1;, "{' /,{rfJ. F( x)= 

=U(x)+iV(x)-1! t:.w~'lfruw'umJ' t" 'bi.ufu'bLU~w'b i(x) f/>mb~yftwJft t.~»-,., 
J'wp, "'Uf'-" f(x)-fr t..wJ'mp ywbl1w9mJ bwprbw~mb~ nLbfr f'(-x) +C 

mhu.[!/!1 npmb:'l C-b ~nJ'Uflb.[!u ~wJ'u•J~»~wb 1\mumurmnLb J;- 1 f'(x)+C 
"'1''-"Wt..w J'-""'-fil-J"'-bf! ~w'ii1_w~bb,p ~ [IW l] Ul G l~ n~l n }l.lw q w li r lpllfUj! bpt: 
:}lllLGlJgjHuJp wGnpn2 j16mbq[IW[ iL ~qpbb.[! 

Jt(x)ex= J u(x)dx +I J v(x)_dx = F(x)+C, (3) 

f(x)=u(~)+iv{x) frp.ulfwb ptrpnfuwlfwbfr ~nJ'Uflb.[!u f/>mb~yfrwJf. 
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;:,,,.,q,J,,J' l( x ) f!> .. ,'b~yfrm'b "- 'bl"" f' (x) 
mJ 111 h 9 JW [ 'j, m'iJe'iaf r:...u In 1, h' Ill Uf111 m 1'1-

lllll r:..J,,'iJ[! 'I"J"'fill"''i' , _';,,, '"'"" r:..J., 

,J/,~w/;'1_ t1mi"/J• 'bw/, "'IJL'lfr f·r~.ul"" fd I"'~' 

i:. u~ i'J'f "' ~~ /, 'J 111 ~' "' /,' [! .' 
u·.,,'l"i.b"i.J! ~ y ;=f(x ; )-f(x ;. I) 'i, zm'b ... t, .... re: u.J'l- 'f''"IJ!"''' 

- -- - .. 

~s~= V (Ax,) 2+( t.y 1)'=V 1-+ (}~i) -t>x; ' 

~I!_= f(x 1)-f(x;_Jl==f'(;; ) . 
ttx; X; - Xi-1 

npmb'l Xt-l<~i ,,Xit :,J.mkmputl'' A s ;-=1/-i+lf'(~;)]~AXi: 
508 

11 
, ( [f' , l .. A <; 11 oc= \ _ ~1 1 1; 1 )"uX 1 : 

i":"'J 

1fw1J','i,f• r:,,,f,a,1'b, !'!x)-'i• ,,<;,l!'i"fr:..mm 1;, t:..Lm/,,,1'"'1'• Vi ·-' j f( x )j" 
fj>m'b//!J/"u'b ';,,, Jhu[l,, m'bc_'b•1 ~""" /;: fl, umf• 'I"J"' fill"'<;, m'iJf• 'll'''"")

fr~'"''''lf'"'l"'J/'~' '/"' tfu•rJ• uu_, !) ,fut'hf!, "/'/! ;:.,,,,,,,,,,, I; 

ll " - - ---

s= li1!1 ~V 1+[1'1 ~ 1 )12t:.x 1 =J~1 1 t- [i ' (x)J ~ d x 
tr. tiX ... Xj-:~oO J- 1 

"f'" 21"'l fr'iJmL'IJ""Ifr/n f;,J IIIJ""fbu, ,,lh'lfr I' I'll"' I"' fr/ !"''i'£! t:..m,~ •f/•["' 
r:...u J' IU I' 1/ Ul "' 9 Ul.., J' 

h b d . ) " S=_j' V 1 + [ f' (X) j ~ d X = f'.. / 1 + ( ..1._ -d X 
:1 V dx 

( ')\ -, 

pm'iJ,,J./,c_: 

'/• fr m n 'I" 1 frl 1 II 1 ';, 1: f;l~,J,l'"L •fh1'2fr'b l""'j,,J.I,fr8 , lt"'l'l'lf' ~
,,,,'j,,l 1111[£-,tf• /;1,//.uf'"' fell"'';, ,,J-m'i'.'ll'"l'i1 £!'"" "'1'"9/tufr: I: fell; f,';,.,/,. 

'II"J'"''i' •fLJ•fr'i• ,,,r:,,{,'j,';, f!h'fn''i,fT'i'.J' 'r"''"''""''t"''i' /, 'i, ;_ ,'j,,/1/,'j,J, X-,.•/ 
(fr'bmL'II"f,'i, •fr•"f"•/,.,ft,';,l! z_l.'b.J' •f•~~f,J.l"' ), "'"I"' S ""t'·•tf• 1.-tt!I"'J""

[iJ I"' <;,£! lllf' <;, fr X -/• f/>, ';, 1/.'J fr"' · 

d s - - ~- 1+(f1y ) ~ - (3) 
d~-- ~ _dx · 

U.u h'bfJ"''fl"" fJJ'" 'b'iJ/;1'1' '~""~-~'""r "'I" l'"''iJ.,J.J,l! """"!J'Lht I; VI •ul"fr 
§ ,_,Lif: 

(}I' /• "/, m II [, /Jt'"i.lit x2+y~::.::_-=::r:! 2t'!IU"i,u"t~l! l~t"l'"l'n' f.'.''" '''L~' 
'• 11 I~ .-l 11 1. tf: t~nfot . .;Uii1_b-;t/J 'iflJI.II"lttU'J~~I [JUI1111f11[- t{UIII/t fi pf[IU(IIIt. fcl.t"' "''fl 11f'"/1 

J!.'b~w~ t' ,.1111u!/,¥j1 f!WnnptJII L tf: 7l,l'f 'fb"[IJIILtf AB Ul'l_J~'lfr .;,,,,,Uif"" ,{/~ ~t/t "li[t 

y ;/ ( 1-x=, "l""L'tl•!J 

dy 

dx 

X 



I ,: / 
--:- S== j ~/ 1 : 

(I 

dx c J r X 1:· , , 
·- :;- ·· ---:;- <h = r ar c:, in -~' · u 1 r- ·· - x- r ; -~ , 

I) 

" Ill' Ill 1)111-

- 'd .!_L 
cp'(t) 

(., ··-( - A) ,. ·· .. ,. -~ fJ 

dx 

(5) 

'I' I• , " 'I " , fd 1 'h ., · 1, 1 fr t-
rl .. • II L ...,. • ':J /' '/ :.- UtUfiU91H . . '}/'l· "I' (. j } l'"'it'ud/,iJ 

"' ·fr ,r/,.2. ,}'i.,,,,f I; 'j,,f, wJ'i"'lf"l' 't"l'/;t'l' '.u,f"'l'• " 
I 51 "/'"".[' "''l'/"'C\1,, 

"L'l "l, '1""1 '.mm•fm ,r /,'b ,f/,ft/•.''1 ""fhLfr 1,/,,f,r,,, ,r ( f " 
1 I IU II U 11111 II f1111 "f/111 ''""'! 't"t'fr ;,,,r"'t')• ,r,,,1'i, trff, t1, 1,,, 'l L r '( 

l' P"l"l' 'l""'l'"u 'f t) I, •('(t) 
"' J"' 'i, 9 i wl 'b /,I' l! lfr 'j,/, 'b "' 'i, 1! 'iuf ::,,, "' : 

dY 
~=--3a s in 2 t cus (, l IIJU'f'"''/Lml'/! fttjllltj:l :ju,J/t 0- f'!J 

~'' '"''"'!'"'!', 

;: :'2 

=;J ,Jsin t cost d1 j :J-- o, 
~ in 2tl o2 'h 

. 2 2 
!0 

( () ) 

n !'"'/,'I ~:::~::;J ~:· ,; B, "/'" r"''f {,, ,,,,,,, ~~ ;:,,,, ,,,, !"" ,l'j,/,.,,,, Ill "' I' Ill J ' '·' I; Ul 'j, 

~"!' (,!..,IX •Jd"i' § l), ""'!"' 'ht"" 1·t"t"'r"'f"l"'·'ht! ,,;,,r,,'i,f,,r { 

(fr'i•zUJ/,, f, ""'f'{rf ""[/>tift t,,,f,,f' ) "['"f''" ,,',,J'mh, "f'fh (!.,fUIIII ,( !,- 'j,f,f'

'JJ1"'l 1,/,ffl"'lf t,,,ft"'l'"'friJ'"'bC, 1•t'f' 'ht"" ,,{/,'j,,,J'/,J lt"'l'J'f, "t''/"'1"''

ftiJ"L'i,l! d'ftnlll_tf I; 'I!"'Jf" f:{rf/, <p (l ), ·~(t) /, /( 1) fj>m.hlf.'lfrm'b/,l'l! 17, ? J 

>.mu11jmJm ,f m'it[!h'f'.mm l,'j, 1, m.hbh mhf!'i"f'-""" mJmh,'/J'"l'bl,l' , "'"/"' 

~"l''i' ,,_'i,fr "l"'<"'llfr l,l,fl"'l""{rfJ,'i' ( "'J"fhJ>'i•' 'i'r"' t, ,,J,I' 'l"l"' {JJ"''i' 

,n'bl, ·l"t"'"l'2l'"l ,,;,,r,'he) , "I' I! >.mz •l•l,,f I; '. luu/, l"'l l'"''j,,,J.I,,f' 

S = J 1/ I 'f' (I ) 1·• +I ·~' t t l I" -r · l !. ' ( I ) P l I t: (7) 
~ 

•/J, l'!'f''i' "'l''fl'n'hpr. ,(/,'iJJ! t!'h'f"'·'b"' ,f I, 'b./! """"'i' .'l "'"/"'.'l"'·J!!I" 
o,,,,c;, Ul,, 3. ~'" :. 'l'·t X:-=:::: l ro~ 1, ~-=; !"i ll(, 1=.1111 ( ,,,,, .. ,UI~UIIJf),, ""f!Jtt/1 

l;f,ffu'f""-/_J,I"~~~f!. , bf'f' t-"11 ,,,,,,,,,,,,,, ,( ~ 'f/'",1''!/ tff/11:1' 2."1: s,,,mJ. ~ ulljwnw;ll'l ,(_ 

'bl,t•f•!t '/"'~""-'! /,"1,1'• dx c- a ~ ill! dr , Jy-c=a CO'> ! d!, d t = alll dt• SI"I""!I'L·I '"/ (7) 

pm~'"'l'''l' ,rt.~ , ~umUJ~'"'"''I'· 

s=.[Jir a ~ sin 2 t + a~ l: os~ t +a'm2 dt =aJ {1+n1~ (it=2r.a VI + 111": 

0 0 

~. r, " I' fr , rz /, 'l ,, /, I' It Ill f' IlL frl ,( IlL h l! I' ,, It II. "' t fr h II n " I' '!- I•-

5, "' "' 'j, f./' 11 •f: 'tfr.'I"'J! pld"'"'JP'i' ft""l"ff'i"""''i'ftl'"'' tn111/_mJ f.· IJ"I'f' 

r=f(fll r8) 

'.u"f"'"mf""'ff!, "f'mhrz ;,-h pf,{;n.,Jfh (' Wn.tulff•fh 1;, 0- 'iJ' /'1,/,n.wJfrh 

mhlfJ'ILhf!' 

CJ.,,f.'b.e l,f' hn.w Jfr'b ltn "r'l-f,'iuu m'i.!,ri•.'J 'fbllwl"" !"''bfr'b ,,'j,.'l'iJ hl"'· 

pwhmJ.f,l,/'1!' X=pCOS (J, y=pS i!l fJ: l:frlh "'!'""l.nl p-f• •fm/'""1'/,'j, ,,!,/,_ 

'fph'ii.J! hrm (8) mrmm::..IIIJWIIL.[rf.(lll.hf!. (J-nlf, IJJ"flll lluurut'illll'jl.f' .'\ = co 

= f(fJ) cus 0, y=f ('J) sin (J t,,,,,~.~., 1,,J'bh1,r.: IJ.l" ::.uuf""'"'l'"''f'j,/,1,,, 

~m[•bLf, I; 'ffunhl "r"IL·u lt"l'f "I"'I"",J/,,u1,,f1,'j, r;,,,,,,1,,,['iJI,1, f, 

mrzl,,zl, bl'!l"'!""-friJmh t.m;•J•f,'j, :,,,J.,ul' llf!"un.bl (!j) l'"''bwJ.!tr. : 'f't"" 

t.,,fm1, 'fm'i,!,'i,.p x-fr f, y-1• ,,J,'i'.'llml'bb1,'b 1!", 0 "1,1,,rl,,1,1,· 

d~=i'(IJ)co s 0-- f(O )sin 8; 
cl () 

dv 
-=f'(fJ) sin r, -t f(ll) cos r,, 
dO 



~~i 111/.1 UJI" Ill r 1 

0 

s= J~1 ;:~ - i ;·2 dfl, 
Oo 

I) I' f• ~. "' ~ -1 ' 

l;f :i/:J), 

s=2 f { a2( l +cos ii)J -: a2 sin 2 fj d0=2a J V 2+ ~ CO!>O d ~ 
iJ () 

4 

:t 

2 

~ ~~ l j I" 
4a f co;; -tlfi=8asin- Sa: 

• 2 '2 'o 
0 ' 

X= a C(l:i I,\ 

y=bsiu 1, I 
0 . t,;2n 

lt(lf!_ ; IUI(IUI~UJWUIII,IUI'II,t . lf I; 11f 1Uflllll(/,·mrfl f 

•/•"•J•nJun• f!lJ"'"'I' · 

,,.?. 
_::_ == r V a2 S /11 2 l t b 2 COS J l dl -· 
4 •' 

0 

,.-, 

-= "f { a2(1 --cos 2 t) -r l>2 co,; 2 1 dt-JJ· r a 2 -(a~-b~) Cl•S 2 1 dt= 
b 0 

"f'lll'i 'l 

;) ) '2 

;.:fZ 

C052Id l ::.: a J}"i --k3 c •H 2 idt. 
0 

~h "'''"'I'"'P 

5 4"J Jr l k~ cos ~ l dt• 
l) 

0 

/f~,,,( I; ,(/1111 ./~1 :;,:•/
14 1 4"Jtj[r~1 f/t,,£7/'•••JJ~t f:m/ .7 wJ'I, , ''~' :.. nlku )wlur~[• t" , 

1./' "'l'"'"' .; "' l ""'"''' ,,,1'1'"'~'"11 :;nr'i,fuJ/•wi,bf''naf (m l~, 'IL • X,* 14) , U.J'J[•~tutb-
'11"1111!. fJw ph J/• I; ~ IU c.,,[b 1 rfJ,m.t"l' tfn """''" J' ,(1,--
/!•nt'hl.pmf ( ot•f•'htufl , U/ttfuluu1•f• l'"',"'"'\futt/) : 

ll'w,,.,,,,,nl''""L''" , /, f!b /;tf•ut."f' db .I- 'L!•
u UIII.W..,IfJ.f'[~ ~ Ul"lll IIUIJI I; .j _,, 1 /tuff '''"/'f'f~ . .:;IU

:\ 
t/IIIIIUIJI I; ·1-L• .. IIIIIJUI k-:~7, /, I;JJIIIJU/r b·f,/(UI-

f'"''j'J"I - ~I~~ ..) UII,UIUUIJI /; 
<! 

S=4' 51. f./)--(~- \~cos~ l dt• 
,, ;) / 
0 

•l,kptf,',, f~nub'f['U'[f! f, w~ t{k['"/ l/[uful un'bf 

,.,~ .... aLt .. ,, (f o, ; J '"'m"'""t' l''" ""'"'~.t"1 
':_"f"' ,fwuf•) 1 1 111rru,•t,UI~I~~ f/i1111 £·,/J'"'f'' 1ftrmu11Jif[l Wf~t/b/~f!.• 

Jl/ I - {-cos~ t dt ~ 1 ,'298, 
0 

ft J {Awf~turlllf' , u11ff " 'l!. ~-ffr"f"'' Ullf'''/'' 1./,//"-'['''' fiJ"'-"'/!. ,(,,_,,,,IIJIUIIIJ~u ~mtjmiiU1p t 
:) ~ 2.··,96 /' l'~"'["'LfJJw'l, "''"'''"['/" 

§ 4. lfwtuill~ bwtl_wtl• llw2tl_nui[! qntq.wtit.n llwmnqphlilll• liwltliJlliullli[1f1 
li ~~ngntl_ 

'""·""'"' m'bb'b.J! nrl·l; T ''"'!'''"~'' l:'bfrimri-/'J.'b.c, "I' r,UIJ"'"'" I; Ox 
"'""'tB.J!fr<i• ,,,1,1,r,,.,J"':J r.,r,filmfriJ'"'r1, "'J'I- ,r,,1,r5,fr .'l"''bl1w ,'JwJ r,,_ 

""" Jfilfr ,J'wi11,1,J,,l! (5,~. 2-11): ll.n. ,fu,IJI.r/;,1! ~m{u•/~nJ lnJ•irfr '"""'"'[ 

r,,.,,,{clm(ciJwh 'lf'I'.Pfr,'l, "'J"f•h.J•h' lflf•'bfr X- fr :p, •· 'b 11.'1 fr w. 
Q= Q(x), 

f;<j,{ti,.,,_1,J.'b.J!• "I' C)(x)-l' r.,'b'l-fruw'bmJ' :1; x-fr ~,<j,f!'b?-r.,,, :p,,_'biJ,'J/'"'' 

/,_ "l'" ;: l.'b,l' mi"/"'J ,r,r,J''bf• d•utfwlf!' S,uirb'b.c X = Xo=a, X = X
1
, X= 

=X~ , , .. , X= X11=h r.w rfiJ"' fcl !'"-'b'bb f'f! : 1/.J'l t;."' rfri m-{il J 111 'b'bb f'f! Jw r
,f ,,<j,l' 1/l'wrfw'bl,'b ;:h ['"'" rfr : UIIL('W-i''"h l_JnLr X; - ]~ X~X; ,fwu'bw~f· 
•f/• t_ mii"'J.C"ul f!hml,/;'b.J! ltwJwJw~wir ~ ; ltl"n iL i=L 2, ... , n J"'-1""-

,ew'b}_Jm I' wrrfho~·l· r.ullfwr ~WTliiL9b'b.p_ 'lt"'"'"'Jfr'b ''"'!'''""'· "I''' J<irfrtf! 
'1"'-'fwr.l,. 1; Ox "'""''b.'l.f! /•"'· f'"lt "''l-

'L"I'7·5· Pl'b'bfr!! 'bbi'~"'Jw9'b"' ,}' I; X=';i 
r,,..J'{dnL{riJu")'l• T Jw/"f'bJr r.wmut!{rl[. 

"'ll""'tf'Jl" Q( ~t) ( X;-1~;; -:c:::~ x;) l'..fr,lJ'/• 
.J' ,,[1J,1,b-, {, ~X; f'Uif'af""{c/Jm.b IIL<jlb ,~I"'J 

"'1'1-"IP"fr "'"'l'l''"~'u5, 'll"''bfr duuf"'lt• :r 
l'..uufmuwr t- Q(; ;}UX ;: f:nl"l' 'll"'<ir'b/,1'/• 
0

""''"Lf! '"''"'!• t~. u1 



n 

v 11= ~ Q( ~ 1 )AX 1 : 
i-1 

IJ.!u '1"'-J"'['P uwr.Jw'i.f! 1 bpp max~X;-•0 (b[tlh wJ'b 'l"l"'fi'J"'·'i. 

m.'i.Jr), ~nl_.jmJ t" UlroJ.wJ- JwpJ'i.jr JwoJwL• 

n 

v= lim ~Q( ~; ) Axi : 
maxH; ~o ; ~ I 

U.~tr.wlur t, .I_!W'bfr nr Vn-t Jrrb'i.Jrs tlil'~"'l"'9'b"L.r t a~x~b r:,,,,_ 
t[wc}n,_J Q( X) 1fwL'i.ll9lr"'!" r.w.t w r Jr'i.mbqru'l"'!Jr'b 'f11Ld wr ' UIUfUI 

'bzoJ.wJ- uwr.Jw'be '1"1"'-fJ!"'-'i. m.'i.Jr 1.. wpmwr.wtmoJnuf t" f, lzll1kJ"'l "['"· 

Zl"'l Jr'i.Ul!t'fr"'Ln{ 

, 

b 

v=Jo (x) dx• 

x2 y2 z~ 

-- ' - r.• T b'' . . ' a· • c· 

/s,,.,,,.,'t,9~ l,;lP"l""P'IP tlu,fwu!. • 

(I ) 

~n •- tl n L J, Oyz r,,l,p" LFJ;w'be, 

'I"L'Iw r. ls,. £. 'bpw'b[•s X r. hn.wtjnpn .. p ;w'b 

tj pw '1"'"''/"'l r.wpfJnLfJ ;wof p l,;lP"t""/"1/• 
t,~. 242 r.wurnL;fJnLJ ~nmwgtjp 

= L 

- a 

514 

Uwn'bu .. jnpw "''' " • Lpb a=b=' c l;tf•"'."""''C ·fLI'wtlofn• ,, t 'i ~"J!• , ,, '" J'I 'lb"ll"' L'' 
UlniU.,, ,, ,{ L~p. 

y 

§ 5. 'llmuufw\J dwJldb~ owl[WL(! 

'1-Jrmwp~h''b.j_! y=[(x) ''"/'""-· Ox wnu•'h!JJ!'"' J. x= a Ill . X=b 
"'-'IP'ltbrn1. uwr.Jw'i.w•J•w~•fwc} aABb IJ"f'u•qjrc} ub'lw'i.Jr' Ox u.n.w'i.s-

J!P 2."'-1'2.1! Uf.111UinLJjry WllWl_IU9wc} 

,r "'1 .. i'Jr t l!, 
111, 'lhUf.f-"'.r wpu9Jru'i.brJ• wnw'i.s

J>Jr'b "'-'L'l"' r.w!"'9 r.wp[ilm{tltw.!p Jmp.f

'hJ• '-•um n'-t[dl! r.wt'IJrum'buul t" 21'2.."''b , 

"l'P ,fw~brhue' 

Q=.-:y?=.-:!f(x) JZ· 
'IjrpumbtnoJ JwoJ.wLI! r.u•z'{h["'· 

r.w.rw1, e"i,'lf.w'bmp pw'i.waLl! (1) § 4).1 

IJumw'i,w'il.l_! "f."'""fw'b dW[Ilf'i.Jr Jw•Jm -

ll'. r,., z•Jbtn'- r.w.fwp t~ . 2 43 

b b 

V=rrJy~dx =rJI !( x) J2 dx 
a a 

aP .. J-'IPJf'. x= O Jf'b i £. X= b ,b'lwJwunLJ Ox w""'~'9l!P 2" Lrlf'. "l"'"'nJfs 

('b~. 24.1)· 
~nLcl-nt.-JI 

na21 a ~ a _:: lb 7-al( ~ -~) 
e= 4 T e" • 2ll 2 e a o =s- e" - -e a 

5!5 



'1-ft9"'.f! ,f /,1 ,,fw.} I; ,fft ,f mltl•r""'!fil • "l''i., """" 2. "'.'1/,-L { Ox 
"'"w'i.,y.pft 2, rU! y= f(x) t1nrf' "!""""' tl'ft.'l : flr, 2l;'i.,.f! "'J'f ,fmt1t.l't,, J!"l• 
tfutltb/,/'"1! a-:;:: x< b mb'l,,r,,,,,f: f; 'i.,{Ju,ll,/,'i.,,p f( X) /f>m'ltl/.9ftw'lt [a , h j 

l:./iur/.1 111 p111 /', 

t:.utultfmJ{, P"L"/' ft/.,,/,f'"'·' l ,,'i.,f!'i.,'f t:,,, 

t ft llt'i.,ft Ul'i.,(!'i.,'ft:,IIIUJ UI.}UI'i.,.'JfU1fl 

/•'it~ "/{,., ~ .'j.,J, mm'i.,/,~t.f! A .M
1

, 

,\\ 1 .\ \~, Mn-IB L"'l'hl'l!• "l"''i.,!J 

'''"'"'rIll fill"' 'l,'i., b !'l! <u 2"' 'i., wt,b'i., .f! ~ s l' 
~ S ~ , ... , ~S 11 -nt/ ( 'i.,t1. :!-1-.f. ) : ~Si (1= 

= 1, 2 .. .. , n) '·r'L"'t"" I"J""'t' 1"'1'"'-
.f!"'.,~J"' /' I"' I' "I""'"'''""' ljtfaft r.ullltull} 
t1,'i., , "!'[' ~ P; tf"''t"t''"" lf"e r; ,,,,,,u,r I; 

~p =2~~ 1+)'1 ~~ : 
! ') I 

J j --·-· ~ X ; : ( ~v , ) " 
!.'...\ ; 

;-- -.--- -
D ,~;= I l --; i' c(: i 1 ~ x 1 , 

~ ll :..:_0 - J' ;-t+Yi j/ · , -+ t'''' :;~-) i X l r :-- ·- .,;,. '" ~ .. \ .... 1 .. 1 

( 1 ' .. 'I 

'l"''',rft'i•' m,,.,,r>-,Jm.} f.£,£1!"'1/t I'"L"r " 'L"'fJ'i.,f,,,l, '''"'" "·J" 'l"''r"'l'l' 
,,, r:. Jw'i't! • t,1,p 1 S; pb~J"'tft w,ff;'/,,,ft.J t1,'1J'{• brlt"'l""fJ!"''i.,[' a'f"'"''r 
L- 'lt"'i/t• ftn,<t/m•l (· '1-ftmm/dt'/"'L npnunfudi •furlllipl.m.JpJ•tt'wljl iphu : ( 1 ! 

'I'" ,J', r l! 
51 \> 

/f>m'i.,fJ.iJ/•mJ{' -~m.f"'/' ft'i.,,L·,I/""L"'Jf''i., '1"' ,{"'[' l ft t:, ,'i.,'ff"""'i.,"' J , ,pm'i•/• 

"r r X i - I xi I r,,,,,,,,JJ,'i, :,ullr,,,,,,,llllllllllllll~lrilf '1"'''"'/'blP/t ''''2. ''"'" .... 
'i.,"'ft!Jin.f 'J,'j, '"l'f t:,,,,'/,Jft ,f{, .J!"''i.,ft X; _ 1, X; , ~; t1hwl.1,, t:"'J!J ltml'l'tft 

I; 9"'!.'1 """L · "r ( 1 ) 'l""'"'t·ft ,,, ;, ,t,'i.,,! ~:, ,,,.,,,,,, · t· (2) :p,,'itlt.9ft"'tft 

t:.uuf"'[' [/i,,/,1/""l"'!ft'i., 'l·"',r"'{'/t ,,t:,,r,'l,[t'it , WJuft'i.,,p'i.,' 

!1 ,. -----

P= lim -;:~[fl x ; -l)+f(xi )JJ: l + f' ~( S,p x,= 
ma :l"~ Xi · ·IJ ; ~ .- . 1 

n 
I '-'2fl")li' ] · ·~(")'· =-= .1111 -r. "'-' -\~ l y 't t ~ ; uX ; 

ln 61 XLX
1
--· 0j .. -- l 

~,,,, 

b 

P= 2:rJ f ( x ) v· t -H ' ~(x)'lx: (3) 

0 rl• .. ,, "'11: 111·n~L 1 Ox ru•J. m"b!ll'i• 2'"J'!I~ y-:! : 2p ~ "LUIJ"UJ"'tfr' x-1,' x==O-f•tt 
,fJ-'lt ;: /,_ ). a ,,,,,,,,,,nLfJ .f w~'f.!.. ;,u JftUIIJUimruuf,tu~llf1 rf WtfL'l'' "l"'I.II"L ''''!] lllllt11! 111 !/ 11J~)

"l'"f'1Uf1tlfnf11fi' ,fwl/1:,/,/'n' J{Jl~: 

'· II L J II 1 - , : 

r --- .,: 2p r--
y .- l 2px, v ' ~-c.:: ' l I y·~ 

· 2{x 
-, ,r 2p i l..j._-

f ' <l x 

;t t1 

" 2" J {2)Jxy,.2x-~-;- dx=-.c:2;q 'P J, · 2x - pd ., ~ , 
0 

'1-J,!I"'J' nrLI; F llt.J{t "''l'f,' .'I"'I't"'.rl' ,\\ '~~tmfilwllw'i., Ill"''£! 2."'/'tl

""''' I; Os nul'L""-' l!""' , 1.,n.r , , J{, "'-'1'1"' fd J"'·'i.,l! r."',fl!'i.,/l'i.,,,f I; 
2."'/"/J'm'i., "'-'/'l"'.fiJm'bf! : 1Qmr,UI'i.,y_,/mtl t- 'fm'i.,/,l \\ ftf""l! S=U 'fftt•.f!ft9 

S=b 'fi'l'.f!l! wb'I""""'"Ltftu F Ill rift 'tiiiUIUirUI(} "' 2/IIUIUIIU'i.,.J!l!' 
J) hfJ/,- f ... ~ ,,_Jf!. t:. auutnutUJIIth };, U.JI'IU.J A u• ;_/utiiUIIrt~l)i.J '"J'InUJ ... 

""'l""l""J' 1; F , _Jft brt1m1,,p1m'h ,, {,m'i"""l"'rt:.f, t.- 1,~"'1""1"1'"'~~ 
"'I'"' "''lf'J"'l" tJ 1 Ut Juft'i.,.f!'i.,' 

A=Hb-a): 



2) /;'b[ih.u'lrb'h,e, "I' F uui-J, F br~"'f'"Lf'JnLbf!_ ~w[uq ... t) 'hi"'-

pmltw'h ~burfr 'lfrr.efr9 w'het'l•'"'"' 4rn{,1_uuf t", "'J"fr'h,e'h' fr~'hfr!l 
r,b[,//w JUI !Jhlll .r t- a-s;;s.,;;b r.wur'{wJnLJ w'b~'h'lr.wur F( s) tf>"' 'h~sfrw: 

[a, b l r.wurr/.wJI!_ pwtfw'hh'h,e n ~WdWJW~Uib dwuli(l/rJ nrn'hs br

~UifllltfiiJIILbbhflb b'h 

~s1 , ~s~, ... , t. s0 , 

nrfr9 t;.burn [ Si- 1• si I J"L[IWJ!Whl_!IILr Jwu'bmltfr r.wur1_wJ,LJ. c'hurrh'h,e 

~WdWJmltm'h ~i ~bur L_ ~Sj (i=l' 2 .... n) f.w'hw"lwrr.fr •{ru• F( s) 
nLJfr w2fuwurw'h,ee •frnfr•wrfr'hb'h,e 

F(~d~si 

"'fw•w'fi'J"'l""-' '1-w 'hzw'bwll"LJ t-, "I' J"Lf'"'.J!"'blJ"'-1' Jwu'b,~fr r.wur-
1/_wJfr umr.Jw'b'hbrm_J J'L'h,e_ F ,Je e'hurriiLJ h'h,e t;.UIIIIIIIUUIIILb, WJb t-' 
•{hrs'huuf b'b,e' F=F(~i)' 'LJw'b 'lb"i,e"uf F(;i)~si "'l'"""t;."'l"""-fiiJ"' ·'hf! 

pu,{mltw'hwz_w•fr •frn,er ~Si-/r t;.,"'fwr Jl"l urwlfru ~ ~Si b.,'b,.."lwrr.fr 

1_rw F uulfr "'2/uwurw'h,ef!_, fru~ 

'l"uf•u[•l!_ ~Lfr'hfr uufpusfl_ [a, bj r.mm'{mJfr 'lt•w F uulfr w2fnwmw'b

J!fr dnurmr/.nr Ulf'UIUit;.WJIIIIIL{tiJIILbf!_t 

U.lt'hr.urJUI 1;, Au-f!_ frrli'hy 'blsp~"'l'"9'h"uf ~ [a, hI r.wcnr/.wJmJ 

F=F(s) f/>m.'hlt!JP"'Ifr r.wJmr ltw'lJ1_UIJ fr'hurb'll'"'l'"lfr'h 'l"'-J'"l'l!' 

U.J'l 'l"ufwrfr ,,t;.Jw'he, b-/'P max(~si) -> 01 'I"J"LflJ"'·'h m'hfr J. "'1'"''"
t;.,J"'"LJ I; F(s) riLtlfr wz{umuuu'h,ee s=a llunfr.'! .r,.'hz_IL s= b fthme 

b.w'bw "1"'/';:,fr •{rw. 
ll 

A= JF(s) ds: ( I) 

0 l' f• i, Ul ~ 1: lfJmru .mwi/'"J/.r'l• 'l""lw'l•wl!l.' S ,1-, 'l'f"L'fl! ::.u.~~fl-, •fwUir.u~u''l' I; f 

F ~fof''""''"',) nLJf•'~-• ~w z •fLL '1""1"'~""~1! oJ u•f-,1 ,/,'1_ 

-,---':::1'---t--,r: ,11.-tfw F n«lp ~"'"''"['"'~ "'2/uwmw~•('[' • liflb w;'b 

1 ... r ,£,/JLln t,,.,J,.,L' "t""'l! I; 1 qq nLJ (~"[· UJY, 

/. n L ct, L J : £:nm "JWJI!tu.-,tft F nLd-f!.. £. S m141ftu •·· 

•pnfuu• PJnL~'I~ 11"'"11"'" £~, F kS wn.~•~nLf/;wJp, n f• -

mbq k - "11 ~wuwwm,.._'t /;! 

s-,~ ltWJIIIIUI;WJIIII,-"/,l) ,{1-;-,l'"'' J F-e' "-PL"'IL'UI': 
~.L- tw•f : Sc.- 0,01 '11;"/1""-J f _- =1, "'J"fo'~-1•'~-' 1=-k • 0 ,0] • 

"L'"'"'lrtl K= l00 , f=IOO S, (1) L'"'~''"a/,f, '"'''"~' 1rm 

'1,1
1

• U.l ,,._ 'b£~'1'· 

0.03 
52 u,os 

A = J IOOSd S ~~ 1002[ c...o 0,1 25 ~qJ, 
0 0 

0 I'"~. w ~ :!, F nJr, "Pn1 e] l;lls~u•pw~W~I thJl!L'. ~pnuf I; e 3 tfooefo'~- ('hnLJ'~
"""'2"'~'"' nL'b#;ffn'l), lf'R~II~£ tn1 ~~ f'IU'~-hf f 2 ~hnw1npnLp JW~I 1f'IU, IU['IIIW~UIJ"'n Lif ""'e 

~w~•wJ.f,n~ 1 "l''"l;'l k-1'1 f.wumwmnL 'J, /;r 

II!'"~" L F nJ" m z fo• '""''"~'/!/!' e2 tfo91!1! e 1-fo!l r I r,/.,.,..4 npnLp J'"~' 1rw 

A] ~£mf•o e ]-hl r2 r,£,.,mfnt•n•- PJIU~I 11''" 'l"''h1n'l A2 ~""'£!. "'"'l'"'fnfulstf", hpls e ] 

Lf91'1!. "'"'1"'1nr1w.) I; fppf• ~'"21'"'~-l!fo u~fo'IP 1''~-'l:n' '~-1w.) Ao ~l.mnuf, 
( n L ,)- n L ,{, £:um (1} pw'bw~l.f nL~I#;'bl'• 

r, 

-
A ---' [ kele2 dr = kele2, 

~ r:! r 1 
r, 

§ 8. trwbpntptlwb (ftbmpnb~ (fnnpiJ~bwmbtp~ 

'1-f•snL,e Oxy t;.,_,r{Jrn{iiJI-II'h 'lrw "'1'"-"'j- ~ ml' m2, ... , fin qw'b'l

•furd'hL I'~' uL 'b/i9'"l 

P1(x1, y1), P2(X~, y~), ... , Pn(Xn' Yn) 

'bJnL{Jmftw'h /1/""[;{'" f;.wJ"w~wf"ff!' 
xi mi IL Yi 111; "'f"""''lrl"'l'hhre 't"l•{nul" b'h mi 'l"''h'f""'J" umw

m\dl tl'ntl'blim!ibp Oy IL Ox wnl-llb!J,J!'hh['/r 'h~wurrl"w.t{' : 

Xc-n•{ /, Yc- "'/ 'hzm'hw4/;'h,e "'I'""'J >.w.fw4wf''ffr J,_,'hl'mfiiJ'-"'h 

~/;'bm ['"~'" ,,, II f''lfr'bwur'hk rl! : U.n 'lh"i.e'nJ' fr'ht "II'-" r,_, Jur'hfr t- JL fuw

'bfrlt'"JI• '1'-"-"l!_'b[ilw!J/•!J• 'hlt'-"l""'ll''lwd bJm.fJmltw'h r.wJw4wr'lfr Jw'hrnL

{iiJw'h IJbbur['ll'bfr ft""{''f/•bwur'hkf'f!_ "f'"Z'{mJ b'b 
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11 

' ' m .;_,I 
1-. 1 

II 

' ' y -m"'-' I I 
i , ( 

II 

"m·· ~ 
1 ~ 1 

(1) 

(2) 

pw~ma.f,bf'niJ: U.J" pw~wa.f,b['l! JL~.J! U'fUIW'f"[•Ont . .f /,'j,.J! WUif'f'k(' 

u1 wur~hr~br/_l L. .!wr.lf,~l1,fr rhu~1,n[il1w~ ~b~ur1 , .. ~~£1,l! "f'" 2. Llfw : 

1. ~ Ul r fil 'I J- fr q w ~I' n L fil J IU ~ ,, b ~ Ul [' n ~ £!' '1-p,'J"' J! UJ l'''"''J 
1; AB ~"rl!.' y=f(x) r:.wqw"wr""'""- a~x :;;:.:; b, t~ 'IPS"' J! "'J'l ,,,1.~. 
frf•'·~lls ~bf'ffWJIY,IJ~IILif I; ~ J II L [il W "Ul ~ 'JftJ: 

b~filw'lrb~.e· nr WJ'f"'f•ufr ~JtiL[Iwltm~ ltnrfr qdmJfr~ [uullnfiJ"'~l! '~ 
t:.wqwuwl' I; &-fr: 9-frdf!. "'f'"t:,b~,e ~ s 1 , il s2, ... , llS 11 Lrllw['m fiJJ"'<;,~,[,I'~ 

IIL'i.Jbyn'l n dwuhrfr: u.J'l dwubpft I[UI~I,"WO~bf'f!_ r:.wqwuwr /flft~tf,~ 

~rw~s hp~wptnfiiJ•n~~brft b. (t:.wuurmu,,'i,) fuurm [riJtn~~brfr w1,,,'ll!I'

Jwlfr~' LlOJ;=·;.:lsi : U.'fbtffr J"L[IW.J!W~lJIII f' ,;l ~i dwutnd t/_L['y~f'~J! ;I 
wpuspu~ nL~b.'1"'l ~w.lwJ"'Ilw~ ~bm: U.JJ,f wtlblffr Jmpw,ew'itl.Jml' ~ S 

.lwu "'"'ur~bl'"'9~Lln1 frl'l''' yD. s.l lf"'~'lqwJ m~Lyntl P;[ ~ i ' f(~;)l ~J"'"' 
fJw~w~ ftbur IL (1} L (2} pw~tua.Lbrfr ,//, ~ wb'lw'fi'L[i"f X;-/r •/,•/um[•/;'j, 

~i W[t.lh.el!.• Y;-/r q.,.f,wrh~' f(;;) wrJL.J!I!. • /•"'' 111 ;-/r •[•u/11Wf11,'it -:~~; 
"'f'.lh,el!. ( D. s1 1/urnp~kl'fr '(W~'I'fwJ-~hl'l!)• ~uurm'itm~.J! .lummtjnp f'"'~tu
a.J,bp ,..'lb'lp dw~1.uL{tiJw~ ~b~m[tn~(! ,,,mzbl'"· r:.w,f"'l'' 

Yc 
:E f( ~i )'IllS; 

L 'illS; 

l:pk y=-f(x) f/>m.~~sf•w~ ... ~l!.~'lr:.wur I; J, m~f• "'~l!~'l r,,,, mdw~9J"'l • 

w"'w J"Lf'WJ!W~1_Jmp ~nurnpwlt/_7 r:.,..Jwpfrt_m.J' L r:.wlmwpwf""'' •tur~•l"'l 

'f11LdWp~bf'/!. J kpp maxt:.s ;-+ OJ IIL~b~ uwr:.Jw~~"r· "f'"~.J! r:.unJwtJUif' /,';, 

r.w.lw"'.wurwu[uw~ fburb'll'wlwJp~ 'lnLdwp~hpp uwt:.Jw~~Lrfr~ : fi,J,_ 

"'frunq, w'lL'lf dw~f"'L[IJw~ 'Jb~ur/.n~fr /l""l''lfr~wm'iibp~ wpmm:.mJm

quu! b'j, "f'"2.JWL Jt~wb'll',l~bpn•f 

* 9-~ ... ,Jo'h Ju., .. ,_p, .. ._., ~"~'/" '-''I; mr-1 ... ~ •t~l· "t'~"'t""fl.r"''' Jfw-l•t•l· 't '" 1"r-
1~~-~~e• lJ'biJ,..'IL'"'-'1 ~~~'-' np ,~p P"l"l' u,£·,,..,(,.,1;l'"L'! '1.)-"'J/'"'' fumu• P.: "'-.I'L~ 
,,,,,,.,.,._/,., 1;. 
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I> 

J xd s J xV l +f' ~ (~) 
a 

x ... = b b 

Jcis I l· l +f' ' (x)dx 

\1 b 

Jt(x)ds J f (x) Vl+f' ~(x)dx 

I> 

J Vl -t l '' (x) dx 

:1 a 
il 

1
,. r -.,- -;; d x 

l a--x- ·{a ~-x 2 . a r Jx 
<' .; 

Yc- =--~"---:--.a---- .- - ·,-':.-=-"' ;-1 -- ~-

'lW~~~IIL~n" (~/, , 246 ), 

qw ,,.,/' ~ Lft'i. /• 

•[t (") t- (' )]D.x (i= l. 2 . ... , n): ~m i=o 2 'i - 1 ~i · , 1 

( 1 ') 

(2' ) 



2 

lJ.Jtf,f Jm·r"'.e"''hlJm-r zbrw •f..rr/u"'rfr'hi.L"'l '"J'h"lfr"r i.I,._{J,~,'iJ 
''''""" ' ' nrf.. 'f1Ub'f'f1Ud(! ""'"-IUUUir t r:.UIJUI"f.UIUIUIU"IUl'iJ z brmfr 'l"'h'f
l/tud/l'h /, It!• 'hm r"'h"'91_"'J I; "'I 'I- zL I'm/• J-,iJrm{cl J"''h ~/;~,,.r"~"u.J , 
'l'"i.Mu.J! (( I ) L (2) pm'hwaf,/,1""/) ,Jfw'll "l"'m!1brfr J-w'hrm f"I"''h 

''''~'"'l"''hr ~""r'l-fr'buun'h"rfr J'nwwl/_ur "'r.JI..JH! · 

b 

~ ~~ 101 f ~(~ 1 ) - f 1 ( ~ 1 ) ]u x1 
X c~· , ..., 

.:..... 2. [ f~ (Z; ) - fl ( ~I ) I UX; 

~ 2:lf~ ( ;;) +fl( ~ ; ) ]0[ f:l(; i ) - f 1{~ ; )] ~X 1 

Yc~------~,~,---------------------
'- ri (f2 ( ~ 1 )- f 1 ( ~ 1 ) ~~ X ; 

J x[f2(x)- f1(x )] dx 

" ~ c ==~b~------------

" 1 [ iJ x) -·- f1(x) jlh 
... 

" ; c b 
( • 

.J lft(x) - f1(x)Jd x 

" 
{1Ju pwh ,a/,/, l'h /• f'"'"-"'!JP hi. 9"'';,//u'.'I"'J (, mJ ,ubn. { "'J"fr'i.,e~•' pn l"£' 

J1bmhr"' ,t ""'""'"'"""'h ,,,,,{J1, _'h ,.-,L,'J"'l. ) ""'£'{" "i"'"''tbrf• ::, ,.,,f,r: 

!·~'l"I.L" rnhu'hw ,f /,'h./}• J,<urm friJmh ltb'hmrn'i.p J1 nnr•'ffr'iJ,m~,/.['f! ,,,,,,,wJ z_ J,<;, "l"'rnt1b£'P 0 '""'"'l"I"''i.r.9 ( '-"' <- 'L"'"'i."rr e'hfi1,9 .J!"' ,r 
r;-'h 'w 6. ""'"' L 9 ) I 

U l' f'b w ~ :! , flr" l i.L Y2 · · ax "t"'l'"'l'"Lf '"'"' .. J.·'tJI.'b.,f> IJ.w"bl'"LP1-"b 

.cl'"~'r lt""l"lr~"u.n~•ht'l' • "l'l' "l...,l'u'l'"Lf!T r. wmn• ,/ I; X=o a "L7f7l'. ('b~. 247) , 

/.u L •l "' ,r , S<f.J"'L 'tb"li!" <J f 2 tx) ·= f a-;: f 1(x ) -- f ax,"''""" 

" 
r r -

2 Xl' ax dx 
, ; 
() 

X c ~ ' ,·-, ---

2 J{ axdx 

0 

4 - _,J 
5 3 

---------- ·= -- = - a, 
4 5 

_2 I'' 2 f :2a-x" " 
3 ., 

- a2 
3 

·§ 9. q.l)~, 2 1l £.WU~ h llLWb~ ~Uh(lg~Wl~ tinulib111~ llW2.tJnLU[! npn2_!WL 
~\JIIlliq('IWL~ oqbnL!')!WUf! 

'1·[·9"LJ! xOy ""'rfiJ.,, I"J '"~' '""" mr"-"''} I; 11 11, 111 2' .. . , !Tin 'l"'~"r 
•J,J'hl.l,'h ,'bb9"'l, P1(X 1 , Y1), P ~ ( x 2 , y ~ )· .. . , P11(X11 , y,.) hJm{tl,fJ"'h 

J1hwl<{'/• '- "'""'~"'r'lf!' ll'h/um'i.frii"'IP9 r:.w1w'hfr 1;, "I' "'l'l- 'l-b"f.J'"''r 

j,l"' {Jwll'"b ftl•mbrp :.u,{,/L"'r•J/• [dihpg[lluJ[l 1fnt.fh[iu1~ 0 1/Lmfr i.ll"'m-

.J,,fl' ""'"''"'~"'"'- " I; "'J""f.b-11, 
n n 

l.,= ~ ( xl+Y01H 1 ~'"" 1.,= L dm;. 
1- 1 i-1 

(l) 

r;=V xi+yr: 

J•'j, t "llw 1. § 8-uut, 'l-PY"'.J! AB ''"''£!. "'r'L"'J- 1; y = f( x) :.,.,,,,_ 
""'rm.J"'f a ~:::; x,<b , "I'm/,/ \( x) -f!_ m'b[!_b'J r:,"'"' lf.rn'i.//9P"' /; t '1-fr9"'J! 

"'l'l- lt"l''h frrh'i.p ,'J 'i.btrlt"'l'"9~"nJ t· liJn '-p udpuli qlu}: 'l-fr9•••-.e 'tJ-fr 

'IJmlfr'h '""'"'f"J"'hf! (, ,,,,,IU'I' I; -i· -fr : 'l·frJf! Lflrn '- h'h,e ~sl , £l s2' ... , 

~S 11 /;£,/l"'f'"'f"J"'~''hLr ,'iJ/,y,,1 ,[.,u/,1,[, , , 1,.,1,'1 ~ s 1=V ~x ] -i- t.yj, f.u/1 

"'l'l- Jmuhrf.. 'l"''i.'t'{'"J'hkr'i. b'h 6ni1=-r6s1, ~!ll 2=jll S~ · · · , ~!Tin = 

=j~ ::: ; ' U.'l.b'ZP l"'r"'J!"'bl l'"l' ,fmuuul' •J''/'9~,/,'j,.J' ~ ~ "'1-"'Yfrub m'hb9"'l 

~"',f'"l"'ltwb ftl" '" 1/.l'l- fti""P "l''l-fbwur[! 1/Lfr'i•Jr' ·r, 1 =f ( ~i ): 0 ltl•mfr 

j,ftwmJwJp '"'L'''l.P fr'hlir9fr'-"JP J,tf,~""f!. ( f ) f""~'"'a/,fr (,,,J,awl'h 

""'"'"'/"£'"'"~"" ~LI·"'fr 

(2) 

!:[clh y=i (x ) lf.•n'hf/9/"u'i. [, 'h£'"' f( x ) ,J-,'iJyJ"'l'j, ,';,f!_'h'l-r,,, h'h, 

''-~'-'fUI Ll'f' ~s ; ~,o, ( 2) 'l"Lii'wl'~' ,,'i.fr ,,.,r,,t,'h: "·!'l- ,,.,,{,,'iJ'h !;L, nrb 
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Ill fU11U I) 111JII11,111 .. 11 (· "I' II ~JIU[ I~ I { 
I . I Ill ''IJIIII,nl I ll[lll :' tiiJ ( · ~ fr! 

I ~l L I J' fl c:; a. 'I'" trt!,,,';/ t IJ,)I, 
I '!'!It·~'! I I "' """I' · 

ll 

J,,=J!x ~ + F(x J ]V 1-: f' ~ ( x)dx.-
-;) 

t. I h I' II ,, L' " •-!" J , ~. " '" ,, ,, ,, " ,, ,r "' " '· " .l , , I I ~ l 
s 1' , 1 fr ,r , .J' l i ~ ,_ 1 ' , , • "-

I I m {' !"" "' J I' Ul II l ,, I• 'it ~ Ul Ul J' Ul ,r ... fj" : 
J'ww/,,11,5. Ox ,,,.,.~ I . __ --, . f '71' ·,,,_ 

- ./' !IJ!' 0-. ,x:s;l " "'ll"fwJJ, t.l., ( 'i.ll . :!-18 ): II , I 
./JIILJ' ,}~;= liXp bolll ·= -- ~ • r'-- -3 ( ' . · •J '' 'J "'/' 

I I X;, • -\1 /, ,'J) pwhmd,l,~, f!'iJ'/-"' 'iJ 111 1
j' t 

wl.u.J!£!' 

I 
'• . J ;l 

l.,c =·, j x ~d x=·· -
0 

I, = -
1 ,\11~ 

c 3 

3 ( 4 ) 

·> 
~ . r z "' " "' •I 'I " •I ~ I' 9 w 'i. "' ·, .:1- I s.•'i. I s. . . . 

I b i <. L l I I'' I I' !J I' Ul J 11 ,j " , '• h '" /' 
I ' m /' " ~. I• 'h '' , "' ,J' 111 ,f p, ·fl,. "iiL 1 , : 

I ,. "I' 21'!."' "'"fUll f' NL"I' ,,,.,, ,,'I' 
'l"'~"'l/1 J /,'i. 11/,'i.ml'n~lll!f r t.h""'""l""fdJIUh ''I'"' 1., I 'h < I .' ·, 

- · l - , . · "~ ' ,. 'I r"' 't"'"'l' ,.,),, 
111-- •.r ,, "'"!"' ~ f••w'b,,,.JI, l.'bl I I J' fh< • "- ' ,. '1'9 ""J, , ,, ""'I! luJ•'hL, 

.'J. R • w ll w •/ 'I n ,/ (, J' l 
<. . "l IU IU II i " 2 I' !_ IU 'h " /r 'h " I' !I /• UJ t ,, ti fi-
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